Promsakon et al. Advances in Difference Equations (2018) 2018:385 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-018-1854-x a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Nonlinear sequential Riemann-Liouville
and Caputo fractional differential equations
with generalized fractional integral

conditions

Chanon Promsakon', Nawapol Phuangthong', Sotiris K. Ntouyas®* and Jessada Tariboon'"

“Correspondence:
jessada.t@sci.kmutnb.ac.th
!Intelligent and Nonlinear Dynamic
Innovations Research Center,
Department of Mathematics,
Faculty of Applied Science, King
Mongkut’s University of Technology
North Bangkok, Bangkok, Thailand
Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we discuss the existence and uniqueness of solutions for two new
classes of sequential fractional differential equations of Riemann-Liouville and
Caputo types with generalized fractional integral boundary conditions, by using
standard fixed point theorems. In addition, we also demonstrate the application of
the obtained results with the aid of examples.
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1 Introduction

In this paper, we investigate the following two nonlinear sequential fractional differential
equations of Riemann-Liouville and Caputo fractional derivatives subject to the general-
ized fractional integral boundary conditions of the forms

Rp1(CD'x)(t) = f(t, %(t)), te(0,T), (1)
x(0) = Z yPIZTR(E),  H(T) =Y oK), (2)
j=1
and
CDIRDx)(E) = f(6:2(2), £ (0,T), ‘)
#0)=0.  ®(T)=) o 157/%(8), (4)

where R'D? and D’ denote the Riemann-Liouville and ‘Caputo fractional derivatives
of order 0 < g,r < 1, respectively, with 1 < g +r <2, 51}']‘]’5 denote the generalized frac-
tional integral of order & > 0, f : [0,T] x R — R is a continuous function, &;,§; € (0, T),
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a € {ano} >0, 5 € {pnph B €lBuB it € (), & € ik} €R, 1,05 € R, for all
i=1,2,...,m,j=1,2,...,n Observe that interchanging the sequence of fractional deriva-
tives in (1) and (3) has an effect on the boundary conditions which are seen in (2) and (4),
namely the Caputo fractional derivative of a constant is zero while the Riemann-Liouville
derivative is not.

The subject of fractional differential equations has emerged as an interesting and pop-
ular field of research in view of its extensive applications in applied and technical sci-
ences. One can easily observe the role and importance of fractional calculus in several
diverse disciplines such as physics, chemical processes, population dynamics, biotechnol-
ogy, economics, etc. For examples and recent development on the topic, see [1-21] and
the references cited therein. The significance of fractional derivatives owes to the fact that
they serve as an excellent tool for the description of memory and hereditary properties
of various materials and processes. One can notice that fractional derivatives are defined
via fractional integrals. Among several types of fractional integral found in the literature,
Riemann-Liouville and Hadamard fractional integrals are the most extensively studied.
A new fractional integral, called generalized Riemann—Liouville fractional integral, which
generalizes the Riemann—Liouville and Hadamard integrals into a single form, was intro-
duced in [22] (see Definition 5). For more details of this integral and similar ones, we refer
the reader to [23] and [24-27].

Several new existence and uniqueness results for problems (1)-(2) and (3)—(4) are
proved by using a variety of fixed point theorems (such as Banach contraction princi-
ple, Krasnoselskii’s fixed point theorem, Leray—Schauder nonlinear alternative). The rest
of the paper is organized as follows: in Sect. 2 we recall some preliminary facts that we
need in the sequel. In Sect. 3 we present our existence and uniqueness results. Examples

illustrating the obtained results are presented in Sect. 4.

2 Preliminaries
In this section, we recall some basic concepts of fractional calculus [1, 2] and present

known results needed in our forthcoming analysis.

Definition 1 The Riemann-Liouville fractional derivative of order g for a function f :
(0,00) — R is defined by

1

Kpif(r) = P

d g ! n—q-1 _
(E) 0+(t_3) = f(s)ds, q>0,m=[q]+1,

where [q] denotes the integer part of the real number g, provided the right-hand side is
pointwise defined on (0, 00).

