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Abstract

We consider the following nonlinear biharmonic equations:
A’ u-Au+Viu=rflxu), inRY,

where V), (x) is allowed to be sign-changing and f is an indefinite function. Under
some suitable assumptions, the existence of nontrivial solutions and the high energy
solutions are obtained by using variational methods. Moreover, the phenomenon of
concentration of solutions is explored. The results extend the main conclusions in
recent literature.
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1 Introduction and main results
This paper concerns the existence results and the phenomenon of concentration of solu-
tions for the following biharmonic equation:

A*u—Au+Vi(x)u=f(x,u), in RN, (1.1)

where A2 = A(A) is the biharmonic operator, f is an indefinite function and the poten-
tial V3 (x) = AV*(x) — V- (x) with V* having a bounded potential well 2 whose depth is
controlled by A and V~(x) > 0 for all x € RY. Such an equation may arise in many fields
of physics, such as describing the traveling waves in suspension bridge [17] and describ-
ing the static deflection of an elastic plate in fluid [7]. For more physical background of
problem (1.1), we refer the readers to [11] and the references therein.

In the last two decades, the existence of bound states, ground states, semi-classical states
(where A? is replaced by e*A? for & > 0 small), and infinitely many nontrivial solutions of
biharmonic equations have been widely discussed under various conditions no matter on a
bounded domain or on the whole space. Here we just give some references which are close
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to the problem we consider in this paper. For instance, Yin and Wu [25] studied problem
(1.1) with various sets of assumptions on the nonlinearity f(x, u) (superquadraticity, sub-
criticality, etc.) and under the following conditions imposed on the potential V'(x):

(V]) Ve CHRN,R), inf gy V(%) > a >0, where a is a constant;

(V3) For each b > 0, meas{x € RN : V(x) < b} < 0o, where meas denotes the Lebesgue

measure in RY.

They obtained the existence and infinitely many nontrivial solutions via variational meth-
ods. Soon after, Ye and Tang [23] improved these results. Here, we emphasize that con-
ditions (V7) and (V3) are usually assumed to guarantee the compact embedding of the
working space [33]. However, if (V}) is replaced by the following more general condition
(V3), the compactness of the embedding fails and this situation becomes more delicate.

(V3) There exists b > 0 such that the set {x € R¥ : V(x) < b} is nonempty and has finite

measure.

As far as we observe, there are few papers concerning this case. We mention that the
authors in [16] investigated the existence and multiplicity results of problem (1.1) when
conditions (V) and (V') hold and the nonlinearity f(x, %) is superlinear at infinity and
subcritical. Motivated by [16], Ye and Tang [24] studied problem (1.1) under the following
more general case imposed on the potential V(x):

(V]) V(x)>0forallxeRN;

(V) There exists b > 0 such that the set {x € RN : V(x) < b} has finite measure.

Under conditions (V}’) and (V) and more generic superlinear condition upon f(x, u), the
authors obtained some results which unify and significantly improve the results in [16].
Moreover, by applying a new version of the symmetric mountain pass lemma, they also
investigated infinitely many small-energy solutions of problem (1.1) when the nonlinearity
f(x, u) is sublinear with mild assumptions different from [16]. For other interesting results
on biharmonic equations, we refer readers to [4, 6, 8, 13-15, 19, 21, 22, 26-30, 32] and the
references therein.

However, for most of these papers, the potential V(x) is always assumed to be positive.
To the authors’ knowledge, there seems to be no result on the existence of solutions to
problem (1.1) with sign-changing potential V; . Indeed, this is an interesting question, and
we mainly consider the following two problems in the present paper:

(i) The existence results of problem (1.1) when f is indefinite and satisfies the
superquadratic linear conditions;

(ii) The phenomenon of concentration of nontrivial solutions.

In order to give positive answers to the above problems, we shall assume that the po-
tential function V; (x) = AV*(x) — V~(x), where V* = max{£V,0} satisfies the following
conditions, which is quite different from the above cited papers.

