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1 Introduction

In the past two decades, there has been tremendous interest in studying fractional differ-
ential equations (FDEs for short) due to their extensive applications in various fields of
engineering and scientific disciplines (see [1-8]). For example, in [8], Laskin proposed the

following fractional stochastic dynamic model for the considered market:

Dy x(t) = ax(t) + F(t), O<p<1,

Dﬁ:lx(o) = Xo,

where Dy, is the standard Riemann-Liouville fractional derivative of order , A and F(t)
respectively denote the expected rate and the random force.

Asanimportant issue for the theory of FDEs, the existence, uniqueness, and multiplicity
of solutions for the nonlinear fractional initial value problems (FIVPs for short) and frac-
tional boundary value problems (FBVPs for short) have attracted scholars’ attention. For
some recent work on the topic, see papers [9-19], monographs [1, 2, 20, 21], and the refer-
ences therein. In particular, many researchers focused on studying the FDEs with periodic
boundary conditions (PBCs for short) (see [22-30]).
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In [22], Cabada and Kisela discussed the following FDE with PBC:

D% u(t) - u(t) =f(¢,87u(t)), O<a<l1,

limy_ o+ £17%u(t) = u(1),

where A #0(A € R), Dg, is the standard Riemann-Liouville fractional derivative of order
a. The existence results were based on the fixed point theorems and monotone iterative
technique.

In [23], Stanék dealt with the following FDE with PBC:

‘Du(t) + q(t, u(t))’DPu(t) = f(t,u(t)), O0<B<a<l,
u(0)=u(T), T>0,

where DU is the Caputo fractional derivative of fractional order. The existence, multiplic-
ity, and uniqueness results were proved by the Schauder fixed point theorem.

Recently, some scholars have considered very interesting aspects of IVPs and BVPs for
the implicit FDEs (see [29-39]). For example, Nieto, Ouahab, and Venktesh [32] investi-
gated a class of implicit FIVP:

D*y(t) =f(L,y(t),DYy(¢)), te],0<ac<]l,
y(o) = yO;

where J = [0,b], b > 0, °D* is the Caputo fractional derivative of order ¢, and f : J x R? —»
R is a continuous function. By using fixed point theory and approximation method, the
existence and uniqueness results were obtained.

In [29], Benchohra, Bouriah, and Graef studied the following implicit FDE with PBC:

D*y(t) =f (L, ¥(t),°D*y(t)), te],0<a <1,
y(0)=y(T), T>0,

where J = [0, T], °D? is the Caputo fractional derivative of order o and f : ] x R? — R is
a continuous function. Applying the coincidence degree theory, an existence result was
given.

In [33], Ali, Zada, and Shah proved the existence and uniqueness of the solutions for the
following implicit FDEs with three-point BCs:

DPy(t) — f(t,2(¢),°DPy(t)) =0, pe(2,3],t€[0,1],
°Diz(t) —g(t,¥(¢),°Diz(t)) =0, qe€(2,3],t<[0,1],
YOlzo=y"Ole=0,  yOe=1 = 2y(m), 1,0 €(0,1),
Z' ()]0 = 2" (®)l1=0, z(t)le=1 = 2z(n),  1,m€(0,1),

where <DV is the Caputo fractional derivative of fractional order and f,g: J x R? — R are
continuous functions. The results were accomplished by means of the Leray—Schauder
fixed point theorem and Banach contraction principle.
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Inspired by the above work, in this paper we are mainly concerned with the existence
and uniqueness of solutions for the following coupled system of nonlinear implicit FDEs
with PBCs:

D% x(£) = f (¢, 8Py (t), DL y(t), t€(0,1],0<a,B <1,
Db y(t) = g(t,t*x(t), DS, x(t)), (1.1)
lim,_, o+ £17%x(¢) = x(1), lim;_, o+ 7P y(2) = y(1),

where D(()'i is the standard Riemann—-Liouville fractional derivative of fractional order, f, g :
[0,1] x R? — R are two continuous functions. To state our main results, we assume that
the nonlinear terms f and g satisfy the following general conditions:
(A1) There exist nonnegative continuous functions y;(t), n;(¢), wi(¢),i = 1,2, such that, for
any t € [0,1], u;,v; € R, (i=1,2),

f (&, " Pur, )| < @] Pu| + m@ ] + 01 (8),

g (6,8 Uz, v2) | < 12(0)| £ “ua| + ma(B) vl + w2 (2).

(Ay) There exist nonnegative continuous functions p;(¢),q;(t), i = 1,2, such that, for any
t€[0,1], ujv; €R,(i,j=1,2),

If (&£ Pur,vin) = £ (68 P urn,via) | < pr@E P luas — wial + 1 (@)lvin = vial,

|
g (6 £ U1, var) — g (6 £ un2, via) | < p2(8)E" ™ |th21 — tina| + @2 (8) Va1 — vaal.

(A3) There exist constants a,c > 0, b,d > 0 such that, for any £ € [0,1], uy,v; € R, (i,j =
1, 2)’

lf(t, tl_ﬂun;vn) —f(# " Pu, V12)| > at'™P |uyy — uia] - blviy - vial,

lg(6, 8" uz1,va1) — (6t 1, va)| = ct' ™ |uz1 — una| — d|var — vaol.
Remark 1.1 Condition (A;) implies condition (Ay).

The objective of this paper is twofold. The first one is to study the existence solutions for
BVP (1.1), the other is to consider the uniqueness of solution for (1.1). Our work presented
in this paper has the following features. Firstly, this article generalizes the results of papers
[29, 30] into coupled systems. Secondly, compared with [29, 30], we not only discuss the
existence result but also establish the uniqueness result. In addition, the existence results
of papers [29, 30] are based on condition (A;,), in our paper the existence result can also
be obtained under condition (A;). Thirdly, we present two prior estimation ways in using
Theorem 2.1 (see Sect. 2) to establish the existence results. It should be pointed out that a
number of papers by applying Theorem 2.1 to solve fractional resonance boundary value
problems usually used the second way (see Lemma 3.4 in Sect. 3) to estimate the prior
bounds. For example [40—43]. Our results show that the first way is better than the second.
We finally remark that our paper investigates the FBVP in the frame of Riemann-Liouville

fractional derivative which is more complicated than such a problem involving Caputo
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fractional derivative, and if « = 8 = 1, then BVP (1.1) can be reduced to the implicit first
order differential systems with PBCs.

The rest of this paper is built up as follows. We devote Sect. 2 to recalling some pre-
liminary definitions and lemmas. We establish the existence and uniqueness theorems for
problem (1.1) in Sect. 3. In order to fully explain our main results, we provide three exam-

ples in Sect. 4. Finally, we present some conclusions in Sect. 5.

2 Preliminaries

In this section, we recall some basic definitions, lemmas, and theorems which are used
throughout this paper. Firstly, we introduce some definitions and results on fractional cal-
culus [1, 2, 44].

