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Abstract

Using fixed point results of o — 1r-Geraghty contractive type mappings, we examine
the existence of solutions for some fractional differential equations in b-metric spaces.
By some concrete examples we illustrate the obtained results.
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1 Introduction
In 2012, Samet et al. [11] presented the concepet of «-admissible mappings, which was
expanded by several authors (see [5, 6, 9]). Baleanu, Rezapour, and Mohammadi [3] studied
the existence of a solution for problem D"w(§) = h(§,w(&)) (£ € [0,1],1 < v < 2). Afshari,
Aydi, and Karapinar [1, 2] considered generalized « — 1/ -Geraghty contractive mappings
in b-metric spaces.

We investigate the existence of solutions for some fractional differential equations in

b-metric spaces. We denote [ = [0, 1].

Definition 1.1 ([7, 10]) The Caputo derivative of order v of a continuous function % :
[0,00) — R is defined by

1 3
‘D'h(§) = I‘ifo & - o) Th () de,

(n-v)

where n—1<v<n, n=[v]+1,[v] is the integer part of v, and

I'(z) = /ooxz’le*" dx. (1)
0

Definition 1.2 ([7, 10]) The Riemann-Liouville derivative of a continuous function /% is
defined by

ey L (AN [F MO i}
Dh‘g)‘rm—v)(ds) | e g =v1e),

where the right-hand side is defined on (0, c0).
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Let W be the set of all increasing continuous functions v : [0,00) — [0,00) such that
Y(Ax) < A¥(x) < Ax for A > 1, and let B be the family of nondecreasing functions y :
[0, 00) — O, S%) for some s > 1.

Definition 1.3 ([1]) Let (X, d) be a b-metric space (with constant s). A functiong: X — X
is a generalized o — ¥-Geraghty contraction if there exists « : X x X — [0, 00) such that

alz, )Y (s3d(gz,gt)) <y (w (d(z, t)))lﬁ (d(z, t)) (2)
forall z,t € X, where y € Band ¢ € W.

Definition 1.4 ([11]) Let g: X — X and o : X X X — [0,00) be given. Then g is called
«-admissible if for z, t € X,

alz,t)>1 = «algegt) > 1. (3)

Theorem 1.5 ([1]) Let (X, d) be a complete b-metric space, and let f : X — X be a gener-
alized o — r-Geraghty contraction such that
(i) f is a-admissible;
(ii) there exists ug € X such that o(uo, fu) > 1;
(i) if{un} S X, uy — uin X, and a(uy, uy.1) > 1, then o(uy,, u) > 1.
Then f has a fixed point.

2 Main result
By X = C(I) we denote the set of continuous functions. Let 4 : X x X — [0, o0) be given by

ﬂ%a=nw—zfmn=§?u@>—aaf. 4)

Evidently, (X, d) is a complete b-metric space with s = 2 but is not a metric space.
Now we study the problem

v

%W®=M&MW,SELkv§& )

under the conditions
w(0) = w/(0) = w(1) = w'(1) = 0, ©)
where DV is the Riemann—Liouville derivative, and % : I x X — R is continuous.

Lemma 2.1 ([13]) Given h € C(I x X,R) and 3 < v <4, the unique solution of

v

%W®=M&Mm,§eLkvs& @)

where

w(0) = W (0) = w(l) = w/(1) =0, (8)
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is given by w(§) = fol G(&,¢)h(s, w(s))ds, where

'(v) ’ — —%- . (9)
<1—;>”*25“*2[(;(—e)>+<v—2><1—s)c1 0<t<r<1
r'w ?

(=010 2 20D < ;< £ <]
€¢)

Ifh(&,w(§)) = 1, then the unique solution of (7)—(8) is given by

1
— _ 1 V-2 _ 2
1€ [ 6te,00ds = s -2
Lemma 2.2 ([13]) In Lemma 2.1, G(§,¢) given in (9) satisfies the following conditions:
(1) G(§,¢)>0,and G(&,¢) is continuous for &, € I;
(2) L2l < G, ¢) < e,
where

ro=max{v-1,00-2)%},  0(§)=§"1-£? and p()=21-¢)""