(V1) Vi(x) e C(RN,R) and V, (x) is bounded from below;

(V2) There exists b > 0 such that {x € RN | V*(x) < b} is nonempty and has finite mea-

sure;
(V3) Q =int{x € RN | V*(x) = 0} is nonempty and has smooth boundary with Q = {x €
RN | V*(x) = 0};

(V4) There exists a constant o > 1 such that

Oy inp Jey[AUP+ VUl AV Gl de

> forall A > 0.
ueH2(RN)\(0) Jen V- (x)u? dx = Ho
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Here, we point out that conditions (V1)—(V'3), which imply that AV*(x) represents a
potential well whose depth is controlled by A, were firstly introduced by Bartsch and Wang
[3], in which the authors studied the nonlinear Schrédinger equations. For A > 0 large, one
expects to find solutions which localize near its bottom €. Since the work [3], there have
been many papers dealing with problems with potential well in different equations, see
e.g.[1,2,9,10, 31]. However, to the best of our knowledge, there seems to be no result on
this case of problem (1.1) with sign-changing potential. This is the reason why we explore

the phenomenon of concentration of solution in this paper as well.

Remark 1.1 Inspired by [20], we impose condition (V4) in this paper. Obviously, there
are cases when condition (V'4) is easily verifiable. For example, if one takes a function
V-elra (RN) with [|[V-|| 2+ <&, then a direct calculation from (V1)—(V3), the fact
L2%-2
H?*(RN) — H'(RN), and the Hélder and Sobolev inequalities show that
Jan[Au® + | Vul> + AV u?] dx - Jan[Aul? + | Vul> + AV u?] dx

— = 2
f]RN V-u?dx ”V_”L%(!/‘RN u dx)

Jen | Vul*dx
— 2
% * 2 dx) ¥
[ ”szﬁ (fn u** dx)
2

Z .
VIl o
L7 2

forall A >0,

which implies that

32
ni(d) > W >1 forallA >0,
Lz%z

where 2* = % for N > 3, 2* = +00 for N = 1,2 and g' denotes the best Sobolev constant
for the embedding of DV2(RN) in L* (RN).

Before stating our main results, we also need to make some assumptions for the nonlin-
earity f and its primitive F(x, u) = fou f(x,s)ds.
(F1) f € C(RN x R,R), and there exist ¢; >0, p € (2,2,) such that

[fe,u)| <ci(1+[ufP™), forall (x,u) € (RY x R),

here and hereafter 2, = % for N > 5,2, = +00 for N < 5;
(F2) limw_,o’M = 0 uniformly for x € RY;

u

(F3) limp— o0 F\(ﬂ) = +00 uniformly for g € (2,p) and x € RY;

(F4) There exist T > 2 and C; > 0 such that
~ 1 . . N
F(x,u) .= —f(x,u) — F(x,u) > +00, as |u| - +oo uniformly in x € R",
T

and

E(x,u,) > —Colu,l?, VxRV,

(F5) f(x,—u) =—f(x,u) for all (x,u) € (RN x R).
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Remark 1.2 There are functions f(x, u) satisfying conditions (F1)—(F5) in this paper. For
example, let

g)2In2(ulP2u + 4 for |u| > 1,

Sl u) =

|u|u
1+|u|

gx)2uIn(1 + |u]) + for |u| <1,

where 2 < p <2, and g(x) € C(RY x R) is a bounded function with inf gy g(x) > 0. Then

22, p , u2 _ 1 22102 f 1
x ul? + +22In2  for |u| > 1,

Flo,u) = gX) == lulP + -3+ 5 |u]
g(x)u?In(1 + |u|) for |u| < 1.

Hence, it is easy to check that conditions (F1)—(F5) are satisfied.
Now, we give the main results as follows.

Theorem 1.1 Assume that (V1)—(V4) and (F1)—(F4) are satisfied. There exists a constant
A > 0 such that problem (1.1) possesses a nontrivial solution for A > A.

Theorem 1.2 Assume that (V1)—(V4) and (F1)—(F5) are satisfied. There exists a constant
A >0 such that, for . > A, problem (1.1) possesses infinitely many solutions {u;} satisfying

1
—/ [|Au|2 +|Vul® + Vk(x)uz] dx—/ F(x,u)dx — +00  ask — +oo.
2 JrN RN

For A — 00, we have further information on the solution #; which is obtained in Theo-

rem 1.1.

Theorem 1.3 Let u; be the solution obtained by Theorem 1.1. Then u; — uq in H*(RN)
as A — oo, where ug € Hy () is the nontrivial solution of

A’u—Au—-V-Xu=f(xu), xc<,
u=0, x € 0Q2.

