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time-varying delays and actuator saturation. Two numerical examples are given to
illustrate the effectiveness and advantages of the developed techniques.
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1 Introduction

A 2-D system is a dynamic process in which information is transmitted in two indepen-
dent directions. 2-D systems are widely studied due to the fact that many practical sys-
tems are usually modeled as the 2-D systems, such as signal and image processing [1],
thermal processing [2], metal rolling processing [3], and so on. Owing to the fact that 2-D
systems have wide application background, stabilization analysis for the 2-D systems has
become an important problem in control field. Stability, /;-gain, and stabilization analy-
sis have been investigated for 2-D discrete switched systems [4, 5]. Many practical 2-D
systems contain inherent delays which are often sources of poor performances and insta-
bility for the 2-D systems. Therefore, considerable interests have been attracted in sta-
bilization analysis for the 2-D systems with time delays. And stabilizations are studied
mainly by delay-dependent methods for the 2-D systems with time delays, because the
delay-dependent methods are less conservative than the delay-independent ones [6, 7].
An Hy control problem has been considered for a 2-D T-S fuzzy model with time delays
and missing measurements [8]. A delay-dependent H,, controller has been designed for
a 2-D switched system with time delays [9]. For 2-D discrete-time systems with interval
time-varying delays, a delay-dependent stability problem has been studied in [10]. Based
on [10], an improved approach has been given in [11]. Besides, a delay-partitioning ap-
proach has been proposed in [12]. Most of the studies are mainly on 2-D discrete-time
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systems. Hence, there is a lot of space to extend the 2-D systems with time delays into
delta domain, which motivates us to make an effort in this paper.

Discrete-time systems have been widely researched with the rapid development of com-
puter technology. The discrete-time systems are usually expressed as shift operator sys-
tems. Studies on 2-D discrete-time systems are also mainly about 2-D shift operator sys-
tems. However, parameters in the traditional shift operator systems do not tend to the
ones in corresponding continuous-time systems when sampling frequencies are gradu-
ally increased, which usually leads to poor performances and instability for the control
systems [13]. In order to solve the problems, delta operators are proposed to replace the
traditional shift operators in fast sampling cases [14]. After that, a lot of research results
have been shown for delta operator systems. Using a delta operator approach, a fuzzy
fault detection filter and a stability problem have been investigated for uncertain fuzzy
and networked control systems, respectively [15, 16]. Saturation is a common problem in
modern engineering field. It is meaningful to research actuator saturation because most
of actuators do not strictly accord with linearity and many of them subject to saturation in
real physical systems. Recently, considerable interest has been attracted to analyze control
systems subject to actuator saturation, please refer to [17-19] and the references therein.
A convex hull approach has been proposed to deal with systems with actuator satura-
tion [20—-22]. Moreover, the domain of attraction is a subset of state space, and all system
trajectories that start from the subset will eventually tend to origin. An estimate of the do-
main of attraction has been investigated for a class of nonlinear systems subject to input
constraints [23, 24]. 2-D models widely exist in modern engineering field, such as a metal
rolling process and a thermal process. However, the 2-D models are rarely considered for
fast sampling cases in the existing results.

In this paper, a 2-D system is considered in delta domain to adapt to a fast sampling rate
and avoid the system instability caused by the fast sampling in this paper. Moreover, both
time-varying delays and actuator saturation, which usually occur in the modern engineer-
ing field, are studied for a 2-D delta operator system. Free weighting matrices, 2-D Jensen
inequalities, and linear matrix inequalities (LMIs) approaches are applied to stabilization
analysis. Furthermore, an estimate of the domain of attraction is proposed for the 2-D delta
operator system. A state feedback controller is designed by Lyapunov—Krasovskii meth-
ods. Two numerical examples are shown to illustrate the effectiveness and advantages of
the developed techniques.

This paper is organized in the following. Section 2 formulates problem formulation on
the 2-D delta operator system with time-varying delays and actuator saturation. The stabi-
lization problem is shown for the 2-D delta operator system with time-varying delays and
actuator saturation in Sect. 3. In Sect. 4, two numerical examples are given to illustrate the
effectiveness and advantages of the proposed methods. The paper is concluded in Sect. 5.

Main novelties of this paper are summarized as follows:

(1) A stabilization problem on a 2-D system is extended to delta domain which is a link

between s-domain and z-domain.

(2) 2-D models widely exist in modern engineering field. However, the 2-D models are

rarely considered for fast sampling cases in the existing results. In this paper, the
2-D model is considered in the case of fast sampling.

