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where by, i=1,2,j=1,2,3,4, an, ai», and ay; are all positive constants, is proposed
and studied in this paper. The system may admit four nonnegative equilibria. By
constructing some suitable Lyapunov functions, we show that under some suitable
assumptions, all of the four equilibria may be globally asymptotically stable, such a
property is quite different to the traditional Lotka—Volterra commensalism model.
With introduction of the density dependent birth rate, the dynamic behaviors of the
commensalism model become complicated.
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1 Introduction
The aim of this paper is to investigate the dynamic behaviors of the following commen-
salism model with density dependent birth rate:

dx bll
V=X T —b14—a11x+a12y ,

dt b1y + bi3x

(1.1)
dy - b bos — a
dt y bzz + b23_y 2 22_)/ ’

where by;,i=1,2,j=1,2,3,4, ai1, a1z, and ay, are all positive constants. x(¢), y(¢) are the
densities of the first and second species at time ¢, respectively. Here we make the following
assumptions:
(a) bli‘glax is the birth rate of the first species which is density dependent, the birth rate
of the species is declining as the density of the species is increasing;
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(b) b4 is the death rate of the first species, a1; is the density dependent coefficient of
the first species;

(c) bz;’fém is the birth rate of the second species, it is declining as the density of the
species is increasing;
(d) bya is the death rate of the second species, ay; is the density dependent coefficient of
the second species;
(e) The relationship between the two species is commensalism, i.e., the second species
has positive effect on the first species, while the first species has no influence on the
second species, we describe such of relationship by using the bilinear function a;;xy.
During the last decades, many scholars investigated the dynamic behaviors of the mutu-
alism model or commensalism model [1, 2]. Some essential progress has been made in this
direction. Such topics as the stability of the positive equilibrium [1, 3—20], the persistence
of the system [21-27], the existence of the positive periodic solution [17, 28—30], the ex-
tinction of the species [2, 21, 31], the influence of harvesting 3, 9, 11, 12, 19], the influence
of feedback control variables [1, 8, 18, 21, 22, 25, 26], the influence of stage structure [5,
7], etc. have been extensively investigated.

Sun and Wei [4] for the first time proposed and studied the following two species com-

mensalism symbiosis model:

@—rx ki —x+ay
ar ' ky ’

dy _, (hay
a2\ )
where x and y are the densities of the first and second species at time ¢, respectively. System

(1.2) admits four equilibria E; (0, 0), E5(k1,0), E3(0, k»), and E4(ky + akoky).
Concerned with the stability property of the above equilibria, Sun and Wei [4] obtained

the following result:
Theorem A E;(0,0), E;(ky,0), Es(0, ky) are all unstable, E4(ky + ako, ko) is locally stable.

Noting that the authors of [4] did not give any global stability property of the equilib-
rium, with the aim of putting forward the study in this direction, Han and Chen [18] pro-
posed the following commensalism model:

dx
pri x(b1 — anx) + anxy,
(1.3)
d_y =y(by — axy)
dr =Y\D2 22Y).

System (1.3) admits a positive equilibrium Py (xo, yo), where

biag + byany by
X0 = ) yO = .
aiia a)

Concerned with the stability property of this equilibrium, by constructing some suitable
Lyapunov function, the authors obtained the following result:

Theorem B The positive equilibrium Py(xo, o) of system (1.3) is globally stable.
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It came to our attention that in system (1.3), if we did not consider the relationship of the
two species, then the equations for both species reduce to the traditional logistic equation.

For example, the first species takes the form

dx
d_t = x(b1 - 611196), (14)

where b is the intrinsic growth rate and a;; is the density dependent coefficient. System

(1.4) could be revised as

% =x(b11 — b14 — ex), (1.5)
where b1, is the birth rate of the species and b4 is the death rate of the species. Already,
Brauer and Castillo-Chavez [32], Tang and Chen [33], Berezansky et al. [34] have showed
that in some cases the density dependent birth rate of the species is more suitable. If we
take the famous Beverton—Holt function [34] as the birth rate, then system (1.5) should
be revised to

dx ]911
=y ——— —bu- . 1.6
dt x(blz + b]gx 1 ﬂllx) ( )

Similarly, the second species could be expressed as follows:

dy b21
2 _ % _boy— . 1.7
dr y< by + bzsy 24 ﬂzzy) (1.7)

(1.6), (1.7) together with the cooperation relationship between the species will lead to sys-
tem (1.1).

