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Abstract
In the paper, the conservative Fourier spectral scheme is presented for the coupled
Schrödinger–Boussinesq equations. We apply the Fourier collocation scheme to
spatial derivatives and the Crank–Nicolson scheme to the system in time direction,
respectively. We find that the scheme can preserve mass and energy conservation
laws. Moreover, the existence, uniqueness, stability and convergence of the scheme
are discussed, and it is shown that the scheme is of the accuracy O(τ 2 + J–r). The
numerical experiments are given to show that verify the correctness of theoretical
results and the efficiency of the scheme.
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1 Introduction
The coupled Schrödinger–Boussinesq (CSB) equations were given in the form [1–3]

iut + uxx – uv = 0, (1)

vtt = vxx – αvxxxx + f (v)xx + ω|u|2xx, (2)

where α,ω are constants, f (x) is a sufficiently smooth real function, u(x, t) represents
the complex Schrödinger field, and v(x, t) represents the real Boussinesq field. Many re-
searchers have devoted much energy to the study of the CSB system for a long time. As a
result, many important properties such that existence and uniqueness of the solutions [4],
exact solitary wave solutions [5, 6] and global attractors [7, 8] of some CSB systems have
been discovered.

The nonlinear CSB equations are composed of a Schrödinger equation and a Boussinesq
equation. Many scholars have given much numerical schemes to solve the Schrödinger
equation. Numerical contributions for the good Boussinesq and nonlinear CSB equations
have been topics of concern during the past decades. In [9], a quadratic B-spline finite
element scheme was presented, and the corresponding results of the error estimates were
obtained. In [10], a conservative multisymplectic scheme was presented and one simu-
lated solitary waves for long times. In [11], Zhang obtained an optimal error estimate for
an implicit conservative difference scheme with order O(τ 2 + h2). In [12], two conserved
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compact finite difference schemes were given, and the conservation property, and the ex-
istence, convergence, and stability of the difference schemes were theoretically analyzed.

As a class of high accuracy methods, spectral methods are often chosen to solve differ-
ential equations. In [13], the authors have given a Fourier pseudospectral method to solve
the good Boussinesq equation with second-order temporal accuracy, and they have dis-
cussed the nonlinear stability and convergence of the scheme. In [14], the authors showed
a second-order operator splitting numerical scheme and a Fourier pseudospectral scheme
to solve the good Boussinesq equation, and they gave a stability and convergence analysis.
In [15], the authors derived the fourth-order average vector field method and the Fourier
pseudospectral method for the good Boussinesq equation. However, to the best of our
knowledge, there was little attention paid to the spectral method for the CSB system. In
[16], a time-splitting Fourier spectral method was presented, but there was no theoretical
analysis available for the approximation error. In the paper, we construct a conservative
Fourier spectral scheme to solve nonlinear CSB equations, and we give a rigorous numer-
ical analysis of the scheme.

Let vt = φxx, we consider the following initial-boundary value problem:

iut + uxx – uv = 0, x ∈ �, 0 < t ≤ T , (3)

vt = φxx, x ∈ �, 0 < t ≤ T , (4)

φt = v – αvxx + f (v) + ω|u|2, x ∈ �, 0 < t ≤ T , (5)

u(x, 0) = u0(x), v(x, 0) = v0(x), φ(x, 0) = φ0(x), x ∈ �, (6)

u(a, t) = u(b, t), v(a, t) = v(b, t), φ(a, t) = φ(b, t), (7)

where � = (a, b). The system (3)–(7) has the following mass and energy conservation laws:

Mass : M(t) = ‖u‖2 = M(0),

Energy : E(t) = ‖v‖2 + ‖φx‖2 + 2ω‖ux‖2 + α‖vx‖2 + 2
〈
F(v), 1

〉
+ 2ω

〈∣∣u2∣∣, v
〉

= E(0),

where F(v) > 0 is a primitive function of f (v).
It is well known that the conservative schemes perform better than the nonconserva-

tive ones. Thus, it is of interest to investigate conservative schemes for the CSB system.
The Fourier pseudospectral method has attracted much attention in recent years due to
its high accuracy and efficiency. In this paper, the Fourier pseudospectral method [17–
20] is utilized to discretize the CSB equations in space direction. In [14, 15], the authors
employed the fourth-order average vector field method and the second-order operator
splitting scheme, respectively, to solve the Boussinesq equation. However, the two method
cannot satisfy the energy conservation law. Here, we apply the Crank–Nicolson method
to solve the CSB equations in time direction. We find that the scheme can preserve mass
and energy conservation laws simultaneously. Moreover, the existence, uniqueness and
boundedness of the scheme are proved, and the convergence order is of O(τ 2 + J–r). Fi-
nally, we give numerical experiments to show the efficiency of the conservative scheme.

The remainder of this article is structured as follows. In Sect. 2, we give some useful lem-
mas and a conservative scheme, and we prove that the scheme preserve mass and energy
conservation laws. Moreover, the existence, uniqueness, boundedness and convergence of
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the scheme are proved. In Sect. 3, we give the iterative algorithm of the scheme. In Sect. 4,
numerical experiments are given, and the results verify the efficiency of the conservative
schemes. Finally, a conclusion and some discussions are given in Sect. 5.

2 Conservative Fourier spectral scheme for the CSB system
2.1 Some useful lemmas
Let τ = T/N , h = (b – a)/J , and define

�h = {xj|0 ≤ j ≤ J – 1}, �τ = {tn|0 ≤ n ≤ N – 1}.

Suppose w = {wn
j ; j = 0, 1, 2, . . . , J , n = 0, 1, 2, . . . , N} be a discrete function, and define oper-

ators

(
wn

j
)

x =
wn

j+1 – wn
j

h
, wn+ 1

2
j =

wn+1
j + wn

j

2
,

(
wn

j
)

t =
wn+1

j – wn
j

τ
.

Let Un
j , V n

j ,�n
j denote the numerical approximations to u(xj, tn), v(xj, tn),φ(xj, tn), respec-

tively. Denote

〈U , V 〉 = h
J–1∑

j=0

UjV j, ‖U‖2 = 〈U , U〉, |U|2h,1 = 〈Ux, Ux〉,

‖U‖p
lph

= h
J–1∑

j=0

|Uj|p, 1 ≤ p < +∞,

‖U‖l∞h = sup
j∈Z

|Uj|.

