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Abstract

In this article, we first create a new comparison principle for a nonlinear impulsive
boundary problem involving different deviating arguments. Then we employ the new
result and iterative method to study the existence of the max-minimal solution of a
second-order impulsive functional integro-differential equation. The results achieved
in this paper are more general and complement many previously known results.
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1 Introduction

The comparison principle plays an important role since it is one of the basic tools to
study ODE and PDE. Thus, how to create a new comparison principle is an interesting
and important question. In this paper, we shall create a comparison principle with im-
pulsive effect. By means of the comparison principle and monotone iterative method,
the existence of the max-minimal solution of second-order impulsive functional integro-
differential Eqgs. (1.1) is investigated. Also, the iterative sequences of solutions of the sys-
tem are given. The importance of this method does not need to be particularly pointed
out [1-14]. The theorems achieved in this paper are more general and complement many
previously known results.

Impulsive differential equations, arising in the mathematical modeling of complex sys-
tems and processes, have drawn more and more attention of the research community due
to their numerous applications in various fields of science and engineering such as chem-
istry, physics, biology, medicine, mechanics, etc. (see [15-24]). Boundary value problems
(BVP) of differential equations have been investigated for many years. Now, nonlinear
boundary conditions have drawn much attention, there exist many articles dealing with
the problem for different kinds of boundary value conditions such as multi-point, integral
boundary condition, and other conditions (see [25—35]). On the other hand, deviated ar-
guments also play an important role in nonlinear analysis. It should be noticed that such
equations appear often in various fields of science and engineering such as mathematical
physics, economics, mechanics, etc. (see [36—38]). However, the relevant theory of this
type of problem is still at its developing stage, and a great quantity of aspects remain to be

explored. For a detailed description, see [39-43].
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Here, we use the new result we achieved in the article to investigate the existence theo-
rems of max—min solutions for impulsive systems of the following:

u(t) = Y (& u(@), u(@(t)), Xu(e), Yu(t), u(y (&, (1)), t€),
Au(ty) = L(u(t)), k=1,2,...,m,

A (b)) = Li(ute), /' (t)),  k=1,2,...,m,

x1(u(0),u(T)) = 0, x2(/(0), ' (T)) =0,

(1.1)

where t € J = [0, TI(T > 0), Y € C(J x R R), I € C(R,R), I}, xi(i = 1,2) € C(R x R,R),
¢€CU’])’M€CU’R)’wECUXR’])’0:t0<t1<"'<tk<"‘<l'm<tm+1:T,]’:
J\{ti,t2,..., L}, and

t T
Xu(t) =/ k(t,s)u(s) ds, Yu(t) :/ h(t,s)u(s) ds,
0 0

k(t,s) € C(D,R*), h(t,s) € C(J x J,R*), D = {(t,s) € R*|0 < s < t,t € J}, R* = [0,+00).
Au(ty) = u(ty) —u(ty), where u(t}) and u(t; ) denote the right and the left limits of (¢) at £ =
te(k =1,2,...,m), respectively. Au'(tx) has a similar meaning for u/(¢). Let PC(J,R) = {u :
J — Ru(?) is continuous at ¢ # f, left continuous at ¢ = f; and u(¢]) exists,k = 1,2,...,m}.
Inaddition, PCY(J,R) = {u € PC(J, R)|u(t) is continuously differentiable at t # f, u'(tf) and
u'(¢;) exist,k = 1,2,...,m}. Obviously, PC(J,R) and PCY(J,R) are Banach spaces with re-
spective norms

, 1]l pcr =max{||u||pc, ”,Hpc}'

ll]l pc = sup|u(2)
te]

2 New comparison principle
Lemma 1 ([16]) Let s € [0,T), ¢y > 0, ¢ (k = 1,2,...,m) be constants, and let a,b €
PC(J,R), we PC'(J,R). If

‘w’(t) < a®wt) + b)), tels, T)tHk,

w(t!) < awlty) + ¢, te€ls, T),

then fort € [s, T]

w(t) < w(s+)( I ck> exp< f ar) dr) + / t( I1 ck> exp( / ta(t)dr)b(r) dr

S<tp<t r<tp<t

s < I ck) exp( ft:amdf)m.