Definition 2.1 The Riemann-Liouville fractional integral of order « > 0 for a function

x:R* — Ris given by

Ig, x(t) =

a—1
T )/ (t —s)*"x(s) ds,

provided that the right-hand side integral is pointwise defined on (0, +00).

Definition 2.2 The Riemann—Liouville fractional derivative of order « > 0 for a function

x:R* — Ris given by

n

D§,x(0) =

n—-o n a—1
— I %x(t) = F(n 2 dt"/ (t-ys) x(s) ds,

where n = [«] + 1, provided that the right-hand side integral is pointwise defined on
(0, +00).

Lemma 2.1 Let « > 0. Ifx,D% x € L'(0,1), then

I§. D, x(t) = x(t) + it ettt
wheren=[a] +1,¢; e R(i = 1,2,...,n) are arbitrary constants.
Lemma 2.2 Leta > 8 >0.Ifx € LY(0,1), then

LI x) =I5 %0, DY Ig,x() = I x(0),
in particular D§ I§, x(t) = x(¢).

Lemma 2.3 (see [44]) Ifa >0, >-1,t>0, then

r'(h+1)
TTO+1l+a)

rx+1 .,
TTO+l-a)

o )» o+A o )»
]O+ 4 ’ DO+ ’

in particular D, t*™" =0, m=1,2,...,n, where n = [a] + 1.
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We recall now the basic knowledge on the coincidence degree theory. For more details,
we refer the readers to [45-47].

Let (X, || - |lx) and (Y, || - ||y) be two real Banach spaces. Suppose L:domL C X — Yisa
Fredholm operator with index zero, then there exist two continuous projectors P: X — X
and Q:Y — Y such that

ImP =KerL, ImL =KerQ, X =KerL & KerP, Y=ImL®ImQ,

and L|gomL N KerP:dom L — ImL is invertible. We denote by Kp = (L|dgomznkerp) - Let
2 be an open bounded subset of X and domL N 2 # @. The map N : X — Y is called
L-compact on £2 if QN(£2) is bounded and Kp(I — Q)N : £2 — X is compact.

Theorem 2.1 LetL:domL C X — Y be a Fredholm operator of index zeroand N : X — Y
be L-compact on $2. If the following conditions are satisfied:
(i) Lu +# ANu for any u € (domL\ KerL) N 982, 1 € (0,1);
(i) Nu ¢ ImL for any u € KerL N 952;
(iii) deg{QN|kerz, 2 NKerL,0} #0;

then the equation Lx = Nx has at least one solution in domL N £2.
Theorem 2.2 Let L :domL C X — Y be a Fredholm operator of index zero, 2 C X be

an open bounded set symmetric with 0 € 2 and N : 2 — Y is L-compact. If Lx — Nx #
AM=Lx—N(~x)) forall (»,x) € (0,1] x dom LN 32, then Lx = Nx has a solution in dom LN 2.

3 Main results
Take

Xi={x: %, DG xeCl0, 1]},  Xp=|y:t'Py,Djye Clo,1]},
endowed with the norms

lallxy = ex] o + DGl Wi, = €] + D55
respectively, where || - [l = maxXse[o,1]| - |. We can easily check that (X3, || - |lx,) and (Xa,
Il - llx,) are two Banach spaces. Let Z; = C[0, 1] with norm ||z|z, = max;ejoq |2(t)]. Ac-

cording to the basic theory of functional analysis, we have X = X; x X; and Z = Z; x Z;

are also Banach spaces, respectively, with the norms

|Geow) ¢ = max{llxllx,, 171, }, I @), = max{llullz, VIz }-

Define the linear operators L; : domL; C X; — Z;(i = 1,2) and the nonlinear operators
N1 1X2 — Zl,NQ 2X1 — Zl by

Lix(t) = Dg,x(t), «x(t) edomlLy, Nyy(t) :f(t, tl_ﬁy(t),DOﬁJ(t)), y(t) € Xo,

Lyy(t) = DL y(t), y(t) € domLy, Nox(t) = g(6, £ x(t), D3, x(2)),  x(t) € X3,
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where
domL; = {x € Xu s Jim £-x(t) = x(l)], domL, = [y € Xas lim £7y(0) = y(l)].
t—0* t—0+
Define the linear operator L : domL C X — Z and the nonlinear operator N : X — Z by

L(x,y) = (L1x,Lyy), (x,y) edomlL,

Nx,y) = N1y, Nox),  (%,9) € X,
where
domL = {(x,y) €eX:xedomlLy,ye dong}.

Then the coupled system of BVP (1.1) is equivalent to the operator equation L(x,y) =
N(x,), (x,y) € domL.

Lemma 3.1 The mapping L :domL C X — Z is a Fredholm operator with index zero.
Proof First, we claim that the operator L satisfies
KerL = {(x,y) edomL:x(t) = c;t“ 7, y(t) = et Ve, € R} ~ R? (3.1)

1 1
ImL = {(u, vVEZ: / (1-9)"u(s)ds = 0,/ (1-5)P"1u(s)ds = 0}. (3.2)
0 0

In fact, by Lemma 2.1, it can easily be checked that (3.1) holds. For any (&,v) € ImL,
there exists (x,y) € domL such that D, x(t) = u(z), Dg Ly(t) = v(t). Using Lemma 2.1 and

the boundary conditions in (1.1), we find

1
/ (1-s)tu(s)ds =0,
°1 (3.3)
/ (1-s)fu(s)ds=0.
0

That is,
1 1
ImL C {(u, veZ: / (1-s)"u(s)ds = 0,/ (1-s)fu(s)ds = 0}.
0 0

Conversely, for any (u,v) € Z satisfying (3.3), take x(¢) = I§, u(t) and y(t) = Ig LV(t), then we
have

+

1 1
lim £"x(¢) = lim £ [ u(t) =0=x(1) = —— [ (1-5)"""u(s)ds,
t—0*t t—0*t F(Ot) 0

1 1
thr(r)1+ tPy(t) t111(1)1+ tPI,v(E) =0=y(1) ) fo (1 -s)""v(s)ds,

Page 6 of 28
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and
) €X, Llxy)=(Lix,Lyy) = (u,v),
which shows (i, v) € Im L. Therefore, (3.2) holds.