(3) An estimate of the domain of attraction is proposed for the 2-D delta operator

system in this paper.
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Notation In the sequel, if not explicitly stated, matrices are assumed to have compati-
ble dimensions. Throughout this paper, R” denotes the n-dimensional Euclidean space.
For any matrix A, Anax(A) denotes the maximal module of its eigenvalues, A7 denotes the
transpose of matrix A, A > 0 and A > 0 denote that matrix A is a positive definite matrix
and a semi-positive definite matrix, respectively. I is the identity matrix of appropriate
dimension. The shorthand diag{M;, My, ..., M,} denotes a block diagonal matrix with di-
agonal blocks being the matrices My, My, ..., M,. The symmetric terms in a symmetric
matrix are denoted by x. % and % denote partial derivatives of function x(s, t) to
variables s and ¢, respectively.

2 Problem formulation
In this paper, two 2-D delta operators are shown as follows:

Bx(t,», t]‘)/at]’, T, = 0,

8'x(ti b)) = (1)
’ x(ti,tj+Ty)—x(t3.t))
BT 1, #0
and
ax(t, t)/0t,  Tp=0
A irbj ir )
S b)) =\ syt -sitoty) @)

7, , Tu#0

where 8"x(t;, t;) is the delta operator along vertical direction, 8"x(t;, t;) is the delta operator
along horizontal direction, T, is the sampling period along vertical direction, Ty, is the
sampling period along horizontal direction, j and i are time steps with ¢; = jT, and ¢; = iT,
respectively. A 2-D delta operator system with time-varying delays and actuator saturation
is given as

8x(tiv1, tiv1) = Arx(tis, L)+ Aldx(tm, t— dl(tj)) +B; sat(u(tm, tj))

+ Aox(tis tjs1) + Aoax(ti — do(t:), tjr1) + Ba sat(ult, 1)), (3)
with
8x(tis1, t11) = 8 x(tie1, 1) + 8"x (8, t11),
8"x(ti1, ty) = Arx(ti, t) + Aldx(tz’Jrl, t — di()) + B, sat(u(tis1,4)),

8" x(t;, bs1) = Anx(t;, Ga1) + Azdx(ti —dy(t:), b)) + B, sat(u(ti, tj1)),
- 24, -1 - 2A - 2B
1, . ., - 2 P

1 T, » 1d = T, ’ 1= T, )

- 24, -1 - 245, - 2By

A2 = ) Azd = ) B2 =
Ty Ty Ty

where x(t;, t;) € R" is the plant state, u(¢;, ;) € R™ is the control input, A1, Ay, A14, A2q, B1,
and B, are parameter matrices with appropriate dimensions. Note that 4, (;) and ds(t;) are
time-varying delays along vertical direction and horizontal direction, respectively. d;(z;)
and d,(t;) are satisfied with

0<dim <di(t) <diu, 0 < dym < da(t;) < dau, (4)
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where d1,,, dipr, dom, and dayy are positive real numbers. The function “sat” is the standard
saturation function with appropriate dimension. The saturation function is defined as

sat(u) = [sat(ul),sat(ug), s sat(um)] T,

where sat(u;) = sgn(u;) min{1, |u;|}.

Initial conditions are given as

x(tpt) =py, YO=<t <z,t=-diy,—din+1,...,0,

x(ti b)) = pp, VO <t <zy,t; = —doys,—doar + 1,...,0, 5)
x(ti,tj):O, Vt,'>Zl,l’]’:—dlM,—dlM-l-l,...,O,

x(ti, 5) =0, V> 2z, t; = —dopr, —doy + 1,...,0,

where ¢, and ¢, are given vectors, z; and z, are any large positive integers.
The objective of this paper is to stabilize the 2-D delta operator system (3) under the
following state feedback controller:

u(ty, tj) = Kx(t;, t)). (6)
By controller (6), the 2-D delta operator system (3) is transformed as follows:

8x(tiv1, tiv1) = Arx(tis, L)+ Aldx(tm, 4 —di(t)) + B sat([(x(ti+1, t;’))

+ Aox(ti, tj1) + Asa(t; — da(t), 1) + By sat(Kx(ti, tj11)), (7)

where K € R™*" is a feedback gain matrix.
The following definition on the domain of attraction for the 2-D delta operator system
(3) will be used in this paper.

Definition 1 Denote a solution of system (3) with initial conditions in (5) as ¢ (¢;, ¢}, ¢y, dn).
The domain of attraction for system (3) is given as

T:= {¢v € Ci[~dium,0], o € Co[~dan, 0] ¢, lim ¢t tjy v, i) = 0},
ith

where ¢, and ¢y, are initial conditions, C;[—da,0] is a set of the initial conditions ¢, with
0<t <z, t=—-dm,—dim +1,...,0 and Cy[-d5,0] is a set of the initial conditions ¢y,
with 0 < ¢ <z, t; = —doar, —dom + 1,..., 0.

