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Abstract

This paper is concerned with the approximate controllability and complete
controllability of semilinear fractional functional differential systems with control
involving Caputo fractional derivative. By using the operator semigroup theory and
the fixed point theorem, we establish sufficient conditions for each of these types of
controllability. The results are obtained under the assumption that the corresponding
linear system is approximately controllable and completely controllable, respectively.
In the end, an example is presented to illustrate the obtained theory.
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1 Introduction

In this paper, we assume that X is a Hilbert space with the norm || - ||. Let = [0, T]. Denote
C to be the Banach space of continuous functions from [/, 0] into X with the norm ||x|| =
SUP;e_no) 1#(2)], x € C. The aim of this paper is to study the controllability (approximate
and complete controllability) of semilinear fractional functional differential system with
control of the form:

CDIx(t) = Ax(t) + Bu(t) + f(t,x;,u(t)), tel=[0,T],
x0(0) =¢0), -h=6=<0,

(1)

where ¢D? is the Caputo fractional derivative of order 0 < g < 1, the state variable x(-)
takes values in X, the control function u(-) € L*(I, U) takes values in a Hilbert space 1.
A is the infinitesimal generator of an analytic semigroup {7'(¢)};>0 of bounded operators
on X, B: U — X is a bounded linear operator, and f : I x C x U — X is a given function
satisfying certain assumptions. If x : [-4, T] — X is a continuous function, then x; is an
element in C defined by x,(0) = x(¢ + 0), 6 € [-h,0], and ¢ € C.

The controllability theory plays an important role in abstract control systems. Many
researchers investigated the approximate or complete controllability of control systems
(see [1-12] and the references therein). In particular, many authors [12-19] studied the
approximate or complete controllability for various semilinear fractional evolution sys-
tems. In particular, Sakthivel et al. [17] formulated a new set of sufficient conditions for
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the approximate controllability of the semilinear fractional differential system

CDIx(t) = Ax(t) + Bu(t) + f(t,x(¢)), te]=[0,T],

x(0) = xo,

2)

where ¢D? is the Caputo fractional derivative of order g € (0,1), A is the infinitesimal
generator of a Cy semigroup T'(¢) of bounded operators on the Hilbert space X, B: U — X
is a bounded linear operator, U is a Hilbert space, f : ] x X — X is a given function.

In [20, 21], the authors paid attention to the approximate controllability of semilinear
delay control systems in which the nonlinear terms depend on both state function and
control function under the assumption that the corresponding linear systems are approx-
imately controllable. On the other hand, Sukavanam et al. [22] formulated some suffi-
cient conditions for the approximate controllability of a semilinear fractional delay con-
trol system. Moreover, the approximate controllability of fractional order semilinear sys-
tems with bounded delay when the nonlinear term is independent of a control function
was addressed in [23]. The approximate controllability for a class of Riemann-Liouville
fractional differential inclusions via fractional calculus, multi-valued analysis, semigroup
theory, and the fixed-point technique was investigated by Yang and Wang in [24]. Also,
Sakthivel [25] dealt with the exact controllability for fractional neutral control systems by
using a fixed point analysis approach.

On the other hand, in order to study the various fractional systems, introducing a suit-
able concept of mild solutions will be of great importance. Zhou and Jiao [26] studied the
existence of mild solution of fractional neutral evolution equations by the fractional power
of operators and some fixed point theorems. Also, Wang and Zhou [27] investigated a new
mild solution for a class of fractional evolution equations, and then the existence of opti-
mal pairs of the considered system was also obtained. Furthermore, Wang and Zhou [8]
discussed the complete controllability of fractional evolution systems based on the frac-
tional calculus, properties of characteristic solution operators, and fixed point theorems.

Motivated by the above work, in this paper we first use the above suitable concept of
mild solution in [26, 27] and then adopt a method similar to paper [20] which investigates
the approximate controllability of integer semilinear functional differential equations. In
the end, we establish different sufficient conditions for the approximate and complete con-
trollability of the semilinear fractional functional differential system (1).

This paper is organized as follows. Section 2 is devoted to some preliminaries. In Sect. 3,
we give the approximate controllability result of system (1). In Sect. 4, we formulate suf-
ficient conditions for the complete controllability of system (1) by using the Banach fixed
point theorem when the semigroup {7'(¢)};>0 is not compact. An example is presented to

demonstrate the approximate controllability result in Sect. 5.

