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1 Introduction
In this paper, we consider the following fourth-order p-Laplacian singular Rayleigh equa-

tion with time-dependent deviating argument:

(6(x"(0)))" +£ (6,5 ©) + g(t,x(t - 8(2))) = e(0), (1.1)

where ¢, : R — R is given by ¢,(s) = s|P~2s, and p > 1 is a constant; f: R x R — R is a
continuous T -periodic function about ¢ and f(£,0) = 0; e: R — R is a continuous periodic
functions with e(t + T) = e(t); § € C}(R,R) is a T-periodic function; g: R x (0, +00) — R
is a L2-Carathéodory function defined on R?, and g(¢, -) = g(¢ + T, -); it is said that Eq. (1.1)
is singularity of attractive type (resp. repulsive type) if g(¢,x) — +oo (resp. g(¢,x) — —00)
asx — 0" fort e R.

As is well known, the Rayleigh equation can be derived from many fields, such as en-
gineering technique, physics and mechanics fields, and an important question is whether
we have periodic solutions to the Rayleigh equation. Gaines and Mawhin [1] in 1977 intro-
duced continuation theorems and applied this theorem to prove the existence of a periodic

solutions for the Rayleigh equation ([1], p. 99)

&' (t) +f(+'(2)) + g(¢,%(2)) = 0. (1.2)
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Gaines and Mawhin’s work has attracted the attention of many scholars to the Rayleigh
equation. More recently, the method of lower and upper solutions [2], Mawhin’s continu-
ous theorem [3-5], topological degree and time maps [6, 7], and the Mandsevich—Mawhin
continuation theorem [8—10] have been employed to investigate the existence of a periodic
solution of Rayleigh equations.

On the other hand, the existence of a periodic solutions for a singular differential equa-
tion was extensively studied (see [11-20]). Among these, there are some results on the
Liénard equation with a singularity of repulsive type [14, 15, 19, 20]. Zhang [19] in 1996
introduced the problem of periodic solutions of the following Liénard equation with a

repulsive singularity:
x"(t) +f( t))x ®) +g(t x(t)) (1.3)

where the nonlinear term g has a singularity of repulsive type at the origin and satisfies
semilinear condition at x = oo, the author proved that Eq. (1.3) has at least one positive
T-periodic solution by using Mawhin’s continuous theorem. Wang [20] in 2014 improved
Eq. (1.3) and proved the existence of a positive periodic solution of the following Liénard
equation with a singularity of repulsive type and a deviating argument:

x"(t) +f( t))x () +g(t x(t - 8)) = (1.4)

where § is a constant and § € [0, T'].

Nowadays, a good deal of work has been performed on the existence of a positive pe-
riodic solution of the Rayleigh equation with a singularity [21-24]. Wang and Ma [24] in
2015 discussed a kind of singular Rayleigh equation as follows:

&) +f (6% (0) + g(x(2) = p(2), (1.5)

where the nonlinear term g has a singularity of repulsive type at the origin and satisfies
semilinear condition. The authors obtained the existence of a positive periodic solution
for Eq. (1.5) by applications of the limit properties of time map. Lu and Chen [21] in 2017
studied the following Rayleigh equation with singularity of repulsive type:

&+ f(6x(0) + p()x(t) -

S PO (1.6
where y > 1. By using topological degree theory, the authors proved Eq. (1.6) has at least
one positive T-periodic solution.

Inspired by the above paper [1, 19-21, 24], in this paper, we further consider the ex-
istence of a positive T-periodic solution for Eq. (1.1) with singularities of attractive and
repulsive type. By applications of coincidence degree theory, we obtain the following con-

clusions.