(1.2)

It is worth emphasizing that under conditions (V) and (V;), motivated by Lemma 3.4
in [33], we can prove that the working space E < L*(RY) is compact for any s € [2,2,),
where E := {u € H*(RN) : [on V*(x)u? dx < 0o}. Hence, the corresponding results in the
present paper have been obtained by using variational techniques in a standard way [23,
25]. However, under conditions (V1) and (V2), the embedding lacks the compactness.
This leads to a difficulty in using variational methods to get solutions of problem (1.1)
since some techniques in compact cases do not work. To overcome this obstacle we have
to search for other methods. Motivated by Brezis—Lieb lemma [5], we prove that the func-
tional I, and its derivative I; possess BL-splitting property (see Lemma 3.2). This impor-
tant proposition paves the way for us to verify the boundedness of a Cerami sequence.
Also, the term [ix V™ (¥)u” dx is an issue for employing the variational methods. To get
over this difficulty, some new inequalities are established. In addition, we consider the
problem with more general potential, which includes the positive case in the aforemen-
tioned references. Moreover, from conditions (F1)—(F4), one can see that the nonlinearity
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f(x,u) and its primitive F(x, #) may change signs. That are the reasons why we say the sign-
changing potential and indefinite nonlinearity on the title. Therefore, the corresponding
results in the related papers are extended.

The remainder of this paper is organized as follows: In Sect. 2, some preliminaries and
variational setting are presented; in Sect. 3, some important lemmas are given while the
proofs of the main results are presented in Sect. 4.

2 Preliminaries and variational setting
In the present paper, we use the following notations:
« Forany p >0 and for any z € RY, B, (z) denotes the ball of radius p centered at z.
+ Cand C; denote various positive constants, which may vary from line to line.
« — denotes the strong convergence and — denotes the weak convergence.
+ 0(1) denotes any quantity which tends to zero when n — oo.
« If we take a subsequence of a sequence {u,}, we shall denote it again by {u,}.

« L1(RN) denotes the weighted space of measurable functions u : RN — R satisfying

1
lully = (/ |u|%lx)q < o0.
RN

o H2(RN) := W22(RN) denotes the space with the inner product and norm

1
(u, V) 2 =/ [AuAv + VuVv + uv)dx, llat] g2 = (u,u)zﬂ.
RN
Followed by [31], set
E:= {u € H*(RV) :/ V*(x)u? dx < oo}
RN
be equipped with the inner product and norm
1
(u, vV)g = / [AuAv +VuVv+ V*(x)uv] dx, lullg = (w,u)}.
RN

Under conditions (V1) and (V2), Lemma 2.1 in [24] shows that E < H?*(RY) is continu-
ous, i.e., there exists a positive constant Cg such that

lullr2 < Cellulle. (2.1)
For A > 0, we also need the following inner product and norm:
1
(u,v); = / [AuAv +VuVv+ AV+(x)uV] dx, lulls, = (o, ).
RN

Obviously, ||u||; > ||u||g for all A > 1. Furthermore, it follows from condition (V'4) that

mo—1

/ [lAul® + |Vul* + Vi (x)u® ] dx > llul|? forall A >0. (2.2)
RN
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Set E; = (E, ||ul|,). For any r € [2,2,] and A > 1, applying (2.1), (V'1), (V2), the Holder and
Sobolev inequalities yields that

251 r=2
%2 252
f lu|"dx < (/ |u|2dx+f |u|2dx) (/ o) dx)
RN (V*(x)=b} (V*(x)<b} RN

1 24-2 e b
< [—/ AV @)l dx + |[{ V< b} > (/ |ug| dx) }
Ab Jv+w=p) RN

r=2

25
_ 2 (22
. |:S‘2* </ [|Au|2 +|Vul® + u2] dx> ]
RN

251

1 2 + 23772_—2 2 2 22 24 (2 24 %
=\ pluli+ {V* () <b}| > S2Clul} (S Ce* Nullyr) >

251

1 + B2 o 2\ a2 20\ .
= E+]{V(x)<b}‘ ~ §72Ck (572C2) 72 |lul, (2.3)

which means that E;, — L(RY) is continuous for r € [2,2,], where S is the best Sobolev
constant for the imbedding of H?(RN) < L2+(RN).
Define a functional J, on E; by

Li(u) = 1/ [|Au|2 +|Vu? + Vk(x)uz] dx—/ F(x,u)dx
2 RN RN

1 1
= 5||u||i - E/N V’(x)uzdx—/NF(x,u)dx, Yu eE,. (2.4)
R R

Followed by [24], the functional I is of class C!(E;,R) and

(Ii(u),go) = /RN [AuAgo +VuVe + Vx(x)u(p] dx — /RNf(x, u)pdx, Yu,p€E,. (2.5)

Hence, if u € E; is a critical point of [, then u is a solution of problem (1.1).
We shall end this section by giving the following definition and propositions which are

applied to prove the main results.

