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1 Introduction
The two-dimensional elliptic Liouville equation [2]

¢tt + ¢ss = _eZd): (1)

plays an important role in the modern field theory, namely in the strings theory, where
the quantum Liouville field appears as a conformal anomaly (see Refs. [3, 4]). The Liouville
equation arises in many contexts of complex analysis and differential geometry of Riemann
surfaces, in particular in the prescribing curvature problem. The interplay between the
geometric and analytic aspects makes the Liouville equation mathematically rich (see Ref.
[5]).

By using differential geometry of surfaces and moving curves, the elliptic Liouville equa-
tion (1) has been shown [1, 6] to be equivalent to the Belavin—Polyakov equation [7]

T,=TxT, TeS? (2)

where T = T(¢,s) is the tangent vector of a space curve y (¢, s) in R3 represented by a vector-
valued function of time ¢ and arclength s, the subscript stands for the partial derivative
with respect to the variable symbolized, and x denotes the cross product between vectors
in R3. Using the moving space curve method, it has been shown [8, 9] that Eq. (2) can be
mapped to the Lamb equation [10]

S
J—lwt+¢s+4¢/ o5 =0 3)
0
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for the complex Hasimoto function ¢ = %e‘/‘_l Jot® Here, « is the curvature and 7 is the
torsion of the curve. Furthermore, it has been shown [9] that the effective low-energy
dynamics of the classical isotropic antiferromagnetic chain is described by the Belavin—

Polyakov equation (2), which can be written in terms of u as follows:
U = U X U, u = (uy, ug, u3) € S* — R3 (4)

for the “staggered” spin field u(t, s).

On the other hand, the Euclidean 3-space R? can be regarded as the imaginary part Im H
of the quaternions H], and the cross product x in R® =~ ImH is created by the quaternion
algebraic structure in Im H. It is also well known that the quaternion is contained in the oc-
tonions O, and so the imaginary part Im H in the imaginary part Im O. It is no surprise that
there is a cross product between vectors in Im O = R’ induced by the octonional algebraic
structure in Im O, which includes the cross product in ImH = R? as a special case. There-
fore, as a natural generalization of Eq. (2) in R® in higher dimensions, we are interested in

exploring the dynamical properties of the following evolving equation in Im O =~ R”:
T,=T x T, T(t,s) € S® — R7, (5)

where T = T(t,s) is the tangent vector of a space curve y (t,s) in R” represented by a vector-
valued function of time ¢ and arclength s. It looks very interesting from purely mathemat-
ical point of view. Equation (5) may be regarded as the G,-tangent motion in S°, as we
shall see below. However, to our pity, we have not found physical applications of Eq. (5) in
literature yet.

To our surprise, Eq. (2) and Eq. (5) can be equivalent to the maps T from R to S*" (n =
1,3):

Ty =JrTs (6)

where /7 stands for the standard (almost) complex structure of S?” at T. It was proved
by Borel and Serre in 1953 (see Ref. [11]) that S*” admits an almost complex structure if
and only if # = 1 or 3, see also the recent review paper [12]. In 1993, Calabi and Gluck
[13] proved that the best almost-complex structure on S° is the Kirchhoff’s one from the
octonions in the sense that it has the smallest volume in a class of sections of the bun-
dle O(8) = U(4) over S°. Ding et al. in [14] studied the almost complex structure on S°
and related Schrodinger flows. This indicates that Eq. (5) is not only a higher dimensional
generalization of Eq. (2), but also it relates to almost complex structures on S* (n = 1, 3).
This gives us further motivations on Eq. (5). The exploitation in this paper can also be
regarded as an understanding of almost-complex structures on S® and the octonional al-
gebraic structure on Im O = R7 via Eq. (5) and Eq. (6). An approach similar to the one
used in this paper could possibly give some insight in the 16-dimensional case, using the
spinorial representation of Spin(9) in R® = § = sedenions in place of the spinorial repre-
sentation of Spin(7) in R® = O [15]. However, several pieces are missing: for instance, G,
is related to Spin(7) by a cone construction ([16], Theorem B), but what is the analog of
G, in the Spin(9) case is not clear [15].
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The paper is organized as follows. Section 2 gives preliminaries about the octonions,
Spin(7) and Spin(7)-structure equations. In Sect. 3 we construct complexified Spin(7)-
frame field along curves and establish a related Frenet formula along curves. In Sect. 4,
by using Spin(7)-frame field along curves, we give a proof of the correspondence between
Eq. (5) and the vector elliptic Liouville equation.