2 Preliminaries
In this section, we introduce some notations, definitions and lemmas which will be used

throughout this paper.
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Definition 2.1 ([28]) The fractional integral of order o with the lower limit 0 for a func-

tion g is defined as

t)— _/(t Sla s, t>0, «a>0, (3)

provided the right-hand side is pointwise defined on [0, c0), where I is the gamma func-

tion.

Definition 2.2 ([28]) The Caputo derivative of order « with the lower limit 0 for a func-

tion g can be written as

CDg(t) = / ") t>0, 0<m-l<a<n. (4)
I’l Ol (t_sow-ln

If g is an abstract function with value in the Hilbert space X, then integrals which appear
in Definitions 2.1 and 2.2 are taken in Bochner’s sense.
By comparing with the fractional differential equations given in [26], we give the follow-

ing definition of a mild solution of system (1).

Definition 2.3 ([26]) A function x € C([-4, T]; X) is called a mild solution of system (1)
if on [/, T it satisfies

x(2) = ;)9 (0) + f(f(t — 8)17 T, (¢ — 5)(Bu(s) +f (s, x5, u(s))) ds, t€[0,T],
x(0) =¢(0), -h=6=<0,

(5)

where
S,(t) = /0 ¢4(0)T(£16) do
T,(t) =q/ 0¢,(0)T (¢70) dob,
0
$g(0) = ée*%wq(ﬁ),

,(0) = %Z(—D"-le-q"-lw sin(nrq), 6 € (0,00)

n=1

is a probability density function. In addition, ¢,(6) is the probability density function de-

fined as

$4(0)>0, 0¢€(0,00), and / " 6, 0)d = 1.
0

Remark 2.1 For & €[0,1], [;° 6%¢,(0)db = 11:;;)

Lemma 2.1 ([6, 26]) The operators Sy(t) and T,(t) have the following properties:
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(i) Foranyt >0, the operators S,(t) and T,(t) are linear and bounded operators, that
is, for any x € X,

Mg
r1+gq)

||Sq(t)x|| <M|x|| and || Tq(t)xH < (BB
(ii) {S4(8)}e=0 and {T,(t)};>0 are strongly continuous.
(iii) Foreveryt >0, S,(t) and T,(t) are also compact operators if T(t), t > 0 is compact.

Definition 2.4 System (1) is said to be approximately controllable (completely control-
lable) on the interval I if R(T,¢) = X (R(T, ¢) = X), where R(T, ¢) = {x7(¢, u)(0) : u(-) €
LX(1,U)).

In order to deal with our problems, we introduce the following two operators:

T

rg=/ (T = Y1\ T,(T - BB T (T - 5)ds,
0

R, TT) = (uI+ T, w0,

where B*, T;(t) denote the adjoint of B and T,(¢), respectively.
By [17, 29], we know that the linear fractional control system

CDIx(t) = Ax(t) + Bu(t), tel,
x(0) = ¢(0)

(6)

is approximately controllable on I if and only if
(HO) pR(11,TL) — 0as pu — 0* in the strong operator topology.

Lemma 2.2 (Holder’s inequality) Assumep,q > 1and i + %1 =1.Iff e [’(I,R),g € LY(I,R),
then fg € L\(I, R) and

gl < Wfllewliglaw-

Lemma 2.3 (Schauder’s fixed point theorem) If Q is a closed bounded and convex subset
of a Banach space E and V : Q — Q is completely continuous, then V has a fixed point
in Q.

3 Approximate controllability
In this section, we first prove that the operator F*, 0 < u < 1 (which is defined below) has
a fixed point based on the Schauder’s fixed point theorem. Then we consider the approxi-
mate controllability of system (1) under the condition that the linear fractional system (6)
is approximately controllable.

In the Banach space C(I,C) x C(I, U), let

Y, ={(x,u) € CU,C) x CULU) | |, u)| = ]l + |ult)| <r. 21},

where r is a positive constant.
To prove the main results of this section, we impose the following hypotheses:
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(H1) T(¢)is a compact operator for every ¢ > 0.
(H2) The functionf: I x C x U — X is continuous, and there exist a constant ¢; € (0, g),
1
() € L1 (I,R*) and g; € LY(C x U,R"),i=1,2,...,m, such that

I @)

<> nieysup{giler, ) el + |u(®)] <7}, (Gxnu) el x Cx U.
i=1

(H3) Foreach u >0,

limsup<r— Z % sup{gi(as, ) : [lxc || + |u(®)| < r}) =00

r—00 -
i=1

(H4) The function f : I x C x U — X is continuous and uniformly bounded, and there
is a constant N > 0 such that

lft.o.w)| <N, (tou)elxCxU.