Definition 2 The Riemann-Liouville fractional integral of order g for a function f :
(0,00) — R is defined by

RLpaf(e) = %q) Ot(t — )T Yf(s)ds, q>0,

provided the right-hand side is pointwise defined on (0, 00).
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Definition 3 The Caputo derivative of fractional order g for an n-times differentiable
function £ : (0,00) — R is defined as

t d n
Cqu(t) = F‘(n;—q) ; (t—s)”_q_l(£> f(s)ds, g>0,n=[q]+1.

Definition 4 The Hadamard fractional integral of order ¢ for a function f : (0,00) — R is
defined by

Hpq =L t( f)q_ljﬁ
JIf(¢) F(q),/0+ logs . ds, ¢q>0,

provided the integral exists, where log(-) = log,(-).

Definition 5 The Katugampola fractional integral of order ¢ > 0 and p > 0 of a function
f(¢) for all 0 < £ < oo is defined by

(0
L@ Jo. @ =57

ds,

T () =
provided the integral exists.

Remark 1 For p =1 in the above definition, we arrive at the standard Riemann—Liouville
fractional integral, which is used to define both the Riemann-Liouville and Caputo frac-
tional derivatives, while in the limit p — 0* we have

o L[t )
Jm TFO= 55 ). (“g ;> T

which is the famous Hadamard fractional integral; see [22].

Definition 6 The Erdélyi—Kober fractional integral of order § > 0 with 7 >0 and y € R of
a function f : (0,00) — R is defined by

t@+y) et gny+n-lg(g
n f6)

.
IO 756 o, ey

provided the integral exists.

Let X?(a,b),c € R,1 < p < 00 be the space of all complex-valued Lebesgue measurable
functions ¢ on (a, b) for which ¢l < oo, with

b d 1/p
||¢||Xg=</ \aa%(aa)!’”;") , 1<p<oo.

Definition 7 ([28]) Let f € X% (a,b) with a = 0*. The generalized fractional integral of
order « > 0 and constants 8, p,n,x € R for a function f : (0,00) — R is defined by

1-Byc  pt p(n+1)-1
("172f)(8) = pr(a) /O + (t; — o D4, 5)

provided the integral exists.
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Remark 2 The fractional integral (5) contains six well-known fractional integrals as its
particular cases (see also [28]).
From (5) we have the following special cases:
(i) If B =a, k =0, n =0, then (2) can be reduced to

x(0) =Y y/TUx(&),  &(T) =) o 1JUx(s)), (6)

-1 j=1

which are the Katugampola fractional integral boundary conditions;
(i) fp=1,B=a,k=0,n=0,then (2) can be reduced to

x(0) =) yIUx(E),  x(T) =) o IUx(8)), (7)

i=1 j=1

which are the Riemann-Liouville fractional integral boundary conditions;
(iii) If p —> 0, B =, k =0, n =0, then (2) can be reduced

x(0) =Y y[UxE), K1) =) o)), (8)
i=1

,7 =1

which are the Hadamard fractional integral boundary conditions;
(iv) If 8 =0, k = —p(a + 1), then (2) can be reduced to

©(0)= Y vy "x&),  A(T) =) ol x(), )
i=1 j=1

which are the Erdélyi—Kober fractional integral boundary conditions.
Lemma 1 ([2]) Let g >0. Then for y € C(0, T)NL(0, T) it holds
RLya (RLqu)(t) =y(t) + 1t oot T 44,17,
wherec; R, i=1,2,...,nandn-1<qg<n.
Lemma 2 ([2]) Let g >0. Then for y € C(0,T)NL(0, T) it holds
RL19(CD1y)(£) = y(t) + co + c1t + ot + -+ + Cu ",
wherec; €R,i=0,1,2,...,n—1landn=[q] + 1.

