Abbas et al. Advances in Difference Equations (2018) 2018:369 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-018-1832-3 a SpringerOpen Journal

RESEARCH Open Access

Coupled Hilfer fractional differential G

systems with random effects

Said Abbas', Mouffak Benchohra? and Yong Zhou**"

“Correspondence:
yzhou@xtu.edu.cn Abstract
3Faculty of Information Technology,

Macau University of Science and This paper deals with some existence results for two classes of coupled systems of

Technology, Macau, PR. China Hilfer and Hilfer-Hadamard random fractional differential equations. The main tool
*Faculty of Mathematics and used to carry out our results is [toh’s random fixed point theorem.

Computational Science, Xiangtan

University, Xiangtan, PR. China MSC: 26A33; 45D05; 45G05; 45M10

Full list of author information is

available at the end of the article Keywords: Functional differential equation; Left-sided mixed Riemann-Liouville

integral of fractional order; Left-sided mixed Hadamard integral of fractional order;
Hilfer fractional derivative; Hilfer-Hadamard fractional derivative; Coupled system;
Random solution; Fixed point

1 Introduction

Fractional differential equations have recently been applied in various areas of engineer-
ing, mathematics, physics and bio-engineering, and other applied sciences [13, 23]. For
some fundamental results in the theory of fractional calculus and fractional differential
equations we refer the reader to the monographs of Abbas et al. [5, 6], Samko et al. [22], and
Kilbas et al. [18], and a series of papers [2—4, 7, 15, 26, 27, 29-33] and the references cited
therein. Coupled systems of Hadamard type sequential fractional differential equations
were considered in [8, 9]. Recently, considerable attention has been given to the existence
of solutions of initial and boundary value problems for fractional differential equations
with Hilfer fractional derivative; see [1, 11-13, 16, 24, 28].

The nature of a dynamic system in engineering or natural sciences depends on the ac-
curacy of the information we have concerning the parameters that describe that system.
If the knowledge about a dynamic system is precise then a deterministic dynamical sys-
tem arises. Unfortunately in most cases the available data for the description and evalu-
ation of parameters of a dynamic system are inaccurate, imprecise or confusing. In other
words, evaluation of parameters of a dynamical system is not without uncertainties. When
our knowledge about the parameters of a dynamic system are of statistical nature, that is,
the information is probabilistic, the common approach in mathematical modeling of such
systems is the use of random differential equations or stochastic differential equations.
Random differential equations, as natural extensions of deterministic ones, arise in many
applications and have been investigated by many mathematicians. We refer the reader to
Refs. [10, 19, 25].
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In this paper we discuss the existence of solutions for the following coupled random
Hilfer fractional differential system:

(D ) (t, w), (DY uy)(t, w))
= (At ur (&, w), ua (&, w), w), fo (&, ur (&, w), ua (8, w), w)); te€l, WEL, (1)
(L " wa) (8, w), () (E, W)l eo = (91 (W), o (W),

where I:=[0,T], T >0,a; € (0,1), 8; € [0,1], y; = a; + Bi — ;i Bi; i = 1, 2; (R, A) is a measur-
able space, ¢; : 2 — R is a measurable function, f; : I x R x R x 2 — R is a given function,
I, is the left-sided mixed Riemann—Liouville integral of order 1—y;, and D§"*" is the Hil-
fer fractional derivative of order «; and type B;.

Next, we consider the following coupled system of random Hilfer—Hadamard fractional
differential equations:

(DY) (8, w), (D> ) (2, w))
= (gl(t; Ml(t, W); MZ(t, W)’ W);gZ(t,ul(tr W),MZ(t, W)) W))) te [L T]r we Q’ (2)
(L7 u) (6 w), (L7 u) (6 W) it = (Ya (W), Yra(w)),
where T > 1, a; € (0,1), B; € [0,1], y; = o; + B; — i Bi, Wi : 2 — R; i = 1,2 is a measurable
function, g; : [1,7] x R x R x Q — R is a given function, 1-1[11—14 is the left-sided mixed
Hadamard integral of order 1-y;, and H D‘f"ﬂ ? is the Hilfer—Hadamard fractional derivative
of order «; and type B;.

The present paper initiates the study of coupled systems for Hilfer fractional differential
equations with random effects.