As far as system (1.1) is concerned, one interesting issue is to find out the influence
of the nonlinear density birth rate. Is it possible for system (1.1) to admit some similar
dynamic behaviors as those of systems (1.2) and (1.3), or does system (1.1) admit some
new characteristic property?

The aim of this paper is to find out the answers to the issues above. The rest of the paper
is arranged as follows. In Sect. 2, we investigate the stability property of the equilibria of
system (1.1); Sect. 3 presents some numerical simulations to show the feasibility of the

main results. We end this paper with a brief discussion.

2 Global asymptotic stability

We first establish a lemma, which is useful for proving the main result.

Lemma 2.1 Counsider the following equation:

dy a
— = —-d- . 2.1
dt y(b+cy ey) @D

Assume that a > bd, then the unique positive equilibrium y* of system (2.1) is globally
asymptotically stable.
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Proof Set

a

F(y) d—ey.

- b+cy B
Since a > bd, it follows that F(0) = % —d>0. Also,

dF(y)  ac

= —e<0,
dy (b +cy)? s

hence F(y) is a strictly decreasing function. One could easily see that F(+00) = —o0, thus
there exists a unique positive solution y* such that F(y*) = 0. Indeed,

_ —(eb+dc) + \/(eb +dc)? —4dec(db — a)

* 2.2
2ec @2
The above analysis shows that
(1) There is y*, as expressed by (2.2), such that F(y*) = 0;
(2) Forally*>y>0,F(y) = ﬁcy —d—-ey>0;
(3) Forally>y*>0,F(y) = 575 —d —ey<0.
Now let us consider the Lyapunov function
o oxrn J
V=y-y"—y"In J;
Direct calculation shows that
av
— =(y—y"F 0.
- = -7)F0) <
Thus, y* is globally asymptotically stable. This ends the proof of Lemma 2.1. O

Now we are in a position to consider the existence and stability property of the equilibria
of system (1.1). The equilibrium of system (1.1) is determined by the equation

b
x<$ - b14 —anx+ ﬂm)’) =0,

b12 + blgx
(2.3)
y( b by —a y) =0
———— —by—apy|=0
by + baszy
System (1.1) always admits a boundary equilibrium A; (0, 0). Assume that
by
—>b 2.4
by > D14 (2.4)
holds, then
by
—————— — by - =0
bpy + biax 14 —anx

admits a unique positive solution x*, where

X = —(b1ab13 + a11b12) + \/(b14b13 + a11b12)? — 4ai1b13(biabra — b11) (2.5)
2a11b13 ' )
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Assume that (2.4) and

b
2 < l’)24 (26)
b22

hold, then system (1.1) admits the nonnegative boundary equilibrium A, (x*,0). Assume
that

—>b 2.7
b22> 24 (2.7)

holds, then

by

— = _by-apy=0
by + bzsy 2 )

admits a unique positive solution y*, where

y* _ —(baabas + axnba) + \/(b24b23 + 61221922)2 —4aby3(baabyy — bay) (2.8)
2a9:b93 ' )

Assume that (2.7) and

b
b—ll + 6112_)/* < b14 (29)
12

hold, then system (1.1) admits the nonnegative boundary equilibrium A3(0,y*). Assume

that (2.7) and

b
Ly any > by (2.10)
b1y

hold, then system (1.1) admits the unique positive equilibrium A4(x;,y;), where

_ =(b2sbas + anbyr) + \/(b24b23 +anby)? —4axnbas(babr — by)

- , (2.11)
n 2axby;
and x; is the unique positive solution of the equation
b auxsapy =0 (2.12)
b1y + bisx 14 11 12)1 . .
Remark 2.1 From the above discussion, one could easily see that the inequalities
b
b (2.13)
by
and
b
2L s by (2.14)
by

is enough to ensure the existence of the unique positive equilibrium of system (1.1).
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Concerned with the stability property of the above four nonnegative equilibria, we have
the following result.

Theorem 2.1

(1) Assume that (2.7) and (2.10) hold, then system (1.1) admits a unique positive
equilibrium Aa(x1,y1), which is globally asymptotically stable;

(2) Assume that (2.7) and (2.9) hold, then the boundary equilibrium A3(0,y*) is globally
asymptotically stable;

(3) Assume that (2.4) and (2.6) hold, then the boundary equilibrium A, (x*,0) is globally
asymptotically stable;

(4) Assume that

b1y < biabis (2.15)

and (2.6) hold, then the boundary equilibrium A,(0,0) is globally asymptotically
stable.