Lemma3 Leta, p>0and B,p,n,k €R, m>0and p(a +n) + m+k >0. Then we have

pla,ﬂ m -B I‘(p’“;’*m) pla+n)+m+k
0,k = P F(pr7+pa+p+m)t . (10)
P

Page 4 of 17
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Proof Now we state the definition of the beta function and its property, which for x,y > 0
read

Fx)I ()

1
Blx,y) = /0 w1 -utdu and B(xy) = m

From Definition 7 and by changing the variable of integration, we can compute the fol-
lowing formula:

pl—f}tk t .L.p(n+1)—1

PP = " dt
8 C(a) Jo (&7 —1r)t

p—ﬂtp(a+n)+m+/(

1
pn+p+m
= 7‘/ ul =% (1 - w)* du
['(a) 0
p—ﬁtp(a+n)+m+ic PN+ p+m
, O
[(a)
pn+p+m
-B F( 4 ) t,D(Ol+7])+Wl+K

=p PI+PU+p+1
r(2EE)

The proof is completed. O

Before going to prove the next lemma, for convenience, we set constants

m

F(q Pirdjs iniki
1 F(q+r) Z YiTt, q+r-1 (‘i‘_t)

Qz_zynpzazﬂl’hkl %—l)_l,

r - By
Q-2 ( o (8)) - T 1)
j=1

C(g+r)

n
p',O(',ﬂ‘,ﬁ',K'
94:201.]_[01 joPjoTlj /(Sj)—l

j=1
and
Q=1 - 2005 #0, (11)
where
F(pn+p+m)
TP () = 7P Ny e D) g, .
P

Lemma4 LetO<q,r<1withl<q+r<2,p;p,q 1 d;a;>0,§,8¢€(0,T), Bis s Kis Bj»
npkieRfori=1,2,...,m,j=1,2,...,n, Q2 #0and y € C([0, T],R). The unique solution of
the following linear sequential Riemann—Liouville and Caputo fractional differential equa-
tion

SDU(CD'x)(6) = y(8), te(0,T), "
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subject to the generalized fractional integral boundary conditions
" . .
Z yPIEE(E),  (T) =Y a0 x(), (14)
j=1
is given by the integral equation

x(t) = (91 Q, o )(RLI‘“’y)(T)
[(g+7)

+

F(Q) +r— - Ykl i
(er—)t‘f 1 _szl) Yol (177)] )

(g+r =

F( ) +r— - o, Pf +r +r
+ (Qs Q24 (qzr)tq );y,[p'lmﬁ(m]q )](é;)) +(RL1q y)(8). (15)

Proof Applying the Riemann-Liouville fractional integral of orders g and r, respectively,
to both sides of (13) and using Lemmas 1 and 2, we have

I'(g)

tq+r—1 + s 16
C(g+r) © (16)

x(t) = (RLIq”y) ®)+ca

where constants c;, ¢; € R.
Using the nonlocal boundary condition (14) to the above equation with Lemma 3 and
the above-set constants, we obtain the following linear system of constants ¢; and cy:

Qi1 + 0 = Z)/z [71 :f,ﬁl (RL177y) &),
i=1
n
9301 + 9462 RLIq+r (T) - Z O'l[p/If][]/,‘,fj} (RLIq+ry)](5j).
j=1

Solving the above system of linear equations for the constants c;, ¢;, we have

[%Zo, O L )](5) - (M) ()

-mzy, (o1l (R gaer )](g»}

n

Cy = é|:91(RL1q+V)’)(T) - ;GJ[[)’I ]ﬁl (RLIqH )1(5)
j=

+ Q) Vf[ﬁl‘fgﬁ" (RLI”“’y)](si)].
i=1

Substituting constants ¢; and ¢, into (16), we obtain integral equation (15). The converse
follows by direct computation. The proof is completed. d

Remark 3 Since g + r > 1, equation (16) is well defined when ¢ = 0.