For the sake of convenience, we also introduce the following notations.

1 -1
}1 MB = ”B”! a= € (_17 0))
) I-q

3kMpMgq Mg T@+V0-a1)

i =

A )
rl+gq) % Fl+qg)1+a)ln I L”Lﬁ[o,T]

3MqT(a+1)(lfq1)

b;= A
rl+g)(1+a)lan Il

L b
L1 [0,T]
¢; = max{a;, b;},

_ 3kMsMgq

g ril+gq)

(lxzll + Mlpll),  da=3M+Dllgll,  d=max{di,d>}.

For 1 > 0, we define the operator F* on C(I,C) x C(I,U) as

F*(x,u) = (z,v), 7)
where
W) = B T (T - )R (1, T'g ) plas, ), (8)

z(t) = S4(t)(0) + /(;t(t —s)at T,(t—s) (Bv(s) +f(s, X5, u(s))) ds, t>0,

z0(0) =¢0), -h<6<0,

T
px,u) = x7 — Sy(T)$(0) — /0 (T =) T, (T - s)f (s, %, uls)) ds.

We next prove that the operator F* has a fixed point in C(Z, C) x C(, U).
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Theorem 3.1 Ifthe hypotheses (H0)—(H2) are satisfied, then for each 0 < i < 1, the oper-
ator F* has a fixed point in C(I,C) x C(I, U).

Proof The proof of Theorem 3.1 is divided into several steps.

Step 1. We first prove that for an arbitrary 0 < i < 1, there is a constant ro = ro(u) > 0
such that F* : Y, — Y. Let

yi(r) = sup{gi(ee, 1) : 1]l + ||u@)| <7, (x,u) € C x U} (10)

It follows from (H3) and (10) that there exists ry such that

e Ci d
ro— ) —i(ro) = —, (11)
) ; MW 0=
that is,
d “ C;
—+ —Vi(ro) < ro. (12)
” Z M’ﬁ 0) <79

1
Direct calculation gives that (£ —s)~! € L1 [0,¢], ¢t € [0, T], g1 € (0, q). By Lemma 2.1(i),
(H2) and (10), using Holder’s inequality, we obtain that

/0 =57 Tyl = 5)f (s, u(s)) | ds

Mg ¢ e o
o /0 (t—s)7 ;xl(s)wl(r)ds

Mq t o ﬁ l-q1 m ‘ |
=T+ (/0 (=911 ds> ;nx,nﬁmwl(n

MgT@V0-a)
< Mz gdraa Zu g V- (13)

If (x,u) € Y,,, then it follows from (8), (12) and (13) that

T
_ / (T — )71 T,T - s)f(s,xs, u(s)) ds)
0

[v@l

B*T;(T - )R(u, T )(xT Sq(T)$(0)

1 MpMgq MqT@+D0-01)
< - xrl + M + (7
< Targ (n rll+ MGl + F s Zn g ViC0)

1| d
[Bk Bchlwl(ro)}_gk |:d+ZCﬂ/’z(ro):|

ro
— 14
=3 (14)
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and
t+6
|2:(0)] < | St +0)$(0) + f (£+6 =51 Tt + 6 — 5)(Bv(s) +f (s, %5, uls))) ds
0
+ ol
MMpT1 MgT@V0-a) 2
< M+ DI+ T W+ m, e Zl 14l g o i0)
< %l + kvl + % ;ciwi(m)
< % |:d + lzl:ciwi(ro):| + k||
Uro ro _ 2rp
=3 t3=3 (15)
3 37 3
Thus,
| (F* @ w)@)| =[] =zl + [v®)] < ro. (16)

Therefore, F* : Y, — Y.
Step 2. We will prove that F* : Y,) — Y, is continuous. Let {(y", u")} C Y,, and (%", ") —
(o, u), (y,u) € Yy, By (H2), we have f(s, v, u"(s)) — f(s,y5, u(s)) as m — 00, s € [ and