Second, we prove that indL = dimKerL — codimImL = 0. Define the linear operators
Qi:Z1—~>Z1(i=1,2)and Q: Z — Z by

1
_ 1-— a-1 d,
Quu “/o( 9 u(s) ds
1
Qu=p / (1= 5)"v(s) ds,
0
Q(M; V) = (Qlur QZV)'

Evidently, Q;, Q», Q are continuous operators and Im L = Ker Q. For any (¢, v) € Z, we have

1
Qi = Qu(Qu) = (Quor [ (19" ds = Qu
0
1
Qi = Qu(Qn) = (@f [ (1= ds= Qv
0
Q*(u,v) = Q(Q(u,v)) = Q(Quu, Quv) = (Qu, Q) = Q(u, v).
Thus, Q is a continuous linear projector. For (u,v) € Z, set (u1,v1) = (4,v) — Q(u, v), then
Qu1,v1) = Qu,v) - Q*(u,v) = 0, i.e., (u1,v1) € KerQ=1ImL. So, Z =ImL + Im Q. Besides,
for every (u,v) € ImL N Im Q, we have (&, v) = Q(u,v) = (0,0). Therefore, Z = ImL & Im Q.
Furthermore, dimKer L = dimIm Q = codimIm L = 2, which means L is a Fredholm oper-
ator with index zero. a
Lemma 3.2 Define the linear operator Kp : ImL — domL NY by
Kp(u,v) = (Ig+u,lg+v), (u,v) e ImL.
Then Kp is the inverse of L|gom L0y and satisfies
||Kp(u, V) ||X <A || (u, V)”Z forall (u,v) eImL,
where

Y- [(x, P €X: lim £x(0) = 0, lim ¢1Py(0) = o],
t—07% t—0*t

1 1
A:max{1+ F(a+1)’1+ F(ﬂ+1)}’

Proof Define the linear operators P;: X; — X; (i=1,2) and P: X — X by

Pix = I:lil’(l)l tl_"‘x(t)]t"‘_l,
t—0t
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P(x,y) = (P, Pyy), (x,9) € X.

We first claim that P is a continuous linear projector operator. In fact, for any (x,y) € X,

we have
P%x =Pi(P1x) = [lirg L‘l“)‘Plx(t)]t‘)‘_1 = [lir(r)l tl_“x(t)] 1= Pix,
t—0% t—0*

Ply = Pa(Poy) = [ lim £/ Pay(o) [t = [ lim £Py(0) ¢ = Pay,

t—0*

P*(x,3) = P(P(x,)) = P(P1, P2y) = (P}x, Pyy) = (Pix, P2y) = P(x, ),
and

Pk = tlirgl+ %% (t), PPy = tlir(r)1+ tPy(e).
By Lemma 2.3, we also have

D, Pix(t) = DY, P,y(t) = 0.
Then

1P, | = | (Prx, Poy) | = max{IIPrxllx,, 1P2yllx, |

lim £ ~%x(¢)

t—0*

= max{ lim tl_ﬁy(t)‘ }
t—0t

’

Thus, P: X — X is a bounded linear projector operator, and it is evident that ImP =
KerL,Y = KerP.

Next, we show that Kp = (L|gomzrkerp) - In fact, for any (u,v) € Im L, by the definition
of Kp, we can check that Kp(u,v) € dom L N Ker P, that is, Kp is well defined on ImL. On

the one hand, by Lemma 2.2, we have
(LKp) (u(0), v(t)) = (D&, 18, u(t), D I, v(2)) = (u(t), v(2)).
On the other hand, for every (x(¢), ¥(¢)) € dom L N Ker P, by Lemma 2.1, we get

(KpL) (x(2), 5(2)) = (12, DS, x(2), 15, DY y(2))

(x(2) + at“ Lyt + cztﬂ_l), (c1,¢2) € R%

Because (KpL)(x(t), y(t)) € Ker P and (c;t*}, c,tP~1) € Ker L = Im P, we can obtain

(0,0) = P[(KpL)(x(t),y(t))] = P(x(t) +ot Lyt + cztﬁ_l)

= (Plx(t) + ot Pyy(t) + cztﬂ‘l) = (clt"“l,cztﬂ_l).
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Thus, (KpL)(x(t), y(2)) = (x(¢), y(2)). Therefore, Kp = (L|gomznkerr) ' Again by Lemma 2.2,
for all (i, v) € Im L, we have

[Kpaa, ) = max{ 25, 16,1, )

1- 1-
= max |||t 5, u||  + DI, oo, 18P L5, Vlloo + IDf, I, Vo }

1 1
<o (1+ gy 1t (1 g )

=< maX{A”u”oo; A”V”oo} = A” (u, V)”Z'
This completes the proof of Lemma 3.2. O

Lemma 3.3 Assume that (A,) holds, 2 C X is an open bounded subset with dom LN 2 # ().
Then N is L-compact on £2.

Proof Since f,g:[0,1] x R? — R are continuous and satisfy (A;), we claim that QN (£2)
and (I - Q)N(£2) are uniformly bounded. In fact, for 2 is bounded in X, there exists a con-
stant > 0 such that ||(x,)|lx <, Y(x,9) € £2, by (A3), we have the following inequalities:

[Nuy(®)] < |f (8,8 3(8), Df,y(8)) = £(£,0,0)| + |f(£,0,0)]
<p+ (21O (@) + @10 | D,y (0)))

<p+pmi+q)r:=n,

1
‘Qlle(t)‘ < (x/ (1-s)~" ’le(s)‘ ds
0
1
< rla/ 1-5)tds=r,
0

where p = sup,(1,f(¢,0,0), p1 = sup,c(o11P1(£), 41 = SUP,c[o1) 41(£). In the same way, we
have

INox()| <@ + (P2 + q2)ri=ra,  |QeNox(t)| <12,
where @ = sup,c(918(2,0,0), p2 = sup,(g,1; P2(£), G2 = SUP,c[o1) 92(¢). So we get that

|QN(x,)| , = max{|QiNwyllz,, |Q:Noxl z, } < max{ry,ra},

(3.4)
|- QNG| , < [N, + [QN® ], < 2max{r, ra).
Use of Lemma 3.2 yields
|Kp(I = QN (x,9)| , < A|| - QN(x,p) |, < 2A max{ry, rs}. (3.5)

From (3.4), (3.5) it follows that QN (£2), Kp(I — Q)N ($2) are uniformly bounded. Now, we
are going to prove that Kp(I — Q)N(x,) is equicontinuous for all (x,y) € £2. In fact, take
(x,9) € 2 and 0 <t < £ < 1. Since £, ¢ are uniformly continuous on [#, ;] and f(¢, u, v),
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g(t,u,v) are uniformly continuous on [¢1, ] x [-r,r] X [-7,7], we have

|16, (I = QUN1Y(®) 1=ty =I5, (I = QUIN1Y(D) =1, |

-l " (61— 970 - QN ds - / (6970 - QUINis) ds
<o /0 -9 — (- 97T - QUNiy6) ds
' j (6= 9 U - QN ds
< Fz(r;) 0” [(6 -9 — (1 - 9 V] ds + FZ(’;) / (ts - 5% ds
< %[(r‘f —85)+2(-t)*] >0 ast; > b,

and

|D§, I8, (I = QUNy(O)l¢=s, — DG, 15, (I = QUN1Y(8) |1, |

= [F (6, 67 y(ta), D y(01)) = £ (12 6 5(82), DS y(82))| > O as ty — 1.
Similarly, it has