Page 6 of 17
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Lemma 5 The linear sequential Caputo and Riemann—Liouville fractional differential

equation
DI(RDx)() = y(t), te(0,T), (17)

assuming (4), can be written as an integral equation

¢ - i 199 +r +r
= e (Z o0y (177)|(8) - (10 y)(T))

j=1

+ RL[9*7y(p), (18)

where the constant Q* # 0 is defined by
- g
B
Q =T1-) oy ().
j=1

Proof By taking the Riemann-Liouville fractional derivative of orders g and r, respec-
tively, of (17), we obtain

tq
(q+

x(t) = (1Y) (0) + o T ) + 0ot (19)
Condition x(0) = 0 implies ¢, = 0. Applying the boundary condition (4) and using the same
method as in Lemma 4 for finding a constant c;, we obtain (18) as desired. This completes
the proof. d

Remark 4 1f ¢, #0, then (19) is singular in the case t =0 and g € (0, 1).
The following fixed point theorems are fundamental in the proofs of our main results.

Lemma 6 (Krasnoselskii’s fixed point theorem, [29]) Let M be a closed, bounded, convex
and nonempty subset of a Banach space X. Let A, B be the operators such that (a) Ax + By €
M whenever x,y € M; (b) A is compact and continuous; (c) B is a contraction mapping.
Then there exists z € M such that z=Az+Bz.

Lemma 7 (Nonlinear alternative for single-valued maps, [30]) Let E be a Banach space, C
be a closed, convex subset of E, U be an open subset of C and 0 € U. Suppose that F : U — C
is a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or
(ii) thereis a u € AU (the boundary of U in C) and X\ € (0,1) with u = AF(u).

3 Main results

In this section, we will use fixed point theorems to prove the existence and uniqueness
of solutions for problems (1)—(2) and (3)—(4). Throughout this paper, for convenience, we
use the abbreviate notations

RL yg+r _ 1 z _ +r—1
(R x)(z)_ir(qw) /m(z )1 f (s,x(s)) ds  forz e [0,T]
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and

p(7+1)-1

&B RL yq+r -1
57 a0 - F(a)F(q+r) /0+ /0+ @ —yyia E IS (s2(9)) dsdr,

for v e [0, T], where z € {t, T}, v € {£,8;}, p € {pu o}, & € {an oy}, B € {Bi B}, 71 € (i),
kelek},i=1,2,...,mj=12,...,n

Let C = C([0, T'],R) denote the Banach space of all continuous functions from [0, 7] to
R endowed with the norm defined by |lx|| = sup,c(o 77 [%(¢)|. By Lemma 4, we define an
operator F :C — C by

(Fx)(2)

1 ) +r—1 ) (RL yg+r
( r(q+r)tq )( 1RID)

j=1
m
-2 )

+ (ML) (8), (20)

+

’ (Q F(q+r) “r- )Z (10 (R17) )
( J/i[ﬁil;iif"(“lq”ﬁc)](éi)>

with € #0. It should be noticed that problem (1)—(2) has solutions if and only if the oper-

ator F has fixed points. For the sake of convenience, we put a constant

" Tg+r+ D)9

|Qlqu+V+ |Q | ( ) T2q+2r—1
T(g+r)

@ o Ao
['Qz'ﬁw +19] Zlff/ gl 8)

[|§23|+|94I

cE ] > g <a->)

Tq+l"

+ m. (21)

To prove the existence theorems for problem (3)—(4), by Lemma 5, we define an operator

H:C— Cby

¢ - i 1%9°P +r +r
(Hx)(0) = W(, o8] (L1 £)|(8) - (L1 ﬁ)(ﬂ)

+ (R @), QF 0. (22)

The first existence and uniqueness result is based on the Banach contraction mapping

principle.

Page 8 of 17
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Theorem 1 Let f: [0,T] x R — R be a continuous function satisfying the following as-

sumption:
(H1) There exists a constant L > 0 such that |f(t,x) — f(¢,y)| < Llx —y|, for each t € [0, T]
and x,y € R.
If
L <1, (23)

where a constant ® is given by (21), then the boundary value problem (1)—(2) has a unique
solution on [0, T1.

Proof Problem (1)—(2) can be transformed into a fixed point problem, x = Fx, where the
operator F is defined by (20). By using the Banach’s contraction mapping principle, we
shall show that F has a fixed point which is the unique solution of problem (1)—(2).

