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1 Introduction

Differential equations attract many scholars’ interest since they can succinctly establish
the relationship between variables and their derivatives. And fractional order calculus has
been used as an important tool to improve mathematical modeling of many complex prob-
lems, such as in fluid mechanics, rheology, fractional model of nerve and fractional regres-
sion model; see [1-5], for instance.

In the last decades, fractional order boundary value problems have also received plenty
of attention from many researchers. There are many achievements derived from some
fractional equations with various boundary conditions, some recent contribution can be
found in [6-13].

For example, in [14], authors considered a discrete multi-point boundary value problem

such as

D*u(t) +f(¢,u(t) =0, te(0,1),
u(0)=0, Db u(0)=0,
Dj,u(1) = 5%, &Df, u(n),

where2<oz§3,1§,352,05—,321and0<f§i,m<lwithzgflémq_’g_l<l.
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In [15], the authors considered the following equation with integral boundary condi-

tions:

DIu(t) + f(t,u(t)) =0, tel0,1],
au(0) - Bu'(0) = [y gls)uls)ds,
yu(l) +8u' (1) = [ his)u(s)ds,

where g € (1,2], «, B, y and § are nonnegative constants, and D7 is the standard Caputo
fractional derivative of fractional order g.

Different from [14] and [15], some work focused on the solvability of the fractional differ-
ential equations with both multi-point and integral boundary conditions. In [16], Ahmad

et al. were concerned with the following problem:

(¢DT + k*DT Vx(t) = £ (¢, %(2), DPx(¢), I (t)), tel0,1],

x(o) =0, x/(o) =0, Z:Zl x((l) =A foﬂ (ﬂ]_-*s(?;1 x(s) dS,

where 2<g<3,0<8,y<1,k>0,8<1,0<n<8 << <¢u<l,and A, a;, i =
1,2,...,m are real constants.
Motivated by the above works, in this paper, we first deal with the following fractional

order differential equation with multi-point and multi-strip boundary conditions:

D, u(t) + q()f (¢, u(®), Df, u(t), Dy, u(t) =0, te(0,1),
u(0) = D}, u(0) =0, (1.1)
u(l)+ 37, a,»Dth(Si) =Y bi fy uls)ds,

where D{, is the Riemann-Liouville fractional derivative of order «, f : [0,1] x R® — R is

a continuous function, 2 <o <3,0< B8 <1<y <a-1,0<§ <1, a;, b; are nonnegative

constants satisfying a; > 1;((21%) b, fori=1,2,...,m.

It is worth mentioning that the nonlinear term of BVP (1.1) depends on all the lower
fractional order derivatives of the unknown function, which implies more complete con-
sideration from the practical application problems’ point of view. Although the complexity
of the nonlinearity of BVP (1.1) is increased, we still get three Green’s functions with con-
cise forms and satisfactory properties. Meanwhile, boundary conditions of (1.1) include
both multiple discrete points and multiple band-like integrals, which is a broad generaliza-
tion of most models in [17-24]. By using the Leray—Schauder alternative theorem and the
Banach’s contraction mapping principle, existence and uniqueness theorems of solutions
to BVP (1.1) are proved.

However, it is known that sometimes only positive solutions are significant in the real
world. For this reason, in the second part we degenerate the fractional order model and
choose @ = 3, y =2, 8 = 1. Hence, the following integer-order differential equation is dis-

cussed:

u” () +q@)f (&, u(®), ' (t),u’(t) =0, te(0,1),

‘ (1.2)
w0 =u"(0)=0,  u(l)+X 7" am'(E)=2"" b [y uls)ds,
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where f : [0,1] x [0,00) x R x (—00,0] — [0, 00) is continuous, a;, b; are nonnegative con-

2p.
S with L <g <1, fori=1,2,...,m.

The arguments for BVP (1.2) are based on a monotone iterative technique. It is impor-

stants satisfying %bi <a;<

tant that the Green’s function associated with BVP (1.2) is nonnegative, which is different
from that of BVP (1.1). In this part, not only the existence results of positive solutions are
obtained, but also the approximate solutions of BVP (1.2) can be presented.

2 Fractional order differential equation
In this section, we consider the fractional order BVP (1.1) and establish the existence and
uniqueness criteria of solutions. We put forward some indispensable definitions and the-

orems in advance.

Definition 2.1 ([25]) The Riemann-Liouville fractional integral of order « > 0 of a func-
tion f : (0,00) — R is given by

I5f () = ﬁ /0 (t -5 f(s)ds,

provided the right-hand side is pointwise defined on (0, co), where I' (@) is the Euler gamma
function defined by I'(e) = [;~ t*"'e™! dt, for o > 0.

Definition 2.2 ([25]) The Riemann-Liouville fractional derivative of order « > 0 for a
function f : (0,00) — R is given on [0, c0) by

o oo L (AN [ e
D40 () [ e-oreireas

where 7 = [«] + 1 and [«] stands for the largest integer not greater than «.

From the definitions of Riemann-Liouville’s derivative, the following lemmas can be
obtained.

Lemma 2.1 ([25]) For a >0, if we assume that u € C[0,00) N L}(0, 1), then
I, (Dg+u(t)) =u(l) + mt* ™+ ot -+ m %"
forsome m; e R,i=1,2,...,n, where n is the smallest integer greater than or equal to a.