15, (I = QINox(8) ity — 1, (I = Q2)Nox(8) 1=, |

2r
= Wil)[(f{;—tg)+2(t2—tl)ﬂ] —0 ast; — b,

and

| D3, 15, (I = Qu)No(t)l 1=ty = DY, I, (I = Q)No(8) i=s, |
= |g(t1, 677 %(01), DY, (1)) — g(t2, 3 “%(82), DY, x(82)) | = 0 asty — t.
To summarize, we can conclude that {Kp(I — Q)N (x,) : (x,y) € £2} is equicontinuous. By

the Ascoli—Arzela theorem, it is immediate that Kp(I — Q)N : £2 — X is compact. Using a
similar argument, we can also get N is L-compact if condition (A;) holds. O

In what follows, we shall give several existence results for BVP (1.1). For simplicity of

presentation, we let

wy + w112 V2 Yin2
pr=———" p2= ) 3= )
1-mn2 1-mn 1-mn2
w1 + w1 Yani Y1
o1=—/— 03 = ’ 03 = ’
1-mm 1-mn2 1-mmn

where y; = max;eo,1) |y ()], 7: = maxeejo) |y (8)], @i = maxeepo |y (£), i = 1,2. First, we sup-
pose that the following conditions are satisfied:
(A4) For (x,y) € domL, there exist constants B; > 0, i = 1,2, such that, for all £ € [0, 1], if
either |H1=%x(¢)| > By or |t!#y(t)| > By, then QN (x,y) # (0,0).
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(As) For (c1t*7%,cotP~1) € KerL, there exist constants G; > 0, i = 1,2, such that for any
(c1,¢2) € R? satisfying either

ClNz(Clta_l) >0, if|61| > Gy,

(3.6)
Ny (eatP1) >0, if [cy] > Go,
or
Ny (1t 1) <0, if|ei| > Gy,
1No(c1t47) le1l > Gy (3.7)
Cle(Cztﬁ_l) <0, if lca| > Ga.
Lemma 3.4 Let (A1) and (A,) hold, set
{$21 = (x,y) € dom L\ KerL: L(x,y) = AN (x,y), 1 € (0,1)}.
Then $2; is bounded provided that
mm <1, I(a+1)>20,, r'(B+1)>2ps,
(3.8)
(F(a +1) - 202) (F(ﬂ +1) - 2,03) > 4py073,
or
2(+)+A(+)1 2+A(+)1
_— <1, —_— <l
a+1) Yitm Y2t 12 Ta+1) Yitm 59

2 A 1 2 A 1
m()’2+ﬂz)+ (ri+m)<1, <m+ )(V2+772)< .

Proof For (x,7) € £21, we have N(x,y) € ImL = Ker Q. Then QN(x,y) = (0,0). On the one
hand, according to hypothesis (Ay4), it follows that

B xt) <Bi, 1 y(t)] < Bo. (3.10)
Since

1,08 x(t) =x() + 1t 1 e€R,  ILDEy6)=y(t) + P!, c;eR. (3.11)
By substituting (3.10) into (3.11), we obtain

1 = 570 D x(t) sy — 1R (Ey),  co = £PIE DE y(8) |1y — 1) P y(t). (3.12)
From (3.10), (3.11), and (3.12) we have

’tl_"‘x(t)’ <B;+ &

2
FarplPiale [0l <Bs

2 s
D Pl (313)

On the other hand, by (A;), we have

D5, x| = |f (6.5, D4,9)| < @]y + m©)|Df,y| + wi(e)

<ty + m|Dgy] + o, (3.14)

Page 11 of 28
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|Dg+y| = |g(t, tl_o‘x,Dg+x)| < yg(t)|t1_°‘x| + nz(t)|D8+x| + ws(t)

< ya|t"%| + 2| DY, x| + . (3.15)

We now estimate §2; is bounded under conditions (3.8) and (3.9), respectively.
First. We show that £2; is bounded if condition (3.8) holds. In fact, (3.14) and (3.15) imply
that

’D8‘+x| <o+ 02|t1_"‘x’ + ogytl_ﬁy}, |Dg+y| <pp+ pzytl_"‘x‘ + p3|t1_’3y|. (3.16)

If we plug (3.16) back into (3.13), we get

2
1-a
=B

(o1 + 02|t1’°‘x| + 03|t1"3y|),

2
t'By| < B - £ y)).
7] < Ba+ gy (on + 2l + a7
So that
_ BII"(oz + 1) + 20'1 20’3 1- _
%] < + Py = 0y + 05| Py, 3.17
| x|_ I'o+1)-20, F(oc+1)—202| y| ! 2| Y ( )
B, r 1)+2 2
|£1y| < 22 (B+1)+20 A ) || 2= 8, + 8561, (3.18)
rB+1)-2ps I'(B+1)-2p3
It follows from (3.17) and (3.18) that
81 + 820
|t1”3y| <= ik T, |t1’°‘x| <{;+ 4yt (3.19)
1-3820,

Substituting (3.19) into (3.16), we obtain
’Dgﬂrx‘ < o1 +0y(81 +£57T) + 03T, ‘D&y‘ < p1+ pa(€1 + £2T) + p3T.

Thus, £2; is bounded.
Second. We prove that £2; is bounded under condition (3.9). In such a case, by
Lemma 3.2, one has

| =)y ||y, = | KLU = P)@,9)| < A|L(x.9)],

= Amax{||D8’+x| Dg+y||oo}'

00’

Therefore, from (3.13)—(3.15), we can derive that

G|y = [PEn)+ ¢ =Py

[#7x] o} + A max{| D, x|

< max{ ||t1’ﬁy| DgJ“oo}

oo’ o0’

2
rpg+1)

o 10671}

< max{Bz + ||D§+y{

B +L||D"x|| }
0L (a4 1) 170 oo

+ Amax{ || D, x|
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L R L

< max{Bl +

2
(o +

B +<#+A)||Da x{
"\ T+ 0+%lloo

2
rg+1)

B 2 A )| DS
2+(m+ )” O+y||oo}'

Next, we separate the proof into four cases.

