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Abstract

In this paper, we investigate a delayed differential algebraic prey—predator system,
where commercial harvesting on predator and additive Allee effect on prey are
considered. A discrete time delay is utilized to represent gestation delay of the
predator population. Positivity of solutions and uniform persistence of system are
discussed. In the absence of time delay, by taking economic interest as a bifurcation
parameter, some sufficient conditions associated with additive Allee effect and
economic interest are derived to show that the proposed system undergoes
singularity-induced bifurcation around the interior equilibrium. In the presence of
time delay, combined dynamic effects of time delay and additive Allee effect on
population dynamics are discussed in the case of positive economic interest of
commercial harvesting. Existence of Hopf bifurcation and local stability switch around
the interior equilibrium are studied as gestation delay crosses the critical value.
Furthermore, properties of Hopf bifurcation are investigated based on the center
manifold theorem and the norm form of a delayed singular system. Existence of
global continuation of periodic solutions bifurcating from interior equilibrium is
discussed by using a global Hopf bifurcation theorem. Numerical simulations are
provided to show consistency with theoretical analysis.

Keywords: Gestation delay; Economic interest; Singularity-induced bifurcation;
Additive Allee effect; Hopf bifurcation

1 Introduction

In the 1930s, W.C. Allee proposed the concept of Allee effect from experimental stud-
ies and extensively investigated ecological significance of animal aggregations [1]. It is
well known that Allee effect is highly relevant to reduction in mating success, reduced
inbreeding efficiency, suppressed social thermoregulation [2, 3], and some other biolog-
ical or ecological reasons which can be found in [4, 5] and the references therein. It may
cause a positive feedback between a component of individual fitness and either number
or density of conspecifics. From ecological perspective, Allee effect can be categorized as
strong Allee effect and weak Allee effect, respectively. If some population undergoes the
strong Allee effect, then the population must surpass certain threshold to sustainable sur-
vival. However, the population threshold does not exist for the population with weak Allee
effect.
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Generally, a prey—predator system plays a significant role in bioeconomics, which de-
picts the basic interspecies relationships among various populations within an ecological
system. In 1960, P.H. Leslie and J.C. Gower [6] introduced a dynamical model in which
the environmental carrying capacity of the predator population is proportional to the
population density of the prey population. In recent decades, the prey—predator system
with Leslie—Gower functional response has attracted research attentions from both biolo-
gists and mathematicians [7—12]. Complex dynamics and stability analysis of the proposed
model around corresponding equilibria are investigated in [7, 8, 10]. Some diffusive prey—
predator model with modified Leslie—Gower schemes and additive Allee effect on prey
are proposed in [9, 11], and local and global asymptotical stability of the unique positive
constant equilibrium point of the system are analyzed in [9, 11]. In [12], authors establish
the following dynamical prey—predator model with Leslie—Gower functional response:

. B bN()P(t)
N@) = N1 =N - x552) ~ Mok (1)

P(t) = kZP(t)(l - N(Iig?kg, )1

where N(¢) and P(t) represent the population density of prey and predator, respectively.

1-N(t) - ﬁ represents the additive Allee effect term, which was first introduced in
[13]. The term ﬁ can cause weak or strong Allee effect without predator. The additive

Allee effect in [12] can be categorized as follows:

« if 0 < m < a, then the Allee effect in (1) is weak Allee effect,

« if m > a, then the Allee effect in (1) is strong Allee effect,
where m and a are Allee effect constants, a denotes the population size at which fitness is
half its maximum value [12], all the parameters mentioned above are positive constants.
By utilizing system (1), authors investigate complex dynamics of a Leslie—Gower predation
model with additive Allee effect on prey, which reveals that Allee effect can increase the
risk of ecological extinction [12].

Generally, commercial harvesting may be affected by various factors such as market
demand, seasonality, revenue, cost, and other factors in a market economy. Based on the
economic theory proposed in [14], an algebraic equation is constructed to study economic

interest of commercial harvesting:
Net Economic Revenue = Total Revenue (TR) — Total Cost (TC). 2)

We will extend the work in [12] by incorporating commercial harvesting on predator
into system (1). E(t) represents the commercial harvesting effort on predator at time ¢,
w represents the harvesting reward coefficients, ¢ represents the cost per unit harvesting
effort for unit weight of predator. v is the economic interest of commercial harvesting on
predator. Based on system (1) TR and TC in Eq. (2), it is easy to show that TR = wE(£)P(¢)
and TC = cE(¢).

Remark 1.1 Recently, it has been shown that commercial harvesting on a prey—predator
system with Allee effect has a strong impact on population dynamics (see [7, 10, 15-19]
and the references therein). However, dynamical behavior due to variation of economic
interest of commercial harvesting is not discussed in [7, 10, 15-18]. Only dynamic effects
of strong Allee effect on population dynamics are considered in [19], the weak Allee effect
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case is not investigated in [19]. On the other hand, the reproduction of predator after pre-
dating prey is not instantaneous but will be mediated by some time lag required for gesta-
tion of the predator population. Hence, it is necessary to investigate combined dynamics of
time delay and additive Allee effect on population dynamics of a harvested prey—predator
system with commercial harvesting. Although the harvested prey—predator system with
Allee effect has attracted a great deal of attention, to authors’ best knowledge, little work
has been done on combined dynamic effects of time delay and additive Allee effect on pop-

ulation dynamics of the harvested prey—predator system with commercial harvesting.

In this paper, keeping all these aspects in mind, we extend the work in [12] by incor-
porating commercial harvesting on predator and gestation delay for predator into system
(1), where predator is assumed to be delayed by gestation delay . A singular system with

additive Allee effect and time delay is established as follows:

N() = N(0)(1 - N(p) - o) - oo,

P(t) = koP(t)(1 — 22 ) — E()P(t), 3)

T N(t-1)+k3
0=E@)(wWP(t) —c) —v,

interpretations for parameters and state variables share the same interpretations intro-
duced in systems (1) and (2). Furthermore, the initial conditions for system (3) take the
following form:

N@®) >0, P©)>0, 6ec[-7,0], E0)=>0. (4)

System (3) can be rewritten in the matrix form as follows:

N@| [EW.PE] | NOWQ-NO- x5 - T

B() | Pt) | = | BIN,P,E) | = | kP()(1- gi520) - E@P@) |- ©)
0 F3(N,P,E) E(@t)(wP(t) —c) —v

Remark 1.2 Since the algebraic equation in (3) includes no differentiated variables, the

100
third row in matrix E(¢) = |:0 1 0:| has a corresponding zero row.
000

The remaining sections of this paper are organized as follows. Positivity of solutions
and uniform persistence of system (3) are investigated in the second section. In the third
section, in the absence of time delay, the existence of singularity-induced bifurcation is
investigated under the case of additive Allee effect on prey. In the absence of time delay,
combined dynamic effects of time delay and additive Allee effect on population dynam-
ics are discussed, local stability switch around interior equilibrium and the existence of
Hopf bifurcation are also discussed. In the fourth section, properties of Hopf bifurcation
are investigated. Existence of global continuation of periodic solutions bifurcating from
interior equilibrium is discussed by using a global Hopf bifurcation theorem. In the fifth
section, numerical simulations are provided to support theoretical findings. Finally, this

paper ends with a conclusion.
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Remark 1.3 The dynamical model proposed in [12] is composed of ordinary differential
equations, and it is utilized to study interaction mechanism of a prey-predator system
with additive Allee effect. Compared with the system established in [12], an algebraic
equation is introduced into system (3), which concentrates on dynamic effect of economic
interest of commercial harvesting on population dynamics and provides a straightforward
way to investigate complex dynamics due to variation of economic interest. Furthermore,
a discrete time delay, which represents gestation delay of the predator population, is in-
corporated into system (3). Consequently, compared with the work done in [12], we can
investigate combined dynamic effects of time delay and additive Allee effect on popula-
tion dynamics by analyzing the local stability and bifurcation phenomenon of system (3)
in this paper.