Theorem 2.3 Suppose
(i) there exist 0 : R?> — R and W € W such that

1 T+l  y(le—dP)
22 4v 4l(c-d)Plleo +1

|h(g,¢) - h(g,d)| <

for& elandc,deRwith0(c,d) > 0;
(ii) there exists yo € C(I) such that Q(yo(fg‘),fol G, 0)h(t,y0(8))ds) > 0,6 €I
(ili) for& e landy,ze C(I), 0(¥(§),z(&)) > 0 implies

1 1
9(/ G(s,c)h(g,y(g))dz,/ G(s,c)h(z;,z(s))d§>zo,
0 0

(iv) if {yn} € CU), y — y in C(I), and 6 (Y, Yns1) = O, then 6(y,, y) > 0.
Then problem (7) has at least one solution.

Proof By Lemma 2.1 y € C(I) is a solution of (7) if and only if it is a solutlon of y(&) =
) G(&,&)h(¢,¥(¢)) dg, and we define A : C(I) — C(I) by Ay(&) = [, G ,¥(0)) dt for
& € I. For this purpose, we find a fixed point of A. Let y,z € C(I) be such that 9()/ £),z(8)) >
0 for & € I. Using (i), we get

2

1
|Ay(€) - Az(E)|* = '/0 G(&,0)(n(2,¥(2)) = h(¢,2(0))) dt
1 2
< [fo G, 0)|h(¢,5(0)) —h(c,z(;))ldc}

1 T+1) y(y@¢) -2z ]2
SU CCO A w g

1 (10 = 2lloo)?
T8 42 e+ 1
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Hence, for y,z € C(I) and & € I with 6(y(§),z(§)) > 0, we have

LW (10 - 2Plo))?

Ay —A2)* ||l oo < = 2
Ay —A2) oo < 8 4l(y -2l + 1

Let o : C(I) x C(I) — [0, 00) be defined by

L 0(y(§),2(§)) = 0,6 €1,

0 otherwise.

a(y,z) =

Define y : [0, 00) — [0, i) by y(q) = 4qq+1 and s = 2.
So

d , 2
a2 (8d(Ay, A2)) < 8auly, 2y (dlAy, A2)) < 4022

T 4d(y,2)+1
_ W)
T 4y (d(y,z) +1
B (W, 2)
= swan )’ YA Gy 1

<y (¥ (d(,2))¥(d@,2), veB.

Then A is an o — Y¥—contractive mapping. From (iii) and the definition of & we have

az)=1 = 0(y),z(6) >0
= 9(A0)A®R) 20
=  a(4A(),AR) =1,
for y,z € C(I). Thus, A is «-admissible. By (ii) there exists ¥y € C(I) such that «(yo, Ayo) > 1.

By (iv) and Theorem 1.5 there is y* € C(I) such that y* = Ay*. Hence y* is a solution of the
problem. 0

Corollary 2.4 Suppose that there exist 0 : R> — R and € V such that

10°  y(lc-d*)

0
h(,c)-h,d
(&) = h(e,d)| < T (10)

for& €l andc,de R with6(c,d) > 0. Also, suppose that conditions (ii)—(iv) from Theorem
2.3 hold for h, where G(&,¢) is given in (9). Then the problem

D3

where

has at least one solution.
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Proof By Lemma 2.2

1 1
min/ G(,0)de =107°  and max/ G(£,0)de =4 x 1073, (12)
0 0
Using (10) and (12), by Theorem 2.3 we obtain

2 1 (W(y-z)?
&) - A=) < g T

The rest of the proof is according to Theorem 2.3. O

Lemma 2.5 ([8]) Ifh e C(I x X,R) and h(&,w(§)) <0, then the problem

—D8+W(E)=h(§,W(E)), (0<‘§ < 1’3<V 54)1 ( )
13
w(0) =w'(0) =w"(0) =w'(1) =0

has a unique positive solution

1
w(E) = /0 Gle, OO, w(©)) e,

where G(&,¢) is given by

(14)

'(v)

v=1 _ V-3 _ _ el
G@,;):L[E 1(1 O -0, 0sc<E<l,
£ -0, 0<&<r<l

Lemma 2.6 ([12]) The function G(§,¢) in Lemma 2.5 has the following property:

1 v-3sv-1 < L _ #\w-3gv-1
m((z—a(l—;) 3 SG@:C)_F(V)(I g T

where £, € [ and 3 <v < 4.
Based on Theorem 2.3, we get the following result.