Remark 2.2 Conditions (2.7) and (2.10) are necessary to ensure that system (1.1) admits a
positive equilibrium. Hence, it follows from Theorem 2.1(1) that if system (1.1) admits a

positive equilibrium, it is globally asymptotically stable.
Remark 2.3 From Remark 2.2 it immediately follows that under the assumption that (2.13)
and (2.14) hold, system (1.1) admits a unique globally asymptotically stable positive equi-

librium.

Proof of Theorem 2.1 (1) Obviously, x1, y; satisfy the equations

b
— b1y —anx) + apy =0,
b1y + bizx;
(2.16)
bn bys —azy, =0
————— —0u—anyy1=0.
by + bazy,
Now let us consider the Lyapunov function
1
Vl(x,y):an—zam(x—xl—xlln£>+—<y—y1—y11nl>. (2.17)
ar; X1 4 N

One could easily see that the function V; is zero at the positive equilibrium A4(x;,y;) and
is positive for all other positive values of x, y. By applying (2.16), the time derivative of V;
along the trajectories of (1.1) is

b
D*Vi(¢) = ﬂ1126lzz (x —x1)($ —biy—anx+ 6112)’)

12 by + bysx
1 bx
(v — e
+ 4(3’ yl)(b22 + basy 24 6122}/)
_ ai11a2 (x_xl)( bll _ bll
a%z b1y + bisx b1y + b1z
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+d11X1 —diz)1 —anx + ﬂu}’)
+ - (y ) b b t+a a
N by + bzgy by + bazy, 20 2y
_ anax (x—x )( buibiz(x1 —x)
= —X1
ﬂfz (bia + b13x) (D12 + b13x1)
+an(x —x)+ fllz()/ —y1))
1 by1by3(y1 — )
+=(y—y1) +ta -9)
4(y N ((b22 + by3y)(bay + ba3y1) 201 -7
a11a22 bi1bi3 2
=—— (x —x1)
aiy (b12 + b13x)(b12 + b13x1)
a’a ana
- A - x)? + (- x) (- 91)
ary a2
1 by1by3
- )? - —a )?
4 (bay + bozy)(bay + bazy1) b=n 20=7
a11a22 bi1bi3 2
=—— (x = 1)
aiy (b12 + b13x)(b12 + b13x1)
1 by1bys (y—y1)2
4 (byy + ba3y)(bay + bazyr)
7581 1 2
—ay|—&-x)--0-y)| . (2.18)
ain 2

It then follows from (2.18) that D* V1 (¢) < O strictly for all x,y > 0 except the positive equi-
librium A4(x1,1), where D* V1 (£) = 0. Thus, V1 (x, y) satisfies Lyapunov’s asymptotic stabil-
ity theorem [35], and the positive equilibrium A4(x1, y1) of system (1.1) is globally asymp-
totically stable.

(2) Inequality (2.9) implies that for enough small positive constant ¢, one has

b
b_n +ap(y*+e) <bu (2.19)
12

holds. Obviously, y* satisfies the equation

b21

———— by - *=0. 2.20
bay + basy* Ty (220

Also, it follows from Lemma 2.1 that the unique positive equilibrium y* of system

dy _ < b21

— =yl ———— — by — 2.21
dr Yy b22+b23y 24 6122)’) ( )

is globally asymptotically stable. That is,

lim y(¢) =

t—>+00

Page 7 of 14
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Hence, for ¢ satisfies (2.19), there exists enough large T3 such that
y(t)<y* +e forallt> Tj. (2.22)

Now let us consider the Lyapunov function

Volx,y) =x + (y—y*—y*ln %) (2.23)

One could easily see that the function V; is zero at the boundary equilibrium A3(0, y*) and
is positive for all other positive values of x, y. By applying (2.20) and (2.23), for ¢ > T}, the
time derivative of V; along the trajectories of (1.1) is

bll

D Vy(t) = x ————
2() x<b12+b13x

—buy—anx+ 6112)’)

+(- y)(

— Doy —
by + bzsy 24 flzz)’)

R

— by —anpx+ au(y + 8))

(b12 + blgx
(

by .
y=y ) taxny —dny

+
bzz + bzsy by + b23y

b
x(l — b +ap(y*+ 8)) —anx?
b1y

b21b23 ) )
i T - 2.24
((b22 +by3y) (b + bazy*) (-5 (2.24)

It then follows from (2.19) that D* V,(t) < O strictly for all x,y > 0 except the boundary
equilibrium A3(0,y*), where D*V,(¢) = 0. Thus, Va(x,y) satisfies Lyapunov’s asymptotic
stability theorem [35], and the boundary equilibrium A3(0, y*) of system (1.1) is globally
asymptotically stable.