Remark 2.1 ([20]) The following properties are useful for our discussion:
(i) As a basic example, we quote, for A > -1,

ra+1
D§, ¢ = _TOAD i,
TO—a+1)

(i) D&, 1%, u(t) = u(z), for u(t) € L*(0,1).

Before presenting the main results, we give the following assumptions:

(F1) 2<a<3,0<B<l<y<a-1,0<§&<1,fori=1,2,...,m;
I'(a-

(F2) ai, b; are nonnegative constants and a; > s

f))b,»,forizl,Z,...,m;
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(F3) q € L'[0,1] is nonnegative, and f € C([0,1] x R3,R).

For convenience, denote

_ D@ NN e @) 5L
AT LT P ey 2P
i=1 i=1

a-1

(2.1)

A1=1+A-B, o(t) =

In view of (F1) and (F2), it is obvious that A > B > 0, as well as A; > 1 and ¢(£) > 0 for
te[0,1].

Lemma 2.2 For h(t) € C(0,1) N LY(0, 1), the boundary value problem

DEu(t) + h(H) =0, te(0,1),
u(0) = D}, u(0) =0, (2.2)
u)+37, aiDg+u(Si) =Y bi [y uls)ds

has a unique solution
1
u(t) = / Ho(t,s)h(s)ds + P(h)e(t), (2.3)
0
where

1 |e®A-s)*t-(t-s5)*1, 0<s<t<l,

PEITT@ | g -, 0=izs=1 .
P(h) = i aidy; " h(g) - ij bilg (). (2.5)
i1 i=1
Proof From Lemma 2.1, we can reduce Dg, u(t) + h(t) = 0 to the following equivalent equa-
tion:
u(t) = F( ) / (£ — ) h(s)ds + my %Y + mot® 2 + mst* 3, (2.6)

where m;, m, and m3 are arbitrary real constants.
Since u(0) = D}, u(0) = 0, we have my = m3 = 0. Integrating (2.6) from 0 to &, for i =

1,...,m, we get

& §i r
/0 u(t)dt = /0 [—I&h(s) + mls"‘_l] ds = —Igjlh(éi) + %mléﬁ (2.7)
By Remark 2.1, we have
e / (£ )P h(s)ds + (F( )ﬂ)m o1, 2.8)

Page 4 of 22
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Thus, together with (2.6), (2.7) and (2.8), it can be seen that

1
my = A—[I&h(l) +P(h)], (2.9
1
where A; is defined by (2.1), P(h) is given by (2.5). Hence, the solution of problem (2.2)
can be expressed as
s P(h) ,
= _J¢ R 1 N -
u(t) o h(t) + Al o h(1) + A t
1

= ‘ a—1 ‘P(t) 1 a-1
_—mfo (t—S) h(S)dS+ m‘/o (1—5) h(s)ds+(p(t)])(h)

1
, / Ho(t, $)(s) ds + o ()P(h),
0

where Hy(t,s) is given by (2.4) and ¢(¢) is introduced by (2.1).
This completes the proof of the lemma. d

After replacing m in (2.8), we get

! I'(a)
DP u(t) = / Hy(t,5)h(s) ds + ——) p(hyr—b-1, (2.10)
0 o 7 AT(a - p)
where
1 P U1 -9 = Ayt -5 P, 0<s<t<],
Hy(t,5) = (1-5) 1(t=s) Ss<t=<
AT (o = B) | g2B-1(1 — )21, 0<t<s<l.
Similarly, we have
1 ()
DY u(t) = / H, (6, )h(s)ds + ——— 0 p(nye—r-1, (2.11)
O+ o AT (@ -y)
where
1 N1 —g) e o At —s)*rL, 0<s<t<],
H(6,5) = (1-5%) 1t—s) <s<t<
AT —y) | pr-1(1 = 5) Y, 0<t<s<l

Next, we present some properties of Green’s functions and P(h).

Lemma 2.3 For t,s € [0,1], the Green functions Hy(t,s), Hg(t,s), H,(t,s) and P(h) satisfy
the following properties:
(a) [Holt,s)| < H{(s), where H(s) = 0= 1 (1 + Ay);

(b) |P(h)| < P(h), for h(t) = 0, where

— “ a; i a—pB— +
P(h):;m /0 (& - 9 P+ (& - /"' () ds;
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(c) |Hp(t,8)| < Agl(s), |Hy(t,5)| < A, (s), where

—s)p
800~ 5 _S)a_ﬂ_l<% 1)

14

Proof (a) For 0 <s <t <1, wehave

(ol )] = ﬁ (A1 =5 = (£ -5

1 tdil a-1 a—1
f@(AI“‘S’ +(1-s) )

- (1-s)t
- AlF(a)

while, for 0 <t <s <1, we have

S)a 1

|Ho(t,9)] = —{go(t)(l gt < U AT

(1 + Al)

(b) According to (2.5), (F1) and (F2), for /(t) > 0, we have

m

|P(h)| = h(s) ds

i &
ai L oya-p-1 _
> s |-

“
AR

SZ M- ﬂ)_/ ";:z—S)a p- 1h(S)dS+ZF( ’3)/ (El $)*h(s) ds

b

- fo " (61— )h(s) ds

i . &
22 Mo “ —5J, (& =) P71 + (& - )P ]h(s) ds = P(h).