Based on Definition 1, an estimate of the domain of attraction is shown as follows:

Y = {¢y € Ci[~din,0), ¢n € Co[~dans, 0] :

max [|¢, || < 11, max ||gxll < n2,max |86yl < n3, max 8¢l < na},

where n; >0, [ = 1,2, 3,4, are the maximum positive scalars, || - || denotes the Euclidean

norm.

Page 4 of 19
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For a positive definite matrix P € R"*", an ellipsoid (P) is defined as
QP) = {x(tint;) € R* : x" (t:, t;)Px(ti, ) < 1}.

For a matrix H € R"™*", a linear region of saturation is given as
L(H):= {x(t;,t;) € R" : |hgx(ti, )| <1, =1,2,...,m},

where /1, is the gth row of H.

Let D be a set of m x m diagonal matrices whose diagonal elements are either 1 or 0. In
the set D, each element is labeled as Dy, p = 1,2,...,2". Denote D}, as D,, = I — D,,. Note
that D), is also an element of the set D.

Before ending this section, the following lemmas are given to develop the main results
in this paper.

Lemma 1 ([25]) Let K € R™*" and H € R"™*" be two given matrices. If x(t;, t;) € L(H), then
it is obtained that

sat(Kx(t;, tj)) € co{ (DK + Dy H)x(ti, ;) : p € [1,27]},

where co{-} stands for a convex hull. Consequently, sat(Kx(t;, t;)) is rewritten as

2m
sat(Kx(ti, ;) = > np(DpK + Dy H)x(ti, ),
p=1

where 0 <n, <1 and Zf:l mp = 1.

Lemma 2 ([11]) For a matrix W € R and a function w(t;,t;) € R"*™, there exist

Iy b T Iy
(b=hL+1) Za)T(t,-, tHWolt,t) > (Z w(tirtj)> W(Z o(t;, tj))r ®)

ti=h ti=h ti=h

Iy b T )
(b=hL+1) Za)T(ti, tHWolt,t) > (Z w(ti»tj)> W(Z o(t;, tj)): )

t]‘:ll tj:ll ti:ll

where W = W is a positive define matrix, [y and l, are integers satisfying I < l,. Inequal-

ities (8) and (9) are called 2-D Jensen inequalities.

Lemma 3 ([26]) Let X, Y, W, Wy, Wiy, a1, Way, Z1 >0, and Z, > 0 be given matrices with
appropriate dimensions. The following two inequalities

-Z1 VY1 X
x  w whl<o (10)
* *x =7
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and
—Zy Wy Y
x W wl <0 (11)
* * )
hold if and only if
voov voow
<o, . 2<o0 (12)
v -Z v, -Z
and
voov vy
. <o, . <o (13)
Yy -2 Wy =22
respectively.

Remark 1 In [15, 16], a delta operator is defined as the following form:

dx(t)/dt, T=0,

5x(tk) =
Xt +T)—x(t)
- T #0.

In this paper, the delta operator is divided into two cases. On the one hand, a delta opera-
tor system is equivalent to a continuous-time system when the sampling period T equals
zero. On the other hand, the delta operator system is equivalent to a discrete-time system
when the sampling period T equals one. The delta operator system is a link between the
continuous-time system and the discrete-time system. In this paper, the delta operator is
extended to a 2-D model and the 2-D delta operators (1)—(2) are given for the 2-D delta

operator system (3).

Remark2 Compared with traditional shift operators, the 2-D delta operators (1)—(2) have
obvious numerical advantages in fast sampling cases. According to the 2-D delta operators
(1)-(2), a FM second system in delta domain is represented as the 2-D delta operator
system (3). Note that the 2-D delta operator system (3) can be simplified into a common

FM second system when the sampling period T equals one.

3 Main results
3.1 Stability analysis
In the subsection, a sufficient stability condition is provided for the 2-D delta operator

system (3) with zero input.