Theorem 1.1 Assume that the following conditions hold:
(Hy) There exists a positive constant N such that

[ft,w)| <N, for (t,u) € [0, T] x R.
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(H) There exist two positive constants Dy, Dy with Dy < D such that g(t,x) — e(t) < =N
forall (¢t,x) € [0, T] x (0,D,), and g(t,x) — e(t) > N for all (t,x) € [0, T] x (D, +00).
(H3) There exist positive constants a, b such that
gt,x) <ax’ +b, forall(tx)e[0,T] x (0,+00).
(Hy) g(t,x) = go(x) + g1(t,x), where gg € C((0,00); R) and g1 : [0, T] x [0,00) — R is an

L2-Carathéodory function.
(Hs) (Singularity of repulsive type)

1
/ go(x) dx = —oo0.
0

Then Eq. (1.1) has at least one positive T-periodic solution if

al [ T\*!
0< — <1,
1-8\m,

where 8' =: max,epo ) 18(t)], and 1 < p < 00, 7, =2 [y

ds _ 2n(p-ptP
7 == .
(l_p—l)l/p psin(/p)

Remark 1.2 The friction term f (x(¢))x'(¢) in Egs. (1.3) and (1.4) satisfy fOT flx@)x'(t)dt =0,
which is crucial to estimate a priori bounds of a positive T-periodic solution for these
equations. However, in this paper, the friction term f (¢, x") may not satisfy fOT ft,x(t)dt =
0. For example, let

ftx) = (cosz(2t) +100) sin'(2).

Obviously, fOT(cosz(Zt) +100) sinx’(¢) # 0. This implies that our methods to estimate a
priori bounds of a positive T-periodic solution for Eq. (1.1) is more complex than Egs. (1.3)
and (1.4).

Remark 1.3 From Egs. (1.3), (1.4), (1.5), (1.6) in [19-21, 24], the nonlinear term g has
a deviating argument (i.e., § is a positive constant and 0 < § < T'). But, in this paper, the
nonlinear term g satisfies a time-dependent deviating argument. For example, let

1
8(t) = — sin2t.
3) 4sm

Obviously, the work on estimating a lower bounds of a positive T-periodic solution for
Eq. (1.1) is more difficult than the corresponding work on Egs. (1.3), (1.4), (1.5), (1.6).
Therefore, we have to find another way to get over the difficulty.

Remark 1.4 If Eq. (1.1) satisfies singularity of attractive type, i.e., fol go(x)dx = +00. Ob-
viously, attractive condition and (H,), (Hs), (Hs) are contradiction. Therefore, the above
method and conditions are no long applicable to the proof of existence of a positive peri-
odic solution for Eq. (1.1) with singularity of attractive type. Next, we give other conditions
to prove the existence of a positive T-periodic solution for Eq. (1.1) with singularity of at-
tractive type.
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Theorem 1.5 Assume that conditions (Hy) and (Hy) hold. Suppose the following condi-
tions are satisfied:
(He) There exist two positive constants D3, Dy with D3 < Dy such that g(t,x) —e(t) > N for
all (t,x) € [0, T] x (0,Ds), and g(t,x) — e(t) < —N for all (¢,x) € [0, T] x (D4, +00).
(H7) There exist positive constants a’, b’ such that

—g(t,x) <dx’' +b, forall (t,x)€[0,T] x (0,+00).

(Hg) (Singularity of attractive type)

1
/ go(x) dx = +oo0.
0

Then Eq. (1.1) has at least one positive T-periodic solution if

aT ([ T\?!
0< — <1.
1-8\m,

2 Preparation
Lemma 2.1 (Gaines and Mawhin [1]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let Q C X be an open bounded
set and N : Q@ — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx #ANx,Vx € 02N D(L), 1 € (0,1);

(2) Nx¢ImL,Vx e 02N KerL;

(3) deg{JON,Q2NKerL,0} #0, where ] : Im Q — Ker L is an isomorphism.
Then the equation Lx = Nx has a solution in @ N D(L).

Lemma 2.2 ([25]) Ifw € C1(R,R) and v(0) = o(T) = 0, then

ora) < () [ lsora)
(/0|(t)| dt) < - /0| ®fde) .