S<Up<t “tp<ti<t

Lemma 2 (New comparison principle) Assume that u € PC'(J,R) N C%(J', R) satisfies

u'(t) < =Di(Q)u(t) — D2 ()u($(2)) — D3(6)(Xu)(t) — Da(®)(Yu)(2), te],
Aulty) < —Liu(ty), k=1,2,...,m,

A (t) < L' (&), k=1,2,...,m,

u(0) < Mu(T), u'(0) < Au/(T),
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where D; e C(J,R*)(i = 1,2,3,4),0 < Ly < 1,0 < Ay, A9, L} < 1, and

m[Ja-Lo*[J(-z; (1 Azl_[ (1- Lk>
k=1 k=1 k=1
> / (t)dt / []a-Loas, (2.2)

s<tp<T
here q(t) = D1(t) + Dy(t) + D3(¢) fot k(t,s) ds + Dy(t) fOTh(t, s)ds. Then u(t) <0,te].

Proof Suppose the contrary. Then, for some ¢ € J, u(t) > 0, thus there exist two cases:

Case a: For some t € J, u(t) >0, and u(t) > O for t € J.

Case b: For some t*,t, € J such that u(¢*) > 0 and u(t,) < 0.

In Case a, it follows from (2.1) that #"(¢) < 0 for ¢t # ty and u'(¢{) < (1 — Lp)u'(t). By
means of Lemma 1, we have #/(¢) < /(0) l_[0<tk<t(1 Ly). From this, together with (2.1), we
have u/(0) < A2/ (T) < Aot/ (0) ]}, (1 = L), which means #/(0) < 0, thus #/(¢) < 0. Mean-
while, 2(¢) < (1 — Li)u(tx) < u(tx). So, u(t) is nonincreasing in J. Then u(0) < A,u(T) <
A1u(0), which is a contradiction.

For Case b, put inf,c; u(t) = —y, then y > 0, and for some i € {1,2,...,m}, there exists
t. € (¢ ti1] such that u(t,) = —y or u(t]) = —y. Only consider u(z,) = —y, the proof of the
case u(t]) = —y is similar.

By (2.1), we have

u'(t) < y[D1(t) + Do(t) + Ds(t fo (t,5) ds + Dy(t )fOTh(t,s) ds] = yq(t),
u' () < (1= L)' (&)

By Lemma 1, we get

W) <u ) [T (-17)+ / []@-1)a)ds. (2.3)

O<ty<t s<ty<t

In (2.3), let £ = T, then we have

' (0) < Aot/ (T)

< Aot/ (0) 1_[ 1 Lk +A2/ 1_[ 1 Lk q(s)ds
k=1

s<tp<T

m T
< At/ (0) l_[ 1 Lk +A2/ yq(s)ds,
k=1 0

which implies

T m -1
u'(0) < kz/o yq(s) ds|:1 — A l_[(l - L,f):| . (2.4)

k=1
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From (2.3) and (2.4), we have that

T m -1
u'(t) < kz/(; yq(s) ds|:1 — Ay 1_[(1 —L,";)i| H (1 —L,’j)
k=1 O<tg<t
[y Tt

s<ty<t

< /Oqu(s)ds{kg I1 (1—L;)[1—A2ﬁ(1—L;)]_1+1}

O<tg<t

T
<a [ (1-1}) /0 vq(s)ds

O<ty<t

X {|:1 —Azﬁ(l —Lz)]1 + [Azﬁ(l —L;)]l}

-1

§/qus)ds|:ﬁ1 Lk (1 )\znl Ly ):| ,
0 k=1 k=1

which and u(t}) < (1 — Li)u(t) imply for ¢ € [t,, T

t T
o <ute) [T -0+ [ TTa-0 [ vavyar

t.

Ex<tp<t * s<tp<t
m m -1

x []—[(1 -L) (1 -] 0 —L;:))] ds
k=1 k=1

T
~uie) [T a-10+ [ va0rar

tx<tp<t

k=1

(1-Ly)ds. (2.5)
<[ T

bx s<tp<t

[ﬁu—Lz)(l—xzﬁu—Lz))]_l

If £* > £, let £ = £* in (2.5), we have

o<—y [] a-Lo
T m m -1
+y/ q(r)dr[]_[(l—L’,;)(l—AZH(l—L;)ﬂ
0 k=1 k=1

x/t* [T a-Lods

b s<tp<t*
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SO,

nkm 1 (1- Lk) < Ht*<tk<t*(1 =Ly

Jo T [Ticopcr( = Li)d L [Tictper (1 = Li) ds
T m m -1
</ Q(r)di’|:l_[(1—L;)(l—kzn(l—L;)>:| :
0 k=1 k=1