Theorem 1 For given scalars 11, Tz, T3, Ta, Ts, Aim> Bom, A1, and dayy, the 2-D delta oper-
ator system (3) with u(t;, t;) = 0 is asymptotically stable if there exist matrices X, Y, P > 0,
Q>0,R1>0,R>0,Q:>0,Q,>0,5>0,5>0,2Z; >0, Zy >0, M1y, M1a, My1, My, N1y,
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N1y, Noy, and Ny, such that the following LMIs hold:

x U vl of

<0
* x =71 0
* * * v,
and
-Zy Wy Y 0
x W vl of <0,
* x  —Zy 0
* * * v,
where

<I>T=[<I>1TP £, 0TS, 2,017, &, oTS, dglcbgTzz],

\1/11:[0 0 My 0 My 0 0 o],
\qu:[o 0 Ny 0 Ny 0 0 o],
%1:[0 0 0 My O My O 0],
%2:[0 00 Nyy 0 Ny 0 o],
-Q+R+Q-5 0 §
-~ - -7 - -7 - -7 T
v - * -Q+Mi+M; -Ni-Ni° Ni+My, -N,
! % k —§+1\_[2+]\_[2T
>k *k B3

W, = diag|{-P,-d},,S1, ~d},Z1,~d3,,S2, —d5, 2>},

Q=diag{QP-Q},  R=diag{Ry,R,},

N—=

o =[4nA+D) Jmdy+) i1y im0 0 0 o,
Q = diag{T,Q1, T4 Q:},

@2 = I:%(TVAI —I) %(ThAz +1) TvAld %ThAZd 0 00 0] ’

D=

S = diag{T2;, T35, },

@3 = [%(Tv;h +I) MTuAa-1) iT,A ThAe O 0 O 0],
Sy =1,P, S =P,

Zy = 13P, M, = diag{T, My, T,Mp},

N; = diag{T,Ni1, TyNo1 }, N, = diag{T, N1, TyNao}, Zy =14P,

Page 7 of 19
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(15)

Q=1P, Q= diag{(du +Ty)Q1, (da1 + Th)Qz}» M, = diag{T,Mi1, TpMa1}.
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Proof Denote a Lyapunov—Krasovskii functional of the 2-D delta operator system (3) as
V(x(ti £)) = Va(x(ti ) + Va(x(ti, 1),
with

Vi ((tis ) = Tox” (b1, 1) Qi1 1)
mm

+ Ty Y & (tins = (@ = DT Rax(ti1, 4 — (@ = DT

a=1

mm B

+ T12/ Z ZxT(tle t] — (- l)TV)le(tHl:tj — (- I)TV)

B=nim a=1

nim B

+ le/dlm Z Z;’T(thl»tj —(a- 1)Tv)515’(ti+l»tj —(a- I)Tv)

B=1 a=1

mm

+Todyy Z ZJ’ tits b — (@ = DTy) Z1§ (b1, 4 — (@ = 1)T,),

B=n1y,+1 a=1

Vo ((t ) = Tna" (tir1, 1) (P = Qx(tisr, tis1)
mm

+ Ty Zx ((X 1 Th’ t]+1)R2x( (Ol l)Th; t]+1)

mm B

+ T Y Y xT (6= (o= 1Ty 1) Qox(ti — (o = 1) Ty b11)

B=nam a=1

nam B

+ Tidzm Z ZJ/T(L‘,» — (o - 1)Thytj+1)52}_’(ti — (e =1)Ty, tj+1)
=1 a=1

mm B
A Z Z}_’T(ti — (o0 = )Ty, b21) Zoy(ti — (00 = 1) Tp 1),
B=nyy,+1 a=1

where

y(tii b - aTy) = x(tin, 4 — (0 = DTy) = a(tir, - aTy),

Yt —aTp tin) = x(t; — (@ = 1)Th, 1) — x(t — aThy a1).

Taking the delta operator manipulation of V(x(z;, #)), it is obtained that

8V (x(ti 1) = 8" Vi (x(ti, ) + 8"Vs (x(t: 1)), (16)
where

8" Vi (x(ti» 1))

=&l o7 Q18 — 2T (i1, 5) Qx(tis1, )

+ a7t R (i, ) — &7 (L1, & — dran) Rix(tivns & — din)
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mm
+(diz + Ty)a” (t41, ) Qux(ti1, ) — Ty Z & (tin, tj—aT,)Qix(tis1, tj — aTy)

oU=N1m

Mm
+d1, 7" (i1, 6)S17 (i1, ) — Todim Z}_/T(ti+1, t—aT,)$1)(tiv1, tj — aT,)

a=1

mm
+dyy" (b, ) 21y (i, ) — Todio Z V' (b1, t — BTV Z1)(tis1, tj — BTY),

B=n1m,+1
(Sh V2 (x(t,-, tj))
=&l DT (P - Q@11 — &7 (ti, 1) (P — Qx(ti 41)