2 Preliminaries
In this section, we will give some facts about the octonions, Spin(7) and Spin(7)-structure

equations.

2.1 The octonions and Spin(7)
Let H be the skew field of all quaternions with canonical basis {1,,], k}, satisfying

P==k*=-1, ij=—ji=k = jk=-kji=i, ki=-ik=].

The octonions (or the Cayley numbers) O over R can be considered as a direct sum H & H

with the following multiplication:
(a + be)(c + de) = ac — db + (da + bo)e,

where € = (0,1) e H® H, a,b,c,d € H and the symbol ~ denotes the conjugation of the

quaternions. For any %,y € O, we have

(3, xy) = (6,9, ),

where (-) is the canonical inner product of R® = . This condition is called normed al-
gebra condition (see Ref. [17]). The full multiplication table is summarized in Fig. 1 by
means of the 7-point projective plane. Each point corresponds to an imaginary unit. Each
line corresponds to a quaternionic triple, much like {, ], k} with the arrow giving the ori-

entation. For example,

ki=ki, I(kl)=k  (klk=1,

Figure 1 The octonionic multiplication table
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and each of these products anticommutes, that is, reversing the order contributes a minus
sign.
The octonions is a non-commutative, nonassociative alternative division algebra. The

group of automorphisms of the octonions is the exceptional simple Lie group

G, = {g € SO(8) | glxy) = g(x)g(y), ¥x,y € O}.
The cross product x x y and the scalar product {x,y) of O are defined respectively by
xxy=(112)0x-%y),  (xy) =1/2)&xy +yx),
where x = 2(x, 1) —x is the conjugation of x € O. One may verify directly thatx x y e Im O,
Vx,y € ImO, where ImO = {x € O | {x,1) = 0}. This induces a cross product x among

vectors in ImOQ ~ R7.

In this paper, we shall consider the Lie group Spin(7) which is defined by
Spin(7) = {g € SO(8) | g(xy) = g(x) X, (), ¥,y € O},
where x4(y) = g(g71(1)y). Note that G, is a Lie subgroup of Spin(7):
Gy = {g € Spin(7) | g(1) = 1}.

The standard almost complex structure / on S° called the typical Kirchhoff’s almost com-

plex structure in the literature is explicitly given as follows: Yu € S°,
Ju: T,S*— T,S°, X J,X) =uxX.

2.2 Spin(7)-structure equations

In this section, we shall recall the structure equation of Spin(7) which was established by
Bryant [18]. We fix a basis of the complexification of the octonions C ®g O over C given
by

1
szthjh

N:§§u¢3u
E; =iN,

E, =N,

E; = —kN,

E, =iN,

E>=jN,

Es=-kN.



Zhong Advances in Difference Equations (2018) 2018:298 Page 5 of 13

A frame (n f n f) is said to be a Spin(7) admissible frame if there exists an element g €
Spin(7) such that

(n f n f)=g(N E N E),
where E = (E1, Ey, E3). Usually, (nf n]_”) is called a complexified Spin(7)-frame.
Theorem 1 (Bryant [18]) For a complexified Spin(7)-frame (n f n ]_’ ), we have

V-1r g 0 0

n
A I A A ()
n

X YN X
i

L
'Y X

where W is a Spin(7)(C Mgys(C))-valued 1-form, A is a real-valued 1-form, 6 = (6*,62,6%),
n = (%02 n%) are Myx3(C)-valued 1-forms k is a u(3)-valued 1-form, which satisfy trk +

V=1A =0, and

0 -6% 62
01=1 63 0 -ot
-0%2 9! 0

The above structure equations of the Spin(7)-frame will play a crucial role in the proof

of Theorem 3, as we shall see below.