(c) For 0 <s <t <1, wehave

ta—ﬂ—l(l _ S)ot—l _ Al(t _ S)a—ﬂ—l|

_ 1 |
C AD(@-p)

< 4A1I’(iz 5 (to‘_ﬁ_l(l ) ALt - ts)“‘ﬁ_l)

_ e a _S)a_,s_1((1 —s)P . 1)

I'a-B) Aq
1 wep1 (1 =5) ~ '
< F(a—ﬂ)(l_S) <A—1+1>—Aﬂ(s),

while, for 0 <t <s <1, we have

_ 1 a-f-1¢1 _ \a-1
g A
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g (L=9)P
T (1_ee Bl =
EF(oz—ﬂ)(l ) A1

< Agl(s).

Similarly, we can have

|H, (t,5)| < (1= (M + 1) = A (9).

Mo —-y) Aq
Then the proof is completed. d
Let E; = {u(¢) | u(t) € C[0,1] and D§+u(t),Dg+u(t) € C[0, 1]} be endowed with the norm

Dg+u

llaell = max{lullo,

0’ Dg+””o}’

where ||u||o = max;ejo,1) [4(¢)|. In order to ensure the feasibility of the conclusion, we should
prove the following lemmas.

Lemma 2.4 (Ey, | - ||) is a Banach space.

Proof Let {u,}32, be a Cauchy sequence in the space (Ej, | - ||). It is clear that {u,}°;,
{Dg+ u, )2, and {D}, u,}°; are Cauchy sequences in the space C[0, 1]. Accordingly, {,,}52;,
{D§+ u,}%°, and {D}, u,}°°, uniformly converge to some %, v and w on [0, 1] while u,v,w €

C[0,1]. Now we should prove that v = Dg+u and w = D} u.
For t € [0, 1], we notice that

|15, Dl un(8) = 15, v(1)| < %ﬁ) / t(t — )P DL, un(s) - v(s)| ds
0

1
< max|DE.u(s) - v(s)|.
= TBr 1) Do) =)

Due to the convergence of {Dh, 1,}22,, we obtain that lim,,_, o, IS, D}, 1, (t) = I}, v(t) uni-
formly for ¢ € [0,1]. Meanwhile, by Lemma 2.1, we get 15+D§+ u,(8) = u,(t) + mytP1, for
t € [0,1] and some m1; € R. These two facts yield

lim 1 Df u,(t) = Tim 1, (1) + mt# =18 u(t), forte[0,1].
Together with lim,,_, o u,(¢) = u(¢) for ¢ € [0, 1], we have
wt) + P =18 w(), fort e [0,1]. (2.12)
Taking the derivative of order 8 of both sides of Eq. (2.12), as a result we have
Dy 15 v(t) = D, (u(t) + mit?™Y) = Df, u(t), forte(0,1].

From Remark 2.1, it is easy to see that

v(t) = Db, u(t), fortel0,1].

Page 7 of 22
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Also, for £ € [0,1], w(£) = D§, u(t) can be proved using similar steps.
The proof of this lemma is completed. O

For u € E;, we define an operator 77 as follows:

(Tyu)( t)-/ Hy(t,5)q(s)f.(s) ds + o(t) [ s)fu(s)]

where
[a6)f(9)] = Y adg P q(EfuE) - sz"“ A
i=1

and f,(s) = f(s, u(s),Dg+u(s),Dg+u(s)). Also, from (2.10) and (2.11), we have

')
1l (e - B)

0+ (Thu)(t / H, (t,5)q(s)fu(s) ds a) ) [q(s) M(s)]t“’y’l.

1
Dg+(T1u)(t):/ Hﬁ(t,s)q(s)fu(s)ds+ P[q(s)ﬁ,(s)]t”"ﬁfl,

Lemma 2.5 T;:E; — E; is completely continuous.

Proof By the continuity of Green’s function Hy(¢,s) and f(t, u(t),Déu(t),D&u(t)), T is
continuous.

Then, we show T} is uniformly bounded. Let 2 C E; be bounded. We set |u| < K,
with K > 0, for all # € Q. Let F = max{|f,(#)] |0 <t <1,-K <u(t) <K,-K < Dg+u(t) <
K,-K < D}, u(t) < K}. Then from Lemma 2.3, we have

’(Tlu) f Hy(t,s)q ‘ds+ A—P[q( )[f (s)‘]

< p( /0 H(s)q(s)ds + Ailﬁ[q(s)]>

and
1
D4, 100 = [ Apa0]ds s 5 P00
1 Na) =
< F(/(; Ap(s)q(s)ds + mp[q(s)D,
1
D%, (Tyu)(8)] < /0 A, (5)q(s)|fis)| ds + %ﬂ-m PL4)|f)[]

1 MNa) =
< F(/(; A, (s)g(s)ds + mp[q(s)]).

Hence, we can find upper bounds of |(T1u)(¢)|, |Dg+(T1u)(t)| and |D}, (Tyu)(2)|, for ¢t €
[0,1]. Thus, || Thu4|| is bounded, which implies that the operator T} is uniformly bounded.
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Finally, we show 77 is equicontinuous. Indeed, for any u € 2, ¢1,£, € [0,1], with £ < £,
we can infer that