2 Positivity and uniform persistence
In this section, positivity of solutions and uniform persistence of system (3) with initial
conditions (4) will be studied.

Theorem 2.1 All solutions of system (3) with initial conditions (4) are positive for all t > 0.

Proof For solutions of system (3), it is easy to show that F; : R3*! — R® is locally Lipschitz
and satisfies the condition F; > 0, where F; (i = 1,2, 3) can be found in (5). Due to the lemma
in [20] and Theorem A.4 in [21], all solutions of system (3) with initial conditions (4) exist
uniquely, and each component of solution remains within the interval [0, U) for some
Uy > 0. Standard and simple arguments show that any solution of system (3) always exists
and stays positive. d

Lemma 2.2 ([22]) Consider the following equation:
iw(t) = aqu(t — o) — aru(t) — asu®(t),

where a1, a,, as, and o are positive constants, u(t) > 0 for t € [-o0,0],

(i) if a1 > ao, then lim,_, oo u(t) = %,

(il) if aq < ay, then lim;_, oo u(t) = 0.

be
Theorem 2.3 If 7 is bounded, eX1 < ki and we* ™) > ¢ hold, then system (3) with initial

conditions (4) is uniformly persistent.

Proof By taking the Taylor series expansion in [23], for N(£), P(¢), and T > 0, we have

N(t-1)=N@t) -t I(N(@) - TN(@) +--),
Pt-1)=P(t) -t (P() - TP@t) + ).

Hence, it follows that
N(t-1) <N(@), P(t—1) < P(t), (6)

where 7 is defined in system (3). Based on the first equation of system (3), it follows from
Theorem 2.1 and (6) that N(¢) < N(¢ — 7) < N(¢), so we derive that N(¢) < N(¢ — 7)e” for
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t > t, which is equivalent to N(¢ — 7) > N(¢t)e ", since for ¢ > 7, we have

N(t) < N(&) - N*(£)e™> = N( t)<1 _ N(t))’

e2t
It follows from standard comparison arguments that

limsupN(£) < e** := N;. (7)

t— 00
If T is bounded, then N; is bounded and N(¢) < N; holds for ¢ > T; + t, where T; > 0.

On the other hand, from the first equation of system (3), it follows from Theorem 2.1 and
(6) that

N (t)P(t) - DN(2)

NO> -0 = &

b
Hence, there exists T, > T such that N(¢) > N(¢ — 7)e & holds for t > T, + 7, which is

equivalent to N(¢ - 7) < N(t)ekl for t > T, + T, we have

bt
el N(t)
ko

N() > N(t - 1) — e i N2(£) -

bt
By using Lemma 2.2, if ef1 < ky, then

br
o €
lltrgéng(t)> fe 2b1’ = My, (8)

which gives that there exists T3 > T, such that N(¢) > M; >0 for t > T3 + t.

Based on the second equation of system (3), if follows from Theorem 2.1 and (6) that
P(t) < kaP(2).

Hence there exists Ty > T3 such that P(¢) < P(t — t)e®2 for ¢ > T, + T, which is equivalent
to P(t — t) > P(t)e ®*. Consequently, for ¢ > Ty + T,

P(t) < ko P(2) (1 - ﬁ)
5

(t+koT)
By using standard comparison arguments, we can obtain that

limsup P(¢) < eX7+27) .= N, 9)

[—00
If 7 is bounded, then it shows that N5 > 0 is bounded, and there exists T5 > T4 such that

P(t) < Ny holds for t > T5 + T. When v > 0, by solving the third equation of system (3), we
easily obtain that

v

Et) = wP(t) — ¢’
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By virtue of (9), it follows that there exists T > T5 + 7, for £ > T, we have

liminfE(f) > ——— = M. (10)
=00 WwN, — ¢

If weX(**k27) 5 ¢ and t are bounded, then it is easy to show that M3 > 0 is bounded, and
then there exists T > T such that E(¢) > M3 holds for ¢ > T5.

According to practical biological interpretations, it follows from the second equation of
system (3) that

limsup E(¢) < ky := N. (11)
t— o0
According to the third equation of system (3), it follows from Theorem 2.1 that wP(¢) > ¢
holds for v > 0, which gives that

liminf P(¢) > < = M. (12)
t—>00 w

br
Hence, if 7 is bounded, v > 0, e®1 < k;, and we**+%27) > ¢ hold, then it is obtained that
N;>0and M; >0 (i = 1,2, 3) are bounded. Therefore

limsupN(¢) < N, limsup P(£) < N, limsup E(¢) < N3,
t—00

t—00 t—00

liminf N (¢) > M, liminf P(t) > Mo, liminf E(¢) > Ms,
t—00 t—00 t—00
which derives that system (3) with initial conditions (4) is uniformly persistent. a

3 Local stability analysis

According to common property resource economic theory in [14, 24], when v = 0, there is
a phenomenon of equilibrium state. An interior equilibrium is as follows: S*(N*, P*, E*) =
(N*, £, k(1 -

w7y )» and N* satisfies the following equation:

N3+ EN? + ;N + £ =0,

where & = 80,6 = J[m—a+kia=1) + 51, & = ki(m - a) + 4.
By using the transformation x = N + &;, the above equation can be transformed as fol-

lows:
h(x) = x> + 3n1x + 12 = 0, (13)

where 1 = & — &, ny = &3 — 3616, + 26°.
Furthermore, we will investigate the existence of positive roots of Eq. (13).

Lemma 3.1 Existence conditions of positive roots of Eq. (13) are as follows:
(i) Ifna2 <O, then Eq. (13) has a single positive root.
(i) Assuming that n, >0 and n; <0,
o ifn3 +4n3 = 0, then Eq. (13) has a positive root of multiplicity two;
o ifn3 +4n3 <0, then Eq. (13) has two positive roots.
(iii) Ifno =0and m <O, then Eq. (13) has a unique positive root.
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Proof By simple computations, it is easy to show that the maximum and minimum values
of function /i(x) are L, = ny + ZW and /5 = ny — 2/|m |3, respectively.