For ∀r > 0, let Hr(R) = W r,2(R) be Sobolev space. Define Hr
p(�) as a subspace composed

by periodic functions with period L = b – a on Hr(R), and

Hr
p(�) =

{
u|u ∈ Hr(R), u(x + a) = u(x + b)

}
.

Let equivalent norm and semi-norm of Hr
p(�) be

‖u‖r =

[ ∞∑

l=–∞

(
1 + |l|2)r|ûl|2

]1/2

,

|u|r =

[ ∞∑

l=–∞
|l|2r|ûl|2

]1/2

,

where

u(x) =
∞∑

l=–∞
ûleilμ(x–a), ûl =

1
b – a

∫

�

u(x)e–ilμ(x–a) dx, μ =
2π

L
.

Denote the orthogonal projector PJ : L2(�) → VJ , where

VJ =
{

u(x) =
∑

|k|≤J/2

ûkeikμ(x–a)
}

.
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We have following conclusions:

PJ∂xu = ∂xPJ u, PJ u = u,∀u ∈ VJ .

Denote the interpolation operator IJ : L2(�) → V ′′
J by

IJ u(x, t) =
J–1∑

j=0

ujgj(x),

where

V ′′
J =

{
u(x) =

∑

|l|≤J/2

ũleilμ(x–a), ũJ/2 = ũ–J/2

}
,

ũl =
1
Jcl

J–1∑

j=0

u(xj)e–ik(xj–a),

gj(x) =
1
J

J
2 –1∑

l=– J
2

1
cl

eilμ(x–xj), cl = 1
(

|l| �= J
2

)
, c J

2
= c– J

2
= 2. (8)

We have the following conclusions:

IJ∂xu �= ∂xIJ u, IJ u = u,∀u ∈ V ′′
J .

The values for the derivatives IJ u(x, t) at the collocation points xj are obtained by [21]

∂kIJ u(xi, t)
∂xk =

J–1∑

j=0

uj
dkgj(xi)

dxk = (Dku)i,

(Dk)j,n =
dkgn(xj)

dxk , (9)

where Dk represents Fourier spectral differential matrix.

Lemma 2.1 ([21]) Let r > 0, u ∈ Hr
p(�),

‖PJ u – u‖l ≤ CJl–r|u|r , 0 ≤ l ≤ r,

‖PJ u‖l ≤ C‖u‖l.

Lemma 2.2 ([21]) Let r > 1
2 , u ∈ Hr

p(�),

‖IJ u – u‖l ≤ CJl–r|u|r , 0 ≤ l ≤ r,

‖IJ u‖l ≤ C‖u‖l.

Lemma 2.3 ([21]) Assume u∗ = PJ–2u, u ∈ Hr
p(�), r > 1

2 , then ‖u∗ – u‖ ≤ CJ–r|u|r .
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Lemma 2.4 ([22]) For any discrete function U ∈ w, we can obtain

‖U‖lp ≤ C
(|U|αh,1‖U‖1–α + ‖U‖), (10)

where α = 1
2 – 1

p , p ∈ [2, +∞), and C is a constant independent of h.

Here, we define a new seim-norm |U|h =
√〈–D2U , U〉. Noting that |U|h,1 =

√〈–AU , U〉,
where

A =
1
h2

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

2 –1 0 0 · · · –1
–1 2 –1 0 · · · 0
0 –1 2 –1 · · · 0

. . . . . . . . . . . .
0 · · · 0 –1 2 –1

–1 · · · 0 0 –1 2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

.

Lemma 2.5 ([23]) For a real circulant matrix A1 = C(a0, a1, . . . , an–1), all eigenvalues of A1

are given by

f (εk), k = 0, 1, 2, . . . , n – 1,

where f (x) = a0 + a1x + a2x2 + · · · + an–1xn–1, and εk = ei 2kπ
n .

Lemma 2.6 ([23]) For matrices A, D2, there exist relations

A = FT
1 �1F1, D2 = FT

2 �2F2,

where

�1 = diag(λA,0,λA,1, . . . ,λA,J–1),

�2 = diag(λD2,0,λD2,1, . . . ,λD2,J–1)

and

0 ≤ –
4
π2 λD2,j ≤ –λA,j ≤ –λD2,j.

Lemma 2.7 ([12]) For any grid function U ∈ V ′′
J , the following inequalities hold:

|U|h,1 ≤ |U|h ≤ π

2
|U|h,1.

Lemma 2.8 For any grid functions Un ∈ w, we can obtain

Im
〈
D2Un+ 1

2 , Un+ 1
2
〉

= 0, (11)

Re
〈
D2Un+ 1

2 , Un
t
〉

= –
1

2τ

(∣∣Un+1∣∣2
h –

∣∣Un∣∣2
h

)
, (12)

where Im(s), Re(s) are for the imaginary part and the real part of a complex number s,
respectively.
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Lemma 2.9 ([12]) Suppose that g(x) ∈ C2[d1, d2] and a1, a2, b1, b2 ∈ [d1, d2], there exist
constants θ ∈ (–1, 1) and η ∈ [d1, d2] such that

g(a2) – g(a1)
a2 – a1

–
g(b2) – g(b1)

b2 – b1
= g ′

(
1 – θ

2
a1 +

1 + θ

2
a2

)
– g ′

(
1 – θ

2
b1 +

1 + θ

2
b2

)

= g ′′(η)
(

1 – θ

2
(a1 – b1) +

1 + θ

2
(a2 – b2)

)
.

2.2 Conservative Fourier spectral scheme
In the paper, we give following conservative scheme for the CSB system:

i
(
Un

j
)

t +
(
D2Un+ 1

2
)

j – Un+ 1
2

j V n+ 1
2

j = 0, 0 ≤ j ≤ J – 1, 0 ≤ n ≤ N – 1, (13)
(
V n

j
)

t =
(
D2�

n+ 1
2
)

j, 0 ≤ j ≤ J – 1, 0 ≤ n ≤ N – 1, (14)

(
�n

j
)

t = V n+ 1
2

j +
F(V n+1

j ) – F(V n
j )

V n+1
j – V n

j
– α

(
D2V n+ 1

2
)

j +
ω

2
(∣∣Un+1

j
∣∣2 +

∣∣Un
j
∣∣2),

0 ≤ j ≤ J – 1, 1 ≤ n ≤ N – 1,

(15)

U0
j = u0(xj), V 0

j = v0(xj), �0
j = φ0(xj), 0 ≤ j ≤ J , (16)

Un
0 = Un

J , V n
0 = V n

J , �n
0 = �n

J , 0 ≤ n ≤ N . (17)

Theorem 2.1 The scheme (13)–(17) is conservative in the sense

Mass : Mn = Mn–1 = · · · = M0,

Energy : En = En–1 = · · · = E0,

where

Mn =
∥∥Un∥∥2,

En =
∥∥V n∥∥ –

〈
D2�

n,�n〉 – 2ω
〈
D2Un, Un〉 – α

〈
D2V n, V n〉 + 2

〈
F
(
V n), I

〉
+ 2ω

〈
V n,

∣∣Un∣∣2〉.