[(T1u)(82) — (Tyu)(t1)|

1 1
5Afﬂ@mmmwﬂ—Afﬂmmwm@¢+Ww%mmwM@wwu

F ' 1 1 1 1 1
< —_ [ o 1—g)* Arl(t — )1 — (£ — )™ d
= Alr(a)/()‘ (|(2 1 )( S) |+ 1|(2 S) (1 S) Dq(s) s
F —
+ |57 =47 P[g()].
1
Applying the mean value theorem, the following inequalities hold:

5 - < (@ - 1)t - 1),

(t—-9)"" = (1 -9 < (@ -1)(t2—t1),
from which we can deduce that

[(T1u)(£2) — (Tyu) (1)

- (¢ -1)F
- AIF(Ol)

1
{ / (L= + Ar]q)ds+ r<a>ﬁ[q<s>]}<t2 )

— 0 ast, — t.
In addition,

|D}, (Thu)(ts) — DY, (Thu)(11))|

SFA Awm ) - M- B)

A1F( it gt i Plae)]

<—ﬂ>[/
+A1‘/01

el 7 Pt

1 1 _B— _B—
R A B B el U

q(s)ds

&7 =P -5 qls) ds

(tr—8)* P = (0 —5)* P!

q(s) ds]

T AT@-p)
(@-B-DF| (! o B
= m{/o [(1 -5+ Al]q(s) ds + F((x)P[q(s)] }(;:2 -t)

—0 asty—t.

This also leads to |D}, (T1u)(t,) — D}, (T1u)(t1)| — 0, as t, — ;.
Therefore, T is equicontinuous for all # € Q2. Thus, by means of the Arzela—Ascoli The-
orem, we obtain that 7, : E; — E; is completely continuous. O
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Lemma 2.6 (Leray—Schauder alternative theorem) Let T : E — E be a completely contin-

uous operator (i.e., a map that restricted to any bounded set in E is compact). Let
e(T)={ueE:u=1T(u),0<r<1}.

Then, either the set is unbounded, or T has at least one fixed point.

From the above facts, if operator T} has fixed points, we can observe that BVP (1.1) has

solutions.

The next stage is devoted to obtaining the existence result.

For convenience, set

L =iif%(€‘—3)“ﬁ1[1+(E'—s)ﬁ+1] (s)ds

’ ~T-B)Jo ' 7 as,
1 Y

Lg =/0 (1 —s)“ﬂl(% + 1>q(s) ds,
1

L, = | (l—s)“‘V‘l(% +1>q(s) ds, (2.13)
1

LH=/0 <Ai1+1>(1—s)°‘_1q(s)dsy

M —max{ Ly Lp Ly = Tllp Ly . T@L }

t @) A/'T@-B) Al@—B) Tla-y) Al-y)]

Theorem 2.7 Assume there exist real constants p; > 0 (i = 1,2,3) and o > 0 such that for

t€[0,1], u,v,w € R, we have

f (&, 1, v, w)| < peo + pu|ue] + polv] + ps|w.
If (u1 + o + u3)My < 1, then BVP (1.1) has at least one solution.

Proof In order to verify that problem (1.1) has at least one solution by Lemma 2.6, we
should prove that the set ¢ = {u € E; | u = AT1(u),0 < A < 1} is bounded.
Let u € ¢, for any ¢ € [0, 1], we have

|u(t)| = |MT1u)(@®)| < |(T1u)(2)|

1
< /0 Hy(t,8)q(s)fu(s) ds| + |@()P[q(s)fu(9)]|

1
< (o + palua] + alv] + pslwl) / H(s)q(s)ds
0

Plq(s)]
+ (1o + palul + o] + u3|w|)Z—
1

Ly Lp
< (mo + pallullo + pallvllo + psliwllo) ) Al
1

Page 10 of 22
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Also, we have
|Df, u(®)| =| DG AM(T1u)(8)| < | DY, (T1u)(®)]

F(a) )P[q(s)-fu(s)]tafﬂfl

< [ N —
- Alr(a—ﬁ

+

1
/0 Hg(t,s)q(s)f.(s)ds

1
<(mo + palul + palv| + pslwl) [/0 Ap(s)q(s) ds + %5[01(5)]}

Ly . _T@Lp }
MNa-B) AiT(e-p)

<(mo + pllullo + pallviio + M3||W||o)[

and

L I'(a)Lp
D! u(t)| < - :
DG, u()] < (M0+M1||M||o+M2||V||0+M3||W||o)[r(a_y) + M(a_y)]

Thus, we obtain

Ly Lp
< _H
llullo < (po + (a1 + o + MS)HMII)[F(O{) + Alil,

L I(a)L
”Dg+u”05('U“O+(V'1+ﬂ2+ll3)||u||)|:r 8 + (a)Lp ],

(@=B) AT(@-8)
Ly . I'(o)Lp }
Fa-y) AT(a-y)]

15l < (10 + (ua + 122 + Mg)llull)[

Hence,

lul) < HoMy ,
1—(pq + po + pus)M;

where M; has been given in (2.13), which proves that ||| is bounded. Thus, operator T
has at least one fixed point and, consequently, we can derive that BVP (1.1) has at least
one solution. O

In the following, we should verify the uniqueness of the solution to BVP (1.1) by Banach’s
contraction mapping principle.