which contradicts (2.2). Hence, u(f) <0on].
If t* < t,, without loss of generality, let £, € (£,-1,%,] and t* € (£, 511, 0 < g <p -1,
p,q €{1,2,...,m}. By Lemma 1, we have

m -1
u(t*) < u(0) 1_[ (1—Lk)+/0 yq(r)dr|:1_[ 1 Ly (1 AZH 1 Ly ):|
k=1

O<ty<t* k=1

xfo [] a-Lods

s<tp<t*
q T m
=u(0) l_[(l —Ly) + / yq(r)dr |:l—[(1 —L,f)
k=1 0 k=1

m -1 t*
x(l—)\zl_[(l—Lz)ﬂ /0 [] a-Loas (2.6)

k=1 s<tp<t*

On the other hand,

T
w0 < D) <oante) [] @=L+ [ vavrar

te<ty<T 0

x [ﬁ(1—Lz)(1—A2ﬁ(1—Lz)ﬂI/T [T a-Lods

k=1 k=1 b s<tp<T

m T
=—nmy [Ja-L)+x /O vq(r)dr

k=p

x|:ﬁ(1—L,"<‘)(l—M []a- Lk)i| / []a-Lods. (2.7)

k=1 b s<tp<T

From (2.6) and (2.7), we get that

m q
m[Ja-o]]a-r)
k=p j=1
T m m -1
< /0 q(r)dr|:l_[(1 -Ly) (1 -] —LZ)):|

k=1 k=1

[)\1]"[(1 L)/ []a-zo ds+/ []a- Lk)ds]

L s<tp<T s<tp<t*
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By ]_[I'Z g+1(1 — L)) times the above inequality, then

m[Ja-Lo]]a-z
k=p j=1
T m m -1
< /0 q(r)dr|:l_[(1 -L) (1 -] —L,ﬁ))j|

k=1 k=1

[,\1]_[(1 L)/ [T a-zo ds+1_[(1 L)/ []a- Lk)dsi|

L s<tp<T j=q+1 s<tp<t*

/OT dr[f!l LY) <1 Azﬂl Lk>:|

Ut I1 1—Lk)ds+/ []a- Lk)ds}

-1

* o os<t<T s<tp<T
T m m -1
< f q(r) dr|:1_[(1 - L) <1 ~x]0- L,’j))i|
0 k=1 k=1
/ l_[ (1-Ly)ds.
s<ty<T

So, 2 [Ti (1 = Lo? < fy a(r) arl[ T (1 = L) = A T (1 = LT G Tlecger(L -
L) ds, which contradicts (2.2). Hence, u(t) <0 on /.
Consider the problem:

u"(t) = o (t) = D1()u(t) — Da(t)u(p(t)) — D3(6)(Xu)(t) — Da(t)(Yu)(t), te],
Au(ty) = Y — Leu(ty), k=1,2,...,m,

(2.8)
Au'(t) =ve — L/ (8), k=1,2,...,m,
u(0) = Mu(T) + my, 1/ (0) = At (T) + my,
where o € PC(J,R), Yk, vi, m1,my € R. O

Lemma 3 u(¢) € PC'(J,R) N C%(J',R) is a solution of the impulsive differential system (2.8)
iffu(t) € PC'(J, R) is a solution of the impulsive integral system
M(t) = G1 + tG2
t
+ / (t = 5)[o(s) — Di(s)u(s) — Da(s)u(p(s)) — D3(s)(Xu)(s) — Da(s)(Yu)(s)] ds
0

+ Z {[vi = Leu()] + (¢ — &) [ve — Ll ()]}, (2.9)

O<tg<t
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where
A T
Gi=15 {/ (T - 9)[o(s) — D1(s)u(s) — Da(s)u(ep(s)) — D3(s)(Xu)(s)
— A1l 0
= Dy(s)(Yu)(s)|ds+ D {[k — Liw(t)] + (T - ta)[vic - Lind (t6) ]}
O<tx<T
+TG2+I’}’11} +my,
Ao T
G= 1 { / [o(s) — D1(s)u(s) — Da(s)u((s)) — D3(s)(Xu)(s)
— A2 0

— Dy(s)(Yu)(s)] ds + Z [ve = Ly ()] + le} + M.

O<ty<T

Lemma 3 is easy, so we omit its proof.

Lemma 4 For o € PC(J,R), Vi, vi,m1,my € R, 0 < Lg <1, 0 < Ay, Ay, L < 1 and functions
M,K,N,Le C(J,R").If

U (T = 9)pls) ds + 0 (L + (T — 1)L7)
s Uy ) ds + Yp Lyl <1, (2.10)
oy pl)ds+ X5 Lyl <1,

where p(t) = D1 (t) + Do(t) + D3(2) fot k(t,s)ds+Du(t) fOT h(t,s)ds. (2.8) has a unique solution
u(t) e PCY(J,R) N C*(J', R).