In order to apply topological degree theorem to study the existence of a positive periodic
solution for Eq. (1.1), we rewrite Eq. (1.1) in the form:

%1 (2) = (g (x2(2)),
x5 (8) = ~f (&, %1(2)) — g(&, %1 (£ = 5(2))) + e(2),

(2.1)

where 1% + é = 1. Clearly, if x(¢) = (x1(2),x2(¢)) " is a T-periodic solution to Eq. (2.1), then
x1(t) must be a T-periodic solution to Eq. (1.1). Thus, the problem of finding a T-periodic
solution for Eq. (1.1) reduces to finding one for Eq. (2.1).

Let

X = {x = (x1(£), 22(8)) € C*(R,R?) : x(t + T) — x(t) = 0}
with the norm ||x|| := max{|lx. ], lx21l};

Y= {x = (21(8),%2(0) € C'(R,R?) 1 a(t + T) — x(t) = 0}
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with the norm ||x|| := max{||x||, ||«'||}. Clearly, X and Y are both Banach spaces. Mean-

while, define

L:DIL)CX—Y, by(Lx)t)= (ilig) (2.2)
2

where D(L) = {x = (x1,%,)" € C?(R,R?) : x(t + T) — x(t) = 0,¢ € R}. Define a nonlinear
operator N : X — Y as follows:

(2.3)

(Nx)(2) = ( Pq(x2(0)) ) ‘

(& x1(2)) — g(t, x:1(¢ - 8(2))) + e(2)

Then Eq. (2.1) can be converted to the abstract equation Lx = Nx.
From the definition of L, one can easily see that

T
~ ™2 _ . )’1(5) _ 0
KerL = R%, ImL-:ye Y./O (yz(S)) ds-<o>}.

So L is a Fredholm operator with index zero. Let P: X — KerLand Q:Y — ImQ C R? be
defined by

0 1 [T
pe (%00, g L [T (29 4
%2(0) T Jo \»(s)
then Im P = Ker L, Ker Q = Im L. let K denote the inverse of L|kerpnp(r)- It is easy to see that
KerL =ImQ =R? and

T T
[Ky] (%) = col < / G1(t,8)y1(s) ds, / Ga(t,8)y2(s) dS),
0 0
where
STD g<g<t<
Gi(t,s) = r - i=1,2. (2.4)
#_S), 0<t<s<T,

3 Main results
In the section, we first consider the existence of a positive T-periodic solution for Eq. (1.1)
with singularity of repulsive type.
Proof of Theorem 1.1 Consider the operator equation
Lx=)Nx, *€(0,1),

where L and N are defined by Eqs. (2.2) and (2.4). Set

Q1 ={x:Lx=ANx, 1 €(0,1)}.
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If x(2) = (201 (£), %2(£)) T € Q1, then

x1(2) = Ay (x2(2)),
x5(2) = =Af (8, %1 () — Ag(t, 1 (£ — 8(2))) + re(t).

1

Substituting x,(t) = T

(¢p(x1)"(2)) into the second equation of (3.1)
G (x](1)" (&) + APF (£, %, (2)) + 2Pg (t, %1 (£ = 8(2))) = APe(?). (3.2)

Integrating both side of Eq. (3.2) over [0, T'], we have
T
/ (F(6,5%,(0)) + g (61 (¢ = 5(0))) - e(®)) i = 0, (33)
0

since fOT(¢p(Ax1)”(t))” =0. From Eq. (3.3) and condition (H;), we deduce

T
NT < / (¢(t,m(t = 8(1))) - elt)) dt < NT.
0
Then, by condition (H), we know that there are two points &, € (0, T) such that

x1(§ - 5(5)) >Dy, x1(n) <D;. (3.4)

Then, from Eq. (3.4), we have

x(t) = %(x(t) +x(t—T))

= %(x(n) + /ntx/(s) ds + x(n) — /:Tx/(s) ds)