Let us set sup,¢(o 71 [f(£,0)| = M < 0o and choose

Mo
r> ,
T 1-Ld

as a radius of the ball B,, where B, = {x € C : ||x|| < r}. From inequality (23), a constant
r is well defined. Now, we show that 7B, C B,. For any x € B,, and taking into account
Lemma 3, we obtain

é <(Ql _ Qg FF(Q) tq+r_1> (RLIqHﬁ)(T)

|Fx| = sup
(g+71)

te[0,T]

NGO B R
i <Q [(q+7) Fgen. Ql) ;Gj[pll"ivki (L1771 1)

(o Ty ) L[ RLIW)](&)) + (ML)

< <['91' et (SR

(@) g
+ |:|Qz|mTq Lt |91|:|
x Z|a, AL (17 (1 fol + 1fo])) 13
F(q) +r—1
+|:|93|+|Q4|mTq ]

x Z [P (M1 (1 = il + l}%l))](&)) + (R ([f = ol + Wfol)) (0)

I'(g+r+1)|Q

§(Lr+M){ Flg+n)

('%T"” 1)) g

n

F( ) — j»0jp Bk
iy el Sl )

j=1
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o T+
Q + Q q+r— n-ﬂt i BiniKi . + —
[| sl + 1l —— Zm ) |+ F T
=(Lr+M)® <r,

which gives 7B, C B,.
For x,y € C and for each t € [0, T], we obtain

| Fx(t) - Fy(t)|
1 [|Q |+ |Q | ( ) T+~ 1i|(RL1q+r(lf f ))(
ST AR ) o

['92| 0@ g, |91I]
(g +7)

x Z o[ (1 (1~ £,1)) 1)

r (q) Tq+r—1]
)

+ | |R23] + |2
[| ol + 1l

S P (U ) )

RL1q+r(If _]3/ ))

r
<Llx-yl |Q1|T"”+IQz'IiTZ’”z’_1
Fq+r |Q| T(g+r)
F( ) +r— “ 7,0, BimiKi
[|92| (f)Tq ! |91I]Zlo/|n£’ir”"’ @)
j=1
I'(q) L] T
Q Q Tq+r ; P, ﬁt NiKi
+[| 41l Zwmw @ )+ Fre D
i=1

=Lo|x -yl
The above result leads to | Fx— Fy|| < L®|x—y|. As L® < 1, therefore the operator F is a
contraction. Hence, by the Banach contraction mapping principle, we deduce that 7 has a
fixed point which is the unique solution of the problem (1)—(2). The proofis completed. (I

Corollary 1 Let condition (Hy) in Theorem (1) hold. If L®* < 1, where ®* is defined by

T4 n Ta+r
o = Z'oj| ;if‘lﬂl'b"/((s) 7o)y — 2
QT (g + Dl (g +r+ 1)\ T(g+r+1)

then the boundary value problem (3)—(4) has a unique solution on [0, T.

Next, we give the second existence theorem by using Krasnoselskii’s fixed point theorem.

Page 10 of 17
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Setting a constant

T+ 1 r
q>1 — + |Qlqu+V + |QZ| (q) T2q+2r+1 .
Fg+r+1) QT (g+r+1) I'(g+7)

Note that ®; < ®. Now, we state and prove the second result.

Theorem 2 Assume that f : [0, T] x R — R is continuous and satisfies assumption (H;)
of Theorem 1. In addition we suppose that:
(Ho) [f(t,x)| <¢(t),V(t,x) €[0,T] x Rand ¢ € C([0, T],R*).
If the inequality
®L<1 (24)

holds, then the boundary value problem (1)—(2) has at least one solution on [0, T].