1 (s, w(8) = f (5,7 u(®) | <2 Y M) ¥ri(ro). (17)
i=1

It follows from the Lebesgue dominated convergence theorem, (8) and (9) that for each
t € [0, T], there exists a constant / such that

| E* (7 w))@ = (F* o) @]
= [z -z + [v'© -v@]

=

t+0
/(; (t+6—5)71 T,(t+6—5) [B(v”(s) - V(s)) +f(s,yf, u"(s)) —f(s,ys, u(s))] ds

+ | B T(T = DR (1, Do) [p (" ") - pOy ]|
t+60
< lf (t+6—s5)71 Hf(s,yf, u"(s)) —f(s,ys, u(s)) ” ds— 0, n— oo, (18)
0
which implies
||F“(y”, u") — F*(y,u) || -0, n— 0. (19)

This means that F* is continuous.
Step 3. Next, we will show that

V= {(F ) () (o) € Yy )
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is equicontinuous on [0, T]. Indeed, for 0 <t; + 0 <t + 0 < T and (x,u) € Yy, (8), (9) and
(13) imply

e - )| = |8 (157 = - 7307 = 0)R G0 78) (31 - (7000

T
_ / (T - s)1t T,T - s)f(s,xs, u(s)) ds)
0

M
= = (1T -n)- TJ(T—h))(llen + M|o|
MqT(u+1 )(1-41) m
* F1l+q)1+a)ln Z” l” [o,n‘/”("’)
“h (20)

and

||Zt2(9) - Ztl (9) ||

= [|S4(t2 + )¢ (0) = S,(t1 + 0)p(0)||

+ /t2+9(t2 +0— s)‘l—qu(tz +0 —S)(BV(S) +f (5% u(s))) ds
0

_ /me(tl +6 = )T Ty (tr + 6 — 5)(B(s) +f (s, x5, u(s))) ds
0

< || S22 + 6)¢p(0) — Sy(t1 + 6)p(0)||

to+6
+ / (b +6 —5)T! T,(tr+0 - s)f(s, Ks, u(s)) ds

1+6

t1+6
+ / [(G2+60 =)' = (t1+0 =) | Ty(t2 + 0 — 5)f (5,5, u(s)) ds

(=]

t1+6
+ / (t1+0 =) [Tyt +0 =) = Ty(tr + 6 = 9)|f (5,5, u(s)) ds

(=]

to+6
+ / (t2 + 60 —s)T ' Ty(ts + 0 — s)Bv(s) ds
t

1+9

151 +9
+ / (b +0 -8 —(t;+0 - s)q’l] T,(ty + 0 —s)Bv(s)ds
0

t1+0
+[ (k1 +60 -9 1[ Gt +0—s)— T(t1+0—s)]Bv(s)ds
0

=11+12+13+14+15+[6+I7. (21)

We now need to checkI;, - 0ast,—t; — 0,i=0,1,2,...,7
For Iy and [1, by Lemma 2.1(ii), Ip,/; — Oas t, —t; — O.
For I and I3, similar to (13), by Lemma 2.1(i), (H2) and Lemma 2.2, we have

to+0
I, = / (t,+6 - s)q_qu(tz +0 - s)f(s,xs, u(s)) ds
t

1+60
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Mg ty+6 1 1% 1-q¢ m
< 1"(1+q)</t (G dS> ZII z” T] Vi(ro)

1+60

My(ts — )10 "
= TU+9Urain le i)

—0 asty—t; =0 (22)
and

t1+0
I3 = f [(t2 +0-8) 11— (t;+6 —S)q_l]Tq(tg +6 - s)f(s,xs,u(s)) ds
0

- Mq t1+9[(t1 +0 -9 —(+6 - )] iki(s)%(ro)ds
“TI'(l+g) o
t1+0 1 1-q1
).
0
x le 41, 1 o Vi00)
Mq t1+0 1-q1 m
< </(; (t +9—S)”—(t2+9—8)“d5) lek ”Lq o T]Wz("o)

rd+gq) part

Mq

) Fr1+qg)(+a)l-n ((tl +0) = (B +0)" + (1 - tl)““)l_q1

m
X Al 1 (7
Zl 14l g o Vilr0)

Mq(tz _tl) (1+a)(1-q1)
< .
< Tirgiras Zn & o Vi00)

—0 ast,—t; —> 0. (23)