Theorem 2.8 Letf :[0,1] x R3 — R be a continuous function. For all t € [0,1], u;, v, w; €
R (i=1,2), we have

f (&, iz, va, wa) = f (8, ur, v, w1)| < M(Juz — ur] + |va = vi| + [wy — wil),

where M is the Lipschitz constant. If 3MM, < 1, BVP (1.1) has a unique solution, where M,
is given by (2.13).

Proof Denote M, = SUP,c(o,1] If(¢,0,0,0)|. Set r > 1/_@%\21 subject to the above mentioned
M, M; and My. The set B, C E; is defined by B, = {u € E; | ||u|| <}, and we will show that

T1B, C B,. For u € B,, we obtain

V(t, u(t), Dg+ u(t), D();+u(t)) |
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< |f (& u(®), DS, u(t), DY, u(t)) - £(£,0,0,0)| + |£(£,0,0,0)|
< M(lullo + | Dg,ull, + | D, ull,) + Mo

<3Mr+ M. (2.14)

For u € B,, from (2.14) and similar to the proof of Theorem 2.7, we have

(Tu)(®)] V Ho(t,5)q(s)fu(s) ds + (t)P[q(s)fu(s)]

(3Mr+M0)[FL( + LP}

At Pla o)
Ly . T@Lp ]
Fla-p) Ail'(e-B)
Ly | I'(a)Lp ]
Fa-y) AT(@-y)

1
1D, (T)(®)] = ‘ /0 Hy(t,5)q(s)f (s) ds +

< (3M7' + Mo)|:

1D}, (Ty)(®)] < (3MV+M0)[

which yields || T1u|| < (3Mr + My)M; < r. This shows that 77 maps B, into itself. Now,
setting uy, uy € Eq, for each £ € [0, 1], we get

[(Tru2)(2) — (Tyur)(2)|
1
= ‘/0 Hy(t,s)q(s) (fu2 (8) = fuy (s)) ds + @(t) (P[q(s)fu2 (s)] - P[q(s)fu1 (5)])‘

L L
= M(””Z - ul”O + “D0+M2 Dg+l/£1 ||O ||D0+M2 D(};+M1 HO) (—H + _P)

F(O() Al
<3M. (%+L—)||u2 ]

< 3MM|luz — uz]l.
Additionally, we obtain

|D§, (Tyun)() = Df, (Tyun)(2)]

T ()

AT g Plan®] - Plae) )

‘/ Hg(t,9)q(5) (fir (5) = fu (5)) ds +

<M(lluz —millo + HDQJQ Df,m I

L ()L
D~ D)+ ekt

Lﬁ F(Ol)Lp
=M [F(a DN Alr(a—ﬁ)}””z_”l”

<3MM;|uz —m ”

Page 12 of 22
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and

L, . [(o)Lp
FNa-y) Ail'la-y)

Dy, (Thuz)(¢) — DY, (Tyu)(8)| < 3M - [ ]Huz - u|
< 3MM; ||uz — u1|.

From the above, we have || Tiuy — T1u; || < 3MM;||uy — uq||. In view of 3MM; < 1, the
operator T is a contraction. Thus, the uniqueness of solution to BVP (1.1) follows from

Banach’s contraction mapping principle. O

Example 2.1 Consider the nonlinear fractional differential equation

D32u(t) + [t + 35 2u(t) + EDY7u(t) + D5l u())] =0, t€(0,1),
u(0) = Dylu(0) =0, (2.15)
u(l) + X0 @Dy u(&:) = Y10 by [y u(s)ds.

In this model, we set

=2 =1 5—2 5—5
m= 2, q =4 1_3} 2_6’
3 2 3
i = b:_, by =1.
a 5 a 5 1 2 2

It is easy to verify that (F1)—(F3) hold. By calculation, we have

A =1.063, B =0.5838, Ay =1.4793,
Lp=0.6111, Lg =0.9739, L, =1.2164, Ly =0.7618,

M —max{ L +L—P Ly + P@)Lp L, N ['(a)Lp
1= M@ AL T(@-B) Al@-8)T-y) Al(a-y)

} =1.757.

Meanwhile, we see

If (£, 4, DY u(2), DY u(®)) |

’

<24 w5 | D7) + o Do)
If (£ u2, DY us(8), Dyl us(8)) — f (& w1, DY ua (), Dyl ua (2)) |

1
= g lwa = willo + [ DGz = Dy [+ [ Dy w2 = D )-
Therefore, (1 + o + u3)M; < 1 and 3MM; < 1.

Thus, all the conditions of the above theorems are satisfied. Hence, by Theorem 2.7
problem (2.15) has at least one solution, and by Theorem 2.8 it has a unique solution.

3 Integer-order differential equation

In this section, in order to establish the existence results of positive solutions, we try to
degenerate the fractional order problem into a corresponding integer-order differential
model.

Page 13 of 22
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Necessarily, we give the following assumptions:
£2b;
2

(H1) a;, b; are nonnegative constants satisfying ébi <a;< , with “/Tg <& <1for
i=1,2,...,m;
(H2) g € L'[0,1] is nonnegative and f € C([0, 1] x [0,00) x R x (=00,0], [0, 00)).