2 Preliminaries
Let C be the Banach space of all continuous functions v from / into R with the supremum
(uniform) norm

[IV]|oo := sup|v(£)|.
tel

As usual, AC(I) denotes the space of absolutely continuous functions from I into R. We
denote by AC!(I) the space defined by

d
ACH) := {w > R: %w(t) € AC(I)}.
By L(I), we denote the space of Lebesgue-integrable functions v : I — R with the norm

T
i = [ o] dr

Let L*°(I) be the Banach space of measurable functions u : I — R which are essentially
bounded, equipped with the norm

||z || oo :inf{c>0: ’u(t)| <c,a.e. te[}.
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By C, (I) and C}l, (1), we denote the weighted spaces of continuous functions defined by
C,()={w:(0,T] > R: 7 w(t) e cl,
with the norm
Iwlc, == sup|t' " w(®)],
tel

and with

dw

C;(I)z {weC: 0 eCy},
with the norm
wlicy = wlloo + IWllc, -
Also, by C := C,,, x C,, we denote the product weighted space with the norm

@) = llc, +Ivic,-

Definition 2.1 A function 7: 2 x R — R is called jointly measurable if T'(-, %) is mea-
surable for all # € R and T'(w, -) is continuous for all w € .

Definition 2.2 A function f : I x R x Q@ — R is called random Carathéodory if the fol-
lowing conditions are satisfied:

(i) The map (¢, w) — f(t, u, w) is jointly measurable for all # € R, and

(i) the map u — f(¢,u, w) is continuous for all £ € I and w € Q.

Let E be a Banach space and T': 2 x E — E be a mapping. Then T is called a random
operator if T(w,u) is measurable in w for all # € E and it expressed as T(w)u = T'(w, u).
In this case we also say that T'(w) is a random operator on E. A random operator T(w)
on E is called continuous (resp. compact, totally bounded and completely continuous) if
T (w, u) is continuous (resp. compact, totally bounded and completely continuous) in « for
all w € Q. The details of completely continuous random operators in Banach spaces and
their properties appear in Itoh [14].

Definition 2.3 Let P(Y) be the family of all nonempty subsets of Y and C be a mapping
from w into P(Y). A mapping T : {(w,y) : w € Q,y € C(w)} — Y is called random operator
with stochastic domain C if C is measurable (i.e., for all closed A C Y, {we Q,C(w)NA ¥
(@} is measurable) and for allopen DC Y andallye Y, {we Q:y e C(w), T(w,y) € D} is
measurable. 7' will be called continuous if every T'(w) is continuous. For a random operator
T, a mapping y: 2 — Y is called random (stochastic) fixed point of T if for P-almost all
we Q, y(w) € C(w) and T(w)y(w) = y(w) and for all open D C Y, {w € Q: y(w) € D} is
measurable.

Now, we give some results and properties of fractional calculus.
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Definition 2.4 ([5, 18,22]) The left-sided mixed Riemann—-Liouville integral of order r > 0
of a function w € L}([) is defined by

(1’ (t F()/ s)ds; fora.e.tel,

where I'(-) is the (Euler’s) Gamma function defined by

o0
)= / £letd; £>0.
0
Notice that, for all , 7,7, > 0 and each w € C, we have Ilw € C, and
(I 1 w) () = (Ig""w)(t); forae.tel.

Definition 2.5 ([5, 18, 22]) The Riemann-Liouville fractional derivative of order r € (0,1]
of a function w € L!(I) is defined by

(D) (0) = (dzl , )(t)

! d/t(t Y Tw(s)ds; forae.tel
= —— —S8) wls)as; or a.e. .
F(l—l")dt 0

Letr € (0,1], ¥ € [0,1) and w € C;_,, (/). Then the following expression leads to the left-
inverse operator.

(DoIow)(2) = w(); forall € (0,T].
Moreover, if I} 7w € Cllfy(l ), then the following composition is proved in [22]:

1-r +
(IsDyw)(2) = w(t) — %t’_l; forall t € (0, T).

Definition 2.6 ([5, 18, 22]) The Caputo fractional derivative of order r € (0, 1] of a func-
tion w € L1(I) is defined by

d
(‘Dyw)(8) = (Ié ’%w)(t)

—w (s)ds; forae.tel.
_r)

In [13], Hilfer studied applications of a generalized fractional operator having the
Riemann-Liouville and the Caputo derivatives as specific cases (see also [16, 24]).

Definition 2.7 (Hilfer derivative) Let o € (0,1), B € [0,1], w € L}(I), IS " € AC'(1).
The Hilfer fractional derivative of order « and type B of w is defined as

d
(Dg’ﬁw)(t) = (1(,)3(1-@%1(()1-0()(1—,3)]/‘/) (t); forae. tel (3)
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Properties Leta € (0,1), 8 €[0,1], ¥ =a + B —af, and w € L}(I).
1. The operator (Dg’ﬁ w)(£) can be written as

d
(Dg’ﬁw) (= (Ig(l_a)alé_yw)(t) = (Ig(l_a)Dgw)(t); forae. tel

Moreover, the parameter y satisfies

y €(0,1], y >a, y >0, 1-y<1-81-a).