Fort;+60 =0,0<£,+60 < T, it can be easily seen that I, = 0. For ¢; + 6 > 0 and & > 0 small
enough, by Lemma 2.1(i), (H2) and Lemma 2.2, we obtain

t1+0
I = f (t1+0 -7 [T,(ta +0 =) = Ty(t1 + 6 = 9)|f (5,5, uls)) ds
0

t1+0—-¢
< / 1 (t +6-5)t || Ty(to+0—35)—Ty(t1 +6 — s)|| Hf(s, X5, u(s)) || ds
0

t1+6
+ / (t1+0 =) (Ty(t2 + 0 —5) = Ty(ts + 6 = 9))f (5,5, u(s)) | ds

1+0—¢

t1+0—¢ m
< sup || Tt +0—5)—Tyt1 +6 —5) ” / (b +6 —s)17! E Ai(8)Yi(ro) ds
0 i

s€[0,t1 +6—¢]

qu t1+6
+
F(l + 61) t1+0-¢

(t1+6 =T " M) yilro) ds
i=1

t1+0—¢ 1 1-q1
< sup ||T (L +6 —35)— (t1+«9—s)“</ ((t1+9—s)ql)mds>
0

s€[0,t; +6—¢]
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t1+6 1 I-q1
/ (t+6 -5 )Ta ds)
t

1+0—¢

x%?WMaawﬂw qux

m
X Ai 10
Z;””Q%mn¢*“

t 2] 1+b _ o l+ayl-q1
= s [Ty 0-9)-Tyn+o-5)| BFD T
s€[0,t1+6—¢] 1 +a)tn

m
X Al 1 (7
%;uAuﬁmﬂwxw

2 e““mﬂ”fénxu L ilro) (24)
ra+ q)(a + 1)l ~ ! L1 [0,T] ! ’

Assumption (H1) and Lemma 2.1(ii), (iii) imply the continuity of T;(¢), ¢ > 0 in the uniform
operator topology, then it is easy to obtain that I, tends to zero as £, —t; — 0 and ¢ — 0.
On the other hand, by (14), we know that

B*T;(T - )R(u,Ty) (xT - 8,(T)¢(0)

vl =
T
_/ (T—s)q‘qu(T—s)f(s,xs,u(s)) ds)
0
1 MzMg MqT(a+1)(1 q1)
=< (||le| +Mllo|l + M1+ +a)ia ZH il L T]lﬁi(ro) (25)

“uT(l+q

is bounded. Then, by using similar methods as we did to I, I3 and Iy, it follows

ty+60
15 = ‘ / (tz +0— S)q_l Tq(tZ +0 _S)BV(S) ds
t1+6
MaM ty+6
Mas ) [, 6 - 01 ds
F(l + q) t1+6
MM
< B, e
I'(1+gq)
—0 ast,—t; —> 0, (26)
t1+6
16 = / [(t2 +6 - S)L‘F1 - (tl +0 —S)qil]Tq(tZ +6 - S)BV(S) ds
0

t1+6
< MaMlvil- (™ [(t1+0-9T" ~(t,+0 —s))qfl] ds

Cl+q) Jo
= jl\—/[‘(]\fiﬁw[(tl )T — (L2 +0)T + (£ - tl)q]
MM3g|v||
“Teg 27

—0 aStz—t1—>0 (27)
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and
1 +6
I = / (t1+0 )T [T (62 +0 —35) = T,(t1 + 0 —5)|Bu(s)ds
0
t1+0—¢
< / (t1+6 —8)T | Ty(ta + 6 —5) = Tyt + 6 — 5) | Mpllvll ds
0
t1+60
+ / (t1+6 =87 (Ty(t2 + 0 — ) = Ty(tr + 60 —5))Bv(s)|| ds
t1+0-¢
(5 +0)1 — &1
< sup  |Ty(ta+6—s)— Tyt +6 —s) | Mpllv| —————
s€[0,t; +0—¢]
2MMglvl
rl+gq)
—0 astyp—-t — 0,e > 0. (28)
In consequence, ||F*(x,u)(t2) — F*(x, u)(t)|| = llze, — 21, || + |[v(£2) — v(t1)|| tends to zero

independently of (x, u) € Y, as t, —t; — 0. This means that V' = {(F*(x, u))(-) : (%, u) € Y}, }
is equicontinuous.

Since the other casest; +6 <, +0 <0, t; +6 < 0 < tp + 6 are very simple, we only consider
the case 0 < t; + 6 <t + 6. In conclusion, F*[Y] is equicontinuous and also bounded.