Definition 2.1 Let X be a real Banach space and I € C1(X,R). For some ¢ € R, we say [
satisfies the (C), condition if any sequence {u,} C X such that I(u,) — c and ||[I'(u,)||(1 +
llz£,]|) — 0 as m — oo has a convergent subsequence.

Proposition 2.1 (Mountain Pass Theorem [18]) Let X be a real Banach space, I €
CL(X,R) satisfies the (C). condition for any ¢ >0, I(0) = 0 and

(i) there exist p,a >0 such that 1|35, > a;

(ii) there exists e € E\ B, such that I(e) < 0.
Then I has a critical value c > a.

Proposition 2.2 (Symmetric Mountain Pass Theorem [18]) Let X be an infinite dimen-
sional Banach space, and let I € C*(X,R) be even, satisfy (C). condition and 1(0) = 0. If
X =V @& W, where V is finite dimensional, and I satisfies

(A1) there are constants p,a > 0 such that IlsB,nw > a, and
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(Ap) for each finite dimensional subspace X C X, there is R = R()~() such that I <0 on
X\ Bx(X).

Then I possesses an unbounded sequence of critical values.

3 Some lemmas
To verify the main results, we need the following lemmas first.

Lemma 3.1 Assume that (V1)—(V4) and (F1)—(F3) hold. Let e € E; with e #0. Then
(i) there exist p,a >0 such that I |yp, > o;
(ii) I, (te) > —oc0 ast — oo.
Proof From (F1) and (F2), for any ¢ > 0, there exists C(¢) > 0 such that
[f (e, u)| < elul + Ce)|ul™?, (3.1)
then

|F(x, )| < elul® + Ce)|ul?. (3.2)

It deduces from (2.2), (2.3), (2.4), and (3.2) that

1
L) = E/RNUAmu IVl + Vk(x)uZ]dx—/RNF(x,u)dx
-1
> Ko ||u||§—/ Flx, u) dx
20 RN

:LLO_I 2 2
> Mool —/ eluf> + C(e)|ul?] dax
20 * ]RN[ ]

-1 1 242 _
> [“;MO —8(E+|{V*(x)<b}| % S-2C§>]||u||§—CC(g)||u||’;. (3.3)

Therefore, the conclusion (i) follows from taking 0 < ¢ < “207701(% + {V*(x) < b}| 2957»:25”‘2 X
C%)! and choosing ||u||; = p sufficiently small since p > 2.
Next, we shall show the conclusion (ii). From (F3), for any M > 0, there exists § = §(M) >
0 such that
F(x,u) > M|u|? for all x € RNand |u| > 8. (3.4)

By (F1) and (F2), there exists M; = M;(M) > 0 such that

% <M, forallxeR and0< |u| <38,
u

which combining with the mean value theorem gives that

M
’F(x,u){ < 71|u|2 for all x € RNand 0 < |u| < 6. (3.5)
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Denote M = M|8]77% + A% Then (3.4) and (3.5) imply that
F(x,u) > M|u|? — M|u|*> forall (x,u) € (RN X R). (3.6)

Therefore, for any given e € E;, it follows from (2.4) and (3.6) that

tz
= [|Ae|2+|Ve|2+Vx(x)e2]dx—/ F(x,te) dx
N

I, (¢
).(te) 2 e N

£ _
< §||e||i—/ [tM]e|? — > Mle|*] dx
RN

tz 2 24 2
= S llelik - "M llelf + £ e}

— —00, ast— 0o,

which means that the conclusion (ii) holds. This completes the proof. O

Lemma 3.2 Suppose that (V1)—(V4), (F1) and (F2) are satisfied. Moreover, if u, — u in

E,, then passing to a subsequence, the following conclusions

L (un — u) = L () — 1, () + 0(1) (3.7)
and

L (wy — u) = I (uy) — I () + 0(1) (3.8)
as n — oo are satisfied.

Proof 1t follows from the assumption u,, — u in Ej that (u,,u), — (u,u), as n — 0o,
which yields that

2
”Mn”}L = <Mm un)l
=AUy — U, Uy — Uy + (U, Uy) 5 + Uy — U, U

= Nl = ull} + ll#])7 + o(1).
For all p € E,, it is clear that

(s @) = (U — U, @) + (U, Q).