:x(n)+%/: x'(s)ds

-T
1 T
<Dy+= / |%'(¢)] . (3.5)
2 Jo
Multiplying both sides of Eq. (3.2) by x;(¢) and integrating over the interval [0, T'], we
get
T , T T
/ Bp (7 (2)) x1(2) dt + AP / f(tx,@))x: () dt + 17 / g(t,x1 (- 8(0)))x1(2) dt
0 0 0
T
= )J’/ e(t)x1(¢) dt. (3.6)
0

Substituting fOT Gp(x](£)) %1 (2) dt = foT |} (£)|? dt into Eq. (3.6), we arrive at
T

T T
/ % (8] dt = —27 / F(6x,0))x1 () dt — 17 / gt x1 (- 8(0)))x1(2) dt
0 0

0

T
+)J’/ e(t)x1(2) dt.
0
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Therefore, from condition (H;), we deduce

/OT‘x’l/(t)|pdt</ (6, 0) e \dH/ et (¢ = 5(0) |12 (0)| e

o[ o] a

< e INT + [l f lg(t,21(t - 8(2)))| dt + llell T |11, (3.7)
0

where | e|| := max;e[o,1] |e(t)|. From conditions (H;), (H) and Eq. (3.3), we obtain

/()T|g(t,x1(t—8(t)))}dt
=/m1 0g(t %1 (2 - S(t)))dt—é(t,xl)<0g(t,x1(t—S(t)))dt
T T
Z/gm g(tx(t- 8(t)))dt+/0 JEAG)) dt—fo e(t) dt
T T
52&1/0 &7t - 8(t))dt+2bT+/0 [f(t,x'l(t))|dt+/o |e(2)| dt

T
= 24/ |1 (2 - 8(2)) |”‘1 dt +2bT + NT + |le|| T
0

P~ dt + 26T + NT + |le|| T, (3.8)

from = 5,( )21” 1 >0, we know that §’ < 1. Substituting Eqgs. (3.5) and (3.8) into (3.7), and
by using the Holder inequality, we see that

T
0

< 12_a8 <D2+ f ) t)]dt)/o oy (8)" " dt
+F <DZ+%/ \xﬁ(t)]dt)
([ [ ora)”
2 ([ora)”
oL léﬁ ( /0 T|x;(t)\’” alt)’i + FiD,, (3.9)

where F; :=2(N + b + |le||)T.




Xin and Liu Advances in Difference Equations (2018) 2018:368 Page 8 of 15

Let w(f) = x1(¢ + n) — x1(n), here x1(n) < D5, and then w(0) = w(T) = 0. By Lemma 2.2
and the Minkowski inequality [26], it is clear that

T ; T 3
(/ |x1(t)|"dt> =</ Iw(t)+x1($)|pdt)
0 0
T L T ’
Pd r Pd>p
([t ([l
T 5 y
5(;7;)(/0 \w’(t)|1”dt> +D, TP
T T 117 1
:<ﬂ_p>< /0 |x’1(t)|pdt> DT, (3.10)

On the other hand, in view of x;(0) = x1(T), there exists a point #; € (0,7) such that
x)(t1) = 0. Let w,(£) = x)(t + ty), it is easy to see that w,(0) = w,(T) = 0 for w, € C}(R,R).
By Lemma 2.2,

([sora)' ([ ) <(2)( [ ora)
(@)(faora)

Substituting Egs. (3.11) into (3.10), we obtain

T 3 1
(/ |x1(t)|pdt> 5( )([ x (t)|pdt) D, Th. (3.12)
0

Furthermore, substituting Egs. (3.11) and (3.12) into (3.9), we see that

T
/ ) @) dt
0
1\7!
) wora) (2 ([ eera) o)
S () ([ o) o)
Fqu( )( |pdt) +F1D2
% 1
_r <T> (1+ DT 1)p f\x o dt
1-8\m, z(f ! (8)|P dt)?
b\ } AT 2
PEL ) ) ([era)
1-6" \mp L2y %@ de) 0

Fqu p
(n,,)(/' |dt) + F1D,. (3.13)
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Next, we introduce a classical inequality, there exists a k(p) > 0 which is dependent on p
only,

I+x <1+(1+p}x, forxe [0, k(p)]. (3.14)

Then, we consider the following two cases:
1

Case 1. If Ll > k(p), then it is obvious that
(i Py 1@ dr)?