2. The generalization (3) for 8 = 0, coincides with the Riemann—-Liouville derivative and
for B = 1 with the Caputo derivative.

D°=D% and D§'=°DY.
3. 1f DE@"w exists and is in L!(I), then
(Dg’ﬁlgw)(t) = (Ig(l_“)Dg(l_“)w)(t); forae tel.
Furthermore, if w € C, (I) and Ié_ﬁ(l_“)w € C)(I), then
(Dg’ﬂlgw)(t) =w(t); forae.tel.
4. 1f D} w exists and is in L!(J), then

177 (0%) oy

; forae.tel
I(y)

(155" w)(t) = (I Dyw)(2) = w(t) -
Corollary 2.8 Let h € C,(I). Then the Cauchy problem

(O u) ) = h(t); tel,
Uo7 W) lr-0 = ¢,

has a unique solution given by

¢ o

“0 =10

+ (I h) (@)
From the above corollary, we conclude with the following lemma.

Lemma 2.9 Letfi:I xR xR x Q@ — R;i=1,2 be such that f(-,u1(-, w), us(-,w), w) € C,
forallw € Q, and any u;(w) € C,,. Then the coupled system (1) is equivalent to the problem
of solutions of the following system of fractional integral equations:

¢i(w)

u;(t,w) = Wtyi_l + (Igifi(~,u1(-,w), uz(-,w),w))(t); weQ,i=1,2.

We need the following Itoh random fixed point theorem; see [14].
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Theorem 2.10 Let X be a nonempty, closed convex bounded subset of the separable Ba-
nach space E and let N : Q x X — X be a compact and continuous random operator. Then
the random equation N(w)u = u has a random solution.

3 Coupled systems of Hilfer fractional random differential equations
In this section, we are concerned with the existence of solutions for the system (1). Let us
start by defining what we mean by a random solution of the system (1).

Definition 3.1 By a random solution of the problem (1) we mean a coupled measurable
function (u,u3) : @ — C,, x C,, that satisfies the conditions (Ié_yiui)(O“',w) =¢;(w);i=
1,2, and the equations (Dgi'ﬂiui)(t, w) = fi(t, u1(t, w), up (&, w),w); i = 1,2 on I x Q.

The following hypotheses will be used in the sequel.

(H1) The functions f;; i = 1,2 are random Carathéodoryon x R x R x €,

(Hy) there exist measurable and bounded functions p;,g; : 2 — L*([,[0,00)); i = 1,2,
such that

pilt, w)lu1] + qi(t, w)lua|
1+ fug| + |ua|

lf(t ul,u21W)| =
fora.e. tel,andeachu; € R,w e Q.

Now, we shall prove the following theorem concerning the existence of random solutions
of the system (1).

Theorem 3.2 Assume that the hypotheses (Hy) and (Hy) hold. Then the system (1) has at
least one random solution defined on I x Q.

Proof Define the following operators N;: Q x C,, = C,;i=1,2:

w fi(s, 11 (5, W), 13(s, ), )
(N(w)u)(t)— o l)tn /(t ),1fSLt1s 1—‘(O{th)zsw w ds, (@)

and consider the continuous operator N : 2 x C — C defined by

N(W)(u1,u3) = (N1 (W)ur, No(W)uas). (5)
Set
p; =sup Hp,(w) ||L°°’ q; = sup ||qi(w) ||L°°’ and ¢} = sup|¢>i i=1,2.
weQ weQ weQ

For each i = 1,2, the map ¢; is measurable for all w € Q. Again, as the indefinite integral
is continuous on I, then N;(w) defines a mapping N; : @ x C,, — C,,. Thus (u1,u,) is a
random solution for the system (1) if and only if (1, u2) = N(w)(u1, u2).

Next, for any u; € C,,; i = 1,2, and each ¢ € ] and w € w, we have

1-vr
|£1771 (Ni( )()|_|?l((;v)| L /( )4 |fi(s, ua (s, w), ua(s, w), w)| ds
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* * * Tl—yi t
i + i+ 47) / (t—s)'ds
0

~T'(y) I'(a;)
lox . (pf +qr)Thvive
~T'(y) I'(1+o)

Thus

oF (g T
+ =
T'(y) rd+aw)

2
INW) (w1, )|, < Z
i-1

This proves that N(w) transforms the ball
Bg:=B(0,R) = {(u1,u2) € C: || (1, 2) | . < R}

into itself. We shall show that the operator N : Q x Br — B, satisfies all the assumptions
of Theorem 2.10. The proof will be given in several steps.