A similar proof can be found in [22] (see Lemma 2.3), so we omit it.

3 Main results
Theorem 1 Assume that condition (2.10) holds. In addition, assume that
(H) There exist uy(t) < vo(t) € PC(J,R) N C*(J', R) such that

ug(t) < Y (& uo(2), uo(B(2)), Xuo(£), Yuuo (), uo (Y (¢, (),
Auo(t) < L(uo(tr)), k=1,2,...,m,

Aug(ty) < Ii(uo(te), up(te), k=1,2,...,m,
x1(0(0),uo(T)) <0,  x2(up(0), uo(T)) <0,

and

Vo () = Y (&, vo(2), vo(@ (), Xvo(2), Yvo(t), vo(Wr (£, u(£)))),
Avo(ti) > I(vo(te)), k=1,2,...,m,

Avp(te) = L wo(t), V(&) k=1,2,...,m,
x1(vo(0),vo(T)) = 0, x2(v5(0),v,(T)) = 0.

Page 7 of 13
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(Hy) Functions D; € C(J,R*)(i = 1,2,3,4), which satisfy (2.2) such that

Y(t,u,v,w,z,€) — Y (U 7,W,z,E) > —D:(t)(u — i) — Da(t)(v - 7)

- Ds3(£)(w — W) — Dy(t)(z - 2),

where uo(t) <1 < u < vo(£), uo(@(t)) <V =v = vo(§(2)), Xuo(t) =w < w < Xvo(t), Yuo(t) <

Z <z < Yo(t), uo(¥ (¢, (1) <& <& <vo(¥(t, u(t)), Ve €].
(H3) There exist constants 0 <Ly <1,0< L <1 (k=1,2,...,m),and 0< by <a;,0< by <
a, such that

Ie(u) = Ix(4) > ~Li(u - ),
Li(wu') - L (wu) = -Li(u - ),
x1(,v) = x1(#,v) < ar(u - u) = bi(v-v),

x(u V) = x2(@,7V) <ar(f - 7)) = bo(V - V),

where uo(ty) < u < u < vo(ty) (k = 1,2,...,m), up(0) < u < u < vp(0), up(T) <V <v<
vo(T).

Then the impulsive system (1.1) has the min-maximal solutions u*,v* in [uy, vo], respec-
tively. Moreover, there exist monotone iterative sequences {u,(£)}, {v,(£)} C [uo, vo] such that

Uy — u*, v, — v¥(n — 00) uniformly on t € J, where {u,(t)}, {v.(t)} satisfy

U, (£) = V(& 1), 1 ((2)), Xtty-1(2), Ytt 1 (2), b1 (Y (2, 1(2))))
= D1(6) (vt — t0y1)(€) = Da(t) (st — 1) (@ () — D3 ()X (1t — 14-1)(2)
= Dy()Y (up —un1)(t), te],
Auy(tic) = Ie(p-1 () = Ly — wp 1)), k=1,2,...,m, (3.1)
Ay, (te) = I (o1 (0, () — L (), — ) (), k=1,2,...,m,
n(0) = 1,-1(0) + A1 [4y(T) — w1 (T)] - %Xl(un—l(o)» u, (7)), n=12,..,
u,(0) = u),_1(0) + A, (T) — us),_, (T)] - éXz(”;,_l(O): u, (T), n=12,...,

Vi (8) = (&, viuo1(8), Vi1 (@(8), X0 (), Yy (£), vina (¥ (8 1(2)))
= D1(O) (Vi = Vi) (&) = Da(8) (Vi = viu1)(@ () = D3 ()X (v = viu1)(2)
=Du@)Y (v = vu1)(®), tET,
Avp(te) = (Vi1 (6) = Li(vn = vuo1)(8), - k=1,2,...,m, (32)
AV, (&) = I (v (), v,y () = Lg(v, = v, )&, k=1,2,...,m,
V(0) = v,-1(0) + 2 [va(T) = vur (D] = -0 (V1 (0), v (1)), =12,
v,(0) =v,,_1(0) + A [V (T) = v,,_(T)] - %m(v;_l(m, v, (1), n=12,...,

and
o<y < Sup < Sut<VE<- <y

n = < V1 < Vo, (3.3)

here A; = bila;(i = 1,2).