For convenience, we denote

m m biélz
E:Za,-, F:Z o
i=1 i=1

Ay=1+E—F,  (t)=—
=1+E-F, =—,
2 2,

(3.1)

From (H1), it is easy to see that F > E > 0. In the following, we always assume that 0 <
F — E < 1. Hence, we have 0 < A, < 1, and ¥ (£) > 0 for £ € [0, 1].

Lemma 3.1 Let h(t) € C[0,1] N LY(0,1). Then the boundary value problem

W0 +ht) =0, te(0,1),
u(0) =u”(0) =0, (3.2)
w() + 27 ad (&) = Y10 b [y uls)ds

has an integral representation
1
u(t) = / Go(t,s)h(s)ds + Q(h) Y (¢), (3.3)
0
where

1|v®A-5?-(-5)? 0<s<t<l,

Gol(t,5) = 2 (3.4)
()1 -5s)? 0<t<s<l,
~ m ‘ & ‘ m ﬁ & ‘ 5
Q(h)—;al /0 (s,—s>h(s)ds—§ L fo (& 5)°hs) ds. (3.5)

The proof is similar to that of Lemma 2.2, so we omit it. Moreover, one has

1
u'(t) = / g(t,8)h(s)ds + %, (3.6)
0 JAV)
where
1 192 _ (-
¢t = | 2 (1-5)"-(t-s) O0=s<t=<l, 3.7)
E(l—s)z, 0<t<s<l.

Now, we will provide some properties of Gy(Z,s), Q(k) and g(¢, s).

Lemma 3.2 For (t,s) € [0,1] x [0, 1], the functions Gy(t,s), Q(h) and g(t,s) satisfy the fol-
lowing properties:
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(2) 0= 3 (1 - 51~ Agt) < Golt,5) < 5 (1-5)” + (1 —s);

(b) 0<Q(h) < Q(h) < Q(h), for h(t) > 0, where

Q- Z /sl—s) (& -9 ) ds,
aw-3a / (& - 91+ & - 9| ds;
i=1 0

© lgt9)l < &L+ (1-9).

Proof (a) For 0 <s <t <1, we have

Golt,s) = 3 [¥(@)(1 5" — (657
> %[Aiz(l—s)z—u—ts)ﬂ
- 2—22(1 91— Ast) >0,
while, for 0 < ¢ <s <1, we have
1 2
Golt,s) = 5 ¥(B(1-5)
> %[Aiz(l—s)z—a—rs)z}
LR VN
= 5 (-9 - A

On the other hand, for 0 <s <t <1, we have

Golt,s) = 3 [¥(@(1 5" ~ (657

—

¢ 2, .2
< §|:A_2(1_S) +t (l—s)i|

t
<—1-s)?+t*1-5),
27,

while, for 0 <t <s <1, we have
Golts) = Sy ()1 -2 < ——(1— ) + £2(1 - 5)
R = 2A ‘

2

(b) From (3.5) and (H1), for 4(¢) > 0, we have
m & m b; &
Q) = Zai /0 (& — s)h(s)ds - Z < fo (& —5)°h(s) ds
%/ (& —s)h(s)ds - Z / (& - s)3h(s)ds
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m b. [
S 2 -1 - -9 )he)d
> 6/0 (& - 9)[1 - (& - 92]h(s) ds

=Q(h) = 0.

For h(t) > 0, we also have

m & m oy r&
Q(h)=;ai /0 (si—s>h(s)ds—;% /0 (& — 5)°h(s) s
m & m &
- 9ns)d -9 d
S;“/o (& - s)h(s) s+;a/0 (& - 5)h(s) ds
m &
-3 [ -9+ - P Ths
i=1 0
— Q).

(c) From (3.7), for 0 <s <t < 1, we have

(1-s)
24,

(1-s?-(t-s)| < +(1-3),

1

t,s)| = |=——
lg(6.9)] ‘mz
and, for 0 <t <s <1, we have

AV
<(1 s)
= 2A,

]g(t,s)| =|——(1-9) +(1-5s).

This completes the proof of the lemma. d

In this section, we introduce the Banach space E, = C?[0, 1] equipped with the norm

u|| := max{ max |u(¢)|, max |/ (¢)|, max | (¢ }
lul { max a(e)], max [ (6)|, manx 16

and definea cone P C E; by P = {u € E; : u(t) > 0,u” (t) < 0}. Then, for all u € E;, we define

an integral operator T : P — E; by

1
(Tou)(6) = fo Golt,)a(s)fis) ds + Q[a(s)fi(s)]w (0,

where f,(s) = f (s, u(s), u/(s), u”(s)) and

i §i " b [
u = i i~ u ds — - i~ 3 u ds.
Q[q(s)fu(s)] ?:1 a /0 (& = 9)q(s)fuls) ds Zj:l 6/0 &~ sl alfuls)ds

Lemma 3.3 If (H1) and (H2) are satisfied, T, : P — P is completely continuous.