+ &7 (£, 1) Rox(tis tjs1) — 27 (8 = dowt, G41) Rox(ti — dowg, 1)

mm

+ (do1 + Ti)x" (£ £:1) Qo (ti G41) — T Z x"(t; — T tj1) Qox(ti — Ty, 1)
oA=Nyp

n2m
+d5, 7" (i ti1)S2Y(tir tis1) — Thdom Z)_/T(ti — Ty, tj41)S2¥(ti — ATh, tjs1)

a=1

nam
+d3 v (6, £:1) 2oy (tiy ti1) — Thdon Z V(& = BT t:1) 22y (ti — BThy t41),
B=ny;,+1

with

T
51=[xT xl %l ng] ,
T T T
x= [x (ti,t) x (ti;l}'+1)] )
T T T
30 = [T G - di(6) 56— () 50)]
T T T
Sam = [T G =) 7l — domty0)|

T
Xamp = [xT(tHl,tj —dw) xT(t - dZM’tHl)] ’
mmTy = din, nomTh = don, MmTy = dim,

M2 Th = dom, dry = dim — A do1 = doyt — dom.

For matrices M, M», N7, and N,, one has that

mm
0= 2Tv$2(1)TM1 x(tiv1, & — dr (8)) = x(tis1, b — dig) — Z ' (bt~ ,BTV):|, (17)

d o
- B= IT(Vt’)+1

nm
0= 2Th§2(Z)TM2 x(ti — da(t:), t41) — %(t; — doats bs1) — Z y' (ti = BTh, tj+1)], (18)
L dy(t)

SN

(&)

0= 2Tv§2(1)TN1 |:x(ti+1ytj —dym) = x(ti41, 8 — dr (5)) — Z ¥ (ti1 tj— ﬁTv)], (19)

B=n1m+1
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dy (zj)
Th

0:2Th€2<2)TN2|:x(ti—dZm’l}'+1)_x(ti—dz(ti)rtjﬂ)— Z J_’T(ti_ﬁThxtj+1):|’ (20)

B=n2u+1

where

O <[ - dat) o=
=[x

T
Ml—[MlTl MITZ] , Mzz[Mle MZTZ] ,

T
T(t; - dy(t;), ¢ ) tis1) xT(ti—dzm,tju)] )

T T
Ni=[NLONE] L Na=[NE NE]

Using equalities (16)—(20), the following inequality is given:

n T B
I iM: & vy &1
T dn e —dyy(ti,ti— BTY) | | W =Z1 | | —did(tias b — BTY)
=5, *1 -
(&) T o
Ty
N Ty Z &1 L 2 4P &1
dip , 4= | | ~d0y(ti, b - BTY) Wi, =Zi || —duitia, - BT
n T T
N T % &1 v Wy &1
dn 0 —dny(ti = BT tin) | | Way  —Za || —dnd(ti = BT i)
B= v +1 -
dz(tj) -
2 _
. T Zh &1 v Uy &1 (1)
doy A= | ~dni(ti= BTwtp1) | | Wiy ~Za || —dnd(ti= BT t) |
where

vy = \Ill + (D{Pd)l + CDZT(d%mSl + d%zzl)(bz + Cbg(d%mSZ + d%IZQ)(Dg

Moreover, sufficient conditions for 8 V(x(t;, £;)) < 0 are given as follows:

)\ \I—’n v \IJIZ
< 0, < 07
vl -z vl -z

U W, U W,
<0, <0.
vl -7, vl -7,

Using inequalities in (22) and Lemma 3, inequalities (10) and (11) are obtained. Using

(22)

Schur’s complements, inequalities (10) and (11) are converted to inequalities (14) and (15),
respectively. If inequalities (14) and (15) hold, then one has that § V(x(;,¢)) < 0, which
implies that the 2-D delta operator system (3) with u(t;,¢;) = 0 is asymptotically stable.
The proof is completed. O
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3.2 Stabilization
In the subsection, a sufficient stabilization condition is provided for the 2-D delta operator
systems (7) with time-varying delays and actuator saturation.

Theorem 2 For given scalars 11, T2, T3, Ta, Ts, A1y Ao, diar, and dayy, the 2-D delta op-
erator system (7) is asymptotically stable if there exist matrices X,Y,P>0,Q>0,R; >0,
7%2 >0, (51 >0, (52 >0, §1 >0, §2 >0, Zl >0, Zz >0, ]\7[11, 1\7112, M21, Mzg, Xlll, j\?lg, ngl, K[zz,
Vi, and V5, such that the following LMIs hold:

-Z1 VY X 0
U, Wl T
* LD <0, (23)
* x =Z1 0
L * * {52 _
——22 {1;21 ’Y 0 ]
U, UL T
* 1 o <0, (24)
* x  —Zy 0
L * * * @2_
and
Q(P) C L(H), (25)
where