When 713 < 0 and n; > 0, by virtue of h(x) = 3(x2 + n1) > 0, we have h(x) is strictly in-
creasing and continuous in [0, +00), which yields /(x) > /4(0) = n,. Consequently, /1(x) has
a positive root.

When n3 <0 and n; <0, it is easy to show that Eq. (13) has a positive root.

When 7, > 0, it is easy to derive that 1, < 0, otherwise /4(x) = x> + 31x + 7, may not be
equal to zero.

If n2 + 4n3 = 0, then Eq. (13) has a positive root of multiplicity two. Furthermore, if
n3 +4n3 <0, then Eq. (13) has two positive roots.

When 1, = 0, we have that n; < 0, otherwise /(x) = #* + 37;x + 7, may not be equal to
zero. Hence, Eq. (13) has a unique positive root. O

Moreover, simple algebraic computations show that Eq. (13) has two positive roots,
which are given as follows:

\3/(_4772 +4y/ 4n3 +n3)? —dm x [x3 +4n,

X1 = , Xy =——+

2 2. /X1
2\3/—47]2 + 4,/417% + n%

It should be noted that if the cubic equation (13) has one positive root, it must be

j/ (—4ny +4/4n} + n3)? —4m

2\3/ —dapy + 4/ 4} + 3

By considering 7; = 0 and 7, = 0, one can determine m = m, m = mj, where

X1

—1)?
m’{:—(ka1 ) +a+k1(1—a)—%,
3 w
1
my=————[3(a+k —1)(bc —aw + kyw(a - 1) + 9a(wk, - bc))

3wk —a +1)
—2(a+ ki - 1)2].

Based on the above analysis, sufficient conditions associated with the existence of inte-
rior equilibria of system (3) with strong Allee effect and weak Allee effect can be concluded

in Lemma 3.2 and Lemma 3.3, respectively.

Lemma 3.2 Existence conditions of interior equilibria of system (3) with strong Allee effect
are as follows:
(i) Ifeither of the following inequalities holds:

2ki+1-a-b>0, O<a<m<m},
(14)
2ki+1-a-b<0, 0<max{a, mi}<m,
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then system (3) has a unique interior equilibrium

c c
Sy = (NS PLE) = (w1 — &, — k|1 - ————— ] ).
s (s s S) <x1 éIW 2( w(x1—$1+/<3)))

(ii) If either of the following inequalities holds:

2ki+1-a-b>0, 0<max{a,mi}<m<mj,
(15)

2ki+1-a-b<0, 0<b<m<min{m],m}},
then the following conclusions associated with the existence of interior equilibria of

system (3) hold:
« system (3) has two interior equilibria:

St = (N3, P, EY) &,k (1 ‘
= ) ’ =\ X1 - » T - T, < 1~ )
s1 s17+ 51751 1 1 w 2 w(x1 _ El + k3)
c c

S* = >k,I)*,EV* = - ,—,k 1—7 ;

2 = (N Py ) (xz 61 w 2( W(xz—§1+k3)>)
o system (3) has a unique interior equilibrium

S = (N3 Py ES) = (=, — ko 1 <

53 = (WNszs Lgzr Lg3) = M, k2 w(/=m1 + k3)

with n3 +4n3 = 0.
(iii) If a < m < m3, system (3) has a unique interior equilibrium

c Cc
st = (N3P = (Vo Ska(1- ——— ).
s ( s7%s S) (m w 2( w( —3771+l<3)>>

Lemma 3.3 Existence conditions of interior equilibria of system (3) with weak Allee effect
are as follows:
(i) If either of the following inequalities holds:

2ki+1-a-b>0, 0<m<min{a,ms},

(16)
2ki+1-a-b<0, O<mj<m<a,
then system (3) has a unique interior equilibrium
c c
S = (N, Pi,E!) = &, —kll-——mF— ).
v= NPy E) (x1 o w 2( w(x1—§1+k3)))
(ii) If either of the following inequalities holds:
2ki+1-a-b>0, 0<ml<m<min{a,mi},
1 2 { 1} (17)

2ki+1-a-b<0, 0<m<max{a,m],m;},

then the following conclusions associated with the existence of interior equilibria of
system (3) hold:
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o system (3) has two interior equilibria as follows:

k
Swl -

P*

c C
k)= (m=s (1))

Sty = (N3 Pl Eby) £,k (1 S
= ) ’ =\X*2—3S1,—> - 5
w2 w22 w2 By 27Sh 2 w(xy — &1 + ks)

o system (3) has a unique interior equilibrium

* k * ¢ ¢
Sia = Nia Pl E) = (V0 (1= o))

where n? + 4n3 = 0.

(N

wl?

(iii) If0 < m < max{a, m3}, then system (3) has a unique interior equilibrium

c C
S* = (N*,P*,E*) = =3, — k|1 - ————= |-
w (w w W) (mw 2( w( —3T]1+k3)))

In the case of positive economic interest v > 0 and m > a4, interior equilibrium can be
obtained as follows: §* = (N*, P*, E*) = (kzP (wPf 0 — ks, P¥, ——) and P* satisfies the fol-

kowP§ —cky—v
lowing equation:

j);ks + ;lsj);ks + §2s1~);k4 + §3s1~);k3 + §4s13;k2 + ;5313: + §6s =0, (18)

where ¢;5,i=1,2,...,6, are defined as follows:

§1S:k1+u—l—M +D,
w
3k3(cky +v) 3lc+ksw) 2(c+ksw)ky+a—-1) (ki +a—1)(cky +V)
== kow " w2 - w - kow
blaw —c—ksw) 2b(cky + V)
i w B kw

3s =

(c+ksw)  6(cky +v)(c + ksw) . (ki + a—1)(c + ksw)?

w3 w2 w?
s 2k3(ky + a —1)(cky +v)
kaw
b
k2 > [sz(Ckz +v)(kz — a) — 2ky(cky + v)(aw — ¢ — kzw) + (cky + V) ]

2(ky +a —1)(cky + v)(c + ksw)

on? + ki(m — a),
2

3ks(c + kow) 2ksw(ki +a —1)(c + ksw)
4s = W [k3(0k2 +v)+ko(c+ kgW)] - 2w
kila-1)+m—a 3ki(cky +v)(m—a)
kaw? kow
b(cky + v)? 2b(cky + v)*(a — k3)
W [kz(aw —c—ksw) = 2kow(ks — a)] - kng

_ 2ks(ky +a—1)(cky + v)?