Proof Computing the inner product of Eq. (13) with 2Un+ 1
2 , we can obtain

〈
iUn

t + D2Un+ 1
2 + Un+ 1

2 V n+ 1
2 , 2Un+ 1

2
〉

= 0.

By Lemma 2.8 and taking the imaginary part, we have

∥∥Un+1∥∥2 =
∥∥Un∥∥2.

This means that Mn = Mn–1 = · · · = M0.
Computing the inner product of Eq. (13) with 2τUn

t , we can obtain

〈
iUn

t + D2Un+ 1
2 + Un+ 1

2 V n+ 1
2 , 2τUn

t
〉

= 0. (18)
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Taking the real part yields

〈
D2Un+1, Un+1〉 –

〈
D2Un, Un〉 =

1
2
〈
V n+1 + V n,

∣∣Un+1∣∣2〉 –
1
2
〈
V n+1 + V n,

∣∣Un∣∣2〉. (19)

Making the inner product of (14) and (15) with 2τ�n
t , 2τV n

t , respectively, then we have

2τ
〈
V n

t ,�n
t
〉

=
〈
D2�

n+1,�n+1〉 –
〈
D2�

n,�n〉,

2τ
〈
�n

t , V n
t
〉

=
〈
V n+ 1

2 +
F(V n+1) – F(V n)

V n+1 – V n – α
(
D2V n+ 1

2
)

+
ω

2
(∣∣Un+1∣∣2 +

∣∣Un∣∣2), 2τV n
t

〉

=
∥∥V n+1∥∥2 + ω

〈
V n+1,

∣∣Un+1∣∣2〉 – α
〈
D2V n+1, V n+1〉

+ 2
〈
F
(
V n+1), I

〉
– ω

〈
V n,

∣∣Un+1∣∣2〉

–
∥∥V n∥∥2 – ω

〈
V n,

∣∣Un∣∣2〉 + α
〈
D2V n, V n〉 + 2

〈
F
(
V n), I

〉
– ω

〈
V n+1,

∣∣Un∣∣2〉.

It follows from the above equations and (19) that

∥∥V n+1∥∥ –
〈
D2�

n+1,�n+1〉 – 2ω
〈
D2Un+1, Un+1〉 – α

〈
D2V n+1, V n+1〉

+ 2
〈
F
(
V n+1), I

〉
+ 2ω

〈
V n+1,

∣∣Un+1∣∣2〉

=
∥∥V n∥∥ –

〈
D2�

n,�n〉 – 2ω
〈
D2Un, Un〉 – α

〈
D2V n, V n〉 + 2

〈
F
(
V n), I

〉
+ 2ω

〈
V n,

∣∣Un∣∣2〉.

This yields En = En–1 = · · · = E0. �

Theorem 2.2 The scheme (13)–(17) is bounded in the discrete l∞h .

Proof It follows from Theorem 2.1 that ‖Un‖ = C1, and

En =
∥∥V n∥∥ –

〈
D2�

n,�n〉 – 2ω
〈
D2Un, Un〉 – α

〈
D2V n, V n〉

+ 2
〈
F
(
V n), I

〉
+ 2ω

〈
V n,

∣∣Un∣∣2〉. (20)

According to the Young inequality, we can obtain

〈
V n,

∣∣Un∣∣2〉 = h
J–1∑

j=0

∣∣Un
j
∣∣2V n

j ≤ h
J–1∑

j=0

(∣∣Un
j
∣∣4 +

1
4
∣∣V n

j
∣∣2
)

=
∥∥Un∥∥4

l4h
+

1
4
∥∥V n∥∥2. (21)

It follows from Lemma 2.4 that

∥∥Un∥∥4
l4h

≤ C2
(∣∣Un∣∣

1
4
h,1

∥∥Un∥∥
3
4 +

∥∥Un∥∥)4 ≤ 8C2
(|U|h,1

∥∥Un∥∥3 +
∥∥Un∥∥4)

≤ 4C2

(
ε
∣∣Un∣∣2

h,1 +
1
ε

∥∥Un∥∥6 + 2
∥∥Un∥∥4

)
. (22)

By Lemma 2.7, there exist constants C3, C4, C5 such that

〈
–D2�

n,�n〉 = C3
∣∣�n∣∣2

h,1,

2ω
〈
–D2Un, Un〉 = C4

∣∣Un∣∣2
h,1, α

〈
–D2V n, V n〉 = C5

∣∣V n∣∣2
h,1.

(23)
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Substituting Eqs. (21)–(23) into (20), we have

∥∥V n∥∥2 + C3
∣∣�n∣∣2

h,1 + C4
∣∣Un∣∣2

h,1 + C5
∣∣V n∣∣2

h,1

≤ En + 2ω
∣∣〈V n,

∣∣Un∣∣2〉∣∣

≤ En + 2ω

(∥∥Un∥∥4
l4h

+
1
2
∥∥V n∥∥2

)

≤ En + 8ωC2

(
ε
∣∣Un∣∣2

h,1 +
1
ε

∥∥Un∥∥6 + 2
∥∥Un∥∥4

)
+

1
4
∥∥V n∥∥2.

When ε < C4
8ωC2

, there exists a constant C6 such that

∥∥V n∥∥≤ C6,
∣∣�n∣∣2

h,1 ≤ C6,
∣∣Un∣∣2

h,1 ≤ C6,
∣∣V n∣∣2

h,1 ≤ C6.