3T=[3] ud,d] wdh®] wd,d] ud ],
[0 0 My 0 Mj, 0 O o],
[0 0 Ny 0 N 0 0 o],

iﬁmz[o 0 0 My 0 My 0 o],
[

Fp=[0 0 0 Nyy 0 Nyp 0 0],

~Q1+R+ O, -5 0 S 0

a{ . Qo Bl Ry -RE Ry W R -
* * “S+No+N M, |’

* * * -R

L3N

, = diag|{-P,~11d2, B, ~t3d%, P, ~1pd2, B, ~14d2, P}, Qs = diag{T,Q1, T Q)

Qi = diag{(d1 + T)Qu, (d + Ti)Qa}, Qi =diag{QP-Q},  R=diag{R;, Ry},

o, = [%(TVA1 +1)P+ 17,B1(D, V1 + D, Vo) 2(Tydy + P + 11,8y (D, Vi + D, V)
Ir,AP 1TuAuP 0 0 0 O],

%

3, = [%(TVAI ~DP+ 17, By(D,Vy +D;Vs)  A(Tyds + DB+ AT,By(D, Vi + D, Vi)

%TVAMT) %ThAgdﬁ 0 0 0 0],

Page 11 of 19
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3, = I:%(TVAI +DP+3T,B1(D, V1 + D, Vo) §(ThAs = DP + 3T3By(D, Vi + D, Vo)
%TVAMT) %ThA2d7) 0 0 O 0] ’

S= diag{ngl,Tigz}, S1=nuP, S2 = 1P,

~ ~ ~.. 1T ~ ~ ~.17

P YA YA A v

 Fe AT o P AT

N, = [NlTl N1T2] ) Zy =3P, Zy =P, Ny = [Nle sz;] ’

N = diag{T, N1, TulNos }, N = diag{T, N2, ThNoa}, Q=1sP,

My = diag{T M1, TpMa1}, My =diag{T, M1y, TyM»n},  p=1,2,...,2".

Furthermore, an estimate of the domain of attraction for system (7) is given as T'(n1, 02,

n3,Ma) < 1, where

(11,12, 13, M4)

dz, —d? +T,(diy + dim
= U% ()‘max(Q) + diptAmax (R1) + M d ) (G - ))\max(Ql)>
d? (T, + dim
g(%)\max(sl) + Tv(dlM - dlm)2)\max(zl)>

d%M - d%m + Tp(dom + dom)
2

+ 77% ()‘mux(P -Q)+ d2M)¥max(R2) + )&max(QZ))

)\max(SZ) + Th(dZM - dZm)z)\max(Z2))o

2 (d%m(Th +dom)
n(y

Note that matrices K and H are given as follows:
K=wD"',  H=VpP"
Proof Using Lemma 1, the 2-D delta operator system (7) is rewritten as

8x(tiv1, 1) = Arx(tin, t) + Aox(t;, ti1) + Aux(tm, L — dl(tj)) +/_12dx(ft —dy(ty), tj+1)

om 2m
+B1 Y 1p(DpK + DyH)a(tiar, ) + By Y 1p(DpK + Dy H)(ti, ti01)
p=1 p=1
2m _ ~ _
=Y " 0p(Ar + Bi(DpK + DyH))altiss, ) + Aran(tivn, 1 - di (1))
p=1
2m _ ~ _
+ Y ny(Az + By(DpK + Dy H) )x(tis 1) + A (ti — da(t:), 1) (26)
p=1

In Theorem 1, parameters A; and A, are replaced by

2Wl
Z ny(A1 + By (D,K + D,H))
p=1
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and
2m
> " np(Az + By(DpK + D, H)),
p=1

respectively. Pre-multiplying and post-multiplying inequalities with input saturation by a

diagonal matrix

diag{P,P,P,P,P,P,P,P,P,P,P,P, P, P, P, P}

and letting

P=P', Q=DPQP, R,=PRP, R,=PR,P, Q=PQ,b,
Q=PQyP,  $,=PS,P,  Z,=DPZ\P,  Zy=DPZP, My =PMD,
My =PM;B, S, =DPSiP, My =PMnDP, My = PMyD,
NllzT)NllT)r NIZZT)NDﬁ» NZIZﬁNMﬁ: szZT)szT),
X=PxP, Y=PYP, V,=Kb, V,=HD,

inequalities (23) and (24) are obtained.
For 8 V(x(t;, t;)) < 0, one has that

&7 (tir1s 1) Pa(tisns Lisn)
< V(x(t: 1)) < V(xo0)

2
<, max |#0(61) |

d%M — d%m + Tv(dlM + dlm)
2

X ()\max(Q) + dlM)\max(Rl) + Amax(Ql))

d%m (Tv + dlm)

+ max |56,61) \\2( Amax (S1) + Ty (dyps — dlm)zxmax(zn)

01 €l~d11,0] 2
2
(%
+, max |6n(62) |
a2, —d? + Tu(dops + dom
X ()\max(P_Q) +d2M)‘-max(R2) + M 2 zh( M > ))\max(QZ)>
dzm(T + doyy)

T el o] ||5¢h(92)‘|2(%)‘max(82) + Ty(dom — dzm)z)»max(zz))

h€l-dam,

=T(n1,m2,13,m4) < 1.