Note that conditions (V1) and (V2) imply that V~(x) > 0 for all x € RN and V~(x) €
L®(RN). Moreover, from condition (V2) it follows that {V*(x) = 0} has finite measure,
which implies that {V~(x) > 0} has finite measure. Hence, applying the facts u,, — u in E;

and u, — uin L2 _(RV) gives that

loc

/ V™= (x)(u,, — u)* dx
RN

/ V= (x)(u, — u)* dx
supp V'~

< v / (tn — 2 dx — 0 (3.9)
supp V-~
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and

/ V™) (u — u®) dx
RN

/ V= (x)(uy — u)(u, + u)dx
supp V'~

|u, — ul|u, + ul dx

i 1
”V_Hoo(/ |un—u|2dx)2(/ |un+u|2dx)2
supp V= supp V'~

— 0. (3.10)

A
S
3

]
5

IA

An easy calculation from (3.9) and (3.10) shows that

/RN V™ (%) — 1) dx = ,/]RN V’(x)u%, dx — / V™ (x)u? dx + o(1).

RN

Similarly, for any ¢ € E;, one can also obtain that

/ V’(x)(u,,—u)godx:/ V’(x)u,,godx—/ V™= (x)up dx + o(1).
RN RN RN

Therefore, to prove (3.7) and (3.8), it suffices to check that

/ [F(x, u,) — F(x,u, —u) — F(x, u)] dx =o(1) (3.11)
RN
and
sup / [f(x, uy) —f (0, uy —u) —f(x, u)]go dx = o(1). (3.12)
9€Eylloln=1JRN

Here, we only show (3.11) since the verification of (3.12) is similar. Inspired by [5, 24],
let w,, := u, — u. Then w,, — 0 in E; and w,(x) — 0 a.e. x € RV, It follows from (3.1) that

’F(x, Wy +u) — F(x, w,,)‘ < /1V(x,wn +su)u‘ ds
01
< /0 (elwy + sul|ul + C(&)lwy + sulP™ |ul) ds
< C(elwnllul + eu® + C(&)|wul? ul + C(e)|ul?).
Then Young’s inequality implies that
|F(x, Wy + u) — F(x, w,,)| < C(8|Wn|2 +elul® + Cle)|wal? + C(5)|u|”),
which combining with (3.2) yields that
’F(x, wy, + u) — F(x,w,) — F(x, u)‘ < C(e;|w,,|2 +elul® + Cle)|wpl? + C(8)|u|p), neN.
Let

H,(x):= max{|F(x, wy + u) — F(x,w,) — F(x, u)| - Ce(|wn|2 + |w,,|p),0}.
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Then
0 < Hy(x) < Ce(|wy|* + lul?) € L' (RY).
Thus, the Lebesgue dominated convergence theorem implies that

NH,,(x) dx— 0 asn— oo. (3.13)
R

Furthermore, by the definition of H,(x), we have
’F(x, Wy + u) — F(x,w,) — F(x, u)‘ < C8(|Wn|2 + |w,,|p) +H,(x), VneN,
which together with (2.3), (3.1), and (3.13) shows that

f |F(x, wy + u) = F(x, w) = F(x, )| dx < Ce(|lwall3 + lwall2) +
RN

2 14
< Ce(llwally + llwall}) + &

<Cse

for n sufficiently large. Hence, (3.11) holds. This completes the proof. O

Lemma 3.3 Assume that (V1)—(V4) and (F1)—(F4) hold. Then any (C). sequence of I, is
bounded in E;.

Proof Let {u,} C E, be a (C). sequence of ;, that is,
L(u,) — ¢ |75 ) | (1 + ltnlln) = 0, as m— oc. (3.14)
To prove the boundedness of {u,} in E,, arguing by contradiction, we suppose that

llet,]l;, — oo as m — oo. Hence, for n sufficiently large, there exists a positive constant
C; such that

1
Cr+ lunllx = L) - ;<I;\(un)’un)

-1/1 1 ~
. Mo <__—)||u,,||i+/ F(x,u)dx,
Mo \2 T RN
which implies that
-1/1 1 ~ ~
¢ > (— - —) letnllF = M2l +f F(x,u)dx > f F(x,u) dx (3.15)
Mo \2 T RN RN

for n sufficiently large. Set w;, = —22—. Then ||w,||x = 1. For A > 1, noting that

el

Jan [ Aun|* + |V |* + Vi(x)u2] dx - Jan [ Au* + Vi |* + V* (x)ul] dx - 1

Nl 1 - llotn I T a7
A
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and

(L), un)  [an[lAunl® + | Vuu” + Viluzldx [ fx,un)uy

(7M1 Nl I RN [l

)

one has

S u,)u, di

n—+o0 Jon lug I

Note that ||w,||; = 1. Then up to a subsequence, we may assume w, — w in E; and
w, — wa.e. RN, Set

B={xeRN|wx) #0}.