2.9 ’
kyw
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3k3(cky + v)*(c + ksw) . k3(ky +a —1)(cky + v)*

558 = —

kw3 kaw?
. 2ks(cky + v)*(c + ksw)(ky +a—1)  [ki(a=1) + m - a](c + ksw)
kw3 kw3
N 3k (m — a)(cky + v)?
kaw? ’
(cky +v) 2113
Cos = W{(Ckz +) [k3(2—k1 —a)—ki(m —a)] + kg[kl(ﬂ -1)+m —a]}.
2

Based on the Routh—Hurwitz criterion [23], if a simple sufficient condition g < 0 holds,

then Eq. (18) will have at least one positive root, which derives that

ki —
2—k1<a<min{m,;{l—rf}, O0<v<wkslky+1++ky+1).
|-

On the other hand, it follows from practical interpretations and mathematical formula-
tions of S = (N, P¥, E¥) that N* > 0, P* > 0, E* > 0, which derives that

kowP? — ky(c + ksw)P* + ks(cky +v) >0,  PF> —.

By using Viete theorem [23], the above inequalities can be derived as follows:

ky(c + ksw)? < dwks(cky + v), P> 3.
w

N

According to the above analysis, the existence conditions for interior equilibrium in the

case of strong Allee effect are concluded in Lemma 3.4.

Lemma 3.4 When v > 0 and m > a, interior equilibrium 3: exists provided the following

inequalities hold:

2 — ky < a < min{m, ';(11;_’14},
0<v<wks(ky+1+ ko +1),
ky(c + ksw)? < dwks(cky, + v),

Dx o €
Ps > we

(19)

Similarly, in the case of positive economic interest v > 0 and 0 < m < 4, interior equi-
ibrium i S o (N P B = (RePulvPid g B v P* sati
librium is as follows: S¥, = (N}, P}, E) = (kzwi);;-ckz—v k3, P, wi):;_c) and P, satisfies the
following equation:

PO 4 01, P2 4 5P 4 L3 P22 4 €0y PP+ L5 P+ G = O, (20)

where ¢y, i=1,2,...,6, are defined as follows:

3
§1W:k1+a—l—w+b,

w
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_ 3ks(cka +v)  3(c+ksw) B 2(c + kaw)(ky +a—1) i (ky +a —1)(cky +v)

e kow * w2 w kow
. blaw — ¢ — ksw) B 2b(cky +v)
w kw
(c+ksw) 6(cky+v)(c+hksw) (ki +a—1)(c+ksw)?
WETTs T w? " w?
. 2ks(ky + a —1)(cky +v)
kaw

b
+ 2wt [kzw(ckz +V)(kz — a) — 2ko(cky + v)(aw — ¢ — kaw) + (cky + V)Z]
yw

. 2(k1 + a —1)(cky + v)(c + kaw)

Ko +ki(m - a),

_ 3ks(c + kow) 2ksw(ky + a—1)(c + kzw)

4w =

[kg(Ckz +v) +ko(c+ k3W)] -

kaw3 kaw?
kila-1)+m—-a 3ki(cky +v)(m—a)
kaw? kow
b(cky + v)? 2b(cky, + v)*(a - k3)
— |k —c—ksw) = 2kow(ks —a)| -
o [ka(aw — ¢ — ksw) — 2kyw(ks — ) w2
2ks(ky + a—1)(cky + v)?
kaw? ’
_ Bk3(cky +v)2(c+ ksw)  k3(ky +a—1)(cky +v)?
e kw3 kaw?
. 2ks(cky + v)%(c + ksw)(ky + a — 1) B [ki(a-1) + m —al(c + ksw)
k3w kw3
. 3ky(m — a)(cky + v)?
kaw? ’
(cky +v) 213
v =33 {(ckz +7) [k3(2 —ki—a)-ki(m- a)] + kg[kl(ﬂ -1)+m —a]}.
2

Based on the Routh—Hurwitz criterion [23], if a simple sufficient condition ¢, < 0 holds,

then Eq. (20) will have at least one positive root, which derives that
2—a—k§.<m<a, max{2 —ky,m}<a<l, 0<v<wkslky+1+ky+1).

On the other hand, it follows from practical interpretations and mathematical formula-
tions of S* = (N*, P*, E*) that N* > 0, P, > 0, E*, > 0, which derives

kzwi):,z —ky(c+ kgW)j):, + k3(cky +v) > 0, i’j, > i.
w

According to the above analysis, the existence conditions for interior equilibrium in the

case of weak Allee effect are concluded in Lemma 3.5.



Liu et al. Advances in Difference Equations (2018) 2018:278 Page 12 of 28

Lemma 3.5 When v> 0 and 0 < m < a, interior equilibrium S, exists provided the follow-
ing inequalities hold.:

2-a-ki<m<a, max{2 - ki,m}<a<1,
0<v<wks(ky+1+ ko +1), (1)
ky(c + ksw)? < dwks(cky + v),
P> £,
3.1 Case l: system (3) with strong Allee effect
When 7 = 0, system (3) takes the following form:
K1) = N(0)(1 - N(t) - i) - IR,
P(t) = ko P(£)(1 — 22 -) — E(£)P(2), (22)

T N(t)+k3
0=E@)(wWP(t) —c) —v.

By taking v as a bifurcation parameter, the existence of singularity-induced bifurcation
and local stability switch around S* and S* will be investigated due to variation of v in
Theorem 3.6.

Theorem 3.6 When t = 0 and m > a, system (22) undergoes singularity-induced bifur-
cation around S}, v = 0 is a bifurcation value. When v increases though 0, system (22) is
unstable around S* and S* in the case of zero and positive economic interest, respectively.

Proof Let v be a bifurcation parameter, X; (£) = (N(¢), P(¢)), X»(¢) = E(¢), and D be a differ-
ential operator:

NOA-N@) - xa) - bN(E:t))Jka(?
gl(Xl(t)’XZ(t)’v):[ a1 - 220y EP(D

T N(t)+k3

&(X1(8), X2(8),v) = E(&) (wP(£) - ¢) - v.

It follows from simple computations that

. [
trace[(szgl) adj (szgz)Dxlgz]S;ﬂ = —Ck2 (1 - m) . (23)

It follows from (19) that

DXlgl Dngl

(24)
Dy 182 D X282

ey ma bkic
=c - - - .
o s P O(NFt+a)?  wNF +k)?
By defining g3(Xi(£), X»(¢), v) = Dx,£2(X1(2), X2(2),v) = wP(t) — c.
By using (19) and simple computations, we can obtain that

Dx,¢1 Dx,;1 D1
Dx,go Dx,2» Dug
Dy, g3 Dx,g3 D.g3 s



Liu et al. Advances in Difference Equations (2018) 2018:278 Page 13 of 28

2cNFw(N? + a)X (N} + ki) + wmac(N} + k3)
W(NF + a)> (N7 + kp)?
N bkic(N} + a)* — we(N7 + a)* (N} + ky)?
W(NF + a)> (N7 + kp)?

<0. (25)

Based on three items (23), (24), and (25) computed above, the existence theorem of
singularity-induced bifurcation (Theorem in [25]) holds, hence system (22) undergoes
singularity-induced bifurcation around S} and the bifurcation value is v = 0.