It is obtained that x7 (¢, 1, t1)Px(tii1,t,1) < 1 and all system trajectories that start from
['(¢1, o, 8¢1,8¢2) < 1 will remain within xT(tM,t,-+1)Px(t,-+1,tj+1) < 1. The proof is com-
pleted. O

In order to obtain a maximal estimate of the domain of attraction, letting 1, = énz =
1 1 . . . . .
53 = 5 and denoting A to be an ellipsoid, one has that Xy := {x(t;,¢) € R" :

Page 13 0of 19
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xT(t;, t;)Rx(t;, t;) < 1}. An optimization problem is formulated as follows:

e o~ x LSHRX M
P,Q.R1,R2,Q1,Q2,51,52,21,22,X,Y,K.H

B marCQ(P),
ot (ii) Inequality (23), 27)
(iii) Inequality (24),

(iv) Q(P)c L(H).
In the optimization problem (27), condition (iv) is translated into
" (b t))h] hgx(ti, 1) < & (8, 6)Px(ti, 1), Va(ti 1) #0. (28)
Inequality (28) is equivalent to
hihy—P<0.

Using Schur’s complements, it is obtained that

[_P hy } <0. (29)
* -1

Pre-multiplying and post-multiplying inequality (29) by a diagonal matrix diag({P, 1}, one
has that

P Zz
<0,

where Z = T’h;.
The optimization problem (27) is transformed into the following optimization problem:

o min_ 7
BQR1LR,Q1,.0051.52.71. 20X

(1) Inequality (23),

(i) Inequality (24),

@ [7Z]=0

(iv) ©I-Q=>0,

V) @l-(P-Q) =0,

(Vi) w3l —R; >0,

st (vii)  wal —R, >0, (30)

(viii) sl — Q; >0,

(ix) wel-Q2>0,

x)  wl-8 >0,

(xi)  wgl -8 >0,

(xii) w9yl -2, =0,

(xiii) w10l — Z» >0,
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where
a2, —d? +T diy +di dz (T +d;
r =) +diyo; + " al ’")ws + DTy '")w7
2 2
d2 —d2 + Ty d2M+d2 )
+ Ty(dist — dim)>wo + w3 + doprwg + 2422 ( " w6

2
a3, (T + doy)
+ _—

5 wg + Tp(dop — d2m)2w10~

Furthermore, a maximal estimate of the domain of attraction is obtained by 71, = ﬁ,

where

d%M - d%m + Tv(dlM + dlm)

9 )\max (Ql)

A= )Lmax(Q) + dlM)‘-max(Rl) +

d? (T, + dim
+82<71m( 2+ ! )

)\max(Sl) + Tv(dlM - dlm)z}‘-max(zl) + )\-max(P - Q))

d%M —d2,, + Tu(doas + dom)
2

+ &1 (dZMkmax(RZ) + Amax(QZ))

Amax(S2) + Tr(doa — dZm)z)‘-max(ZZ)>' (31)

<d%m(Th + d2m)
res|

4 Numerical examples
In this section, two numerical examples are provided to illustrate the effectiveness of the

developed techniques.

Example 1 A thermal process is expressed into a 2-D discrete-time FM second model
with time delays in [2]. In the 2-D discrete-time FM second model, parameters are given

as follows:

0 1 0 o0 00 0 0
Ay = . Ay = R . A= .
! [o 0] 2 [0.25 0.65:| 1 [0 0} 2 [o —0.12}

In this example, a 2-D delta operator system with u(t;, t;) = 0 is given as

8x(tis1, te1) = Arx(tis, t) +A1dx(ti+1; 5 —di(t)))

+ Aox(ti, 1) + Asax(t; — da(ti), b1), (32)
where
- 24, -1 - 2A14 - 24, -1 - 2494
A =17 1d= , Ay = , Agy = .
T, T, Ty Ty