Page 16 of 22
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Proof After introducing the operator T, for u € P, we can get that

, (T <0,

1
(Tou) (1) = /o 2, )q(s)f(s) ds + %{w“”

. (3.8)
(Tru)(0) =0, (Tou)(1) = / Go(1,5)q(s)f,(s) ds + %){”(s)] > 0.
0
Thus, (Tou)(¢) is concave and (Tou)(¢) > 0, for 0 < ¢ < 1, which implies that operator T,
maps P into P.
It is obvious that T5 is continuous, but we need to prove that T, is also compact. Let 2 C
P be a bounded set. Similar to Lemma 2.5, we can easily prove that T5(£2) is bounded and
equicontinuous. Thus, by the Arzela—Ascoli Theorem, T5(S2) is relatively compact, which

implies T is compact. Consequently, we get that T, : P — P is completely continuous. [J

For convenience, we denote
1 1 1
L= / (1 —s)zq(s) ds, Ly = / (1-s)q(s)ds, L3 = / q(s)ds,
0 0 0

m &
Lo=Y a [ =91+ -5l
i=1 0

According to (H1) and (H2), it is obviously that L, Ly, L3 and L are nonnegative.
Now, based on Lemmas 3.2 and 3.3, in what follows, we show that there exist positive
extremal solutions for BVP (1.2) by a monotone iterative method.

Theorem 3.4 Assume that (H1) and (H2) hold, let [ and | be two positive numbers, sat-
isfying [ = max{ﬁLl + Ly + A%LQ + L3, 2—32}!1, and
(S1) f(t u1,vi,w1) < f(t ua,va, wa), for
0<t<1L0=<u1 Sup <LO0=<|ni| Sl <L-l<wy<w <0;
(S2) maxo<i<1f (L1 -1) <k;
(S3) f(£,0,0,0)2£0, for 0 <t < 1.
Then BVP (1.2) has concave positive solutions v* and w*, which satisfy

o<|vf=t o=l =t
1 Lg t2
vo(t) =0, H=||—Li+Ly+—|t+(t—— )L3 |,
0() wo() |:(2A2 1 2 A2) ( 2) 3]1
vy = Tov,_1, lim v, =v%, w, = Tow,_1, lim w, =", n=12,...,
n—0o0 n—0o0
Vp=(Tovpa),  lim (v,)' = ), @, =(Taw.), Jim (e,)" = (0%,
Vp=(Tove)'s M @)"= (7)o = (o), lim (@) = ()",

Proof Denote P; = {u € P | |lu|| <1}. In the following, we first prove that T, : P; — P;. Let
u € P;. Then for ¢ € [0,1], we have

0<u(®)<l|ul <l O<[d@®|<lul=<l -I<-|ul=<u"()=<O0.
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So, for 0 < ¢ <1, by (S1) and (S2), we get
0 <f(t,u(t),u't),u"(t)) < max f(t,1,1,~1) < .

Consequently, for ¢ € [0, 1], we have

1
[(Tou)(t)| = / Go(t, s)q(s)fu(s) ds + ALQ[q(s) 4(5)]
0 2
1 _
=< ‘/0 [2—22(1 —8)?+ (1 - s)]q(S)fu(s) ds + 7(2[6](2){”(5)]
< (ih +Ly+ Z—Q)ll <[,
2 2

1
(o) (9] = ’ /0 2(t,9)q(s)fuls) ds + M‘

Ay

S/O 2A2(1 5)q(s) u(S)dS+/0 (1 =s)q(s)f(s) ds + A,

1 L
S\=——Li+Ly+ —Q L <l
20, A,

<Lsh <L

1
(L) (8)] < ‘ /0 4()(s) ds

To sum up, we obtain

I Tl = { max |(Taae)(0)], max |(Tu) ()], max [ (To"(0)|} <
0<t<1 0<t<1 0<t<1
and T, : P, — P.

Set wg = [ALZ(%Ll +Lg+ Agly) + (E— %)Lg]ll and vg = 0. Obviously, wy, vy € P;. By using
the completely continuous operator T5, we define the sequences {w,} and {v,} as w, =
Towy-1,Vy = Tovy_1,forn=1,2,... . Since Ty : P} — P;, we get that w,, v, € P, n=1,2,....
Also we assert that {w,} and {v,} have relatively compact subsequences, forn =0,1,2,... .
Hence, we prove that there exist w*, v*, satisfying lim,_,» w, = »* and lim,_, o v, = v,
which are monotone positive solutions of problem (1.2).

For ¢ € [0,1], according to the definition of the iterative scheme, we have

w1 (t) = Towo(t)

1
- [ Goltatty s + ALY O
0 2
1 t 2, 42 G[Q(S)fwo (5)]¢
< _/0 |:2—A2(1 —s)> +£3(1 —s)}q(s)fwo(s) ds + W

1 Lot
< —Li+thy )t + — |}
2A, Ay

< ! Li+L Lo r+\t & L3 |l ®
—Li+Ly+— |Jt+(t—— = wo(t);
=\aa, 1t et g 5 Jf3 =
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1
()] = |(Towo) ()] = ‘ / (,9($) o (5)ds + w‘
0 2

1 _
< /0 [i(l—s)z+(1—s)]q(s)fwo(8)ds+ 7(2["(2];”0(5)]

1 Lo
<|—Li+Ly+ — ll
2A,y Ay

1 Lq ,
< [(2—A2L1 + Ly + A_z) +(1 - t)Lg]ll = ‘wo(t)

w1"(t) = (Thwo)"(t) = —/0 q(8)funo (8) ds = —Lsly = wy” (2).