Page 8 of 13
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Proof Forany u,_1,v,., € PC*(J,R)NC2(J, R), it follows from Lemma 4 that (3.1) and (3.2)
have unique solutions #, and v, in PC'(J,R) N C%(J/, R), respectively.
Now, we verify that

Up 1 SUy SV <Vy1, n=12,.... (3.4)

Let p(t) = uo(t) — ua(2), q(¢) = vi(t) — vo(2), w(t) = ua(¢) — v1(¢), by (3.1), (3.2) and (H) -
(Hy), we have that

P'(t) < -Di(t)p(t) — Da()p(#(2)) — D3()(Xp)(£) — Da()(Yp)(8), te],
Ap(ty) < -Lip(t), k=1,2,...,m,

AP () <-Lip (), k=1,2,...,m,

p0) <p(T),  p'(0) < rp/(T),

q"(t) < =D1(8)q(t) — D2(t)q(¢(2)) — D3(£)(Xq)(¢) — Da(6)(Yq)(2), te€]T',
Aqte) < -Liq(te), k=1,2,...,m,

Ag'(t) < -Liq'(tr), k=1,2,...,m,

q(0) = gq(T),  4'(0) < r2q'(T),

w(£) = Y (&, uo(8), uo(B(2)), Xuo(2), Yuo(£), o (Y (¢, 1(£)))) — D1 () (1 — 1o)(2)
— Doy (8)(u1 — o) ($(2)) — D3(6)X (u1 — uo)(£) — Da(t)Y (11 — uo)(2)
= Y (£,vo(2), vo(p(£)), Xvo(£), Yvo(2), vo(¥ (2, 1u(2)))) + D1(£)(v1 — vo)(2)
+ D (2)(v1 = vo)(9(2)) + D3 ()X (v1 — vo)(£) + Da(2)Y (v1 — vo)(2)
< -D1(e)w(?) — Do (t)w(9(2)) — D3(8)(Xw)(2) — Da(t)(YW)(8), te],
Aw(ti) = I(uo(tr)) — Ie(vo(tk)) — Li(ur — uo) (k) + Li(vi — vo)(tk)
<-Liw(ty), k=1,2,...,m,
AW (t) = T (uo(tr), uo(t)) — I (vo(ti), vo (£x)) — L (uy — ug)(tx) + LV = vo)(tx)
<-Lw'(ty), k=12,...,m,
w(0) = 1o(0) = vo(0) + A1 [u1(T) — uo(T)] = A1 [vi(T) = vo(T)]
= 2 x1(0(0), uo(T) + - x1(vo(0), vo(T))
< uo(0) = vo(0) + Aw(T) — A1 [uo(T) — vo(T)]
+ [v0(0) — uo(0)] = A1[vo(T) — uo(T)]
<amw(T),
w'(0) < Aaw/(T).

Thus, by means of Lemma 2, we have p(t) <0, g(t) <0, w(t) <0,Vt €], i.e., ug <uy <
V1 <.
Assume that u_1 < ux < vi < vi_; for some k > 1. Thus, employing the same technique

once again, by Lemma 2, one can get ux < up,1 < Vi1 < Vk. Thus, one can easily show that

< < <y, <---<v,<---<vy<v, n=L2.... (3.5)
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Employing the standard arguments, we have

lim u,(t) = u*(t),
n— 00

lim v, () = v*(¢)
n— 00

uniformly on ¢ € /, and the limit functions u*, v* satisfy (1.1). Moreover, u*, v* € [uo, Vo).
Next, we prove that u*, v* are the min-maximal solutions of impulsive differential system
(1.1) in [uo, vo]. If w € [ug, Vo] is any solution of (1.1). Let u,,_1(t) < w(t) < v,_1(¢),Vt €],