Sampling periods of system (32) are chosen as T, = 0.1 and T, = 0.02. Trajectories of two
state variables for the 2-D delta operator system (32) with a time-delay upper bound d; =
24 are shown in Fig. 1. It is seen clearly from Fig. 1 that state responses converge to origin,
which means that system (32) with a time-delay upper bound d5; = 24 is asymptotically
stable.
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Figure 1 State trajectories of system (32) with a time-delay upper bound dyy = 24

Table 1 Allowable time-delay upper bounds di

dim  dim  dam  dom

[2] 1 13 1 11
[10] 1 20 1 11
[12] 1 20 1 11
Theorem 1 1 24 1 11

In this example, the 2-D delta operator system (32) with 1 < d;(¢;) < 24 is asymptotically
stable. However, systems in [2, 10], and [12] are asymptotically stable for 1 < d;(¢;) < 13,
1<di(t) <20, and 1 < dy(¢) < 20, respectively. Time-delay upper bounds dy given in [2,
10, 12], and Theorem 1 in this paper are compared in Table 1. Obviously, the time-delay
upper bound dj,; provided in this paper is larger than the ones obtained in [2, 10], and
[12].

Moreover, it is worth noting that the total number of decision variables in [2] and [10] are
16n% + 61 and 261 + 10n, respectively, while in Theorem 1 of this paper, they are 151 + 5.
It is obtained that a lower number of decision variables are needed in this paper than [2]
and [10] for the asymptotic stability of the 2-D delta operator system (32). Therefore, the

approach in this paper reduces the burden of numerical computation.

Example2 A 2-D delta operator system with time-varying delays and actuator saturation

is given as

8x(tiv1, te1) = Arx(tis, L)+ Aldx(tiﬂ: t— dl(tj)) +B sat(u(tm, tj))

+ Aogx(tis tjs1) + Asax(ti — do(t), ts1) + B sat(u(ti, tj11)), (33)
where
24 -1 - 24y, . 2B
1= T, ’ 1d = T, ’ 1= T, ’
- 245 -1 - 2A54 - 2B,
2= ’ 2d = ) = »
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A

»&x»,‘lw, ;JWW MWVW H/l"ﬂﬂm’m

1 wu‘Wﬁ“ﬂ"‘}ﬁ'&'ﬂv‘N

State

Figure 2 State trajectories of system (33) with a feedback gain matrix K

with
0.5 -0.6 01 O -15 0
Ay = ) Ay = ) B = )
0.1 0.2 0 02 -11 0
02 0 0 0 14 0.3
AZ = ) A2d = ’ = .
0.5 0.1 0 -0.01 07 0

Time-varying delays of system (33) are satisfied with 1 < d;(¢;) < 24 and 1 < d5(¢;) < 11.
Sampling periods of system (33) are chosen as T, = 0.1 and T}, = 0.02. Letting parameters
71 = 0.01, 75 = 0.02, t3 = 0.03, 74 = 0.03, and 5 = 0.95. By solving the optimization problem
(30), matrices K and H are obtained as
‘- |:—0.0956 —0.2842] o |:—0.0958 —0.2818:|‘ G
-0.4515 1.2239 -0.4481 1.2158

Trajectories of two state variables for the 2-D delta operator system (33) are shown in
Fig. 2. It is seen clearly from Fig. 2 that state responses converge to origin which means
that system (33) is asymptotically stable with a feedback gain matrix K given in equality
(34).

Moreover, an estimate of the domain of attraction is shown in Fig. 3. The domain of
attraction is a subset of state space and all system trajectories that start from the subset
will eventually tend to origin. In Fig. 3, an estimate of the domain of attraction is shown

for 2-D delta operator systems with time-varying delays and actuator saturation.

5 Conclusion

In this paper, the stabilization problem has been shown for the 2-D delta operator system
with time-varying delays and actuator saturation. Free weighting matrices, 2-D Jensen
inequalities, and LMIs approaches have been applied for stabilization analysis. Further-
more, the estimate of the domain of attraction has been proposed for the 2-D delta opera-
tor system. The state feedback controller has been designed by the Lyapunov—Krasovskii
methods. Two numerical examples have been shown to illustrate the effectiveness and

advantages of the developed techniques. Delay and fractional models are two different
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3
2, .
1 . -
< of ]
N
=
_1 - -
_27 -
_3 1 1 1 1 1
-3 -2 -1 0 1 2 3
x1(ti,tj)
Figure 3 An estimate of the domain of attraction

memory models, fractional calculus has memory effects to depict the long-term behav-
ior [27-29]. Fractional models can provide powerful tools to describe the hereditary and
memory properties of different substances [30]. Meanwhile, time-delay optimal control
problems have attracted wide attention in recent years [31, 32]. All these will contribute
to our research for 2-D delta operator systems in the future.
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