(3) Obviously, x* satisfies the equation

bll

———— —bu- *=0. 2.25
by + biax” 14 — aux ( )

Now let us consider the Lyapunov function

1
Vi(x,y) = w(x—x*—x*ln 1) + =Y. (2.26)
al, x* 4

One could easily see that the function Vj is zero at the boundary equilibrium A, (x*,0) and
is positive for all other positive values of x, y. By applying (2.25), the time derivative of V3
along the trajectories of (1.1) is

a11a2 b
D*V3(t) = (x —x* ( —by—anx+ 6112}’)
( ) 61%2 b12 + blgx

- —_— = —a
4y bzz + bz?,y 24 2y



Chen et al. Advances in Difference Equations (2018) 2018:296 Page 9 of 14

aiaz by by

* *

s(x—x) 3 - *+a11x —anx
aiy b12 + b13x b12 + b13x

1 (b 1
L Auan (x— )y + Zy(ﬂ - ]924) - —ayy’

a12 by 4
__auan bi1bi3 (x—x*)2 s ly(@ b )
aly (b1a + bisx*)(biy + bi3x) 4'\by
a 1 7?
_5122|:i(x_x1)— —y] . (2.27)
ain 2

It then follows from (2.6) that D*V;(¢) < O strictly for all x,y > 0 except the boundary
equilibrium A, (x*,0), where D*V3(¢) = 0. Thus, V3(x,y) satisfies Lyapunov’s asymptotic
stability theorem [35], and the boundary equilibrium A, (x*,0) of system (1.1) is globally
asymptotically stable.

(4) Now let us consider the Lyapunov function

1
Valr,y) = 222 el (2.28)
a1y

One could easily see that the function V/ is zero at the boundary equilibrium A(0,0) and
is positive for all other positive values of x, y. The time derivative of Vi(x,y) along the
trajectories of (1.1) is

aia b
D*V(t) = x —byy—anx+a
a(t) “%2 (bu + biox 14 11 12y>

+1 _bn bos — a
4_)/ b22 +b23y 2 22_)/

2
<ﬂ116l22 b1 b ayna o  ana
< 5 xb——M— T X+ —axy
12

ar; ar a2
1 [(by 1
ol Z= b, -2 2
+ 431( by 24) 46122}/
ana ((bn an 17 1 by
= — —by |lx—axp| —x—-— + =yl — = by |. 2.29
a, (blz 14) 2 [ﬂlz 24 4y<1922 24 (2:29)

It then follows from (2.6) and (2.15) that D*V,(£) < O strictly for all x,y > 0 except the
boundary equilibrium A;(0,0), where D*Vy(¢) = 0. Thus, Vi(x,y) satisfies Lyapunov’s
asymptotic stability theorem [35], and the boundary equilibrium A;(0,0) of system (1.1)
is globally asymptotically stable.

This ends the proof of Theorem 2.1. d

3 Numeric simulations
Now let us consider the following four examples.

Example 3.1

d—x—x 1 1—-x+
dt "\ 2+x Y)

(3.1)
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Dynamic behaviors of system (3.1)
AR R
AR R
AR R
AR R
AR
B by v vy v bbb
S O T T 1 T T T T A A A O
N IR IR
N IR I RN
y bWV VYV VYNV R L P LIS
WV VYVl s
Ltttttyz////// o
IR RN VY Leses
WLl st s e
0.5 W)y o ——
// P e~~~ ~—~—~—~<~—~—~—
_OK 0.2 0.4 0.6 0.8 1
Figure 1 Dynamic behaviors of system (3.1) with the initial condition (x(0), y(0)) = (1,0.3),(0.4,2),(0.02,2),(1,2),
and (0.1,2), respectively

In this system, corresponding to system (1.1), we take b1 = b13 = b1a = a11 = a1p = by =
Doz = bogy = dop = 1,b19 = byy = 2. Since by < b12b1a, ba1 < baaboy, it follows from Theo-
rem 2.1(4) that the boundary equilibrium A, (0, 0) is globally asymptotically stable. Figure 1
supports this assertion.