Proof Let us define a suitable ball Br = {x € C : ||x|| <}, where the radius 7 is defined by
7= ollP,

with sup,c(o, 77 1#(¢)] = [[¢]| and @ defined by (21). Furthermore, we define two operators
P and Q on By as

1 r - o
(Px)(t) = (( F(q(-q'—)r) (a1 _ Ql) 2 a][ﬂ,[ /ﬂJ(RL1q+%)] )
F( ) +r— o> Pi +r
+ (Qg Q4 qurr 4 1) Zl pllmfl RL g ﬁc)](gj)),
Qo0 =~ (( F(F(‘i)r) tq*”)(“ﬂ*’fx)(n>

+ (R ITEN @), tel0,T).
Observe that Fx = Px + Ox. For x,y € By, we have

P+ Qyll

1 r
<oy == I%UIT"" + |Qz|lT2q+2r—l
I'(g+r+1)|2 T'(g+7)
n

I'(q) g+r—1 02, Bjmjk
+ [|QZ|WT + 1821 Z|<Tj|7Tq+r (%)

j=1

o Tq+r
Oul 4 10 Ta+r-1 Pir%iBimiKi (&, + —_—
[| 3l +1 4|F( o ]2 il ™G )+

=llol®

<r.

Page 11 of 17
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This shows that Px + Qy € By. Therefore, condition (a) of Lemma 6 holds. Using assump-
tion (H;) with the inequality in (24), we deduce that operator Q is a contraction mapping
which satisfies condition (c) of Lemma 6.

Now, we will show that operator P satisfies condition (b) of Lemma 6. Since f is a con-
tinuous function, we have that operator P is continuous. Next, we prove compactness of
operator P. It is easy to verify that

1 F(Q) _ - 05 BTk
P < Q T+ 1 Q . irl 7 S:
l x||_”¢”{l"(q+r+1)|52|<|:| 2|F(q+r) + €24 § |loj|7q (8)

Jj=1

[|93| 1l (+) T ] 3 |yl|n;;;‘f'ﬂf"ﬂ'“'f(a>) }

i=1

Hence, P(By) is a uniformly bounded set. Let us put sup(, c(o,71x5, [ (&%) = f < c0. Con-
sequently, we get

|(Px)(t1) - (Px)(52)|

1 F(q +r— - "‘1 1 +r
a{(Q Fgnt 9) 1) (117 ) |6

J=

(-0l ) S ) }

q+r) =

1 F( +r-1 )j alﬁl RL +r )
_5{(9 F(q+r) 4 Ql) il (17 £)](6)

¥ (93 - mrr(q 5 1) Z [P12e( RLI’“’f)](Ei)”

=1

1 F O K
< @{H-zz' (Q) | q+r l_tq+r IVZ| }lnpj //3/ M) /(8/)

j=1

(4) q+r-1 q+r-1
t _ t ; 0ird, /31 75K
Ul § il Zee (g |,

which is independent of x and tends to zero as £, — ;. Hence, the set P(By) is equicontin-
uous. Hence, by the Arzeld—Ascoli theorem, the set P(By) is relatively compact. Therefore,
the operator P is compact on By. Thus all the assumptions of Lemma 6 are satisfied. Then
the boundary value problem (1)—(2) has at least one solution on [0, T]. The proof is com-
pleted. O

Remark 5 In the above theorem, we can interchange the roles of operators P and Q to
obtain a second result, replacing (24) by the following condition:

L |: I'(q) _1 . )0, Bk
——————| | I T ||| D ol (8))
QT (g +r+ 1)( C(g+r) p=

[|93|+|94| T’“’ I}ZIMIEP“” "”"Wé))

Page 12 of 17
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Corollary 2 Assume that (Hy) and (H,) are fulfilled. If either

LTq+V
(g+r+1) <

or

L - 2, By )k S T+ 1
|Q*|T(qg+ 1) (g+r+1) Z'W'”{W (&) + <1,
j=1

holds, then the boundary value problem (3)—(4) has at least one solution on [0, T1].

Now, our third existence theorem will be proved by using the Leray—Schauder’s Non-

linear Alternative.

Theorem 3 Assume that f : [0, T] x R — R is a continuous function. In addition, we sup-
pose that:
(Hs) There exist a continuous nondecreasing function  : [0,00) — (0, 00) and a function
p € C([0, T, R*) such that

[f(t,x)| <p(t)¢( |x||) foreach (t,x) € [0,T] x R;

(Hy) There exists a constant N > 0 such that

_N
Iplly ()@

’

where ® is defined by (21).
Then the boundary value problem (1)—(2) has at least one solution on [0, T].