Now, we show that meas(53) = 0. Otherwise, |u,(x)| — +oo for a.e. x € B. For any constant
M >0, (F1), (F2), and (F3) imply that

fo, w), > My |u,|? — C(My)|u,|* forallx e RN,

Then
(06, ) lwall3
Letonltn 4> My walt - cut) 2212
RN lually N2 I3,
Consequently,

0= lim / delenwng:le |w|9dx >0,
RN B

H oo llaall

which is absurd. Hence, meas(B) = 0. Therefore, w(x) = 0 for a.e. x € RY. Then it follows
from (2.2), (2.4), (3.14), and (F4) that

croll) 1 [A(un) - {5, un>]

2 - 2
2l 7y

“1/1 1 Flx,u
> Mo (_ _ _) +/ ( ;24) dx
Mo \2 T RN [unlly

po—-1/1 1
> (— - —) = Callwall3,
Mo \2 T
which implies 0 > "0—’1(% — 1y as n — oo. This is a contradiction with ";1(% -Hso.
140 T 140 T
Therefore, {u,} is bounded in E;. We complete the proof. d

Lemma 3.4 Assume that (V1)-(V4), (F1), (F2), and (F4) are satisfied. Then there exists
a constant A such that any (C). sequence of I, possesses a convergent subsequence in E;_for
A>A.
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Proof Let {u,} be a (C). sequence. By the boundedness of {u,}, there exist a subsequence

{u,} and ug such that

U, — Up, in E}L;

U, — Uo, inLﬁ)C(RN),for 2<p<2y

U, — uy, a.e RN,

In what follows, we shall prove that u,, — ug in E;. Let v, := u,, — up. Then v, = 0 in E;.

It deduces from (V'2) that

/ Vidx:/ vidx+/ vidx
RN (xeRN:V(x)+>b} {xeRN:V* (x)<b}

AVE ()2 dx + / v:dx

S —_
Ab JrN (xRN V+ <)

1
< Ellvnlli +o(1). (3.16)

Set

Cl(1 1\pmo—-17"
AO::max{_z[<___>Mo l} ’1}’
b 2 T Mo
where C, is defined in (F4). Then, for A > Ay, a direct calculation from (2.2), (3.16), and

the Holder and Sobolev inequalities gives that

25—1 r=2
, 5 252 2% 2x-2
[val"dx < [Vl dix [Vl ™ dx
RN RN RN

§<Ellvnlli) |:S2*C§</]RN[|AM|2+|VM|2+|Vn|2]dx> }
+0(1)
251
< (A—lb)m (3-2*C§*)27*%22 lvalls + o(1). (3.17)

Moreover, for any given ¢ > 0, let M, := ¢ — I, (up), then there exists C3 > 0 such that C; >
M. So, combining (F4), (3.17), and Lemma 3.2 gives that

Cs = c— L (o) = L (vy) + o(1) = I, (v,) — %(1;(%), va) + 0(1)

-1/1 1 ~
> o (_ _ _> vall? +/ F(x,v,)dx + o(1)
T RN

Mo \2

,LLo—l 1 1

> (___>||Vn”i_c2/‘ vul? dx + o(1)
Mo \2 T RN

/Lo—l 1 1 C2 2
g e [ 1).
2[ o (2 T) Ab]llv ll;. +o(1)

Page 12 0of 18
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This means that

-1/1 1\ G717
||Vn||§§|:uo (———)——2:| Cs+0(1) fori> Ao,
Ho

2 T AD

which together with (2.3) yields that

2*—7
=

- =2
(57 CE) > vall;

1 +
/R V.| dx < (E+|{V (%) <b}| B 2C2)
241

1 22 _ -2
< <E+|{V*(x ks ZCE) (5> c)ta

_1 5
(G- e o o

Therefore, from (2.2), (3.1), (3.17), and (3.18), we have

o(1)

/[|Avn|2+|Vv,,|2+VA dx /fx,v,,v,,dx
RN

o—1
a2 —e/ (vl dx - C(e)/ (vl dx
Ho RN RN

p2 2
_1 a P
z(“° = 2 ) 2 - C(e)(/ |vn|de)” / vl dc )
Ko b RN RN
o—1 & 2
Z( p )x,b)HV””}L
2%—1 p-2

_C(8)|:( 1 + |{V+ x)<b}| 2* 2c2) *Z(S—Z*Cé*){*;_zz]l’

of (Ho—=1 &
> (|ly - —
25— p-

_C(g)[< +| [V @) <b)| 2 S‘2C2) 272 & 2*C2*)2122]

v

]

“I

mo-1(1 1\ G & 12%_7*2*%1%
|:< 1o <§_;) Ab) C3:| [(E) (S>Cy) :| }+o(l).