» \? DTr [T\
(/0 |x t)’ dt) < @) (n_p) .

From Egs. (3.5) and (3.11), by using the Holder inequality, we deduce

LT »

x(t) <Dy + %Tﬁ (/0 | ()] dt)
1 1(T ro »
<D+ ETq(n—) </0 % (t)|pdt)

<Dy D2 (T E M (3.15)
+ — ) =M. .
<D, k() \ x 1
1
Case 2. If —— 22T k(p), from Egs. (3.13) and (3.14), we obtain

1
(G 2o e dry?
T
f ) ) dt
0

2p-1
< ﬂT/(Z)p <1+ DzT”P 1>f |x t)|pdt

1-8\m, (%)2“ x| (t)|P dt)r

+ ZaDﬂ:i (1)2172 (1 + DZTPP >(/ }x (t)|pdt>p

1-6 7Tp fO |x |pdt)1’

+F1Tq( )(/ }x (¥) |pdt> + F1D,

al 2p-1 ) T1+l T T\ 22
15 () [ woran S (e 1)) ()

» & 2aD2T17p 24 »

(/0 |x t)| dt) + — % (np) (/ | (t)| dt)

Fqu (n)(/ (¢ \”dt) +E\D,. (3.16)

[

p-

~[

Since

al ([ T\*!
— <1,
1-§ (np)
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it is easy to see that there exists a positive constant M} such that

T
/ % (&) dt < M.
0

From Eq. (3.5) and Lemma 2.2, we have

x1(t) <Dy + lf 1, (0)| de

con i (2)( [ ora)

1 _1/T 1
<D, + T <—)(M’1)P = My, (3.17)

From Eq. (3.5), we have

1 1
TiM{ = M,, (3.18)

since ¥ (£1) = 0. From x5(0) = x(T'), we know that there exists a point , € (0, T) such that
x5(£2) = 0. From the second equation of (3.1), Egs. (3.8), (3.17), (3.18) and condition (H),
we obtain

A T ) T T
55(/0 [f(t,xl(t))|dt+f0 |g(t,x1(t)){dt+/0 |e(t)|dt>

<ANT +aTM™" + bT + T|le||) := AMs. (3.19)

Integrating the first equation of (3.1) over [0, T], we have fOT x(t) dt = fOT dp(x](£)) dt =0,
which implies there is a point #3 € (0, T') such that x,(¢3) = 0, so

1 T
lkeall = 5 / |#(8)| dt < ATM; := MM, (3.20)
0
On the other hand, it follows from Eq. (3.2) and condition (H,) that

(6 (x7())" + 22F (£, %1.(8))x, () + 22 (go (1 (£ = 8(D))) + &1 (£, 21 (£ - 8(2)))

= Me(t). (3.21)
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Let & € [0, T] be as in Eq. (3.4), for any ¢ € [§, T]. Multiplying both sides of Eq. (3.21) by
x(¢—8(¢))(1 — 8'(¢)) and integrating on [&, t] we get

x1(¢-6(2))
2P / go(u) du
x1(-8(8))

-3¢ [ o= 50 - 59) 1 - 579) s

- [ @) 565 50) 1 -510) s

-3¢ [ e s-a0) 1 -510) s

=32 [ o (s-30))5, 5 50) (1 - 519) s

+ AP /E t e(s)x; (s = 8(s)) (1 - 8'(s)) dis. (3.22)

Furthermore, by Egs. (3.16), (3.17), (3.18) and (3.19), we have

x1(t=8(t)
/ go(u)du
x1(£-8(8))