By the Sobolev inequality, we have ‖Un‖l∞h ≤ C7,‖V n‖l∞h ≤ C7,‖�n‖l∞h ≤ C7. �

2.3 Existence and uniqueness
Theorem 2.3 The numerical solutions of the scheme (13)–(17) exist.

Proof Let U = (U0, U1, . . . , UJ–1)T , V = (V0, V1, . . . , VJ–1)T , � = (�0,�1, . . . ,�J–1)T and X =
(UT , V T ,�T )T . Define a mapping Tλ: R3J–3 → R3J–3 with parameter λ ∈ (0, 1),

i
Uj – un

j

τ
+

λ

2
(
D2

(
U + un))

j +
λ

4
(
Uj + un

j
)(

Vj + vn
j
)

= 0, 0 ≤ j ≤ J – 1, (24)

Vj – vn
j

τ
=

λ

2
(
D2

(
� + φn))

j, 0 ≤ j ≤ J – 1, (25)

�j – φn
j

τ
=

λ

2
(
Vj + vn

j
)

+ λ
F(Vj) – F(vn

j )
Vj – vn

j
– λα

(
D2

(
V + vn))

j +
ωλ

2
(|Uj|2 +

∣∣un
j
∣∣2),

0 ≤ j ≤ J – 1.

(26)

It ie easy to see that the mapping Tλ(X) is continuous, and T0(X) is a fixed point for any X ∈
R3J–3. Next, we prove that X is uniformly bounded. Similar to the proof of Theorem 2.1,
we have

‖U‖2 = C8.

Thus, U is uniformly bounded. Then we prove the uniformly bounded V and �. Com-
puting the inner product of Eq. (25) and (26) with ατ (V – vn), τ (� – φn), respectively, we
obtain

〈
V – vn

τ
,ατ

(
V – vn)

〉
=
〈
λ

2
(
D2

(
� + φn)),ατ

(
V – vn)

〉
, (27)

〈
� – φn

τ
, τ
(
� – φn)

〉
=
〈
λ

2
(
V + vn) + λ

F(V ) – F(vn)
V – vn – αλ

(
D2

(
V + vn))

+
ωλ

2
(|U|2 +

∣∣un∣∣2), τ
(
� – φn)

〉
. (28)
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Addition (27) and (28) yields

(
α‖V‖2 + ‖�‖2) –

(
α
∥∥vn∥∥2 +

∥∥φn∥∥2)

=
λτ

2
h

J–1∑

j=0

(
Vj + vn

j
) · (�j + φn

j
)

+
λωτ

2
h

J–1∑

j=1

(|Uj|2 +
∣∣un

j
∣∣2) · (�j + φn

j
)

+ +λτh
J–1∑

j=1

(F(Vj) – F(vn
j )

Vj – vn
j

)
· (�j + φn

j
)
.

Similar to the proof of [12], we get

α‖V‖2 + ‖�‖2 = λτC9
(
ε‖U‖h,1 + C(ε)‖U‖2) + C9 ≤ τ rC9‖U‖2 + C9

(
r =

τ

h2

)
.

Thus, ‖V‖ and ‖�‖ are uniformly bounded. According to Lemma 4.1 of [12], we see that
the numerical solutions of the scheme exist. This completes the proof. �

Theorem 2.4 The numerical solution of the scheme (13)–(17) is unique.

Proof Assume that (Un, V n,�n) and (Ũn, Ṽ n, �̃n) satisfy scheme (13)–(17). Let Pn = Un –
Ũn, Qn = V n – Ṽ n, Sn = �n – �̃n, we obtain

i
Pn+1 – Pn

τ
+ D2Pn+ 1

2 – F1 = 0, (29)

Qn+1 – Qn

τ
= D2Sn+ 1

2 , (30)

Sn+1 – Sn

τ
= Qn+ 1

2 – αD2Qn+ 1
2 + F2, (31)

where

F1 = Un+ 1
2 V n+ 1

2 – Ũn+ 1
2 Ṽ n+ 1

2 ,

F2 =
F(V n+1 – F(V n))

V n+1 – V n –
F(Ṽ n+1 – F(Ṽ n))

Ṽ n+1 – Ṽ n

+
ω

2
(∣∣Un+1∣∣2 +

∣∣Un∣∣2) –
ω

2
(∣∣Ũn+1∣∣2 +

∣∣Ũn∣∣2).

Computing the inner product of (29) with 2Pn+ 1
2 and taking the imaginary part, we have

‖Pn+1‖2 – ‖Pn‖2

τ
– Im

〈
F1, 2Pn+ 1

2
〉

= 0. (32)

Noting that

(F1)j = Un+ 1
2

j V n+ 1
2

j – Ũn+ 1
2

j Ṽ n+ 1
2

j

=
(
Un+ 1

2
j – Ũn+ 1

2
j

)
V n+ 1

2
j + Ũn+ 1

2
j

(
V n+ 1

2
j – Ṽ n+ 1

2
j

)
,
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and according to Theorem 2.2, we get

‖F1‖2 ≤ C10
(∥∥Pn+1∥∥2 +

∥∥Pn∥∥2 +
∥∥Qn+1∥∥2 +

∥∥Qn∥∥2).

It follows from Eq. (32) that there exists a constant C11 such that

∥∥Pn+1∥∥2 –
∥∥Pn∥∥2 ≤ C11τ

(∥∥Pn+1∥∥2 +
∥∥Pn∥∥2 +

∥∥Qn+1∥∥2 +
∥∥Qn∥∥2). (33)

Computing the inner product of (30) and (31) with 2αQn+ 1
2 , 2Sn+ 1

2 , we have

〈
Qn+1 – Qn

τ
, 2αQn+ 1

2

〉
=
〈
D2Sn+ 1

2 , 2αQn+ 1
2
〉
, (34)

〈
Sn+1 – Sn

τ
, 2Sn+ 1

2

〉
=
〈
Qn+ 1

2 – αD2Qn+ 1
2 + F2, 2Sn+ 1

2
〉
. (35)

According to Lemma 2.9, and adding Eqs. (34) and (35), we get

∥∥Qn+1∥∥2 –
∥∥Qn∥∥2 +

∥∥Sn+1∥∥2 –
∥∥Sn∥∥2

≤ C12τ
(∥∥Pn+1∥∥2 +

∥∥Pn∥∥2 +
∥∥Qn+1∥∥2 +

∥∥Qn∥∥2 +
∥∥Sn+1∥∥2 +

∥∥Sn∥∥2). (36)

Noting that (28) holds, we have

∥∥Pn+1∥∥2 –
∥∥Pn∥∥2 +

∥∥Qn+1∥∥2 –
∥∥Qn∥∥2 +

∥∥Sn+1∥∥2 –
∥∥Sn∥∥2

≤ C13τ
(∥∥Pn+1∥∥2 +

∥∥Pn∥∥2 +
∥∥Qn+1∥∥2 +

∥∥Qn∥∥2 +
∥∥Sn+1∥∥2 +

∥∥Sn∥∥2). (37)

Let Bn = ‖Pn‖2 + ‖Qn‖2 + ‖Sn‖2, then

Bn+1 – Bn ≤ C13τ
(
Bn+1 + Bn).