Example 3.2

@—x 2 1 +
dt " "\ 1+x vy

(3.2)

In this system, corresponding to system (1.1), we take b1y = b13 = b1a = a11 = a1p = by =
Doz = boy = a9y = 1,b11 = by = 2. Since by > b1ab1g, bay > barboy, it follows from Remark 2.3
that the unique positive equilibrium A4(0.4142,0.6364) is globally asymptotically stable.
Figure 2 supports this assertion.

Example 3.3

(3.3)

Page 10 of 14
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Dynamic behaviors of system (3.2)
AN BERRRRL RRARRRRRRRER
B UARERRRRRRARRRRRRRRR
B UERERRAR A\ RRARRRRRARRR
BIVEARRRARRARRARRRRRARRR
VAR RRARR VA RARRRRRARRR
S AL B ERARRARR A R R RARRRRRR
EERARARARRRR A RRRRARRRAR
B YARRRRRRARRRRRRRR
AT T N S T N T N N T T T S
N R O S N
NONNNCNUNONNNNNN N VY
WAL NONONSNONNNNNNNN N Y Y
I N e N N R N A A 4
NSNS SV NN \'| / w ==
0.5 A N e e N \\\ [ ———
P e '] N S S —————
s S N~ ———————
J T ] '\ NS ——~————
0 0.2 0.4 0.6 0.8 1
Figure 2 Dynamic behaviors of system (3.2) with the initial condition (x(0), y(0)) = (1,0.3),(0.4,2),(0.02,2),(1,2),
and (0.1,2), respectively

In this system, corresponding to system (1.1), we take b1 = b13 = b1a = a11 = a1n = by =
bas = byy = any = 1,b11 = byy = 2. Since b1y > b1ab1a, by < byybos, that is, inequalities (2.4)
and (2.6) hold, it follows from Theorem 2.1(3) that the boundary equilibrium A,(0.4142,0)
is globally asymptotically stable. Figure 3 supports this assertion.

Example 3.4

(3.4)

In this system, corresponding to system (1.1), we take b1y = b1z = b1a = a11 = ajp = by =
ba3 = byy = axy = 1,b1p = byy = 2. Since by < b1ab1g, by > byybyy, that is, inequalities (2.7)
and (2.9) hold, it follows from Theorem 2.1(2) that the boundary equilibrium A,(0,0.4142)
is globally asymptotically stable. Figure 4 supports this assertion.

4 Discussion

Recently, many scholars have studied the dynamic behaviors of the commensal symbiosis
model [13-31]. All of the works of [13—31] are based on the traditional logistic model, as
was showed in the introduction section. Especially, Han and Chen [18] showed that the
unique positive equilibrium Py (xo, yo) of system (1.3) is globally asymptotically stable (see

Page 11 of 14
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Figure 3 Dynamic behaviors of system (3.3) with the initial condition (x(0), y(0)) = (1,0.3),(0.4,2),(0.02,2),(1,2),

and (0.1,2), respectively

S e

Dynamic behaviors of syste

—_—— s e s s s s~

R T

—_—— s s s s e s a8

B )

-~
~—~

~— N —N—~—N—N—~—~—~—~—

S ——~—

T m—

-

Sy,

NN T T S s
NN e TS~~~

' 4
\
\
\
\
\
\
\

0.8

0.6

0.4

0.2

0.8 1

0.6 1

0
0.2 1

X

(04,1),(1,0.3),(0.02,1),(1,1),

Figure 4 Dynamic behaviors of system (3.4) with the initial condition (x(0), y(0))

and (1,0.1), respectively




Chen et al. Advances in Difference Equations (2018) 2018:296 Page 13 of 14

Theorems A and B in the Introduction section for more details), this means that all other
equilibria of system (1.3) are unstable.

In this paper, we argued that the birth rate of the species may be density dependent;
indeed, this is one of the phenomena that could be observed in the nature and society.
We propose system (1.1). Theorem 2.1 shows that under some suitable assumptions, all of
the four equilibria may be globally asymptotically stable. That is, with introduction of the
density dependent birth rate, the dynamic behaviors of the system become complicated.
Such kind of phenomenon is not observed in [13-31].