AP

t

[ (00(06) 515 -06) (1= 519) s

-7 [ P4 (-50) (1 -5 0) s
- /S gi(s,x1(s = 8(5)))%; (s — 8(s)) (1 - 8'(s)) ds

+ AP /t e(s)x (s — 8(s)) (1 - 8'(s)) ds
&

(1+5) ||x1||/ 6,(</(5)))"| ds + 27 (1+) ||x1||/ (5,2,(9))| ds
+)J”(1+8’)||x’1||/ |g1(s,x1(s—8(s)))|ds+)J’(1+8’)||x’1||/ le(s)| ds
0 0
T T T
4 8§ )M L d , d d
5A(1+ ) 2<‘/(.) [f(sx(s)))| s+/(; |g(sx1(s))| s+/(; |e(s)| s)

+22(1+8") (MoNT + M|, | T + My le|| T)

<M (1+8)My(M;s +NT + llgar, | T + llell T), (3.23)

where g1, = maxo<y<p, 1g1(2,%)| € L*(0, T) are as in condition (Hy). According to the sin-
gular condition (Hs), we know that there exists a positive constant M5 such that

x(t-8(0) =Ms, Veelg,T). (3.24)

The case £ € [0,£] (i.e., x1(t — 8(2)) € [-5(0),& — 5(£)]) can be treated similarly.
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From Egs. (3.16), (3.17), (3.18), (3.19) and (3.24), we let

Q={x=(r,x) :E <x(t) <Ey,

)| < Es, %]l < Esand ||x) | < Es5,Vt € [0, T1},

where 0 < E; < min(Ms, Dy), E; > max(My,D;), E3 > My, Ey > My and Es > M3. Q5 = {x:x €
0Q NKerL} then Vx € 0Q2 NKerL

1T ¢q(x2(2))
- d
QNx T /(; (—f(t,x’l) —g(t,x) + e(t)) g

If QNx = 0, then x,(¢) = 0, x; = E, or E;. But if x;(¢) = E3, we know

T
0= /o (g(t, E) — e(t)) dit.

From condition (H,), we have x;(¢) < D, < E,, which yields a contradiction. Similarly if
x1 = E;. We also have QNx # 0, i.e., Vx € 92 NKerL, x ¢ Im L, so assumptions (1) and (2)

of Lemma 2.1 are both satisfied. Define the isomorphism J : Im Q — Ker L as follows:
Je1, %) " = (w2, —x1)

Let H(i,x) = —ux + (1 — w)JQNx, (1,x) € [0,1] x , then V(u,x) € (0,1) x (02 N KerL),

H(w,x) = (—,uxl - I_TM foT(g(t’M) - €(t))dt) .

—puxy — (1 — () dy(x2)
From condition (H,), we get x " H(u,x) #0, Y(i,x) € (0,1) x (32 N KerL). Hence

deg{JON,Q2 NKerL,0} = deg{H(O,x), Qn KerL,O}
=deg{H(1,x), 2 NKerL,0}
= deg{I, 2 N KerL,0} #0.
So assumption (3) of Lemma 2.1 is satisfied. By applying Lemma 2.1, we conclude that the

equation Lx = Nx has a solution x = (x1,%2) " on QN D(L), i.e., Eq. (2.1) has a T-periodic
solution x1(¢). O

Next, we investigate the existence of a positive T-periodic solution for Eq. (1.1) with a

singularity of attractive type.
Proof of Theorem 1.5 We follow the same strategy and notation as in the proof of The-

orem 1.1. From Eq. (3.3) and condition (Hg), we know that there are points 7,v € (0, T)
such that

x1(t-8(r)) = D3, x1(v) <Dy (3.25)
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Next, we consider fOT |g(¢,21(¢ — 8(¢)))| dt. From Eq. (3.11) and conditions (H;), (H7), we

obtain

/|gtx1f 8(2))) |dt—/ g(tx(t-8(0))dt
/( g(t,x1(¢-58())) dt
-2 t t 8(t))) dt
2 gl
T
_/ f(t’xl(t)) dt+/ e(t)dt
0 0