[P67] + 21062

Bz+

Case 1. [[(x,9)lx < B1 + 7275 1D%,%llo0 + AlIDf, ¥l oo because

c>o’|t1

By (3.14) and (3.15), one gets

max{ || tl“"x| o

6. o P05} = [ (320

2
[@» =B+ T+l |05 x]., + 2105

<Bi+ [G1+ )| @), + @1] + Al + 1) | &.0)|| + @2],

2
Ia+1)
that is,

”(x )” - B+ Qw1 /T'(x +1)) + Awy
Ylix =712 (21 + n)/ T (e + 1) + A(ys + m2)]

Case 2. ||(x,9)x < B1 + (555 + A)IDG,*[l o By (3.14) and (3.20), we have

a+1

2
il <8 (s + ) I
2
<Bi+ (m + A) [(Vl + 771)” (x’y)”)( +w1]’

which implies that

(e, < By + ((2/T (e + 1)) + A)owy
X7 1—(2/T(a+ 1)+ Ay +m1)

Case 3. ||(x,9)|lx < By + ﬂﬂ ||D 0.V loo + AllDG, x|l o0 Using a similar proof as that in
Case 1, we can get

By + Qwy /T (B +1)) + Aw;y
-Gz +m)IC(B+1)+ Ay +m)]

il = 1

Case 4. ||(x,P)|lx < By + (5=

we can obtain

F(ﬁ+1 + A)||D0+y||OO By applying a method similar to Case 2,

By +(2/T(B+1)) + A)ws
(@IT(B+1)+A)yr+m2)

sl = 1

To summarize, §2; is bounded and the proof is completed. g

Page 13 of 28
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Remark 3.1 If a = B, then condition (3.8) can be derived by (3.9).

In fact, from

2 e+ AGn ) <1 2 (pyam)t Al +m) <1
— (1 +m) + +1m9) <1, —— (Y +1m2) + +m1) <1,
Fa+1) Yitm Y2+ 12 rB+1) Y2t 12 Yitm
we can obtain
yi+n1<1, Yy +1p <1, 2m < Mo + 1), 2ny < (B +1). (3.21)

On the other hand, by

2 A )( )<1 2 A )( )<1
(er >71+771<, (er >7/2+772<,

we have

2 1 1 2 1 1
<m+ )(V1+771)< , <m+ )()’2+772)< .

Using the fact o = B, we also have

(# + 1)()/1 +11) <1, <# 1)()/2 +12) < L.

rB+1) Ta+1)
Then it follows that
2+ Ma+1)¢ <Ia+1), +T(B+1)r<I(B+1), (3.22)

where ¢ = max{y1, 11, 2, 2}. From (3.21) and (3.22), we have

o+ 1)mma + 2yamy = n1 (e + Dng +2y2) < 2m1(n2 + v2) <2m1 < Tl + 1),

F(B+Dmnz+2yina = (C(B+ 1)n1 +2y1) <2ma(m + 1) <2ma < (B +1),
2yom . 2y, 2p(1+m) Py 200+8) ¢
L-—mny 1-mna 1-mn 1-¢2  1-¢
v 2nm 211 +m2) p 201+8) ¢
L-—mny 1-mna 1-mn 1-¢2  1-¢

209 + 209 = <I(a+1),

203 + 203 = <I'(B+1).

According to the above inequalities, it follows (3.8) holds.
Lemma 3.5 Let (A4) hold, set

25 ={(%,y) € KerL:N(x,y) € ImL}.
Then $2 is bounded.

Proof For (x,y) € KerL, then we can write x = c1t7}, y = cotP71, (c1,¢2) € R?, and
N(ci1t%1,cptPt) € ImL = KerQ, that is, QN(c1£%7%, cotP™1) = (0,0). By (A4), there exist
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t3,t4 € [0,1] such that [£™%x(t3)| = |c1| < By, Iti_ﬁy(t4)| = |ca| < B,. Therefore,
19, = max{llxllx,, [¥llx, } = max{le1],|c2]} < max{Bi,Ba}.

The proof is completed. O

Lemma 3.6 Let (As) hold, set
25 ={(%y) € KerL: 92/ (x,) + (1 - ))QN(x,5) = (0,0), » € [0,1]}.
Then $23 is bounded, where

1, if(3.6) holds,
-1, if(3.7) holds,

9=

and ] : Ker L — Im Q is the linear isomorphism given by
](Clta_l,CZtﬂ_l) = (Cz,Cl), Vey,co € Rz,t € [0, 1]

Proof Without loss of generality, we suppose that (3.7) holds, then for (x,y) € §23, we have

1
Acy=(1- A)a/ (1-5)*""f(s,¢,0) ds,
0
1
rer=(1-0)B / (1-s)"g(s,c1,0)ds.
0

By the preceding lemma, it suffices to show that |c;|, |c2| are bounded. In fact, if A = 1, then
¢1 = ¢ = 0. Otherwise, for A € [0, 1), we get

1
0<ics=(1- A)a/ (1—5)*"teof (s,¢0,0) ds,
0
1
0< )»c% =(1- A),B/ 1- s)ﬁ’lclg(s, c1,0)ds.
0

If |c1| > Gy or |¢a| > Gy, by (3.7), it is easy to verify that at least one of the above equations is
not true. Therefore, |c;|, |c;| are bounded, which completes the proof of Lemma 3.6. [

Lemma 3.7 Let (A,) hold, set

24 = {(x,y) edomL\KerL:L(x,y) — N(x,y) = —A(L(x,y) + N(~x, —y)),k € (0, 1]}.
Then $24 is bounded provided that

Fa+DIB+1)> 1+ Me+1)(1+ 0B +1)(p1+q1) @2+ 92), (3.23)

where p; = sup,o,1) Pi(£), gi = SUPc(o,1) 4i(2), i = 1,2.
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Proof For (x,y) € 24, we have

L(6,y) = ——N(x,3) - ——N(=x,—),

1+A S 1+A
that is,
Lix= Nyy - > Ni(—y), (3.24)
1+ 1+
Lyy = s )LNzx ~1 i )LNZ(—x). (3.25)

From (3.24) it follows that, for any ¢ € [0, 1],

1 A
|Lyx| = |D§, x| < Nl IN1(=)]

1
=177 (.6 y(0), D}, y(0))| +

(=60, -0 y(0)|

[If (&£ (2), D, ¥(8)) —£(£,0,0)| + ]

<
T 1+

+ 16~ 3(0),~Df 3 (0) - £(,0,0)| + o]

<0 +p1|e7Py(e)| + @1 | D, y(2)]

<p+m |ty + @ | DLy (3.26)
and

1
|7 %(t)| = —— [ LS Ny — At 1§ N (—)|

1+ *
< p + e /t (£ —s)*1 [f(s sTPy(s) Df y(s)) —f(¢0 0)| ds
“ T+l Q+M) (@) )y ’ 0 ”
+ L /t(t—s)"‘_llf(s —s1Py(s) -’ y(s)) -f(¢t0 0)| ds
L+Mr @) Jo ’ T "
1 _ o
< gl alPho ) m 62)
Taking account of (3.26) and (3.27), we derive
|D5.x] . < o + 1Py ] + @ [ Do, (3.28)
o 1 _
T R R I | 629)
Similarly, by (3.25), it can be shown that, for any ¢ € [0, 1],
|D6.7] . <@ +paft x|, + 2| D] (3.30)
3 = gl o+l + ] 631
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According to (3.28)—(3.31), we get

1+Ma+1)
Ia+1)
1+ (a+1)
I'a+1)
1+ (B+1)
rg+1)
<1+I"(,B+1)
- rg+1

Ixlx, < [o1|£7Py|| . + a1 | D5y, + P]

[(p1 + a)Iyllx, + o], (3.32)

Iylx, < (2]t x| , + 42| DG, %] ., + ]

[(p2 + @) x]lx, + ] (3.33)

Now, by using (3.32) and (3.33), we obtain

QL+T(e+)A+TIB+1)pr+q)p+TMNa+1)A+T(B+ 1) —

Cla+ I B+1) -0+ M+ 1)1+ LB +1)(p1+q91) @2+ q2) '

1+ (a+1)
I'a+1)

Iyllx, <

llxllx, < [(p1 + q1)my + p] = ms.