Along the line of the above computation, it can be obtained that

. c
G =- trace[Dngl adJ(szgz)Dxlgz)]Ss* = cky (1 - M)
-1

D D D, 1
Gy = | D,g3 — (Dx, 83, Dx,83) agt s 8 =—.

Dx,g» Dx,& D,g WE;

By using similar arguments, it can be obtained that
= . wvf’;‘
G1 = —trace[ Dx, &1 adj(Dx,£2)Dx,82) |z = B o
* wPf-c

Gz = | Dugs — (Dx,83, Dxy23) [ WE*

S

Dy szglr [Dvgl] 1
Dx,g»  Dx,g& D | | - wE

By virtue of (7), (8), and (19) and simple computations, it can be obtained that % >0,
% > 0. Based on Theorem 3 in [25], when v increases through 0, one eigenvalue of system
(22) moves from C~ to C* along the real axis by diverging through oco. Hence, when v
increases through 0, system (22) is unstable around S* and S* in the case of zero and

positive economic interest, respectively. |

When 7 > 0 and m > 4, according to the Jacobian of system (3) evaluated around S;" and
the leading matrix E(¢) in Remark 1.1, the characteristic equation of system (3) around S;‘

is as follows:
A% = Migh + (Myshas + M35 + My — Magh)e T = 0, (26)

where n;,, i = 1,2, 3,4, are defined as follows:

o ma bk P ~ 2k P
g =1-2N" - — - . omy=ky—Er o 22
(N +a)>  (NF+k)? N +ks
kyv(P¥)3 bky N} (PF)?
n3g = ~ ~ ) N4s = —= = .
(WP — ¢)2(N} + k3)? (N7 + k1) (N7 + ks)?

Substituting A = io;, where oy is a positive real number, into Eq. (26) and separating real

and imaginary parts gives

(752 = (15725 + M35 + Myg) COS(05T) — 1950 sin(o,T),

—H1505 = N5 COS(0,T) + (MysHag + M35 + Mys) sin(0T),
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which derives that

os4 + (n%s - n%s)asz — (Myshos + M35 + Has)? = 0. (27)
Theorem 3.7 Ifa > ks, ki > k3, ¢ < 1,0 < v < vy hold, then system (3) is locally stable around
S* when 0 < t < .. System (3) undergoes Hopf bifurcation around St when t = t;,,, where
v1 and ty, are defined as follows:

vi = min{wks(ky + 1 + /ko + 1), ko — wf);“ —cko, (1 = ¢)ko + cky — kow — wi’j},

2
”15”2&+”35+”45)_”13"2s]0'3* }
(”2303*)+(”15n23+”3s“”45)2 ’

* _ 1 [(
T = oF arccos({

Proof 1f 2 — k; < a < min{m, l;(‘l:’lr’}, 0 < v < wkz(ky + 1 + +/ky + 1) hold, then system (3) has
at least an interior equilibrium S}. Furthermore, if @ > k3, k1 > k3, c <1,and O <v< (1 -
¢)ky + cky — kaw — wP* hold, then it is obtained that 3, — 12, < 0, which guarantees that
Eq. (27) has a pair of purely imaginary roots of the form +io 2.

By eliminating sin(o;7) from the transcendental equation, it can be obtained that 7},

corresponding to o, is as follows:

{ [(m15h2s + M35 + Hag) — Mighaglo > } 28)

1
*
T, = — arccos
1e af (HZSOS*) + (nlsn2s + M3 + 1’143)2

s

By using Butler’s lemma [26], system (3) is locally asymptotically stable around P* when
O<t<rf.

Let A = io; represent a purely imaginary root of Eq. (26), we will determine the direction
of motion of A as 7 varied, namely we determine

w5 el ]
® =sign =sign| Re| — .
dr rmiod dr Aciot

Further computations show that

2 *2 2
. ny. + 20, n
® = mgn[ 1s s _ 2s ]

(}’1130'5*)2 + (05*2)2 (HZSUS*)z + (1’1151’125 + n3s + ﬂ45)2

By differentiating Eq. (26) with respect to 7, it can be obtained that

da\ 7! =20+ g Mg T
dr - )‘-2()L - nls) A(”ls”Zs + M35 + Mgg — n2s)‘-) A )

If 0 < v < min{k, — wf’;‘ —cky, (1= c)ky + cky —kow — wf’;‘}, then it follows from simple com-
putations that ® > 0. Consequently, if 0 < v < v; holds, where v; is defined in Theorem 3.7,
then the transversality condition holds and system (3) undergoes Hopf bifurcation around
S* when t =t} O

3.2 Case ll: system (3) with weak Allee effect

When 7 = 0 and 0 < m < g, by taking v as a bifurcation parameter, the existence of
singularity-induced bifurcation and local stability switch around S}, and Sjv will be inves-
tigated due to variation of v in Theorem 3.8.
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Theorem 3.8 When t = 0 and 0 < m < a, system (22) undergoes singularity-induced bi-
furcation around S, v = 0 is a bifurcation value. When v increases though 0, system (22) is
unstable around S, and Sjv in the case of zero and positive economic interest, respectively.
Proof By using a proof similar to that in Theorem 3.6, it is easy to show Theorem 3.8. [J

When 7 > 0 and 0 < m < a, according to the Jacobian of system (3) evaluated around

5”"; and the leading matrix E(#) in Remark 1.1, the characteristic equation of system (3)

around P, is as follows:
22 =i+ ( — Mg N)e T =0
mwA + Miwhoy + N3y + Mgy — Hoywh )€ =Y

where n;,, i = 1,2, 3,4, are defined as follows:

.- ma bk, P,
nyy =1-2N* — — - — ,
Ni+a)?  (NE+k)?
- 2k,DP*
nyw =ky —E; — = Ll ,
N:, + kg
kgV(j):;)g
n3y = =~ b
(WP — )2(N + k3)?
bkyN*(P%)?
4w = —= = .
(N + k1) (N + ks)?

Theorem 3.9 If2-a —kg <m<a,max{2-k,m}<a<l, kg <ky,0<v< vy hold, then sys-
tem (3) is locally stable around S*, when 0 < T < ). System (3) undergoes Hopf bifurcation

T _ ok * .
around S;, when T = 15, where v, and t;; are defined as follows:

Vo = miIl{Wkg(kz +1+ 4/ k2 + 1), k2 - WIB:/ - Ckz, (1 - d)kz + Ckz - sz - Wf):/},
1

ow

nlw”2w+”3w+n4w)*”1w"2w]gut2 }
’

I
arccos{ (2w 03p)+ (M1 M+ 133 +1140)?

Ta =
and o)} satisfies the following equation:

2 2 2
0y + (11, = 13,) 00 — (Muwhay + N3 + 1ay)* = 0.

Proof By using a proof similar to that in Theorem 3.7, it is easy to show Theorem 3.9. [

4 Properties of Hopf bifurcation
In this section, 7 is regarded as a bifurcation parameter. Properties of Hopf bifurcation
around interior equilibrium :9; in the case of weak Allee effect are discussed. By using
the similar analysis, symmetric analysis about the properties of Hopf bifurcation around
interior equilibrium S;‘ in the case of strong Allee effect can be also obtained, which is
omitted in this section.