T
< 2a’/ x’ffl(t - B(t)) dt+20'T
0

T T
+/0 [f(t,x;(t))]dn/o le(t)| dt

T
= 2a// |1 (£ - 8(2)) y"’l dt+20'T + NT + ||e|| T
0

24’ r p-1 /
5 le (O dt +26'T + NT + |le|| T.
- 0

=<

The proof further is the same as Theorem 1.1. d

4 Examples

In this section, we present two examples to illustrate Theorems 1.1 and 1.5.

Example 4.1 Consider the fourth-order Rayleigh equation with singularity of repulsive

type and time-dependent deviating argument:

1

1 1
%'()))" + (sin® ¢ + 5) cos«’(£) + —— (sin 2¢ + 3 x(t— —sin2t) -
(¢p( ( ))) ( ) ® 2071( ) 4 xt(t — i sin 2¢)

— ecosZt’ (41)

where u > land p = 4.

It is clear that T = 7, f(t,&') = (sin®¢ + 5)cosx/(t), g(t,x) = 5= (sin 2t + 3)x —

207

1
2w (p-1)P _ 2n(4—1)711

1 / 1
s1n2t,a=—,6=—<1,714= : =
sin(7r/, 2
psin(z/p) 4,%_—

=7 X (%)%. It is obviously that (H;)-

A N

H;) hold. Now we consider

aT (T\?' 2 n 72 a\d
— | = =—Xa|—— ==X | = ~ 0.6618 < 1.
1-8\m, 5m T X (%)z 5 3

Therefore, by Theorem 1.1, we know that Eq. (4.1) has at least one positive 7 -periodic

solution.
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Example 4.2 Consider the fourth-order Rayleigh equation with singularity of attractive
type:

5

1 1
2@ () - (c0s2(2t) + 100) sinx’(¢) — —(sin4¢ + S)x(t — —cos 4t> o
3 8 x¢(t — 5 cos4t)

_ esin2(2t)’ (4.2)

where ¥’ > 1and p = 2.
It is clear that T = Z, f(t,#') = —(cos*(2t) + 100)sin«’, g(t,x) = —5(sin4t + 5)x + =,
X

1 1
_1 r_ 1 _ 2n(p-1)? _ 2m(2-1)2 _ _ ;2 /o . .
§=gcosdt, §' =3, m = Gl = axl = 7. Take N =6,d = - b’ = 1. It is obvious

that (H;), (Hy), (Hg)—(Hg) hold. Now we consider

dT (T\?"' 4 = [(1\° 1
— =—X=x|=z)] =-<1L
1-6'\7, T 27\2) 4

Therefore, applying Theorem 1.5, we know that Eq. (4.2) has at least one positive 7-

periodic solution.

5 Conclusions

In this paper, we introduce the existence of a positive T-periodic solution for the fourth-
order p-Laplacian singular Rayleigh equation with time-dependent deviating argument.
The nonlinear function has a time-dependent deviating argument. This implies that the
work on estimating lower bounds of periodic solutions for Eq. (1.1) is more difficult than
the corresponding work on Eq. (1.4) in [21]. Secondly, attractive conditions (Hs), (H7)
and (Hjg) are in contradiction with the repulsive conditions (H,), (H3) and (Hs), and the
methods of singularity of repulsive type are no longer applicable to the proof of a periodic
solution for Eq. (1.1) with singularity of attractive type. In this paper, by using coincidence
degree theory and conditions (H;)—(Hs), we prove the existence of a positive T-periodic
solution for Eq. (1.1) with a singularity of repulsive type; applying conditions (H1), (Ha),
(He)—(Hsg), we find that Eq. (1.1) with singularity of attractive type has at least one positive
T-periodic solution.
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