Our study shows that the birth rate is one of the essential factors in determining the
dynamic behaviors of the species. To control the number of the species, maybe one of the
useful methods is to control the birth rate of the species.

Acknowledgements
The authors would like to thank Dr. Xinyu Guan for useful discussion about the mathematical modeling.

Funding
The research was supported by the National Natural Science Foundation of China under Grant (11601085) and the
Natural Science Foundation of Fujian Province (2017J01400).

Competing interests
The authors declare that there is no conflict of interests.

Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final manuscript.

Author details
'College of Mathematics and Computer Science, Fuzhou University, Fuzhou, China. ?Department of Mathematics,
Ningde Normal University, Ningde, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 16 June 2018 Accepted: 14 August 2018 Published online: 29 August 2018

References
1. Yang, K, Miao, ZS., Chen, F.D, Xie, X.D.: Influence of single feedback control variable on an autonomous Holling-Il
type cooperative system. J. Math. Anal. Appl. 435(1), 874-888 (2016)
2. Chen, FD, Xie, X.D., Miao, Z.S.: Extinction in two species nonautonomous nonlinear competitive system. Appl. Math.
Comput. 274, 119-124 (2016)
3. Deng, H., Huang, X.Y.: The influence of partial closure for the populations to a harvesting Lotka-Volterra
commensalism model. Commun. Math. Biol. Neurosci. 2018, Article ID 10 (2018)
4. Sun, G.C, Wei, W.L: Qualitative analysis of commensal symbiosis model of two population. Math. Theory Appl. 23(3),
65-68 (2003)
5. Chen, FD, Xie, X.D,, Chen, X.F: Dynamic behaviors of a stage-structured cooperation model. Commun. Math. Biol.
Neurosci. 2015, Article ID 4 (2015)
6. Yang, K, Xie, X.D., Chen, FD.: Global stability of a discrete mutualism model. Abstr. Appl. Anal. 2014, 709124 (2014)
7. Li, TT, Chen, ED, Chen, JH, Lin, QX. Stability of a stage-structured plant-pollinator mutualism model with the
Beddington-DeAngelis functional response. J. Nonlinear Funct. Anal. 2017, Article ID 50 (2017)
8. Han,RY, Chen, FD, Xie, X.D, Miao, Z.S.: Global stability of May cooperative system with feedback controls. Adv. Differ.
Equ. 2015, Article ID 360 (2015)
9. Xie, X.D, Chen, FD, Xue, Y.L: Note on the stability property of a cooperative system incorporating harvesting.
Discrete Dyn. Nat. Soc. 2014, 327823 (2014)
10. Xie, X.D, Yang, K, Chen, FD, Xue, Y.L.: Global attractivity of an integrodifferential model of mutualism. Abstr. Appl.
Anal. 2014, 928726 (2014)
11. Lei, CQ.: Dynamic behaviors of a non-selective harvesting may cooperative system incorporating partial closure for
the populations. Commun. Math. Biol. Neurosci. 2018, Article ID 12 (2018)
12. Chen, FD, Wu, H.L, Xie, X.D.: Global attractivity of a discrete cooperative system incorporating harvesting. Adv. Differ.
Equ. 2016, Article ID 268 (2016)
13. Wu, RX, Li, L, Zhou, X.Y.: A commensal symbiosis model with Holling type functional response. J. Math. Comput. Sci.
2016(2), 364-371 (2016)
14. Chen, JH, Wu, RX.: A commensal symbiosis model with non-monotonic functional response. Commun. Math. Biol.
Neurosci. 2017, Article ID 5 (2017)
15. Wu, RX, Li, L. Dynamic behaviors of a commensal symbiosis model with ratio-dependent functional response and
one party can not survive independently. J. Math. Comput. Sci. 16(3), 495-506 (2016)



Chen et al. Advances in Difference Equations (2018) 2018:296 Page 14 of 14

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31

32.

33.

34.

35.

. Wu, RX, Li, L, Lin, QF.: A Holling type commensal symbiosis model involving Allee effect. Commun. Math. Biol.