Bars of variables are dropped for simplicity of notation, system (3) is transformed to
the following functional delayed differential equation in the Banach space of continuous
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functions mapping C = C([-7,0],R). Based on E(¢) = —— and a normal form of delayed

wP—c
differential-algebraic system [19], by using the following transformations:

n@®=N@®-N;,  »n@)=P0)-D,

system (3) can be rewritten as follows:

Y1O = p1131(0) + braya(t) + bisyi (¢ = T) + brayi(e) + bisy3(e) + bisy (O (8),
dyjt(t) = b1y (t) + bopy1(t — T) + bysya(t — T) + baaya(£)* + basyr (£)ya(2) (29)

+ boey1 (= T)% + bagya )yt — T) + bagyr (£ — T)ya(t - 7),

where b; (i=1,2,j=1,2,...,8) are as follows:

bk P — N*(N* + k bN}

bi1=1- Nma - lw wll 1), bip=——", b13=0,

(N} + a)? (N + k)2 %+ ky

bk, P bN?,

bu=2+ T e b5 =0, big = ——~—"—,

N +a)® (N +k)? (N + ky)?

kP, ve ky(P%)? kP

b1 =ky — = = by = —"— 23 =—= ’

N:f, + /(3 (WP:/ - C)2 (]\[>k + k3)2 N‘T/ + k3

vew bk 2k P, ky
by = —— ) bys = —— ) by = —— 27 =~ = )

wP: — ¢ (N + ky)? (N + k3)? N + ks
_ /(213:;
BTN+ ks)?

According to the Riesz representation theorem [27], there exists a 2 x 2 matrix function
n(?%, u) of bounded variation for © € [-t,0] such that

0
Du)= [ o, vip(o), (30)
where ¢(?) = (¢1(9), 92(9)) € C([-7,0],R?), n : [-7,0] - R?* x R? is a real-valued
bounded function in [-7, 0] with Dirac delta function §,

(b b 0 O
n(®,v) = ( 0 1921) (%) + <b22 b23> 8(% + 1 +v). (31)

If ¢ is a given function in C([-7,0],R?) and Y(¢) is the unique solution of linearized
equation Y(t) = Ly(Y,) of Eq. (29) with initial function ¢ at zero, then the solution operator
T(¢): C — C is defined as T'(¢)p = Y,(p), t > 0.

It follows from Lemma 7.11 in [23] that T'(£), ¢ > 0 is a strongly continuous semigroup
of linear transformation on [0, +00) and the infinitesimal generator B, of T(¢), t > 0, is as
follows:

do()
“dv 1} € [_t’ 0)1

B, =
D0 s, 0 -0

(32)
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for ¢ € C!([-7,0],IR?), the space of a function mapping the interval [-7,0] into R? which
has a continuous first derivative, and also define

0, ¥ €[-1,0),
V(v,p), =0,

P(v)(p) =

where V(v, ) = (Vi(v, ), Va(v, )T, and

Vi(v, @) = biagi(0) + b16¢1(0)¢2(0),

(33)
V(v 0) = 02493 (0) + b26¢ (=7) + barp2(0)p2 (=) + basepr (~T)a(~T).
Hence, system (29) is equivalent to
Y, = B(v)Y; + P(v)Y,. (34)

For ¢ € C!([-7,0],(R?)*), the space of functions mapping interval [-7,0] into two-
dimensional row vectors which have continuous first derivative, let

de(s)
- , se(0,7],
B*QD(S) — ds ( ]

[° dn™(t,0)p(-t), s=0,

and a bilinear inner product

0 r0

(0(5), 0(9)) = 6(0)p(0) - / P(v =) dn(®)e(v) dv, (35)

-t Jv=0

where n(#) = n(,0). It is easy to show that B(0) and B* are adjoint operators, and £io; 7},
are eigenvalues of B(0) and B*.

Suppose that r(?) = (1, ,B)Te"“;’fdﬁ is an eigenvector of B(0) corresponding to io,;t;,,
which derives B(0)r(0) = io;t},7(?). By virtue of B(0), (30), (31), and (32), it follows from

F(-1) = r(O)e 35l that p = isshine W

Similarly, it follows from simple computations that the eigenvector of B* corresponds to
—io T, 0, which gives that B* = w‘”
In order to assume (r*(s), r(¢)) = 1 we need to determine the value of H in the following

part. By virtue of (35), it is obtained that

(r(s), 7(9)) = H(L,57) (1, ) - / (L) 0 d(9)(1, )T do

T4
-H(1+pp*)-H (1,/3 Joeita” dn()(1,8)"
~Ta
= 1:1[1 + BB + rl"de’i"vtrfd (b13 + b+ bzzﬂﬁ*)].
1

1+ﬁ5*+ffd€_w‘%fd (b13+b1a+b22 B B*)
ordinate to describe the center manifold Cy at v = 0. Let Y; be the solution of Eq. (34)

Hence, we can choose H =

. Next, we will compute the co-
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when v = 0. We define
cO=" ), UWLY)=Yi9) - 2Re{s)r(®))}. (36)

On the center manifold Cy, it derives that U(¢, ¢) = U(c(¢), ¢(£), ), and

2 =2
U(s(), E0),0) = uzow)% F UL ()T + Uoz% . (37)

¢ and ¢ are local coordinates for Cj in the direction of r* and r*.
It is noted that U is real if Y; is real, and we only consider real solutions. For solution
Y; € Cy of Eq. (34), since v = 0, it derives that

¢(t) = ioyTyy6 + ?*(O)V(O, U(c,,0) + 2Re{gr(0)})

2 ioytiys + 7 (0)Vo(s, §)- (38)
Equation (38) can be rewritten as ¢(¢) = io;;t},5(t) + f (g, &), where

2 2
£6:0) =P OVils. ©) = oo +facE +inSe +fn &5 - (39)

By virtue of (29), (30), and (31), it derives that
f(5,8) =7 (0)Vo(s,5) =7 (0)V(0, Yy),

and the detailed form of f(¢, &) can be found in Appendix A of this paper.
By comparing the coefficients with (39) and (44), we have that

Joo = 2de1:[[b14 +bi5+big + B*(bM + by + by7 + byg)],
fir =15 H b + bis + big + B (baa + bag + by + bag)],
Sor =278 H[b1a + bis + big + B*(baa + bag + by + bag)],
o = 20, H (b1 [U} 0) + Y207
b 20 A biglUD0) + U89 4 byg[u (0) + 18O
+ 205, HB* (boa[ U (0) + 2U D (0)] + bog[LS) (—77,) + 2U (—75)])
+ 205 H B (byy + bag) Uy (—15)) + 2U) (-15)1}
+ 20, H B by [UD)(0) + 2U 2 (0)] + bog[US) (—7) + 22U (2 )]y + - .