Step 4. It remains to prove that for any ¢ € [0, T], V(¢) = {(F*(x, u))(t) : (x,u) € Yy} is
relatively compact.

Obviously, for £ = 0, V(0) is compact. Let 0 < £ < T be fixed and 7 be a given real number
satisfying 0 < n < t. For n € (0,¢) and V3 > 0, define an operator F,’; s as

(Fps (1)) (2)
[ee] t-n 00
= (/ $q(0)T (t70)$(0) db +q/ / 0t — )Ty (0) T ((£ - 5)70)
8 0 s
X (Bv(s) +f(s, X5, u(s))) ds, v(t))
00 t-n [ee]

- (T(nqs) [/5 bq(6)T (876 — 178)p(0) d6 + q/O /6 0(t -5, (0)

x T((¢~5)70 — n8) (Bv(s) + f (5,5, u(s)) ) ds:| , V(t))
= (T(n"8)z(tm), v(2), (29)

where (x,u) € Y,,. Since T(n48), n?8 > 0 is compact, z(¢,n) and v(¢) are bounded on Y,
the set

Vn,&(t) = {(F,l;s (x’ M)) (t) : (x, u) e Yro}
is relatively compact in C x U for n € (0,¢) and V§ > 0. Furthermore, for (x,u) € Y,
| (F* G 1)) (8) = (Es (5, 0) 8

) t pé
:H / $4(0)T (£76) d6$(0) + / / 0(t - 51 3y (O) T ((£ - 5)76) Bv(s) ds
0 0 JO
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t s
+ LI/ / o(t - S)q—1¢q(9)T((t - s)qG)f(s,xs,u(s)) ds
o Jo
+ /t_n /a. o(t —S)q—1¢q(9)T((t —S)”G)Bv(s) ds

+ /t /'00 ot - s)q‘lqbq(@) T((t - s)qG)f(s, X5, u(s)) ds
t-n Jé

k) t S
< Mylg / $4(6)d6 + gMyMy]v] / (69 ds / 0,(0) o
0 0 0
t . 1 1-q1 m E)
+qu< /0 ((t—s5)7)Fa ds) .;||x,.||ﬁ[w¢,»(ro) fo 0¢,(0)do
t ]
+ gM Mp||v|| / (t-s)11ds / 0¢,(0)do
t-n 0

t 1 l-q1 m )
+gM, (/ ((t - S)q—l) T-q1 ds) Z 1A ql }"0)/0 0¢q(9)d9
]

i=1

< |:M1 1l + MiMgvIIT?

Tla+1)(1-q1) s
+gMy——— @ 1)1 o Z 1A l” L [0, wl(Vo) A 9¢q(9) do
My My]v]nt oM, —
)\' i
Tl+q  T+q)a+)ia’ ;” I [O’T]lﬂ(ro)
—0 asd,n—0. 30)

Here the last inequality is based on Remark 2.1. This means that there are relatively com-
pact sets arbitrarily close to the set V(¢), t € (0,T]. Thus, for each ¢ € (0,T], V(¢) is
relatively compact in C x U. By the Arzela—Ascoli theorem, F*[Y},] is relatively com-
pactin C(I,C) x C(I,U). We obtain that F* is a completely continuous operator. Hence,
Lemma 2.3 shows that F* has a fixed point. The proof is complete. d

Theorem 3.2 Assume that the hypotheses of Theorem 3.1 and (H4) are satisfied and that
the linear system (6) is approximately controllable on 1. Then system (1) is approximately

controllable on 1.

Proof Let (x*(-), u") be a fixed point in Y, i.e,,
2z (9?“(-), ,jtu) - (5c“(-), ﬁu),

where

() = S,(0)p(0) + / (¢ — )17 T, (¢ — 5) (B (s) + f (5, %, 5" (s))) ds, >0, o1

x5 (0)=¢0), -h<6<0
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and the control function
w'(t) = B T;(T - )R(w, Tg )p (3", 4), (32)
p&H, ') = xr — Sy(T)g(0) - fOT(T — )1 T, (T - s)f (s, x4, " (s)) ds. By Definition 2.3, any

fixed point of F* is a mild solution of (1) under the control #*(¢). Then, by (31), (32) and
the fact I - T R(11, T'L) = uR(w, T L), we have