Corollary 2.7 Assume that there exist 6 : R*> — R and € V such that

1 ¥(lc—d|?)
2v2M \/a|(c—dPlloo + 1

(€, ) = h(g, d)| <

where M = sup;; fol G(&,¢)d¢. Also, suppose that conditions (ii)—(iv) from Theorem 2.3
are satisfied, where G(&,¢) is given in (14). Then problem (13) has at least one solution.

Proof By Lemma 2.5 y € C(I) is a solution of (13) if and only if a solution of y(§) =

oy G&,&)(,(¢)) dt. Define A : C(I) - C(I) by Ay(€) = [y G(E,$)h(¢,y(¢))d¢ for & € 1.
We find a fixed point of A. Let y,z € C(I) be such that 6(y(£),z(§)) > 0 for £ € I. By (i) and
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Lemma 2.6 we get

|lay(€) - Az(g)|*

2

1
‘/0 G(&,¢)(h(2,9(2)) — h(¢,2(0))) dt

IA

1 2
/oG(s,;)lh(c,y(c))—h(;,z(;))ldc]

! 1 (@) -2()?) ]2
/o G(E’g)zﬁM\/an(y—z)znw+1d§

IA

IA

! Y (19(¢) - 2(0)1) ]2
G(,¢) d
/ TR T T B e T e

[ (! 1 Y (1y(¢) - 2(2)[?) ]2
G(E, d

IA

/1 L(l _ ;)U—Séu—l F(V)
LJo T(V) 2V2(fy £ (2= 5)(1—¢) 31 )

2
L @) =20)P) d;]
VHIG =2 1

_ LW -2 1)
=842l + 1

IA

Suppose that conditions (ii)—(iv) from Theorem 2.3 are satisfied, where G(§, ¢) is given in
(14). By Theorem 2.3 problem (13) has at least one solution.
Let (X, d) be given in (4). For the equation

‘D'y(E)=h(&,y&)), (Eell<v=<2), (15)
via
"
90-0, - [ y0de ©O<n<D),
0
where /1: I x X — R is continuous, we have the following result. O

Theorem 2.8 Assume that there exist 0 : R> — R, y € B, and € V such that

(v

(&, c) - (&, d)] < 5*”\/éy(w(|c—d|2))w(|c—d|2).

Suppose conditions (ii)—(iv) from Theorem 2.3 hold, where A : C(I) — C(I) is defined by
= L ' _ )l _ L ! _ eyl
W)= s [ €= 0 e y0)de - s [ 1= 0" (e i) de

L n ¢ Ca ) ‘
+(2—n2)F(v)/0 (/0 (¢ =n)" " h(my(m)dn | de (& €1);

Then (15) has at least one solution.
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Proof A function y € C(!) is a solution of (15) if and only if it is a solution of

25 ! _ v-1
e = o | a0 ) ac

2-n)T'W) Jo

L ! ‘ AN | )
+(2—n2)F(v)/(; (/0 (¢ -n) h(”r}’(”))di’l d¢ (€.

Then (15) is equivalent to finding y* € C(J) that is a fixed point of A. Let y,z € C(I) with
0(y(&),2(£€)) > 0, & e 1. By (i) we have

1 v-1
w0 [ €0 o) s -

|Ay(£) - Az(8)[*

1
i

1
/ € - ) (g y(0)) de

v— lh
e [

2%_ v-1
m (/ ¢ -n) h("ry(n))dn>d§
v=1

2%- v-1
+m/0 (1-¢)""h(g,2(¢)) dt

2%- ! ‘ v-1 )
T 2T () - ) d
@I (v) Jo (/0 (& =" h{om z0n))dn
1 1 v-1
T(1) - ) - » d
S‘F(v) /0 §=c| |n(e.y©) ~h(s,2©)] de
L ! _ v-1 _
+ ot e A t0) - e z0) ae
+725
- Jo

v F(V+1) 2
F(V)f &~ / y (0 (&) - =)y (€)1 de

_ l)1I‘(v+1
(2 ) /| ¢l

oy (30 - ) (b)) e

ta- n2)r<v)/ / ¢ —ni™

R (0 (o0 =200 ) bt~ 200
Fv+1)\°1 e o [ ( Ly
(82 G =22y -)[sop( [ 16 e

28 1 o
S S RS
+(2—772)F(V)/o L-¢I™ et

2

n ¢
/ s —n|"_1|h(n,y(n)) —h(n,z(n))|dn|d§

IA
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g |, ([ o) ac)|
feomrm (/o ¢l dn a6

(¥ (ly - 21%) ¥ (Ily - 2I1%.)