Therefore, there exists A = A(C3) > Ag such that v, — 0 in E, for A > A. This completes
the proof. O

4 Proofs of the main results

In this section, we devote ourselves to giving the proofs of Theorems 1.1-1.3.

Proofof Theorem 1.1 Lemma 3.1 shows that the functional J, satisfies the geometric prop-
erty of the mountain pass theorem. Moreover, Lemmas 3.3 and 3.4 imply that I, satisfies
the (C), condition for any ¢ € R. Then Theorem 1.1 follows from Proposition 2.1. This
completes the proof. d
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Proof of Theorem 1.2 Noting that p > 2 for A > A (where A is defined in Lemma 3.4), ¢
and ||u|);. sufficiently small, one has

Ho—1 1 —2— -2 2
[M _8<Ab [{vi@ <} > s CE)}nuiu

2%-p

> 2C(s)(— + [{V* () < b} = 2C2) " (S—Z*Cﬁf)ﬁ%22 flaellf. (4.1)

Set
B, :={u €k, |ul;<p}.

Then, for any u € Ep, ¢ and p sufficiently small, it follows from (2.1), (2.3), (2.4), (3.2), and
(4.1) that

L(u) >

—/ F(x,u)dx
RN
—/ [s|u|2+C(8)|u|p]dx
RN
> [“”‘1 ( +|{V* &) < b} S 2Cz>]||ulli

2100

2x-p
_C(s)( ! +[{V*(x) < b} S 2c2> e (S*z*cg*)zi_inun';

[“0_1 < +|{V*x)<b}|2* 2czﬂuuui.

210

1
> _
-2

Hence,

1[po—1 1 .
1)L|3}3p25|: ;MO _8<Ab {V*(x) < b} S 2CZ)] =a>0.

Since E; is a separable Hilbert space, E; has a countable orthogonal basis {e;}. Let EF .=

spanfey,...,ex} and Zk = (E’{)L. ThenE,; = Ell{ EBZ],{. Therefore, for ¢ and p sufficiently small,
we obtain

IA'BBﬂﬂZ;ﬁ >a>0.
Moreover, for any finite dimensional subspace E C E;, there is a positive integral number

m such that E C EI". Note that all norms are equivalent in a finite dimensional space, then
a direct calculation from (2.4) and (3.6) gives that

L(u) = —||u||i— _/]RN V’(x)uzdx—/]RN F(x,u)dx

1
< Sl - /N|F(x,u)|dx

—_

q \/ 2
Ellull,\ Mjull; + Mllul.

2 q
< Callully = Csllull;.
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Consequently, there is large y > 0 such that [; () < 0 on E \ B, . Therefore, there is a point
e € E; with |le]|; > p such that I; (e) < 0.

Obviously, 7, (0) = 0 and condition (F5) implies that the functional I, is even. Therefore,
combining the arguments above with Lemmas 3.3 and 3.4, Proposition 2.2 implies that the
functional I, possesses an unbounded sequence of critical values, that is, problem (1.1) has

infinitely many high energy solutions. g

Proof of Theorem 1.3 Following the argument in [1] (or see [31]), for any sequence A,, —
00, we let u, := u,,, be the critical points of I, obtained in Theorem 1.1. By similar argu-

ments of Lemma 3.3, we get that | u,]|,, is bounded in E,, that is,
213, < Ce (4.2)

where Cg is independent of ,,. Therefore, we may assume that u,, — 4 in E and u,, — uo

in Lfoc(]RN ) for 2 < s < 2,. Then Fatou’s lemma implies that

+ 2 . . + 2 . . ”un”in _
V' (x)ugdx < liminf V*(x)u, dx <liminf —= =0,
RN n—>00  JpN n— A

o0 n

which implies that uy = 0 a.e. in RN \ V~1(0) and % € H2(2) by (V3). For any ¢ € C°(2),
it follows from (I} (,,), ¢) = 0 that