3 Spin(7)-frame field along curves
In this section, we describe the construction of G,-frame field along curves in ImO = R
and then take its complexification. One may refer to [19—-21] for details. Based on the com-
plexification, we present a Frenet formula of the complexified Spin(7)-frame field along a
curve in O ~ RS,

Let y(s) be a unit speed curve in Im O = R, We set k;(s) = || ys(s)|| and assume that this
function does not vanish everywhere. The G,-frame field (I, I; I> I3 I5 I I7) along curves
is defined by

14(s) = s(s),

1
I(s) = — Iy,
1() kl 4s
15(S):11 X147

1
I(s) = o (s = (e I)Is — (I, I5)I5),
2

Ii(s) =15 x I,
Is(s) = 1> x I,

17(S) = 13 X [4;
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where

ka(s) = /sl = (I, )2 = (11, I5)2 > 0

is assumed and I5 = I; x I, is usually regarded as the G,-vector along the curve.
The multiplication table of (I4 I; I, I3 I5 I I7) coincides with that of (/i j k il jl kI), in

other words, there exists a Gy-valued function g such that
L h b b LI L)=(g0) g0 g() gk gl g(h) gkl).
If ky(s) = 0, we take I(s) € (spang{ls, I}, I5})* with |Iy(s)| = 1, I3(s) = I x Iy, Is(s) = I, x 14,

I;(s) = I3 X Iy, then (I4 I I I3 I5 I I7) also consists of a Gy-frame field along the curve in

Im O = R7, in which {I3, I1, I5} consists of an autonomy system, i.e., it satisfies the formula

1 0 k1 0 1
Ll=|-k 0 p]||4)
15 0 —P1 0 15

S

where p; = (1, Is).

Proposition 1 ([20, 21]) Let y : I = (0,1) = Im O be a curve with ki > 0. The associated
Gy-frame field (I, I I Is Is I I7) satisfies the following differential equation:

I ol o olo o o)\ /(L

L |0 k O0lpm o0 ofln

I 0|-ky O a |0 p Bi|]|L

Ll =100 -a 0|0 B p|]|s (7)
Is Ol 0 0|0 k olls

Is 010 —po —Bol~ky 0 ||

L) \oflo -g -ml0 -« 0)\£

with p1 = (L5, 15), p2 = (I, 16), p3 = (I35, 17), o0 = {Io5,13), P1 = o5, I7), Bo = (I35, 16). These
functions satisfy the following:

p1+p2+p3=0, (8)
B1— P2+ ki =0. )

Remark 1 One notes from (7) that Eq. (5) can be rewritten as Iy; = —k115, so Eq. (5) may

be regarded as the G,-tangent motion in S°.

The six functions (ky, k2, p1, p3, o, B1) are the complete G,-invariants of the curve

y(s). Now, we give the complexification of the Gy-frame field (I4 [1 I I3 I5 I I7) along y (s)
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according to Bryant in [18] as follows. Let

1 o1
"= E(l Vo),  n-= E(l ++/-11),

ey = 7(11 - \/—_115), (_31 = 7’(11 + \/—_115), (10)
ey = q(l, - V/~1I¢), &y =gl + V-1I),
es=—p(ls —v-1L), & =—p(ls+~/-1L),

where
1 s
r= —exp(—\/—lf 01 dE),
0

V2

q= %exp(—\/—_l/ospzd?>,

p=~2gr,

(11)

and - denotes the complex conjugation of elements in C @g O, namely

X1+~ =1x =x1 —V—=1xy, Vx,x € O.

One notes that the complex conjugation - here is different from the conjugation over O.

The complex-conjugate of C @ O satisfies
xXy=%x 9, Vx,y € CQr O.

In the sequel, we use the symbol - to denote the complex conjugation of C ®g O, unless

otherwise specified.
Note that Eq. (10) can be rewritten as

1 V-1
m (n % w0 1 1
0 A 0 —J/-14
e X e nMeon |, (12)
7 L o & 0 I A
0 A 0 V-1 A 2 J>
where
el L I r 0 0
f=lel, h=|L|  h=|L|, A=|0 g O (13)
es I3 I 0 0 —p
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Theorem 2 For the complexified Spin(7)-frame field (n e, e, es i1 e; e, es3) along the curve
v, we have the following Frenet formula:

n 0 »1 0 0 —(/_71 0 0 n
el 9110 ¢ 0|1 |0 0 O0]]e
€ O|-~¢2 0 @300 0 wil]e
00 -p 0|0 - 0
e | . ¢s . “l, (14)
7 0l 0 o|o|la o olln
€1 |0 Ol-p11 0 ¢ 0] ]e
ey 00 (/_)1 0 |- 0 @3 €2
é3 s 0 0 —@1 0|0 0 —Q3 0 53
where
=1 _ _
¥1=- V2 ka7, @2 = 2kyrq, ¢3 = _\/ﬁqzr[Za +V/=1(B1 + p)]. (15)
Proof First of all, we can rewrite (7) as
1 0 0 0 0 1 1
0o B -u' C
1 _ u N1 =N, J ’ (16)
I 0 u 0 0 1y I
2/ 0o -c o0 B > 5
where
T
ki 0 k O o1 0 0
u= 0 » B= —k2 0 o » C= 0 02 ﬂl . (17)
0 0 -a O 0 B p3
From (12) and (16), we obtain
(n f i =N+ NiN)NT (e f o7 )T, (18)
where
NSy V-1
f‘) R uA r‘) —Jpud
1 T -1 T
_ - Au m =Au n2
(Nis + NiNa)Ny ' = ﬁo NEWy| ﬁo Liua |
B Nole g Noke
—%AMT T_]z £21AMT ﬁl (19)

m =24, + 2AB + V-1A(C” + C)]A,
2 = —/—1A(C - CT)A.

It follows from (8), (9), (13), and (17) that

«/—_1AZ<_«/—_1

72 fkﬁ 0 0),
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Table 1 The multiplication table AB

A\B n (s3] e e3 n 51 éz ég
n V2n 0 0 0 0 V28 V28, V283
[&4] \/561 0 —ﬁég ﬁéz 0 —ﬁﬁ 0 0
[55) ﬁez \/Eég 0 —x/iéw 0 0 —\/Zﬁ 0
e3 ﬁeg —\/55‘2 ﬁéw 0 0 0 0 —ﬁﬁ
Iz 0 V2e V2e; V2e3 V2n 0 0 0
EW 0 7\/5/’) 0 0 \/ié] 0 7\/2@3 \/EEQ
) 0 0 -V2n 0 V28, V2e3 0 —V2e
83 0 0 0 -V/2n V283 V265 V2e 0
0 2kyrg 0
m = | —2kagqr 0 ~V2¢%r[2a + /=1(B1 + B2)] | »
0 V220 - V-1(B1 + B2)] 0
0 0 0
m=[0 0 -y
0 Ll 0
By setting
J-1 ~
01 = —fklr, 0y = 2kyrg, @3 = —«/iqzr[%z ++/=1(B1 + /32)],
we arrive at Eq. (14). |

Based on the complexified Spin(7)-frame field (1 f 71 f) along the curve y (s), we shall
establish the multiplication table with respect to (1 e; e; e3 71 e e; e3), which is well-suited
for the development in the next section.

Furthermore, the complexified Spin(7)-frame field (1 f 71 f)T along the curves satisfies

(n,m) =0, (n,n) =1, (n,e) =0, (nm,&) =0, (eis ej) =0, (20)

(e; e) = b, ein=/2e;, (erez,e3) = —v/2, (21)
for any i € {1,2,3}. By Table 1, (20) and (21), Theorem 1 may be directly deduced.

4 The vector elliptic Liouville equation
In this section, we shall transform the G,-tangent motion (5) to the vector elliptic Liouville
equation.

At any given instant of time t, the unit vector T'(¢,s) = I4(¢, s) may be associated with the
unit tangent of a space curve y in R,

Proposition 2 Let T = T(t,s) be a solution of Eq. (5). If T(0, s) parametrized by arclength,
thensois T = T(t,s) for all t.

Proof 1t suffices to prove that % |T)? = 0 for the solutions of Eq. (5). In fact,

d
E|T|2=(TrT)t=2<Tth)=2(TX T, T)=0. O
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Theorem 3 The G,-tangent motion Ip; = Iy x Iis in S° is equivalent to the coupled Lamb

equations:

S
Vg = g1, + 201 / @1l - 1¢al?) 5,
0
S
Vg = g + 200 f (2lga? = Blga]? = g5) 5, (22)
0

S
VT3 = g5 + 2¢3/ (2lgsl? - [¢al?) 5.
0

Proof From y; =1y, Ins = ki1, Iy X I = —I5, Is = /—1(rey — re1), o1 = —%kﬂ_’, and Table 1,

we have

1 - =
ny = E(l —V=1L): =~V -1pie; — v -1¢1é€1.