Thus, for 0 <t < 1, we have

w(t) = Tow1(£) < Tawo(t) = w1 (2),
(0] = [(T201) (8)] < |(T2wo) (8)] = |} (2)

)" (t) = (Tow1)"(t) = (Towo)" (t) = w1” (2).

’

By induction, one has

wm—l(t) =< wn(t): |w;+1(t)| = \a);(t)

’

wpel' ) >0, (1), 0<t<1,n=0,1,2,....

So, we assert that w, — »* and Thow* = w*, since T is completely continuous and w,,; =

Tga),,.
For the sequence {v,,}32,, we apply a similar argument. For ¢ € [0, 1], we have

1
vi(t) = Tovp(t) = / Go(t,s)q(s)fy, (s) ds +
0

1 1 [q(s)fy, (s)]t
3/0 |:§(1—s)2<A—2 —t):|q(s)fm(s)ds+ %

>0 =vo(2);

Qlg(s)fvy(9)]¢
Ay

vo(®)];

’

1
vi(0)] = | (Tavo) (0)] = ‘ f a6 )q(sY () ds + LIV
0 2

1
W (6) = (Tovo) (0) = / 4(5)fin($)ds < 0= v (0)
0
So, for 0 <t <1, we have

1a(t) = Tovi(8) = Tovo(t) = vi(2), while vi(£) = Tovo(t) > 0,
Vo@)| = [(Tav) ()] = [(Tavo) ()] = vy (®)

vy (8) = (Tov1)"(t) < (Tovo)"(£) =v1"(¢), while v," () = (Tovp)"(t) < 0.

,  while ‘vi(t)! = ’(Tzvo)/(t)’ >0,

Similarly, one has

Vn+1(t) = Vn(t)7 |V/n+l(t)| = |V;1(t)

, Vunt"(6) < v, (1), 0<t<1,n=0,1,2,...

Page 19 of 22
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And, we assert that v, — v* and T,v* = v*, since T, is completely continuous and v,;; =
Tov,.

Consequently, there exist w* and v* in P;, which are nonnegative solutions of BVP (1.2).
From (S3), it is obvious that w*(¢) > 0,v*(¢) > 0, for ¢ € [0, 1], since zero is not a solution of
Eq. (1.2). The proof is completed. d

Example 3.1 Consider the following third-order boundary value problem:

W 2 ’2
(£) + G2 + Tu(®) + Zu(@) +sin 75— + 1) =0, £€(0,1), (3.10)

u(0) = u”(0) = 0, u(1)+ > 1 au (&) = Zz’:l b; [, u(s)ds.

In this model, we set

It is obvious that (H1) and (H2) hold. By calculation, we get

5 295
E=—, F=——r, Ay =0.731,
7 300
1
L=~ Ly=—, L;=1, Lo =0.2117,
1=3 255 3 Q

and/ = max{ﬁLl +Lo+ A%LQ +L3, i—i}ll ~2.0176/,.Set [; = 5. Then all the hypotheses of
Theorem 3.4 are satisfied with / = 10. Hence, BVP (3.10) has monotone positive solutions
v* and w*, which satisfy, for ¢ € [0,1],

(=0 and wp(t) Loy e, ko), e Ls |, 52 100
vot) =0 and wo(t)=|( —L;+Ly+ — )t + = -2 +10¢.
0 0 25, 1+Lo A, -5 )ls 5

Forn=1,2,..., the two iterative schemes are

5, 1 1, 4697 , 383
wo(t) = —=t* + 108, o ()= ——1t° + —t* - £+ —1t,
2 80" 24 10,000 500

Qlfons)1t
Ay

wn+1(t):/ Go(t, 8)fo, (s) ds +

= ——/ (t—s)z(—s + ia)n(s) + ia)/z(s) + sm# + E) ds

10 50" w/(s)—2 10
1 2 11
/ (1- —s +—a),,(s)+—a);2(s)+51 n———+— |ds
TaA, 10 50 w/(s)—-2 " 10
t

8 5 3 3 117 1 1 1
+— / = st —— || =8* + —wu(s) + —w/(s)
Ax | Jo \12 4 140 700/\2 10 50
2 11
+ sin — 4 —) ds
wh(s)—2 10

4
5(5 2 26 136 1 1
+/ @I st —— ) =5+ —wyu(s) + —wlz(s)
o \18 3 105 1575 2 10
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. 2 11
+sin——— + — | ds
o) -2 10) }

and

53
vo(t)=0, Vl(t)Z—mts—mt3+mt,

Vi1 (£) = /t Go(t, s)fs, (s) ds + %:)]t
0

1 1 2 11
=_—/(t ( s? +Ev,,(s)+%vn(s)+sm Z(s)—2+ﬁ)d5

1 2 11
/ (1-s)? s + —v,,(s) + —V/2(s) +sin ——— + — | ds
"o, 50 Vi) -2 10
t 3 5 3 3 117 1 1
+— / — - s+ —— || =5+ —=v,(5)
As | Jo \ 12 4 140 700 2 10

1 11
+%Vn(s)+sm ”() 2 )ds

4
5(5 2 26 136 1 1
+/ — -+ ——s+ 2+ —V,(s)
o \18 3 105 ' 1575 10

1 2 11
+ —V2(s) +sin ————— + — | ds}.
50 Vis) -2 10
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