/ [AugAp + VgV — V™ (¥)uop | dx = f fx, o) dx,
RN RN

which means that u is a weak solution of problem (1.2) by the density of C3°(£2) in H3(<2).
Now, we show that u,, — ug in L*(RN) for 2 < s < 2,. If not, by Lions’ vanishing lemma
[12], there exist 8y > 0, Ry > 0, and x,, € RN such that

/ (4 — 10)* dx > 8.
BRO (%n)

Moreover, x,, — 00, hence |Bg,(x,) N {x € RN | V*(x) < b}| — 0. By the Hélder inequality,

we have

/ (ty — o) dx — 0.
BR() ()N {xeRN |V+(x)<b}

Consequently,

v

Anb u? dx

Bry ) xeRN|V*(0)2b)

2
”un”A

v

)\nb/ (l/ty, — M0)2 dx
By (xm)N{xeRN |V* (x)= )

= A,,b(/ (ty — uo)? dx — / (ty — uo)? dx + 0(1))
By () Bpo (en)N{xeRN | V* (x)<b}

— 00,
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which contradicts (4.2). Therefore, u,, — up in L*(RN) for 2 < s < 2,. Furthermore, apply-
ing (F1), (F2) and u,, — ug in L*(RN) gives that

/ flx, u,)u, dx — / fx, uo)uo dx. (4.3)
RN RN
For ¢ € (0, ﬂggl L+ [{V* (%) < b 52 S2C3H)™), (3.1) implies that
/ fx, uy)u, dx 5/ [8|M,,|2+C(8)|u,,|p]dx, (4.4)
RN RN

which combining with the facts u, # 0, (2.1), (2.3), and (4.3) yields that

Mo —

1||un||§n < / (Aus)? + [Viu|® + V3, (x)uy | dx = / S )1ty A
RN RN
5/ [elies? + C(e)lunl?] dx
RN
§e< +|{V*(x) < b} 5 ZC2>||un||M
2%-p
1 B2 0 2\ 7 e, 2\ B
+C(s)<)L—b +{{Vi ) <b}| > S CE> (S7Cg) 52 lullf

which implies that

sl _p( L4 |{V(x) < b)| B 52C) i
l2tlls, = [ o } >0 (4.5)
CloNE + V() < )| 5 5200 58 (52 c2) £
Moreover, it follows from (I} (u,),u,) = 0 that
-1
[ fomndr= [ D8P 9uP Vi odldr= "Nz, @
RN RN Mo
Then, a direct calculation from (4.4), (4.5), and (4.6) shows that
to -1 mol (L | (V(x) < b)| B §2C2) 2
/ S uo)uo dx = = T
RN Ho Le(e)(h + 11V () < b} 5 52 R4 (B2 i Ee
>0,

which means that g # 0.
In what follows, we shall show that u, — uo in E. Since (I} (un),u,) = (I}, (1), uo) = 0,
we have

2 - 2 g
llunlls, /RN V™ (%), dx /RNf(x,u,,)u,, dx (4.7)

and

(un,uo)xn—/ V‘(x)u,,uodx:/ fx, u,)uo dx. (4.8)
RN RN
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Similar to the proof of (3.10), we have

/ V‘(x)(uﬁ - u,,uo) dx < / V7 (x) (uf, - u,,uo) dx
RN RN

/ V=) u, (4, — uo) dx
supp V'~

1 1

2 2
= V||oo(fsuppv 4 —M0|2dx) (/RN |un|2)

-0, (4.9)

since 1, — up in L, (RN) and {u,} is bounded in L*(RY). Moreover, combining (4.4) with

(4.7)-(4.9) shows that
lm |||, = 1im (i, 4o)s, = lim (i, uo) = l|uo|1*.
n—00 n—00 n—00
On the other hand, weak lower semi-continuity of norm implies that
lim Ju,]I7, > liminf [la,[|> > [|uo|>.
n—00 " n—00

Thus, u, — u in E as n — 0o. Therefore, uy is a nontrivial solution of problem (1.2). We

complete the proof. g

5 Conclusions

A class of biharmonic equations with sign-changing potentials and an indefinite nonlin-
earity is studied in the present paper. Under some suitable conditions, the existence of
nontrivial solutions and the high energy solutions are obtained by using variational meth-
ods. Moreover, the phenomenon of concentration of solutions is explored. The results

extend the main conclusions in recent literature.
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