Hence, the complexified Spin(7)-frame field by (nf 72 f)T admits

n 0 w 0 ) n

1 |-e" « & 1@]ff

al | 0o o o o |l|al|

f ; ol Q] -of & f

where

\/—1R1 ay ay 0 0 0

K = —6_11 \/—].Rz as ’ [Q]: 0 0 —\/—1§01 »
—6_12 —6_13 A/ —1R3 0 A/ —1(/71 0

o= (' w?®?) = (—v/~1¢100), R +Ry+R3 = 0,and R; € R,a; € C, i € {1,2, 3} are functions
of t and s, which will be determined later.

On the other hand, Eq. (14) can be rewritten as

n 0 g 0 -g n

Al o= ¥ & @lls

7 0 —-¢ o0 gz ||zl
. \d" G " M

where
T
¥1 0o 0 0 0 ¢ O
g=10], [Gl=]0 0 o], M=|-p 0 @3

0 0 -1 0 0 —@3 0
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From the integrability condition

TR N
TR NN

ts st

we have

g = w5 + oM +§[S_2] - &[G] - gk,

M; = ky - 20" g+ kM + [Q)[G] + 287 0 - Mk - [G][R].

From (23a) and (23b), we have

01 = =/ =11, — V-1R1¢1,
ay = —v/~=1gy,

a; = 0,
and

Qo = a1s + V=13 (Ry = Ry) — ar s,

@3¢ = azs + /~193(Ry — R3) + Goats,

V=1Rys = 4/-1l¢1|* - o1 + Goan,

V=1Rys = —24/~1101 > = Gaat1 + @21 + G3a3 — @3as3,
V=1Rss = -2v/~1|¢1 |* - @3a3 + psas,

@2a3 = das + A193.

Page 11 0f 13

(23a)
(23b)

(24)

(25)

One notes that R; + R, + R3 = 0 in (25), which is just compatible with the requirement.

Furthermore, from (24) and (25), we obtain

o1 = —v/ =11 — V=11 [3 (4|11 = 2|@a|*) d5 — V=191 Ryo(2),

@2 = V=102 — V=103 [ (4l@2]? = 6l@11? — 2|93]?) d5 + /=12 (R1o(t) — Rao (),

@3 = —v/—1g3s — V=13 [ 4l@s|* - 202 |?) d5 + v/~ 13(2Ry0(t) + Ryo(t)),

where Ry, Ry are the functions depending only on ¢. Now, under the transformations

t
o1 @1 CXP<—V —1/ Ry d?>,
0
t
@2 @2 CXP(V —1/ (Rio —Rzo)afz),
0
t ~
@3> 93 eXp(v—I/ (Ryo + 2Rzo)dt>,
0

we arrive at Egs. (22).
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Remark 2 1If g5 = ¢3 = 0, Egs. (22) return to the Lamb equation
S
NV =11 = @15 + 41 f lg1|* d. (26)
0

A short calculation verifies that equating the imaginary parts of Eq. (26) yields p; = ]llt

k
and equating the real parts returns to the two-dimensional elliptic Liouville equation (1),
where ¢ =Inkj.

Let 20 ++/—1(B1 + B2) := V/4a? + (B1 + Bo)? exp(—«/—_lf(f 6 d3). From Eq.(11) and Eq. (15),
we have

Q1= _\/T_Tkl exp(v -1 fos o1 ds),
@2 = ko exp(v/—-1 fos(ﬂz - p1) ds),
@3 = ksexp(—v/-1 [ 61 d5),

where k3 = — /a? + (@)2, 0, =0+ 01+ 200. If ko, k3 # 0, a short calculation verifies that
equating the imaginary parts of Egs. (22) yields p; = %, P2—p1= %, 01 = —%. A straight-
forward computation shows that the real parts of Egs. (22) give the following equations:

(%)t : (%t)s = —kf + 2/(%,

kg kary _ 2, 372 2
E)t + (E)s = —4ky + Ski + 2k,

() + (ae) = 43 + 213
Here set ¢1 = Inky, ¢ = Inky, ¢3 = In(—ks), we have showed the following.

Theorem 4 The G,-tangent motion Ly = I x Ly in S is also equivalent to the vector elliptic
Liouville equation:

U, + U, = Vel

where
o -1 2 0 e
U=|g |, Vv=[32 -2 2 |, el:=|e
o3 0 2 -4 ef3
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