=

| =

for all y,z € C(I) with 8(y(§),2(§)) = 0, § €I, so that
1
[y - 42| = gv (W (lly =212)) ¥ (Iy - 2I%)-
Let o : C(I) x C(I) — [0, 00) be defined by

1 0((§),z(6) = 0,§ €1,

0 otherwise.

a(y,2) =

Then

al(y, Z)l/f(Sd(Ay,AZ)) < 8u(y, z)w(d(Ay,Az))
<a(,2)¥ (v (¥ (d1,2)) v (dy,2)))
<y(¥(dy,2))¥ (d(,2))

for all y,z € C(I), and thus A is an o — ¥ —contractive mapping. From Theorem 1.5, based
on the proof of Theorem 2.3, we can deduce the proof of Theorem 2.8. d

Here we find a positive solution for

L'DU
Dg

w()=h(g,w(E)), O<v=<1lEe€l, (16)
where
1
0 dc =w(l).
w(>+f0 w(e)de = w(l)

Note that D" is the Caputo derivative of order v. We consider the Banach space of con-
tinuous functions on I endowed with the sup norm. We have the following lemma.

Lemma 2.9 ([4]) Let0<v <1andh e C([0, T] x X,R) be given. Then the equation
CDUW(’;:) :h(E’W(S)) (g € [Or T],TE 1)
with
T
W)+ [ wie)de = ()

has a unique solution given by

T
W) = fo GE, (e, w(e) dt,
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where G(§,¢) is defined by

—(T=0)+TE-0"  (T-¢)"!
G _ TT (v+1) + W) ’ 0=<¢<§, 17
(%‘) ;) - —(T—{)V (T—{)U_l < T ( )
Tre<D T 1) §<¢<T.

By Lemma 2.9 and Theorem 2.4 we get the following conclusion.

Corollary 2.10 Assume that there exist 6 : R?2 — R and yr € V such that

51 Y(le—dP)
h(E,c) - h(g,d
|h(&,c) - h(g )’580J§ TR S

for & €I and c,d € R with 6(c,d) > 0. Suppose conditions (ii)—(iv) from Theorem 2.3 are
satisfied, where G(&,¢) is given in (17). Then the following problem has at least one solution:

1
“Diw(§) = h(g,w(®)), (£ €[0,1)), W(0)+/0 w(£)d¢ = w(l).

Proof 1t is easily that min.e[o,1 fol G(t,s)ds = % and max;c[,1] fol G(t,8)ds = %, By Theo-
rem 2.3 we conclude the desired result. O

Example 2.11 Let ¥ (r) = r, 6(x,2) = xz, and y,(§) = ﬁ We consider /: I x [-2,2] —
[-2,2] and the periodic boundary value problem

7

g—;w(a ~ (e wE) = wiE), el (18)

with
w(0) = w/'(0) = w(1) =w/'(1) = 0.

Then

10> y(lc-dP?)

h(g,c) - h(&,d)| = |c-d
(g, 0) = h(s,d)| = c—d| < 4l(c-d)* oo +1

for & €I and ¢,d € [-2,2] with 6(c,d) > 0. Because yy(&§) = &, thus
1
9<yo(5),f0 G(&, (g, 50()) d;) >0
forall & € 1. Also, 6(y(£),2(§)) = y(§)z(§) = 0 implies that

1 1
9(/ G(s,;)h(;,y@))d;,/ G(s,g)h(;,z(;))d;“)zo.
0 0

It is obvious that condition (iv) in Corollary (2.4) holds. Hence by Corollary 2.4 problem
(18) has at least one solution.
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