So we get that

9| = max{llxllx;, [1¥]lx, } < max{n, m,}

1
= 5 (mu+ma + Iy = ma) = m.
This completes the proof of the lemma. d

Theorem 3.1 Assume that (A1), (As), (As), and (3.8) hold or (A1), (As), (As), and (3.9)
hold. Then BVP (1.1) has at least one solution in X.

Proof Set §2 be a bounded open set of X such that Ui3=1 2, C £2. By Lemma 3.3, N is L-
compact on £2. Lemmas 3.4 and 3.5 imply that (i) and (ii) of Theorem 2.1 are satisfied.
In order to achieve the thesis, we have to prove that condition (iii) of Theorem 2.1 holds.

Define the homotopy mapping as follows:

H((x,9),2) = 93] (%) + (1 - )QN(x, ).

By Lemma 3.6, we get H((x,y), 1) # (0,0) for all (x,y) € KerL N 352. Using the homotopy
invariance of the topological degree,

deg{ QN kerz, 2 NKerL, (0,0)} = deg{H(-,0), 22 NKerL,(0,0)}
=deg{H(-,1),22 NKerL,(0,0)}
= deg{v], 2 NKerL,(0,0)} #0.

Then, by Theorem 2.1, BVP (1.1) has at least one solution in X. Thus the theorem is
proved. d

Theorem 3.2 If (A;) and (3.23) hold, then BVP (1.1) has at least one solution in X.

Page 17 of 28
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Proof Set 2 ={(x,y) € X : ||(x,9)|lx < m + 1}. Obviously, £2 is symmetric with (0,0) € £2
and X N 2 #¢. By Lemma 3.7, we get, for every (x,y) € 382 and A € (0,1],

L(x,y) - N(x,) # —*(L(x,) + N(-x,-)),

which together with Theorem 2.2 yields that problem (1.1) has at least one solution
in X. O

Theorem 3.3 If (A;), (As3), and (3.23) hold, then BVP (1.1) has exactly one solution in X
provided that

max{(k + A)(p1 + q1), k(1 + q1) + Ap2 + 42),

P2+ q2) + Apr + q1), (i + A)(pa + q2)} < 1, (3.34)
where

(2 d (2 b
K_<FM+D+;> “'(Fw+n+2>

Proof By Theorem 3.2, we obtain that BVP (1.1) has at least one solution in X. Now, we
prove the uniqueness result. Suppose that BVP (1.1) has two solutions (x1,%1), (x2,72) €
domL. Then, for i = 1,2, we have

DExi(0) = £ (&, £Pyi(0), Db, yi(0)),
DL yi(t) = g(t, £~ x:(8), D%, x:(2),
and
lim £7%;(¢) = x;(1), lim £ y,(t) = y:(2).
t—0t t—0t

Let x = x1 — x3, y = y1 — y2. Then x, y satisfy the equations

DS, x() = f (6, £Py1(8), DYy () = £ (£, 6P ya(8), DL, 32(0)), (3.35)

Df,y(t) = g(t, 12, (), DE, 21 (£)) — (£, £ x2(8), DS, %2(2)). (3.36)
Noting that Im L = Ker Q, we have
1
fo (1 -9 [f (55" Py1(), D, 31()) —f (5,8 P92 (s), Df, 32(5)) ] ds = 0,
1
/ (1-s)P! [g(s,sl_"‘xl(s),D8‘+x1 (s)) —g(s sl_“xz(s),Dg+x2(s))] ds=0,
0

which imply there exist ¢35, 5 € [0, 1] such that

f(ts, 657 Py1(t), D 1 (85)) = £ (85, 3 P ya(ts), Dl ya(25)) = 0,

g(fé, téfaxl(fa),DgJ,M(ta)) - g(t6, té’“xz(%),D&xz(ta)) =0.
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Basing on condition (A3), we conclude that

&5 yts|<—||D

oete)| < 2o . (3.37)
Considering that
I5, Dy x(t) = x(t) + at®l, ¢ eR, I&D&y(t) =y(t) + P, ¢ eR,
thus,
c1 = IS DL () 1oy — L x(ts), 2 = LS, Dl y(8) ey — 12 P y(ts).
Therefore, we can draw a fact

|£"x(0)| < k| D§,

£ Py(0)| < 1| Db,y .- (3.38)

On the other hand, using hypothesis (A;) and (3.35)—(3.36), we find that

’Do+x ‘ <p1|t ’Sy(t | +q1|D0+y |D0+y | <p2’t1_"‘x(t)’ +q2|Dg+x(t)‘.

Consequently, we infer that

06,50] <51 Dl .
D60 <ol + | D]

By Lemma 3.2, we obtain

|4 =P = |KeLZ =Py | = AlLG)]

= Amax{ || D, x| .| D]} (3.40)

From (3.38)—(3.40), one has

|Gy = [PEp]y + [¢ =P

o] )+ amax{ D]

< max{ || tP

007l oo}
oo 1P6]0 )
Sk + A)| D, \OO

|D°‘ x” } + Amax{”D“ x|

§max{u||Dﬁ y| K

=max{KHD x|| +AHD’S

uIDh . + D] o+ )G ) @)

Proceeding as in the proof of Lemma 3.4, we divide the proof in four cases.
Case 1. ||(x%,9)|lx < k|| D§,*|loo + AI|D§+y||OO. By (3.20) and (3.39), we get

@)y =xIDgxl + A1D5 ]

k(i) + ar [Py ]) + Al 5] + a2]D5.4].)

Page 19 of 28
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-

SK(Pln y||oo+ql|(x»y)||x)+A(P2+42)|(x,y) X’

and

@)y <[ DG.x]  + A1DGy].

<e(i] eyl + DG + Alea] 0w + o DE )

<k(pr+q)| @) |+ Apa] %] + Aga | .2 -

Again, by (3.20), we obtain

F-B kp1 byl

I#75 = L-lkq1 + Alpa + )] [#75
_ Apz _

tl o < tl o .

e, = T e

In view of condition (3.34), we have

[e=xl =0 [¢7y] =0.