T
x*(T) = xr —p(a'c",z?t“) + / (T —s)q_qu(T —s)Bu*(s)ds
0

T
=xr - p(&*, ") + f (T = )T Ty(T - $)BB*T;(T - s)R(w, Tg )p (3", ") ds
0

= xp - p(E, @) + T{ R(w T Jp (3, ")
=xr+(TgR(w, Ty ) —I)p(x*, ")

=xr — uR(w, Ty )p (34, ). (33)

Furthermore, by condition (H4), it follows

T 3 .
( / |Lf(s,5cg‘,m(s))||2ds> <NT?2. (34)
0

Consequently, {f(s, x5, #"(s))} is bounded in L%(1, X). Then there exists a subsequence, still
denoted by {f(s, %', it (s))}, which weakly converges to f(s) in L2(, X). Define

T
w=x1 — S4(T)¢(0) +/ (T—S)q_qu(T—S)f(S) ds. (35)
0
It follows from (35) that

o) - w|

/T(T — )Tt T,(T - s)(f(s,a'cf, L't“(s)) —f(s)) ds
0

- sup (36)

0<t<T

/(t—s)q 1T(L‘—s)(f(s, Xk _“(s)) f(s))ds .

As Step 3, Step 4 in the proof of Theorem 3.1, using the Arzeld—Ascoli theorem one can
obtain that an operator g(-) — [, (- — )77 T, (- — 5)g(s) ds is compact. Thus, the right-hand
side of (36) tends to zero as  — 0*. Then (H0), (33) and (36) imply

Lo )p(E,a")|

1T )W)+ uR(u, Ty ) (p (3, @) ~ w) |

w Lo )W) + R, Tg) [ |p (@) —w]
ry)

w)| +||lp( @) -w| — 0 (37)

|%4(T) —ar| = [ uR(u,
= |l nr(
< [ ur(
(

< | R (1,
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as ;¢ — 0*. This proves that system (1) is approximately controllable on /. The proof is

complete. d

4 Complete controllability
In this section, we formulate sufficient conditions for complete controllability of the semi-
linear fractional system (1) under the assumption that the linear system (6) is completely
controllable. In this case, the condition of compactness of T'(¢) is not made. To prove our
results, let us assume that
(H5) The function f : I x C x U — X is continuous, and there exists a constant L > 0
such that

lf&,o.w| <L(1+lglc+lul), (LeouwelxCxU.

(H6) There exists a constant L’ such that

Hf(tt ®1, M1) _f(t7 ©»2, MZ) H

<L'(llgr = @allc + lluy — ua)l) ~ for (@1, u1), (@2, u) € C x U.
(H7) The linear system (6) is completely controllable.

Lemma 4.1 ([25,30]) The linear fractional control system (6) is completely controllable on
I if and only if there exists y > 0 such that

(F()Tx,x) > yllxl|> in the Hilbert space X, i.e., || (FOT)_IH < %

Define the operator F® on C(I,C) x C(I, U) as

Fo(x,u) = (z,v), (38)
where
v(t) = B THT - ) (7)™ plx, u), (39)
2(£) = S4(£)(0) + / - )T T, (t — ) (Bv(s) + f (5, %5, u(s)) ) ds,
0 (40)
z0(0) =¢0), -h=<6<0,
T
px,u) = x7 — Sy(T)$(0) — / (T = )T Ty(T = $)f (s, %, u(s)) ds.
0
Theorem 4.1 Assume that the hypotheses (H5), (H6) and (H7) are satisfied. If
MpM?*qT?  MiM3qT*  MT? \
(VF2(1+61) Ty F(1+q)>L <b @

then the operator F° has a fixed point in C(I,C) x C(I, U).
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Proof First we show that F® maps C(I, C) x C(I, U) into itself. By (H5), Lemma 2.1(i) and

Lemma 4.1, there exist two constants /;, [, > 0 such that

MpMgq
Jve)| < m(nwn + Ml|g] + m / (T = )T |[f (5,5, u(s)) | ds)
MpMgq MT4
< m(nm + M|g]| + m—w)L(l + llxllc + ||u||)>
< L1+l + llul) (42)
and
o] < 101 + 52 [ (6o B s

Mg e
s [ s

< Mgl + MMET? - el + ul) C L1+ Nl + ul)