It follows from Gronwall’s inequality [24] that

max
1≤n≤N

Bn ≤ B0e4C13T .

Noting that P0 = Q0 = S0 = 0, then we get Pn = Qn = Sn = 0. This completes the proof of
the uniqueness for Un, V n,�n. �

2.4 Convergence and error estimates
Theorem 2.5 Suppose that u0(x), v0(x),φ0(x) ∈ Hr(R), s ≥ 1. Then the solution Un, V n,�n

of the scheme (13)–(17) converges to the true solution u, v,φ with order O(τ 2 + J–r) by the
‖ · ‖1 norm.

Proof Define

PJ–2(iut + uxx – uv) = 0, (38)

PJ–2vt = PJ–2φxx, (39)
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PJ–2
(
φt – v + αvxx – f (v) – ω|u|2) = 0. (40)

Let u∗ = PJ–2u, v∗ = PJ–2v,φ∗ = PJ–2φ, we have

iu∗
t + u∗

xx – PJ–2(uv) = 0, (41)

v∗
t = φ∗

xx, (42)

φ∗
t – v∗ + αv∗

xx – PJ–2
(
f (v) – ω|u|2) = 0. (43)

Define

ξn
j = i

(
u∗n

j
)

t +
(
D2u∗n+ 1

2
)

j – PJ–2
(
un+ 1

2
j vn+ 1

2
j

)
,

ηn
j =

(
v∗n

j
)

t –
(
D2φ

∗n+ 1
2
)

j,

ρn
j =

(
φ∗n

j
)

t – v∗n+ 1
2 + α

(
D2v∗n+ 1

2
)

j – PJ–2

(F(vn+1
j ) – F(vn

j )
vn+1

j – vn
j

)
–

ω

2
(∣∣un+1∣∣2 +

∣∣un∣∣2).

Due to u∗, v∗,φ∗ ∈ V ′′
N , u∗

xx(xj, tn) = (D2u∗n)j, v∗
xx(xj, tn) = (D2v∗n)j,φ∗

xx(xj, tn) = (D2φ
∗n)j, we

have

u∗
xx(xj, tn) =

(
D2u∗n+ 1

2
)

j + C14τ
2,

φ∗
xx(xj, tn) =

(
D2φ

∗n+ 1
2
)

j + C14τ
2,

v∗
xx(xj, tn) =

(
D2v∗n+ 1

2
)

j + C14τ
2.

Using the Taylor expansion, we have

∣∣ξn
j
∣∣≤ C15τ

2,
∣∣ηn

j
∣∣≤ C15τ

2,
∣∣ρn

j
∣∣≤ C15τ

2. (44)

Define en
1 = (u∗)n – Un, en

2 = (v∗)n – V n, en
3 = (φ∗)n – �n we have

ξn = i
(
en

1
)

t + D2en+ 1
2

1 – Fn+ 1
2 , n = 0, 1, 2, . . . , (45)

ηn =
(
en

2
)

t – D2en+ 1
2

3 , n = 0, 1, 2, . . . , (46)

ρn =
(
en

3
)

t – en+ 1
2

2 + αD2en+ 1
2

2 – Gn+ 1
2 , n = 0, 1, 2, . . . , (47)

e0
1 = u∗0 – U0, e0

2 = v∗0 – V 0, e0
3 = φ∗0 – �0, (48)

where

Fn+ 1
2 = PJ–2

(
un+ 1

2 φn+ 1
2
)

– Un+ 1
2 �n+ 1

2 ,

Gn+ 1
2 = PJ–2

(F(vn+1
j ) – F(vn

j )
vn+1

j – vn
j

+
ω

2
(∣∣un+1∣∣2 +

∣∣un∣∣2)
)

–
(F(V n+1

j ) – F(V n
j )

V n+1
j – V n

j
+

ω

2
(∣∣Un+1

j
∣∣2 +

∣∣Un
j
∣∣2)

)
.
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Let

Fn+ 1
2 = (F1)n+ 1

2 + (F2)n+ 1
2 + (F3)n+ 1

2 ,

Gn+ 1
2 = (G1)n+ 1

2 + (G2)n+ 1
2 + (G3)n+ 1

2 ,

where

(F1)n+ 1
2 = PJ–2

(
un+ 1

2 vn+ 1
2
)

– un+ 1
2 vn+ 1

2 ,

(F2)n+ 1
2 = un+ 1

2 vn+ 1
2 – u∗n+ 1

2 v∗n+ 1
2 ,

(F3)n+ 1
2 = u∗n+ 1

2 v∗n+ 1
2 – Un+ 1

2 V n+ 1
2 ,

(G1)n+ 1
2 = PJ–2

(F(vn+1
j ) – F(vn

j )
vn+1

j – vn
j

+
ω

2
(∣∣un+1∣∣2 +

∣∣un∣∣2)
)

–
(

F(vn+1) – F(vn)
vn+1 – vn +

ω

2
(∣∣un+1∣∣2 +

∣∣un∣∣2)
)

,

(G2)n+ 1
2 =

F(vn+1
j ) – F(vn

j )
vn+1

j – vn
j

+
ω

2
(∣∣un+1∣∣2 +

∣∣un∣∣2))

–
(

F(v∗n+1) – F(v∗n)
v∗n+1 – v∗n +

ω

2
(∣∣u∗n+1∣∣2 +

∣∣u∗n∣∣2)
)

,

(G3)n+ 1
2 =

(
F(v∗n+1) – F(v∗n)

v∗n+1 – v∗n +
ω

2
(∣∣u∗n+1∣∣2 +

∣∣u∗n∣∣2)
)

–
(F(V n+1

j ) – F(V n
j )

V n+1
j – V n

j
+

ω

2
(∣∣Un+1

j
∣∣2 +

∣∣Un
j
∣∣2)

)
.