Step 1. N(w) is a random operator on 2 x By into Bg.

Since for each i = 1,2, fi(¢, u1, up, w) is random Carathéodory, the map w — fi(t, u1, ua, w)
is measurable in view of Definition 2.1. Similarly, the product (¢ — s)%~fi(s, u(s, w),
uy (s, w), w) of a continuous and a measurable function is again measurable. Further, the

integral is a limit of a finite sum of measurable functions, therefore, the map

oiw) 4 /t (t-s)t
— T | —————fi(s, u1(s, W), ua (s, w), w) ds,
T’ hy Ty S Wl w) )
is measurable. As a result, N(w) is a random operator on  x By into Bg.
Step 2. N(w) is continuous.
Let {(21,,, 42,)}nen be a sequence such that (uy,, uy,) — (#1,us) in Bg. Then, for each
i=1,2,tel,and w € Q, we have

|67 (Ni(w)uin ) (8) = £ (N (W) (0)]
tl—y,v t

() Jo

< (t—s)%! [ﬁ(s, U1 (8, W), (s, ), w) — £ (s, u1 (s, W), (s, w), w) ’ ds. (7)

Since (u1,, #z,) — (U1, uz) as n — 0o and f; is random Carathéodory, then, by the Lebesgue

dominated convergence theorem, Eq. (7) implies
IN (W) (W1 t2) = N(w) (241, 12) “c —0 asn— oo.

Step 3. N(w)Bg is uniformly bounded.

This is clear since N(w)Bgr C By and By, is bounded.

Step 4. N(w)Bg, is equicontinuous.

Let t1, €1, t < t and let (1, u,) € Bg. Then, for each i = 1,2, and w € , we have

6377 (N (62) = 177 (N (11|

7 [ -l o)

<

ds

(=]
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_ t}*)/i /0 1(t1 _ S)oti—lfi(s! ui (s, ?)(;XM)Z(S’ w), w) ds

2 :
< t;_)’i / (t2 _ S)Uli—l Iﬁ(s1 I/ll(S, 1;‘/)(;;4)2(5’ W): W)| ds
t i

a . . s, u1(s, w), up (s, w), w
+/ |7ty — 5y = g7y — syt | S F)(a‘)z( W g
1

w1 Pi5, W) + (s, w)
<t /(t s) (o) ds

1
1-y; o;—1 1-y; Ot -1 p,(S, W) + 4 (S: W)
+ 57ty — )%t — Vi — )| s,
/ ’ > ! | I'(a;)

Thus, we get
|77 (Nw)ui) (82) = ;" (Ni(w)s) (1)

(pik + qik)Tl_yﬁai : [9 q 1- y i—1 1-y; i—1
< i i by — )% 4 2L T tlvi _ o)t _ Vi _ gyl ge
< Tira) (t2— 1) @) | s) (k- 9) Y ds

As t; — by, the right-hand side of the above inequality tends to zero.

As a consequence of steps 1 to 4 together with the Arzeld—Ascoli theorem, we can con-
clude that N : © x Br — By is continuous and compact. Theorem 2.10 implies that the
operator equation N(w)(uy, u) = (41, ) has a random solution. This shows that the ran-
dom system (1) has a random solution. O

4 Hilfer-Hadamard fractional random differential equations
Now, we are concerned with some existence results for the coupled system (2).
Set C:= C([1, T]). Denote the weighted space of continuous functions defined by

Cy,m([l, T]) = {w(t) c(Ind) " w(t) e C},
with the norm

1Wlc,u = sup [(Ine)~"w(®)].
te[1,T]

Let us recall some definitions and properties of Hadamard fractional integration and
differentiation. We refer to [18] for a more detailed analysis.

Definition 4.1 (Hadamard fractional integral [18]) The Hadamard fractional integral of
order g > 0 for a function g € L}([1, T), is defined as

PRV S ot A2 S {C)
(190= 15 | <lns) s

provided the integral exists.

Example 4.2 Let 0 < q < 1. Then

Arlne = (Int)**, fora.e. te[0,e].

1
r2+gq)
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Set

and
ACY = {u:[1,T] - R:8" ux)] e AC(D)}.

Analogous to the Riemann—-Liouville fractional calculus, the Hadamard fractional deriva-

tive is defined in terms of the Hadamard fractional integral in the following way.