[ee]

As a result, we get X1 = X9, y1 = Y2.
Case 2. ||(x,9)|lx < (k + A)||D§,%|loo. Then (3.39) and (3.20) imply

9] <+ A)| D]
<(c+ A)pi|[£y]  + @[ DF.y ] ]

<(k+A)p; Htl_ﬂy”oo +q1(k+ A)’

(x,9)

X’

and

@), < + 2| D%,

<+ D) [p|t Py + apa |t x|  + 0142 DG x| ]

< (K + A)qipa ||t x|+ (c + A)p1 + 1) | (%,9) | -
Using (3.20), we derive

_ (k + A)py
1-p _WwtAap
|27, = T

[

o0’

(K + A)q1p2
® T 1-(k+A)p1L+q192)

7] 7]

o
According to assumption (3.34), we obtain

[e=x o =0, [£7y] =0

o0

Consequently, x1 = x5, ¥1 = ¥2.
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Case 3. |(%,9)|x < ;1,||Dg+y||oO + A||D§, |l By a method similar to that used in Case 1,
we can conclude that

B Apl _
|e#y] < [£75]
© = 1-[Aq ;5(102 +q2)] > (3.42)
tl—a 2 tl_a .
” xHoos 1-[A(p1 + q1) + 1gsl ” x”oo

Case 4. ||(x,9)|lx < (n + A)||D§+y||oo. Similar to the analysis in Case 2, we can deduce

that
B (n + A)p1ga -
1-8 1-f
15 e < T s qa 1© e (3.43)
—a (M + A)p -« |
Jet-es] |

© T 1-(u+A)g

From (3.34), (3.42), and (3.43), we also obtain that

[l o =0 [£7y] =0,

oo

that is, x; = 3,91 = ¥». In summary, BVP (1.1) has a unique continuous solution in X. [J

4 Example
Example 4.1 Consider the boundary value problem

DYx(t) = £(t,£2y(t), DY?y(t)), tel0,1],
Dy2y(t) = g(t, tV2x(t), Dy2x(2)), (4.1)
limy_ o+ £12x(2) = (1), lim,_ o+ £Y29(2) = y(1).

Corresponding to problem (1.1), here

£(&,E72(8), DYy(1)) = 2t sin|e2y(e)] + §sinDyly(@) + 3, 162y(8)] <3,
) i), 0+y - th . t - 1/2 4 1/2
st sin3 + 5sinDy\“y(t) + £, |t%y(¢)] = 3,

(£, x(0), DY2x(8)) = sP(EPx(0)] + §sinDPx(®) + 3, 1Py < 1,
g(&,£""x(t), Dy x(t)) = 1,2 ¢ gin DY2 2 172
st?+ EsinDylx(t) + 3, [£%y()] > 1.
Let
1, t 4
t)=—1t°, t) = ) t)= =
2102) =5 m(t) 2 wi(t) s
1, t 2
t) ==t t)=-, t)=-.
ya(t) z n2(£) 5 ws(t) 3

Then (A;) holds and

11

i=_—- m=n=

1 —
50 2 S

[SSH \S)

4 1
B wl_S’ V2—5
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oo t2m 2 py = T2 1 py e 12 4
2= =5 3= =) 2 = =—,
1-mn2 15 1-mny 75 1-mn2 15
Vi 22
03 = = —.
1-mn2 75
Accordingly,
1 ﬁ 4 ﬁ 22
=—-x<l1, lNa+1l)=—>20,=—, I'B+1)=—>2p3=—,
mnz =, < (¢ +1) 5 >202= 1 B+1) 5 2=
ﬁ 4 ﬁ 22 352
F +1—2 F 1—2 = _ - _:4 .
(F(@+1)=20)(I(B+1)—2p3) < 2 15 5 " 75 ) > 1o = 4P20s

Consequently, (3.8) holds. Since

Le2sin |e2y(e)] + LsinDyy() + 2, |£V2y()] <3,

Nl_j/=
11,2 12 4 2
s5tisin3 + £sinDyly(e) + 3, [£2y(8)] = 3,
12,172 t i L2 2 172
Ny = st x(t)] + 5sinDyx(t) + 5, [E7y(0)] <1,
12 2
L2+ LsinDg2x(t) + 2, 1V2y(0)| = 1,

and

11,2 4
=tosin|ca| + 3, |ea| <3
-1 -1/2 50 57 =
Nl(Cgtﬂ )=N1((32t )= 1.2 4
=5t sm3+§, lca| > 3,

2 2 1
Nz(cltml) =N1(C1t71/2) = tlal+3, lal<l

1
5
12,2
AR

ler] > 1.
Soif we put B; = G; = 1, B; = G; = 3, then we have
11 , . t . 4 2
Nyy = %tz sin3 + 5 st(l)frzy(t) + A > 2% >0, |t1/2y(t)| >3,

11 429
Ni(c2tP™) =Ni(eat™?) = —£sin3+ = > = >0, o] >3,

50 5750
1 t . 2 1
Nox = gtz +5 sin DY/2x(¢) + 3Z¢” 0, |£"y@®)|=1,
1 2 2
Nz(clta_l) =N1(Clt_l/2) = gtz + g > g >0, |a|l=>1.

Therefore, (A4) and (As) hold. By Theorem 3.1, we can conclude that BVP (4.1) has at least

one solution.

Remark 4.1 Obviously, for BVP (4.1), condition (A;) is not valid and (3.9) does not hold.

In fact, we can obtain that

18 m+2ym 7
_— —>1

2 )+ AGn ) =
————( +m)+ +N)=—— — +
Mla+1) AT EW2TIRI =0 58 10

So that (3.9) is not true.

Page 22 of 28
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Example 4.2 Consider the boundary value problem

Dy*x(t) = % sint'2y(¢) + £ sinDg?y(0) + 1, te[0,1],

DY*y(t) = ésin t2x(¢) + Z sin Dy2x(t) + 1, (4.2)
lim;_, o+ t1/2x(t) =x(1), lim;_, o+ tllzy(t) = y(l)
Corresponding to problem (1.1), here
8 1
o= =—,
2
2 4t 1
F(667Py(0), D4, y(0)) =  sint2y(0) + sinDyPy(e) + o,
l-a o £ 2 i 1
g(t,t x(t),D0+x(t)) = sint/“x(t) + — sin Dy “x(t) + 7'
Let
t2 at 2 2t
t)=—, t)=—, t)=—, t)=—,
pi(t) = q:1(t) T pa(2) Z q2(t) 7
then p; = %, q1 = %,pg = %, qo = % We can easily check that (A;) holds and
Fa+1)'(B+1)
2
T (2+.4/7)
=3 27{ =(1+Me+1)(1+ (B +D)p1+q1) P2 + ).
By Theorem 3.2, BVP (4.2) has at least one solution. If we let
£ at 1
t)=—, t)=—, =1,
y1(2) z n(t) T w1 (2) 5
2 2t 1
t) = ' )= - t) = -,
y2(2) 7 12(t) 7 w>(2) 5
then (A1) holds and
1 4 1 1 2
= =T w1 =Wy = —, = =
1 5 m 15 1 2 D) Y2 7 M2 7
o Yam 4 o Yin2 6 p V2 15
2= =550 3 a’ 2= = 597
1-mny 97 1-mny 97 1-mn2 97
"1 21
O3 = = —.
1-mn2 97
Therefore,
8 JT 8 JT 12
=<1, Fa+l)=YX—5>20=—, rg+1)=—>2p3=—,
mn < (x+1) 5 >202=o B+1) 5 72s= oo