Proof To apply Lemma 7, we define a bounded ball in C by Bg = {x € C: ||x|| <R}, R >
0. Now, we shall show that the operator F defined by (20), maps bounded sets By into
bounded sets in C. For ¢t € [0, T] we have

| Fx(8)]

! F(q) +r-1 | (RL yq+r
E@<[|Q1|+|92|WT‘I :|( 1 (lm))(T)

[|92|%TW- m]Zla, (18 (R (1)) )

1@l + 19l ST ]Z| Vil (R (141)) )6 )

+ (RLIqH(IfxD)(t)

(| Ql | T 4 | QZ | (q) T2q+2r—1

Sllplll/f(llxll){ T(g+7)

I'(g+r+1)|Q

Page 13 0of 17
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( ) r—1 20, Bk
[|92| R Da,w;i/ " s))

I(g) i L
Q Q Tq+r 1 i Pir%iBisniKi i _
[| sl +]1 4|F( 1) Zlquw (&) "Tq+r+))

i=1

< lplly (R)®.

Therefore, we conclude that || Fx|| < |p|ly¥(R)®, which implies that the set F(Bg) is uni-
formly bounded.
Next, we will show that F maps a bounded set By into an equicontinuous set in C. Let

V1, V3 € [0, T'] with vy < v, and for any x € Bg. Then we have

|(Fx)(v2) = (Fx) (1)

1 I'(g) 1 1\ RL e
S@<(|Qz|r(q+r)|vlq — 7 i)( 79 lfx|)(T)

n

r Bi
(1ot gl = 1) P ()

) 2
+ <|Q4|F(Fq(6+1) )| a1 _ q+,_1|> ZVZ [r1%f( RLIqurlﬁcl)](%_i))
||p(|l;p+<1re)) f =97 oy — 071 ds
||p|llw+(f)) / (s 5171

r Ta+r
< ||p||1/f(R){ 2 (<|§22| F(q(Z)r) |U1q+r_1 — 71 |) FarreD

I'(g) ~ ~ - ik
+ <|QZ|F(qzr)|v2q+r 1_v1q+r 1|> Z'O-] ﬂ;i;y/ JU/KJ(Sj)
=1

F( ) +r— +r— O PHNHK
¢ (Il et - 1|)Zmln:¢wm ,@))

1 g+r q+r
- _ 2 _ q+r .
FRlgrrapls T 20w ]}
Obviously, the right-hand side of the above inequality tends to zero independently of x €
Bg as v, — v1. Thus F(Bg) is an equicontinuous set. Therefore, it follows by the Arzeld—
Ascoli theorem that F : C — C is completely continuous.
Let x be a solution of boundary value problem (1)—(2). Hence, for ¢ € [0, T], and using

the above method, we have

el < liplly (lll) @



Promsakon et al. Advances in Difference Equations (2018) 2018:385 Page 150f 17

which can be written as

Gl

—  <1.
Iy (D@ =

In view of (H,), there exists an N such that ||x|| # N. Now we define a set
U:{xeBR:HxH <N}. (25)

Note that the operator F : I — C is continuous and compact. From the choice of U,
there is no x € 9U such that x = 0 Fx for some 6 € (0, 1). Consequently, by the nonlinear
alternative of Leray—Schauder type (Lemma 7) we get that  has a fixed point in I, which
is a solution of the boundary value problem (1)—(2). This completes the proof. d

Corollary 3 Let condition (Hs) in Theorem 3 hold. If there exists a constant N > 0 such
that

_N
Iplly ()@

1,

then the boundary value problem (3)—(4) has at least one solution on [0, T].

The following corollary is obtained by substituting p(¢) = 1 and ¥ (|x|) = M|x| + K. Then
we can use the following assumption.
(Hs) There exist constants M > 0 and K > 0 such that

[f(t,x)| <Mlx|+K foreach (t,x) €[0,T] x R.

Corollary 4 Assume that a continuous function f : [0,T] x R — R satisfies condition
(Hs).
(i) If M® <1, then boundary value problem (1)—(2) has at least one solution on [0, T].
(i) If M®* < 1, then the boundary value problem (3)—(4) has at least one solution on
[0, T].