It follows from Lemmas 2.1, 2.3 and 2.9 that

∥∥(F1)n+ 1
2
∥∥≤ C16J–r ,

∥∥(G1)n∥∥≤ C16J–r ,
∥∥(F2)n+ 1

2
∥∥ =

∥∥un+ 1
2 vn+ 1

2 – u∗n+ 1
2 v∗n+ 1

2
∥∥

=
∥∥un+ 1

2
(
vn+ 1

2 – v∗n+ 1
2
)

+
(
un+ 1

2 – u∗n+ 1
2
)(

v∗n+ 1
2
)∥∥≤ C17J–r ,

∥∥(G2)n+ 1
2
∥∥ =

∥∥∥∥
F(vn+1

j ) – F(vn
j )

vn+1
j – vn

j
+

ω

2
(∣∣un+1∣∣2 +

∣∣un∣∣2))

–
(

F(v∗n+1) – F(v∗n)
v∗n+1 – v∗n +

ω

2
(∣∣u∗n+1∣∣2 +

∣∣u∗n∣∣2)
)∥∥∥∥≤ C18J–r ,

∥∥(F3)n+ 1
2
∥∥ = C19

(∥∥en+ 1
2

1
∥∥ +

∥∥en+ 1
2

2
∥∥),

∥∥(G3)n+ 1
2
∥∥ = C19

(∥∥en+ 1
2

1
∥∥ +

∥∥en+ 1
2

2
∥∥).

Computing the inner product of Eq. (45) with 2τen+ 1
2

1 , then taking the imaginary part,
we obtain

(∥∥en+1
1

∥∥2 –
∥∥en

1
∥∥2) – Im

〈
Fn+ 1

2
1 + Fn+ 1

2
2 + Fn+ 1

2
3 , 2τen+ 1

2
〉

=
〈
ξn, 2τen+ 1

2
1

〉
. (49)
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Using the Cauchy–Schwartz inequality, we obtain

〈
Fn+ 1

2
1 + Fn+ 1

2
2 , 2τen+ 1

2
1

〉≤ τ
(∥∥Fn+ 1

2
1

∥∥2 +
∥∥Fn+ 1

2
2

∥∥2) +
τ

2
(∥∥en+1

1
∥∥2 +

∥∥en
1
∥∥2),

∣∣Im
〈
Fn+ 1

2
3 , 2τen+ 1

2
1

〉∣∣≤ C20τ
(∥∥en+1

1
∥∥2 +

∥∥en
1
∥∥2 +

∥∥en+1
2

∥∥2 +
∥∥en

2
∥∥2),

〈
ξn, 2τen+ 1

2
1

〉≤ τ
∥∥ξn∥∥2 +

τ

2
(∥∥en+1

1
∥∥2 +

∥∥en
1
∥∥2).

It is easy to see that

(∥∥en+1
1

∥∥2 –
∥∥en

1
∥∥2)

≤ C21τ
(∥∥en+1

1
∥∥2 +

∥∥en
1
∥∥2 +

∥∥en+1
2

∥∥2 +
∥∥en

2
∥∥2 +

∥∥Fn+ 1
2

1
∥∥2 +

∥∥Fn+ 1
2

2
∥∥2 +

∥∥ξn∥∥2). (50)

Computing the inner product of Eqs. (46) and (47) with 2ατen+ 1
2

2 , 2τen+ 1
2

3 , respectively,
we obtain

〈
ηn, 2ατen+ 1

2
2

〉
=
〈(

en
2
)

t – D2en+ 1
2

3 , 2ατen+ 1
2

2
〉
, (51)

〈
ρn, 2τen+ 1

2
3

〉
=
〈(

en
3
)

t – en+ 1
2

2 + αD2en+ 1
2

2 – Gn+ 1
2 , 2τen+ 1

2
3

〉
. (52)

Noting that

〈
ηn, 2ατen+ 1

2
2

〉≤ ατ
∥∥ηn∥∥2 +

ατ

2
(∥∥en+1

2
∥∥2 +

∥∥en
2
∥∥2),

〈
ρn, 2τen+ 1

2
3

〉≤ τ
∥∥ρn∥∥2 +

τ

2
(∥∥en+1

3
∥∥2 +

∥∥en
3
∥∥2),

〈
Gn+ 1

2
1 + Gn+ 1

2
2 , 2τen+ 1

2
3

〉≤ τ
(∥∥Gn+ 1

2
1

∥∥2 +
∥∥Gn+ 1

2
2

∥∥2) +
τ

2
(∥∥en+1

3
∥∥2 +

∥∥en
3
∥∥2),

∣∣〈Gn+ 1
2

3 , 2τen+ 1
2

3
〉∣∣≤ C22τ

(∥∥en+1
1

∥∥2 +
∥∥en

1
∥∥2 +

∥∥en+1
2

∥∥2 +
∥∥en

2
∥∥2 +

∥∥en+1
3

∥∥2 +
∥∥en

3
∥∥2),

and adding (51)–(52), we get

(∥∥en+1
2

∥∥2 –
∥∥en

2
∥∥2 +

∥∥en+1
3

∥∥2 –
∥∥en

3
∥∥2)

≤ C23τ
(∥∥Gn+ 1

2
1

∥∥2 +
∥∥Gn+ 1

2
2

∥∥2 +
∥∥en+1

1
∥∥2 +

∥∥en
1
∥∥2 +

∥∥en+1
2

∥∥2 +
∥∥en

2
∥∥2

+
∥∥en+1

3
∥∥2 +

∥∥en
3
∥∥2 +

∥∥ηn∥∥2 +
∥∥ρn∥∥2).

Add the equations and (50), we have

(∥∥en+1
1

∥∥2 –
∥∥en

1
∥∥2 +

∥∥en+1
2

∥∥2 –
∥∥en

2
∥∥2 +

∥∥en+1
3

∥∥2 –
∥∥en

3
∥∥2)

≤ C22τ
(∥∥en+1

1
∥∥2 +

∥∥en
1
∥∥2 +

∥∥en+1
2

∥∥2 +
∥∥en

2
∥∥2 +

∥∥en+1
3

∥∥2 +
∥∥en

3
∥∥2

+
∥∥ηn∥∥2 +

∥∥ρn∥∥2 +
∥∥Fn+ 1

2
1

∥∥2 +
∥∥Fn+ 1

2
2

∥∥2 +
∥∥Gn+ 1

2
1

∥∥2 +
∥∥Gn+ 1

2
2

∥∥2).

Let Bn = ‖en
1‖2 + ‖en

2‖2 + ‖en
3‖2, we can obtain

Bn+1 – Bn ≤ C24τ
(∥∥ξn∥∥2 +

∥∥ηn∥∥2 +
∥∥Fn

1
∥∥2 +

∥∥Fn
2
∥∥2 +

∥∥Gn
1
∥∥2 +

∥∥Gn
2
∥∥2)
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+ C22τ
(
Bn+1 + Bn).