(40)

Since f3; is associated with Uy(?) and U1 (9), which can be found in Appendix B of this
paper, hence the following values can be computed as follows:

2 /
h(0) = gz fafin ~2fin? - B85) + By = O,
t2=2Re{11(0)}, 7 = MmO+ Imir{ryy)),

F
ﬂwlld

(41)

Theorem 4.1 Properties of a bifurcating periodic solution in the center manifold at the
critical value t, are determined based on the values computed in Eq. (41):
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(i) Ify2 >0 (y2 <0), then Hopf bifurcation is supercritical (subcritical), and the
bifurcating periodic solutions exist for T > v, (T > 1},);
(ii) Bifurcating periodic solutions are stable (unstable) if 1, < 0 (¢ > 0);
(iii) Period increases (decreases) if T >0 (T < 0).

By using the global Hopf bifurcation theorem for general functional delayed differential
equations introduced in [28], the existence of global continuation of periodic solutions
bifurcating from interior equilibrium S* will be discussed in the following part. In order to
facilitate the following analysis, system (29) is rewritten as the following functional delayed
differential system:

Z, = F(Zs, 1, 10), (42)

where Z; = (z1(2),22(¢))7, Z:(9) € Y = C([-7;,,0], R?).

Following the work done in [28], some definitions are given as follows. Let I' =
CH(Zy, T, 1) € Y xRxR*Y, N{(Zs, T, 1) | F(Zy, T, 1) = 0}, where Z and Z denote an interior
equilibrium and a nonconstant periodic solution of (42), respectively. The characteristic

matrix of system (42) around Z is as follows:
AZ,T,10)(A) = M = DF(Z, T, p)e'l, (43)

where I denotes the identity matrix and DF(Z, 7, it) represents the Fréchet derivative of F
with respect to Z; evaluated at (Z, 7, ).

We define (Z, 7, 11) as a center provided that (Z, 7, u) € N and A(Z, 7, 1) = 0. The center
AZ, T, ) is relevant to be isolated when it is the only center in some neighborhood of it.
The global Hopf bifurcation theorem for general functional delayed differential equations
introduced in [28] is stated as follows.

Lemma 4.2 If (Z,t, ) is an isolated center satisfying assumptions (A1-A4) in [28], let
L 7,2,,) be a connected component of (Z,t1, 1) in T, then either item (i) or (ii) holds:
() Lz, is unbounded,

(i) Lz Lo T isfiniteand Y 5 »erzenon YmZT,0) =0 form=1,2,...,

Ym(Z, T, 1) is the mth crossing number of (Z, T, jv).

It is easy to show that if (ii) of Lemma 4.2 is not true, then £ is unbounded. Hence, if
the projections of £
Of ﬁ(

T-space is away from zero, then the projection of 7-space must include [, 00).

7,0,u) ONto z-space and onto p-space are bounded, then the projection

) is unbounded. Furthermore, if we can show that the projection of L7 , ,, onto

Z,r,p. Zﬂ-’;ll-

Theorem 4.3 If2—a - kg.’ <m<a,max{2 -k, m}<a<l, kg’ < ki, 0 <v<vy hold (vy has
been defined in Theorem 3.9), then for T > 1}, and o, defined in Theorem 3.9, system (29)
has at least one periodic solution.

. < 2T . .
Proof Itis easy to show that (S}, 7, =) is an isolated center of system (29). Let ['(S; o2 de-

note a connected component passing through (5%, 7, i—’i) in I'. It follows from Theorem 3.9
of this paper that /.Z(S;KWTY 2 is nonempty.

)
w
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Let A(S;‘,, 7, p)(1) represent the characteristic matrix of system (29) around S,’; Based
on the discussion in Sect. 3.2 of this paper, it can be verified that (S%, 7, i—%) is an iso-
lated center, and there exist € > 0, §; > 0, a smooth curve A : (t — 81,7 + 8;) — C such that
IAGE, T, W)(A)] =0, |A(t) —io)| <€ forall T € [t} — 81, 7], + 81].

Let
<e}.

It is easy to show that |A(§jv, T, 1) (n + %)| =0ifandonlyifn=0, 7, =1/, u = (27—71

2
o

w

Q2 = {(n,u) ‘ 0<n<e,

Hence, assumptions (A1-A4) in [28] all hold. Moreover, if we define

’

g 27 . 2mi
Hi (S:/’ Tl*d’ F)(’?, M) = ‘A(S:,, tl*d + 51,/1,) <7] + 7)

w

then a crossing number of the isolated center (S",;, 7}, £ 81, 1) is as follows:

Stk 2_71 =deg | H [ 5%, ¢ 2—71 Q. ) —deg, [ H*( S, 2_71 Q. )=-1
Vm w? “1d? o* - gB w? “1d? o* ) Nle gB w? “1d? o ) Née - .
w w w

By using Theorem 2.1 in [28], it can be concluded that E(S;wa 2z passing through

(8%, 1293 i—’i) in T is nonempty. Consequently, we have

Z y(X, 7, ;) <0.

(Z”’“)Eﬁg*,rfd,%)

It follows from Lemma 4.2 of this paper that the connected component 'C(S*,rfd, 2x) pass-
ing through (§*, T/ i—%) in I" is unbounded. "

Next, we will show that the projection L(S*’fl*d’ ) onto t-space is [T, 00), where T < 7.
f2-a-ki<m<a max{2 —k,m)<a<1,ki <Wk1, 0 < v < 1y, then system (29) without
time delay has no nontrivial periodic solution. Hence, the projection of ‘C(S*’de’% ) onto
T-space is away from 0.

It is assumed that the projection of ﬁ(s*’ffw 2, onto t-space is bounded, which implies

the projection of E(g*’rfd’ ) onto t-space is included in a bounded interval (0,7},). By

using i—” < 15, we have u < 7, for (Z, 7, ) belonging to £(3*'fl*d’ 2z, which implies that the
ow

projection of connected component L . o2 onto p-space is bounded. Hence, it leads
ok
to a contradiction, which means that the projection of K(g*’ffd’ 2, onto T-space is [, 00),

where T < 7}, O

5 Numerical simulation
Numerical simulations are carried out to show combined dynamic effects of time delay
and additive Allee effect on population dynamics. Parameters are partially taken from the
numerical simulations in [12].

Numerical simulation I: strong Allee effect. Parameters are taken as follows: 2 = 0.25, b =
0.1,k =0.035, k = 0.1, k3 = 0.2, w = 4, ¢ = 1, and m = 0.3 with appropriate units. By simple
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Figure 1 In the case of strong Allee effect, dynamical variations of prey, predator biomass, and harvest
amount with the increasing time with T = 0.5 and 7 = 1.3657, which are indicated in Fig. 1()) and Fig. 1(ii),
respectively. The limit cycle around S¥ = (0.6029,0.2891,0.0640) corresponding to Fig. 1(ii) is plotted in Fig. 1(iii)

computations, it can be obtained that there exists a unique interior equilibrium provided
that 0 < v < 0.0264. In the following numerical simulation, v = 0.01 is arbitrarily selected
within (0, 0.0264) which is enough to merit theoretical analysis in this paper. By using given
parameters and simple computations, the unique interior equilibrium of system (3) with
strong Allee effect is as follows: S'j =(0.6029,0.2891, 0.0640).