4 Examples
Example 1 Consider the following nonlinear sequential Riemann—Liouville and Caputo

fractional differential equation with generalized fractional integral conditions:

RLAL 3 _ cos?@rt) | a2(0)+20x(0)] ¢
D2(“Dix)(t) Ceareas ( O )+e, 0<t<5,
1.3.3 5.3.3
x(O)—%ZI%2 gx(%)+%21%2 %Zx(g), (26)
3 :
#(5) = 24 a(d) + 8317 (D) + BE1F2x(2)
37711 T 7L s M) T 167 5 1M

Here q=1/2,r=3/4,m=2,n=3,T =5, y1 =1/3, y» =1/2, p1 = 1/2, pp =3/2, a1 = 1/2,
Gy =3/2,B1=3/4, By =1/2,171 =3/2,1 = 1/2,K1 = 1/2,K5 = 1/3,&, = 3/2,& = 5/2, 07, = 2/3,
05 =5/7, 05 =11/16, p1 = 1/3, ps = 3/2, p3 = 5/2, a1 = 1/4, oy = 1/3, a3 = 5/2, By = 1/4,
Ba=1/4,B3=1/2,m1 =1/2,m,=1/2,13=3/2,k1 =1/3, k2 =3/2,k3=1/2,61 =1/2,8, =7/2,
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83 = 9/2 and (£, %) = ((cos>(2£))/((£2 + 5)° +35)) - (x> + 2|x|)/(|x] + 1)) + ¢'. From the given
information, we find that ® = 26.98694773. Since

1
t, - t’ < — - )
(60 -fE)] < 551x -]
condition (H1) is satisfied with L = 1/30. Thus
L® =0.8995649243 < 1.

Hence, by Theorem 1, the boundary value problem (26) has a unique solution on [0, 5].

Example 2 Consider the following nonlinear sequential Riemann-Liouville and Caputo
fractional differential equation with generalized fractional integral conditions:

2

RLNE cnl _ e (@) _t
D5 ( Dzic)l(t) = (H2)2+21 o + = 10<t<3,
11,9:2 11,39 /2 51.5,5 /3
x2(0) = 3213 ¥a(3) + 3317 T2(3) + 2417 T2(3), (27)
71 23 11
11:35, .4 11:3:3 07 51,03 /5

Here q=4/5,r=1/2,m=3,n=3,T=3,y1=1/2, y»=1/3, y3=5/6, p1 = 1/2, p5 = 1/3,
p3=1/4,a, =1/2,dy = 1/3,d3 = 1/2 1 = 1/4, fo = 1/2, B3 = 1/211 = 1/2, 175 = 1/2, 13 = 1/4,
K1=1/4, k3 =1/2, k3 =1/4, & =1/2,& =2/3, & =3/2, 01 =1/4, 0, =1/3, 05=5/6, p; =
1/4, oo =1/3, p3 =1/4, 01 = 1/3, a5 = 1/3, a3 = 1/4, B1 = 1/2, B = 1/3, B3 = 1/2, n1 = 1/4,
N2 =1/2, 13 =1/2, k1 = 1/4, k3 = 1/2, k3 = 1/4, 81 = 4/3, 8, = 7/3, 83 = 5/2 and f(t,x) =
((e‘tz)/((t +2)2+2) - ((IxD/(|x] + 1)) + (¢/(t + 1)). From the above information, we can
find that ® = 11.03750380 and ®; = 5.898666195. From |f(¢,x) — f(¢,y)| < (1/6)|x — y|, we
set L = 1/6, which is a constant satisfying (H;). Since L = 1.839583967 > 1, Theorem 1
cannot be used in this example. However, we can check that

LP; =0.9831110325< 1

and

et lx(8)] t et t

< +—
t+1

o] = C+22 wo+1] +1|- 6

which is needed in condition (H,) in Theorem 2. Hence, by Theorem 2, the boundary
value problem (27) has at least one solution on [0, 3].
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