It follows from Gronwall’s inequality [24] that

max
1≤n≤N

Bn ≤ (
B0 + C25T

(
J–2r + τ 4))e4C24T .

Noting that B0 ≤ C26J–r , we can obtain

∥∥en
1
∥∥≤ C27

(
J–r + τ 2),

∥∥en
2
∥∥≤ C27

(
J–r + τ 2),

∥∥en
3
∥∥≤ C27

(
J–r + τ 2).

Finally, we prove |en
1|h = O(J–r + τ 2), |en

2|h = O(J–r + τ 2), |en
3|h = O(J–r + τ 2). Computing

the inner product of Eqs. (46) and (47) with en+1
3 – en

3, en+1
2 – en

2 , respectively, we obtain

〈
ηn, en+1

3 – en
3
〉

=
〈(

en
2
)

t – D2en+ 1
2

3 , en+1
3 – en

3
〉
, (53)

〈
ρn, en+1

2 – en
2
〉

=
〈(

en
3
)

t – en+ 1
2

2 + αD2en+ 1
2

2 – Gn+ 1
2 , en+1

2 – en
2
〉
. (54)

It follows from (46) that

〈
–Gn+ 1

2 , en+1
2 – en

2
〉

=
〈
–Gn+ 1

2 , τηn + τD2en+ 1
2

3
〉

= τ
[〈

–Gn+ 1
2 ,ηn〉 +

〈
–Gn+ 1

2 , D2en+ 1
2

3
〉]

.

Noting that

∣∣〈–Gn+ 1
2 , D2en+ 1

2
3

〉∣∣≤ C28
(∣∣Gn+ 1

2
∣∣
h +

∣∣en+1
3

∣∣
h +

∣∣en
3
∣∣
h

)
,

∣∣Gn+ 1
2
∣∣
h ≤ C28

(∣∣en+1
1

∣∣
h +

∣∣en
1
∣∣
h +

∣∣en+1
2

∣∣
h +

∣∣en
2
∣∣
h + O

(
τ 2 + J–r)),

we get

∣∣en+1
2

∣∣2
h –

∣∣en
2
∣∣2
h +

∣∣en+1
3

∣∣2
h –

∣∣en
3
∣∣2
h

≤ C29
(∣∣en+1

1
∣∣2
h +

∣∣en
1
∣∣2
h +

∣∣en+1
2

∣∣2
h +

∣∣en
2
∣∣2
h +

∣∣en+1
3

∣∣2
h +

∣∣en
3
∣∣2
h

)

+ O
(
τ 2 + J–r)2 +

∣∣〈ηn, en+1
3 – en

3
〉∣∣ +

∣∣〈ρn, en+1
2 – en

2
〉∣∣. (55)

Computing the inner product of Eqs. (45) with en+1
1 – en

1 , we obtain

〈
ξn, en+1

1 – en
1
〉

=
〈
i
(
en

1
)

t + D2en+ 1
2

1 – Fn+ 1
2 , en+1

1 – en
1
〉
. (56)

Taking the real part of Eq. (56), we get

Re
〈
–D2en+ 1

2
1 , en+1

1 – en
1
〉

= – Re
〈
ξn, en+1

1 – en
1
〉
– Re

〈
Fn+ 1

2 , en+1
1 – en

1
〉
.

It follows from Lemma 2.8 and Eq. (45) that

Re
〈
–D2en+ 1

2
1 , en+1

1 – en
1
〉

=
1
2
(∣∣en+1

1
∣∣
h –

∣∣en
1
∣∣
h

)
,
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Re
〈
Fn+ 1

2 , en+1
1 – en

1
〉

= τ Re
〈
Fn+ 1

2 , iD2en+ 1
2

1 – iFn+ 1
2 – iξn〉

= τ Im
〈
Fn+ 1

2 , D2en+ 1
2

1 – ξn〉.

Then we get

∣∣en+1
1

∣∣2
h –

∣∣en
1
∣∣2
h

= C30
(∣∣en+1

1
∣∣2
h +

∣∣en
1
∣∣2
h +

∣∣en+1
2

∣∣2
h +

∣∣en
2
∣∣2
h

)
+ O

(
τ 2 + J–r)2 +

∣∣〈ξn, en+1
1 – en

1
〉∣∣. (57)

Adding Eqs. (55)–(57), we get

∣∣en+1
1

∣∣2
h –

∣∣en
1
∣∣2
h +

∣∣en+1
2

∣∣2
h –

∣∣en
2
∣∣2
h +

∣∣en+1
3

∣∣2
h –

∣∣en
3
∣∣2
h

≤ C31
(∣∣en+1

1
∣∣2
h +

∣∣en
1
∣∣2
h +

∣∣en+1
2

∣∣2
h +

∣∣en
2
∣∣2
h +

∣∣en+1
3

∣∣2
h +

∣∣en
3
∣∣2
h

)

+ O
(
τ 2 + J–r)2 +

∣∣〈ξn, en+1
1 – en

1
〉∣∣ +

∣∣〈ηn, en+1
3 – en

3
〉∣∣ +

∣∣〈ρn, en+1
2 – en

2
〉∣∣.

According to Gronwall’s inequality [24], we get |en
1|h = O(J–r +τ 2), |en

2|h = O(J–r +τ 2), |en
3|h =

O(J–r + τ 2). �

3 Iterative algorithm
In order to derive the algorithms conveniently, we also give some notations:

Un
j =

J
2 –1∑

l=– J
2

Ûn
l eiμl(xj–a), j = 0, 1, . . . , J – 1,

Ûn
j =

1
J

J–1∑

j=0

Un
j eiμl(xj–a), l =

J
2

, . . . ,
J
2

– 1,

(58)

V n
j =

J
2 –1∑

l=– J
2

V̂ n
l eiμl(xj–a), j = 0, 1, . . . , J – 1,

V̂ n
j =

1
J

J–1∑

j=0

V n
j eiμl(xj–a), l =

J
2

, . . . ,
J
2

– 1,

(59)

�n
j =

J
2 –1∑

l=– J
2

�̂n
l eiμl(xj–a), j = 0, 1, . . . , J – 1,

�̂n
j =

1
J

J–1∑

j=0

�n
j eiμl(xj–a), l =

J
2

, . . . ,
J
2

– 1.