for some positive integer n. Put p = u,, — w. Then

() = (@t tp1(8), w1 (P(8)), Xut1(2), Ytby 1 (8), st 1 (Y (2, 1(2))))
= Dy () — thy1)(8) = Da(8) (s, — 1-1)(9(2))
— D3()X (= 1) () = Da(8)Y (st — 1,1)(2)
=Y (&, w(t), w(g(2)), Xw(t), Yw(s), w(y (¢, u(2))))
< Di(&)w = uyy1)(8) + Da8) (W = 14,-1)($(2)) + D3 ()X (W — 14,,1)(2)
+Da(8)Y (W = uyy_1)(8) = D1(8) (Wt — th-1)(8) — Do () (s — 11-1) (9 (2))
— D3()X (= 1) () — Da(8)Y (st — 10,1)(2)
= -D1(t)p(t) — Da(t)p(9(t)) — D3()(Xp)(¢) - Du(t)(Yp)(2), teT,
Ap(tr) = Te(un-1(E) = T(W(tr)) = Lic( — wy1) ()
<-Lip(tx), k=1,2,...,m,
AP/ (t) = (w1 (8w, (8) = I (w(te), W/ () — Ly (uy, — u,_y) (k)
<-Lip' ), k=12,...,m,
P0) = 1, 1(0) + d [ (T) = 141 (T)] = -1 (t45-1(0), 141 (T)
+ - x1(w(0), w(T)) - w(0)
< 4, 1(0) + A1 [ (T) = 1,1 (T)] + [W(0) — 24,1 (0)]
= (T) = w1 (T)] - w(0)
=np(T),
P'0) =, (0) + Aol (T) =,y (T)] = - x2(;, 1 (0), 14,1 (T))
+ 2 x2(w(0), w(T)) - w(0)
< hop/(T).

By Lemma 2, we have u,(t) < w(t), Vt € J. By the same way as above, we can show w(z) <
v,(t),Vt € J. That is, u,(t) < w(t) < v,(t), Vt €.

Now, if n — 00, then

uo(t) <u™(6) <w(t) <v(t) <wo(t), Vee].

That is, u*, v* are the min-maximal solutions of (1.1) in [z, vo]. a
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4 Example

Consider

u'(£) = 1521t — u(D)] + 5o 2 [ — u(®)P + =5t [2% - fot tsu(s) ds]®

st [8 = [ Psuls)ds) - Lstte 5PN, re0,1],6 41,
Au(ly = —Ly(dy,
u(3) =—zu(3) 3 1)
Au'(3) = bu(3) - 31/ (3),
x1(u(0), u(1)) = u?(0) - u(1) =0,
x2(/(0), /(1)) = /' (0) - 3/ (1) = 0,
where0<b< i, m=1,6 =21 ¢0) =22 vt u@) = 163+ 12et, Ve €.
26 2 2 2
Take
1+t+1%, t€[0,3],
uo(t)=0, Vtej, vo(t) = (4.2)
1+¢% te(s 1l
Then
, , 1+t t€[0,1],
uo(t) < vo(2), uy(t) =0, Vo(t) = (4.3)

2t, te(3,1],
and

ug(t) =0 < st + ohst® + oo t10 4+ L 16 — Lot
= Y (¢, uo(t), uo(P(£)), Xuo(t), Yuo(2), uo (¥ (¢, 1(2)))),
Aug(3) =0=1(uo(3)),
Aug(3) =0 = I} (uo(3), up(3)),
x1(#0(0), 10(1)) = u3(0) — 2uo(1) =0,
x2(/(0), up (1)) = u(0) — u(1) =0,

77 1 1 1 1
vo(8) = 1> 155 + 356 * 506 * 700

> Y (¢, vo(£), vo(@(2)), Xvo(2), Yvo(2), vo(r (£, 1u(2)))),
Av(3) =-3 = -8 =1(n((3)),
AVy(3) = -3 = B - Z = (me(3),v(3)),
x1(10(0), (1)) = v5(0) — 5vo(1) = 0,

1
2
X2(Vh(0), vp(1) = v(0) = $v5(1) = § > 0.

Consequently, ug, vo satisfy (H;). Let

1 1 1 5
Y(tu,v,w,z,E) = — 2t —u) + — 2t —v)> + — (5 —w
( §) 100 ( ) 300 ( ) 500 ( )

+ —t2( 2 —z)7 - Lt‘*e“E
700 100

’
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we have

Y(t, u,v,w,2,&) = Y(t,%,V,W,Z, &)

L ple-w— -]+ P[P = -]+ [~ W)’ — (= 7)]

100 300 500
iz 2N\ 2_—7_L4 & -F
+ 700t [(£-2) - (£-2)] 100t (ef-¢e?)
3 — 3 5 13 Em 14
Z—ﬁ (u-u)- —=t’(v-9v) 1—001? (w-w) ﬁt (z-2),
where u(t) <% < u <vo(t), uo(@d(t)) <V <v <vo(p(2)), Xuo(t) <w <w < XVO(t) Yuo(t) <

Z <z < Yvo(t), uo(¥ (£,

by=1
Dy(t) = 5%, Ds(t) =

(4.1) has the min-maximal solution u*, v* € [ug, vo].
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