+ + |lxllc + llull) + + +||lu

- rl+gq) 1 ¢ Fl+gq) *lc

< (L + Ixllc + ll), (43)

respectively. It follows from (42) and (43) that there exists a constant Cs such that
|EGe, )| = vl + Nzl < d5(1 + [Ixllc + lluell). (44)

This means F° maps C(I, C) x C(I, U) into itself.
We next prove that F° is a contraction mapping. For any (x, %), (y, w) € C(I, C) x C(I, U),
it holds
”Fo(x, u) - F(y,w) ||

< lvi—vall + llz1 — 22|l

<lvi—vall +

/t(t —g)it T,(t- s)B(v1 (s) = VQ(S)) ds
0

+ /0 (t =) Ty (t = 5)(F (s, %5 u(s)) —f (s, 75, w(s))) ds

=11 +12 +13. (45)
It follows from Lemma 2.1(i), Lemma 4.1 and (H6) that
L= vy = s

T
B*T;‘(T—L‘)(FOT)A'/o (T—s)q_qu(T—s)(f(s,xs,u(s)) —f(s,ys,w(s))) ds

M2 2
B )/B F2(1+q)/ (T = )T [f (55, 14(5)) = (5,55 w(s) || ds
MpM?qT9 _,
< y;g(—“q)L (e =yl + llu —wll), (46)
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I = /t(t - S)q_l Tq(t - S)B(V1 (S) - Vz(S)) ds
0
_ MTMg
S Tazg
MEMPqT™
= ml (e =yl + llee = wll), (47)
and
I; = /0 (t-s)1t T,(t- s)(f(s, X, u(s)) —f(S,ys, w(s))) ds
M t
= Tt ag J, € Ym0 S (o) s
q
= F(1+q)L’(||x—y|| + lu—wl). (48)

Then (45)—(48) imply

2 q 2 A13 29 q
- ] < (A2 MRy

yI2(1+¢q) ’ yI3(1+q) ’ r(1+q)
x L'(lx = yll + llw—wl). (49)

Combining (41) with (49) yields that F° is a contraction mapping. Consequently, F* has a
fixed point in C(I, C) x C(I, U) by the Banach fixed point theorem, which is a mild solution
of system (1). This completes the proof. O

Remark 4.1 It can be easily seen that inequality (41) is satisfied if the constant L is small
enough.

Theorem 4.2 Assume that the assumptions (H5), (H6) and (H7) are satisfied. Then system
(1) is completely controllable on I.

Proof 1f (x°, 4°) is a fixed point of the operator F°, then (33) holds with u = 0, i.e., x°(T) =
x7 for any x7 € X. Hence, system (1) is completely controllable on /. We omit the details
here. g

5 An example
As an application of our results, we consider the fractional partial differential equation of
the form

fo(t, z) = fo(t, z2) + b(2)u(t) + f(t,x(t — h,z),u(t)), tel[0,1], ze€][0,x],
x(t,0) =x(t,7)=0, >0, (50)
x(t’ Z) = ¢(t¢ Z)’ —h <t=< 0:

here 3/ is the Caputo fractional derivative of order 0 < g < 1 with respect to ¢, ¢ is contin-
wous, u € U = L2[0,1] is continuous, X = L2[0,7], b € X and f is a given continuous and
uniformly bounded function.
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Put x(t) = x(t,-), i.e., x(¢)(z) = x(¢,z). Define the function f : [0,1] x X x U — X by
ft, 2, u)(2) = f(t,x(¢ — h,z),u(t)). Let B: U — X be a bounded linear operator defined
by

(Bu)(z) =b(2)u, zel0,7], uel, blz)eX
and define an operator A : X — X by Av =" with the domain

D(A) = {V e X |v(-) € L*[0,7],v,V are absolutly continuous,

V' € X and v(0) = v(rr) = 0}.

It follows

[o¢]
Ay =— Z n*(v,ey)en, v e D(A),
n=1

where e, (z) = \/gsin nz, 0 <z<wm,n=1,2,.... Itis well known that the operator A gen-
erates a compact semigroup T'(¢), ¢ > 0, which is given by

T(t)v= Z et ee,, veX.

n=1

For more details, please refer to [31]. Therefore, system (50) can be written to the abstract
form (1) and assumption (H1) is satisfied. Then under the condition imposed on f and
the linear system corresponding to (50) is approximately controllable on [0,1], see [17],
system (50) is approximately controllable on [0, 1] by Theorem 3.2.
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