(60)

Substituting (58)–(60) into (13)–(15), we can obtain

i
Ûn+1

l – Ûn
l

τ
–

μ2
l

2
(
Ûn+1

l + Ûn
l
)

–
1
4

̂

(
Un+1

j + Un
j
)(

V n+1
j + V n

j
)

= 0,

V̂ n+1
l – V̂ n

l
τ

= –
μ2

l
2
(
�̂n+1

l + �̂n
l
)
,
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�̂n+1
l – �̂n

l
τ

=
1
2
(
V̂ n+1

l + V̂ n
l
)

+
αμ2

l
2

(
V̂ n+1

l + V̂ n
l
)

– μ2
l

̂F(V n+1
j ) – F(V n

j )
V n+1

j – V n
j

+ μ2
l
ω

2
̂

∣∣Un+1
j

∣∣2 +
∣∣Un

j
∣∣2.

By direct calculation, we get

Ûn+1
l =

i + μ2
l τ

2

i – μ2
l τ

2

Ûn
l +

1
4

̂

(
Un+1

j + Un
j
)(

V n+1
j + V n

j
)
,

V̂ n+1
l =

1
τ
2 + αμ2

l τ

2 + 2
μ2

l τ

[(
2

μ2
l τ

–
τ

2
–

αμ2
l τ

2

)
V̂ n

l – 2�̂n
l

+ μ2
l τ

̂F(V n+1
j ) – F(V n

j )
V n+1

j – V n
j

–
μ2

l τω

2
̂

∣∣Un+1
j

∣∣2 +
∣∣Un

j
∣∣2
]

,

�̂n+1
l =

2
μ2

l τ
V̂ n

l – �̂n
l –

2
μ2

l τ
V̂ n+1

l .

Let Un+1,0
j = Un

j , V n+1,0
j = V n

j ,�n+1,0
j = �n

j . We use the following iterative method to solve
the algebraic systems:

Ûn+1,s+1
l =

l + μ2
l τ

2

i – μ2
l τ

2

Ûn
j +

1
4

̂

(
Un+1,s

j + Un
j
)(

V n+1,s
j + V n

j
)
,

V̂ n+1,s+1
l =

1
τ
2 + αμ2

l τ

2 + 2
μ2

l τ

[(
2

μ2
l τ

–
τ

2
–

αμ2
l τ

2

)
V̂ n

l – 2�̂n
l

+ μ2
l τ

̂F(V n+1,s
j ) – F(V n

j )

V n+1,s
j – V n

j
–

μ2
l τω

2
̂

∣∣Un+1,s+1
j

∣∣2 +
∣∣Un

j
∣∣2
]

,

�̂
n+1,s+1
l =

2
μ2

l τ
V̂ n

l – �̂n
l –

2
μ2

l τ
V̂ n+1,s+1

l .

4 Numerical example
Taking f (v) = 1

2 v2,α = 1,ω = 1
2 , then we consider the following initial condition:

u(x, 0) = u0(x) =
9

10
sec h2

(√
15

10
x
)

exp

(
i
√

10
10

x
)

,

v(x, 0) = v0(x) = –
9

10
sec h2

(√
15

10
x
)

,

vt(x, 0) = v1(x) = –
9
√

6
50

sec h2
(√

15
10

x
)

tanh

(√
15

10
x
)

.

The forms of the exact solutions are available as

u(x, t) =
9

10
sec h2

(√
15

10

(
x –

2
√

10
10

t
))

exp

(
i
(√

10
10

x +
1
2

t
))

,
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Table 1 Errors and orders in time for J = 1024, t = 1

τ 0.05 0.025 0.0125 0.00625

u l2h error 8.750× 10–5 2.188× 10–5 5.470× 10–6 1.367× 10–6

order * 1.99 2.00 2.00

l∞h error 4.179× 10–5 1.060× 10–5 2.692× 10–6 6.765× 10–7

order * 1.97 1.97 2.00

v l2h error 1.150× 10–4 2.880× 10–5 7.211× 10–6 1.803× 10–6

order * 1.99 1.99 1.99

l∞h error 7.487× 10–5 1.92× 10–5 4.862× 10–6 1.223× 10–6

order * 1.96 1.98 1.99

Table 2 Errors and orders in space for τ = 0.001, t = 1

J 64 128 256 512

u l2h error 5.076× 10–5 3.501× 10–8 3.5015× 10–8 3.5015× 10–8

l∞h error 1.982× 10–5 1.425× 10–8 1.739× 10–8 1.739× 10–8

v l2h error 1.654× 10–5 4.615× 10–8 4.615× 10–8 4.615× 10–8

l∞h error 9.350× 10–5 3.146× 10–8 3.146× 10–8 3.146× 10–8

Figure 1 Errors of mass Mn (left column) and energy En (right column) of the numerical solutions

v(x, t) = –
9

10
sec h2

(√
15

10

(
x –

2
√

10
10

t
))

,

vt(x, t) = –
9
√

6
50

sec h2
(√

15
10

(
x –

2
√

10
10

t
))

tanh

(√
15

10

(
x –

2
√

10
10

t
))

.

Firstly, the numerical accuracy of the scheme (13)–(17) is examined. Table 1 shows the
time errors and the convergence orders in l2

h norms and l∞h norms of the scheme (13)–
(17), respectively. The data in Table 1 indicate that the scheme (13)–(17) are of second
order in time, and confirm the theoretical accuracy in Theorem 3.5. Then we fix the time
step τ = 0.001 to test the space accuracy of the scheme (13)–(17). The results are listed
in Table 2. From Table 2, it is found that the errors decrease as fast as the number of grid
points J increases.

Secondly, we test the numerical performance for the long time computation with x ∈
[–15, 15], t ∈ [0, 100], τ = 0.01, J = 256. Figure 1 show the errors of mass Mn and energy En

at different time for the scheme (13)–(17). From Fig. 1, we find that the scheme (13)–(17)
preserves the mass and energy conservation very well.
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Figure 2 The wave forms of the numerical solutions for t = 3

Figure 3 The wave forms of the numerical solutions for t = 6

Figure 4 The wave forms of the numerical solutions

Finally, the numerical solutions for the system (13)–(17) are depicted. We simulate the
solitary wave solutions with x ∈ [–15, 15], t ∈ [0, 10], τ = 0.01, J = 256. Figures 2–4 show
the wave forms of the numerical solutions.

5 Conclusion
In the paper, we introduce a conservative Fourier spectral scheme to solve the CSB system.
We give the iterative algorithm of the scheme and prove that the scheme preserves the
mass and energy conservation laws. The convergence of the scheme is discussed, and it
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is shown that the scheme is of the accuracy O(τ 2 + J–r). Numerical tests are presented to
demonstrate the obtained theoretical results and the method availability.
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