When v = —0.01, the eigenvalues of system (3) are —0.314, —7.687; when v = 0.01, the
eigenvalues of system (3) are —0.314, 570.2. Obviously, one eigenvalue remains almost con-
stant and another moves from C~ to C* along the real axis by diverging through oo. It fol-
lows from Theorem 3.7 that system (3) is locally stable around gj =(0.6029,0.2891, 0.0640)
when 0 < 7 < 7{, = 1.3657. In the case of strong Allee effect, dynamical variations of
prey, predator biomass, and harvest amount with the increasing time with = = 0.5 and
7 = 1.3657, which are indicated in Fig. 1(i) and Fig. 1(ii), respectively. The limit cycle
around 3;" =(0.6029,0.2891, 0.0640) corresponding to Fig. 1(ii) is plotted in Fig. 1(iii). The
bifurcation diagram of system (3) with respect to t is also provided in Fig. 2.

Numerical simulation II: weak Allee effect. Parameters are taken as follows: a = 0.4,
b=0.5, k; =0.3, k; =0.125, k3 = 0.2, w = 5, ¢ = 1, and m = 0.24 with appropriate units.
By simple computations, it can be obtained that there exists a unique interior equilibrium
provided that 0 < v < 0.0194. In the following numerical simulation, v = 0.01 is arbitrar-
ily selected within (0,0.0194) which is enough to merit theoretical analysis in this paper.
By using given parameters and simple computations, the unique interior equilibrium of
system (3) with weak Allee effect is as follows: §j, =(0.2643,0.4226,0.0089).
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Figure 2 In the case of strong Allee effect, bifurcation diagram of system (3) with respect to T

When v = —0.005, the eigenvalues of system (3) are —0.529, —14.591; when v = 0.005,
the eigenvalues of system (3) are —0.529, 375.8. Obviously, one eigenvalue remains al-
most constant and another moves from C~ to C* along the real axis by diverging
through oo. It follows from Theorem 3.9 that system (3) is locally stable around S* =
(0.2643,0.4226,0.0089) when 0 < 7 < 77, = 1.6429. In the case of weak Allee effect, dy-
namical variations of prey, predator biomass, and harvest amount with the increasing
time with 7 = 0.8 and t = 1.6429, which are indicated in Fig. 3(i) and Fig. 3(ii), respec-
tively. The limit cycle around S* = (0.2643,0.4226,0.0089) corresponding to Fig. 3(ii) is
plotted in Fig. 3(iii). The bifurcation diagram of system (3) with respect to 7 is also pro-
vided in Fig. 4. Further computations show that y, = 1.0329 > 0, ¢, = -0.4127 < 0, and
T =1.4193 > 0, it follows from Theorem 4.1 that the Hopf bifurcation is supercritical, the
direction of the Hopf bifurcation is T > 7}, and these bifurcating periodic solutions from
the interior equilibrium S% at 77, are stable.

6 Conclusion

In this paper, a delayed singular biological system with additive Allee effect and commer-
cial harvesting is established, which extends the work done in [12] by incorporating gesta-
tion delay for the predator population. Positivity of solutions and uniform persistence of
the proposed system are discussed in Theorem 2.1 and Theorem 2.3, respectively. Some
sufficient conditions for the existence of interior equilibrium in the case of strong and weak
Allee effect are investigated in Lemma 3.2 to Lemma 3.5. In the absence of time delay, on
account of variation of economic interest of commercial harvesting, we reveal that system
(3) undergoes singularity-induced bifurcation around interior equilibrium, and the pro-
posed system is unstable when economic interest increases through zero, which can be
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found in Theorem 3.6 and Theorem 3.8 in the case of strong Allee effect and weak Allee
effect, respectively. In the presence of time delay, by analyzing the associated characteris-
tic equation of system (3), we reveal that when gestation delay crosses the corresponding
critical value, the interior equilibrium of the system loses local stability, and system (3)
undergoes Hopf bifurcation, which can be found in Theorem 3.7 and Theorem 3.9 in the
case of strong Allee effect and weak Allee effect, respectively. By using the center manifold
theorem and the norm form of a delayed singular system, we investigate the properties of
Hopf bifurcation in Theorem 4.1. The global continuation of Hopf bifurcation is investi-
gated in Theorem 4.3. Finally, numerical simulations are provided to validate theoretical
analysis obtained in this paper.

It follows from the analytical findings in Theorem 3.6 and Theorem 3.8 that a singularity-
induced bifurcation occurs and local stability switches when economic interest increases
through zero, and it can be practically interpreted that the population density dramatically
increases beyond environment capacity during a short time period. It follows from the an-
alytical findings in Theorem 3.7 and Theorem 3.9 that local stability will switch when time
delay crosses critical value. It can be practically interpreted that commercially harvested
population density shows periodic fluctuation and may even arrive at a very low popula-
tion density during some time, which is disadvantageous to sustainable survival of each
population and sustainable exploitation of certain economic population.

The dynamical model proposed in [12], composed of ordinary differential equations,
is utilized to study the interaction mechanism of a prey—predator system with additive
Allee effect. Compared with the system established in [12], an algebraic equation is in-
troduced into system (3), which concentrates on dynamic effect of economic interest of
commercial harvesting on population dynamics and provides a straightforward way to in-
vestigate complex dynamics due to variation of economic interest. Furthermore, a discrete
time delay, which represents gestation delay of the predator population, is incorporated
into system (3). Consequently, compared with the work done in [12], we can investigate
combined dynamic effects of time delay and additive Allee effect on population dynamics
by analyzing the local stability and bifurcation phenomenon of system (3) in this paper,
which makes this paper have some new and positive features.
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Appendix B
By virtue of (34) and (36), we have

BU - 2Re{#(0) Vor(d)}, 9 € [-1,0),
BU - 2Re{i#*(0)Vor(0) + Vo), 9 =0

u-= K—g"r—f?:

£ BU + M(g, &, ), (45)
where
¢? ¢?
M(§,§‘,l9)=M20(19)? + My (9)s¢ +M02(19)7 e (46)

Substituting the corresponding series into (45) and comparing coefficients, we have

(B = 2io5ty) Uso(9) = =Moo (9), BUL (9) = =M1 (9), (47)
It follows from (45) that for ¥ € [-1;;,0),

M(s,5,9) = ~f (5, Sr(®) = f (5, )r(®). (48)
By comparing coefficients in (46) with those in (40), we derive that

Moo() = —foor(9) — fonF(9), (49)

M () = fur(®) —fur®). (50)
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Based on the definition of B, (47) and (49), it can obtained that
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Similarly, it follows from (47) and (50) that
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