Neurosci. 2018, Article ID 5 (2018)

. Li, T.T, Lin, QX, Chen, JH.: Stability analysis of a Lotka-Volterra type predator-prey system with Allee effect on the

predator species. Commun. Math. Biol. Neurosci. 2016, Article ID 22 (2016)

. Han, RY, Chen, FD.: Global stability of a commensal symbiosis model with feedback controls. Commun. Math. Biol.

Neurosci. 2015, Article ID 15 (2015)

. Lin, QF: Dynamic behaviors of a commensal symbiosis model with non-monotonic functional response and

non-selective harvesting in a partial closure. Commun. Math. Biol. Neurosci. 2018, Article ID 4 (2018)

Lin, QF: Allee effect increasing the final density of the species subject to the Allee effect in a Lotka-Volterra
commensal symbiosis model. Adv. Differ. Equ. 2018, Article ID 196 (2018)

Han, R, Xie, X.D,, Chen, F.D.: Permanence and global attractivity of a discrete pollination mutualism in
plant-pollinator system with feedback controls. Adv. Differ. Equ. 2016, Article ID 199 (2016)

Chen, JH. Xie, X.D.: Feedback control variables have no influence on the permanence of a discrete N-species
cooperation system. Discrete Dyn. Nat. Soc. 2009, Article ID 306425 (2009)

Zhao, L, Qin, B, Chen, F.: Permanence and global stability of a May cooperative system with strong and weak
cooperative partners. Adv. Differ. Equ. 2018, Article ID 172 (2018)

Yang, LY, Xie, X.D., Chen, FD.: Dynamic behaviors of a discrete periodic predator-prey-mutualist system. Discrete Dyn.
Nat. Soc. 2015, 247269 (2015)

Chen, FD, Yang, JH. Chen, LJ, Xie, X.D.: On a mutualism model with feedback controls. Appl. Math. Comput. 214(2),
581-587 (2009). https://doi.org/10.1016/j.amc.2009.04.019

Chen, LJ, Chen, LJ, Li, Z: Permanence of a delayed discrete mutualism model with feedback controls. Math.
Comput. Model. 50(1), 1083-1089 (2009)

Yang, W.S,, Li, X.P: Permanence of a discrete nonlinear N-species cooperation system with time delays and feedback
controls. Appl. Math. Comput. 218(7), 3581-3586 (2011)

Wang, D.H.: Dynamic behaviors of an obligate Gilpin—Ayala system. Adv. Differ. Equ. 2016, 270 (2016)

Xie, X.D., Miao, Z.S., Xue, Y.L: Positive periodic solution of a discrete Lotka-Volterra commensal symbiosis model.
Commun. Math. Biol. Neurosci. 2015, Article ID 2 (2015)

Xue, Y.L, Xie, X.D, Chen, D, Han, R.Y.: Almost periodic solution of a discrete commensalism system. Discrete Dyn.
Nat. Soc. 2015, Article ID 295483 (2015). https://doi.org/10.1155/2015/295483

Miao, Z.S., Xie, X.D,, Pu, LQ.: Dynamic behaviors of a periodic Lotka-Volterra commensal symbiosis model with
impulsive. Commun. Math. Biol. Neurosci. 2015, Article ID 3 (2015)

Brauer, F, Castillo-Chavez, C.: Mathematical Models in Population Biology and Epidemiology. Texts in Applied
Mathematics, vol. 40. Springer, New York (2001). https://doi.org/10.1007/978-1-4757-3516-1

Tang, S.Y, Chen, L.S.: Density-dependent birth rate, birth pulses and their population dynamic consequences. J. Math.
Biol. 44(2), 185-199 (2002)

Berezansky, L., Braverman, E, Idels, L.: Nicholsons blowflies differential equations revisited: main results and open
problems. Appl. Math. Model. 34(6), 1405-1417 (2010). https://doi.org/10.1016/j.apm.2009.08.027

Chen, L.S.: Mathematical Models and Methods in Ecology. Science Press, Beijing (1988) (in Chinese)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1016/j.amc.2009.04.019
https://doi.org/10.1155/2015/295483
https://doi.org/10.1007/978-1-4757-3516-1
https://doi.org/10.1016/j.apm.2009.08.027

	Dynamic behaviors of a Lotka-Volterra commensal symbiosis model with density dependent birth rate
	Abstract
	MSC
	Keywords

	Introduction
	Global asymptotic stability
	Numeric simulations
	Discussion
	Acknowledgements
	Funding
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