105

JT 8\ [(JT 12\ 1260
- = 40,03,

(F(a+1)—202)(F(;3+1)—2p3):< > oo\ " 57) 9209
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that is, (3.8) holds. Since

1
Ny = E smt”2 V(t) + — I 51nD1/2y(t) + 5230°> 0,

Ni(c2tP™) =Ny (c t‘m):ﬁsinc +1> i>0
1\¢62 1\C2 5 2 2_10 )

£ 2t 1 1
Nox = — sint"2x(t) + = sinD}/*x(t) + = > — >0,
7 7 27 14

Mot =Nt ?) = s+ 5 > 1550
2(c1 e 7 ot s

Then, for any B; > 0 and G; > 0, (i = 1,2), we have (A4) and (As) hold. By Theorem 3.1, we
can also obtain that BVP (4.2) has at least one solution.

Remark 4.2 The existence result of BVP (4.2) cannot be obtained by verifying conditions
(A1), (A4), (As), and (3.9) of Theorem 3.1.

In fact, we can check that

2, A 47 JT2 3 265UT
—— W+ + + =—=- "=+ o= >
Mla+n ATM T2 = 15 " /7 77 105x

This implies that (3.9) does not hold.

Example 4.3 Consider the following fractional boundary value problem:

1
7 S [0,1],
1

(4.3)

DY*x(t) = 522 sin £12y(t) + L sin DY>y(t) +
D(l)/f (¢) sté/f (t)+

lirnt—>0+ tllzx(t) = x(l); hrnt—>0+ tllzy(t) = )’(1)

t
2
L sin £12x(¢) + o

Corresponding to problem (1.1), here

8 1
o = = -,
2
£2+3 1
t,t t t ——sint t + sm t)+ -,
-Py(8), Dl y(t)) = 20 2y(t) Dy?y(t) 1
£2+1 t 1
g(t, tl_"x(t),D&x(t)) e sint2x(t) + % sinD(l)/fx(t) + =
Let
1 1 1 1 1
pi(t) = 3—0t2 o aO=5tb 0= ﬁtz o 0=t
Then
2 1 1 1 AT +27
P1—15, 6]1—20, P2—7, q2—28, = ’
11
p1tq1 P2+ .
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Choosea=+,b=2,c=2L,d=2L. Itiseasy to show that (A;) and (A3) hold. Since
10 20 28 Y

11
2 2
> a2 VT

=1+ (@+1)1+T(B+1D)p1+q) P2+ )

Fa+)r(B+1)= %

By Theorem 3.2, BVP (4.3) has at least one solution. We also can check that

e+ A)lpr+q) = (r(?z,/z) ¥ % "= +jﬁ) (1_25 " 2_10)

11T +44
407w

kpr+q) + Alp2+q2) < 5 <1,

Q|

<1,

wpr+ @)+ Ap1+q1) =kpa+q2) + Alp1 +q1) < E < 1,

L+ A)p2+q2) =k +A)pr+q2) < E < 1.

By Theorem 3.3, BVP (4.3) has a unique solution. If we let

?+3 t 1
t)=—-—, H=—, t)="-,
y1(8) 30 n1() 0 w1 (t) 2
£2+1 t 1
t) = ) t) = - t)= -,
Ya(t) 14 n2(2) o8 o (t) =
then (A7) holds and
_ 2 _ 1 B 1 _ 1 B 1 _ 1
"= 15) n1—20’ (1)1—4, )/2—7; 772—28) (1)2—5,
5 11
+Ny=—<— =9+,
V2t 28 < 60 Y1i+m
oo L2 4 s = nn 8 s = v _ 80
*"1-mmn, 559 T 1 1677 " 1-mmn, 559
" 224
o3 = = —.
1—)71772 1677
Thus,
1 JT 8 JT 16
=—<1, INoa+1)=— >20, = —, I'+1l)=—>2p3=——,
mn = (¢ +1) 5 2= o5 (B+1) 5 P3 =1

(I +1)=202) (I (B +1) - 2p3)

) (ﬁ 8 )(ﬁ 16 ) 71,680 — 4py0s,

2 559 )\ 2 " 1677) " 937,443

and
< 2
()/1 + T]l) + A ()/2 + nZ) (ﬁ + A)(yl + nl)

2 2 2 1
:( T ﬁ)(—+—)<5<1,

reR) T x

2
I'lo +1)
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2 2
FE+ ) (r2+m)+ Al +m) < m(m +11) + Alyy +1m2) < 1,

2 A )< (= s A )Gr ) <1
(M‘F >72+ﬂ2_<m+ )J/1+771<«

That is, both (3.8) and (3.9) hold because

3 . e LTS 1 1
= sint t) + — sin D, )+ ->—>0,
i) y(8) % os V(£) ERT
243 1 7
Ni(cot?™1) = Ny (cot™V?) = sincy, + — > — >0,
1(eat) =R ) 274760
2+1 ¢ 1 3
Nox = sintY2x(¢) + — sin D2x(t) + = > — >0,
Y (0)+ 5g SinPorx(t)+ 5= 1
£2+1 1 2
NZ(Clt(x—l) =N; (Clt*I/Z) = sinc¢y + g > g > 0.

Therefore, forany B; > 0and G; > 0, (i = 1,2) (A4) and (As5) hold, which means the existence
result of BVP (4.3) can be obtained by Theorem 3.1.

5 Conclusion

In the present paper, we investigate the existence and uniqueness of solutions for the
coupled systems of nonlinear implicit fractional periodic boundary value problems in
the frame of Riemann-Liouville fractional derivative. By using Theorems 2.1 and 2.2,
the new existence and uniqueness results are established. The results in papers [29, 30]
are improved and extended in this paper. First, we extend the results of [29, 30] to cou-
pled systems; second, in [29, 30], the authors only studied the existence results based on
Lemma 2.1 and established existence theorems under condition (A,). Our results show
that the existence results can also be obtained under condition (A;). Besides, compared
with [40-43], we used a different technique to prove that £2; is bounded (see Lemma 3.4,
the first way). By Remark 3.1, we show that the first way is superior to the second way used
by [40—43]. Finally, our main results are well illustrated with the aid of several interesting

examples.
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