Definition 4.3 (Hadamard fractional derivative [18]) The Hadamard fractional derivative

of order g > 0 applied to the function w € ACY is defined as
(*Dw) @) = 8" (1) @),
In particular, if g € (0, 1], then
("Diw)(x) = S(Hlll_qw) (%).

Example 4.4 Let 0 < q < 1. Then

Hp?int = (Inp)'™4, fora.e.te[0,e].

1
r'2-gq)

It has been proved (see e.g. Kilbas [17, Theorem 4.8]) that in the space L(I,R), the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional

integral, i.e.
(DY) ("Iiw) (x) = w(x).
From Theorem 2.3 of [18], we have

H1 7 w)(1)

(1) (D) @) = wio) - =

(Inx)7L.

Analogous to the Hadamard fractional calculus, the Caputo—Hadamard fractional

derivative is defined in the following way.

Definition 4.5 (Caputo—Hadamard fractional derivative) The Caputo—Hadamard frac-

tional derivative of order g > 0 applied to the function w € ACY is defined as
("Diw) ) = ("1;778"w) (x).
In particular, if g € (0, 1], then

("Diw)(x) = (Hlll_qéw) (x).
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From the Hadamard fractional integral, the Hilfer—Hadamard fractional derivative (in-
troduced for the first time in [20]) is defined in the following way.

Definition 4.6 (Hilfer—Hadamard fractional derivative) Let @ € (0,1), 8 € [0,1], y = +
B —aB, we L), and Hlil_a)(l_’g 'we AC (I). The Hilfer—Hadamard fractional derivative
of order « and type B applied to the function w is defined as

(DY w) (@) = (12 (MDY w)) (@)
= (s (ML w))(0);  forae. e [1,T]. ®)
This new fractional derivative (4.6) may be viewed as interpolating the Hadamard frac-
tional derivative and the Caputo—Hadamard fractional derivative. Indeed for g = 0 this

derivative reduces to the Hadamard fractional derivative and when B8 = 1, we recover the
Caputo—Hadamard fractional derivative.

Hpi® =Dy and #DY'="DY.
From Theorem 21 in [21], we concluded the following lemma.

Lemma 4.7 Let g;: I x R x R x Q@ — R; i = 1,2 be such that g;(-, u1(-, w), us(-, w),w) €
C,,n([1, T]) for any u;(-,w) € C,,in([1, T1). Then problem (2) is equivalent to the following
system of fractional integral equations:

Vi(w)
I'(y)

u;(t,w) = (Ine)" "+ ("1 (s ua (o w), ua (- w), w)) () we Qi=1,2.
Now we give (without proof) an existence result for the system (2). Let us introduce the
following hypotheses.
(H}) The functions g;; i = 1,2 are random Carathéodoryon [1,7] x R x R x €2,
(H}) there exist measurable and bounded functions p;,¢q; : 2 — L*°([1, T, [0, 00)), such
that

‘g(tu u W)|<pz’(t;W)|I/l1|+ql'(t,w)|u2|.
A A

fora.e.t €[1,T],and each u; e R,w € Q.

Theorem 4.8 Assume that the hypotheses (H}) and (H}) hold. Then the coupled system
(2) has at least one random solution defined on [1, T] x Q.

5 Anexample

Let Q = (—00, 0) be equipped with the usual o -algebra consisting of Lebesgue measurable
subsets of (—o00,0). As an application of our results we consider the following system of
random Hilfer fractional differential equations:

)

S

u)(t,w) =f(t, u(t,w),v(t,w),w); tel[0,1],

A
v
o

V)(t,w) = g(t,ult,w),v(t,w),w); te[0,1], WEQ, )

(10% u)(t, w)li=o = (16% V)t w)le-0 =

_1_
1+w2’
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where

-1
_ ct 4 |u|sint .
flt,u,v,w) = FTRPSY S rve I te (0,1, u,veR,we Q,

fO,u,v,w)=0; u,veRweq,

(t, 1, v, ) ctily tel01LuveRwee

y U, v, W) = 5 1L, U, v W )

¢ 641+ w2+ |ul + |v])

and ¢ = %. Clearly, the functions f and g are random Carathéodory.

The hypothesis (H,) is satisfied with

-1
__ ct 4 |sint|
pl(t:W) = (e (1+w2)’ te (0¢ 1];W€ Q,

nOw) =0, weQ,

1
ct4

and q1 (¢, w) = pa(t,w) = 0, q2(t, w) = 5 t € (0, 1], w € Q. Hence, Theorem 3.2 implies that
the coupled system (9) has at least one random solution defined on [0, 1] x .
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