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1 Introduction
The Lotka—Volterra model, proposed by Lotka [1] and Volterra [2], is used to describe the
evolutionary process in population dynamics, physics, and economics. In the last decades,
many modifications of it have been investigated (see, for example, [3-7]).
In [3], Goh proposed the following typical cooperative Lotka—Volterra system:
dx;(t)

= xl(t)(rl —a11X (t) + ﬂ12x2(t))7

d
%(t) = x2(8)(r2 + ag1x1(2) — azxs(t)),

(1.1)

where x;(t) denotes the density of the ith species at time ¢, r; > 0 is its intrinsic growth
rate, a; is the intra-specific competition rate (i = 1, 2), a1, and ay; are the inter-specific
cooperation rates. The author obtained the globally asymptotic attractivity of the positive
equilibrium point of this system.

However, on the one hand, in the real world, the growth of a population is often subject
to environmental perturbations, and hence it is necessary to consider stochastic perturba-
tions in the progress of mathematical modeling [8—15]. There are many kinds of stochastic
perturbations. When the stochastic influence on the intrinsic growth rates in (1.1) is con-
sidered, one way is

ri—>r;+ O‘l'd)l'(t), i= 1,2,
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where w; () and w,(¢) are independent Brownian motions, and the parameters o and o7
represent the intensities of the white noises. Then the following stochastic Lotka—Volterra

cooperative system:

dxy (£) = 21 () (ry — anx (£) + axa [1 f(t — )xa(s) ds) dt + oy deoy (8),
dxy(t) = x2(8)(r + an [ _fi(t — 9)x1(5) ds — azxs(s)) dt + 03 day(t),

was studied by Zuo et al. [16].

On the other hand, a population’s growth is also affected by some sudden random per-
turbations such as earthquakes, epidemics, hurricanes, harvesting, and so on. To deal with
such phenomena, Lévy jump processes are introduced [17-20]. Generally, a Lévy process
can be decomposed into the sum of a linear drift, a Brownian motion, and a superpo-
sition of independent Poisson processes with different jump sizes. For example, Liu and
Wang [20] proposed and investigated a stochastic and cooperative model with Lévy jumps

as follows:

dx1(£) = x1(E7)(r1 — anx1 (£7) + araxa(t7)) dt + o1x1(£7) dewr ()
+x1(67) [ 1 ()N (du, dt),

dxa () = %2(t7)(r2 + a21%1(£7) — agax2(¢7)) dt + 02x2(t7) ds(2)
+22(t7) [, v2 ()N (du, dt),

where x;(¢7) is the left limit of x;(¢) (i = 1, 2), N(du, dt) = N(du,dt) — Mdu)dt is a com-
pensated Poisson process, N represents a Poisson counting measure with characteristic
measure A on a measurable subset Z of R, = (0, 00) with A(Z) < co. For more details of the
Lévy jump process, see Gihman and Skorohod [21]. The authors considered the persis-
tence in mean and extinction of species.

As we know, time delays are very important in ecosystem models. They may cause
populations to fluctuate. Time delays can reflect natural phenomena more authentically.
Kuang [22] has pointed out that ignoring time delays means ignoring the reality. There-
fore, it is essential to take into account the influence of time delays in the biological mod-
eling [22-26].

Moreover, in ecological managing, harvesting often appears. Since over-harvesting or
unreasonable harvesting may cause a number of detrimental effects including ecological
destruction and species extinction, it is important for us to study the optimal harvesting
policies for sustainable development.

Finally, it has been recognized that single-species or two-species ecological models can-
not describe the natural phenomena accurately, and many vital behaviors can only be ex-

hibited by a system with three or more species [27-30].
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Motivated by the above discussions, in this paper, we propose and consider the following

three-species stochastic cooperative system with time delays and Lévy jumps:

dxi(t) = x1(E7)(r1 — c1 — anx1(E7) + anpxa(t™ — T12) + azxs(t™ — 113)) dt
+ 01x%1(¢7) dey (8) + x1(¢7) [, 1 ()N (du, dt),

dxy(£) = x2(7)(ra — 2 + agx1 (£ — 1) - ﬂ2~2x2(f) +dp3x3(t — 123)) dt (1.2)
+09%3(t7) dewy () + %2(¢7) [ va(u)N (du, dt),

dxs(t) = x3(t7)(r3 — c3 + az1x1 (¢ — 731) + azxa(t™ — T32) + aszxs(t7)) dt

+ o33(67) deos (£) + x3(87) [, ys ()N (du, dt),

with initial data
x;(0)=¢:(0)>0 forfe[-7,0landi=1,2,3,

where t = max{tyy, 713, To1, T23, T31, T3z}, %;(f) stands for the population size of the ith
species at time £, x;(¢7) is the left limit of x;(¢), r; > 0 is the growth rate of x;(¢), ¢; is the har-
vesting effort of x;(£), a;; > O represents the intra-specific competitive coefficient of x;(¢), a;
is the interspecific cooperative rate, 7;; > 0 is the time delay, ¢ = (¢1, ¢2, ¢3) € C([-7, 0],R3)
(the set of all continuous functions from [-7,0] into R?), 6 denotes the intensity of the
white noise, w;(£):0 is the standard independent Brownian motion defined on a complete
probability space (§2, F, Fi>0,P) (i #J, i,j =1, 2, 3). The Lévy jump is the same as before.
vi(u) is the effect of the Lévy noise on the ith species. y;(#) > 0 means that the Lévy jump
brings increasing of the species, whereas y;(u) < 0 represents the decreasing of the species.
Hence we always suppose that 1 + y;(u) >0, u € Z,i=1,2, 3.

Our main aims are as follows. Firstly, since time delays, white noises, and Lévy jumps
are included in (1.2), it is of great significance to study their effects on dynamics. By use
of comparison methods and some inequality techniques, we obtain the stability in mean,
extinction of populations, and stochastic permanence.

Secondly, a stochastic model cannot tend to a positive fixed point, i.e., there exists no
traditional positive equilibrium state. It is necessary to study the convergence in distri-
bution of solutions. Because of time delays, we cannot apply the traditional method like
using the explicit solution by solving the corresponding Fokker—Planck equation. Here we
will apply an asymptotic approach to get the convergence.

Lastly, in view of the importance of optimal harvesting policy, by applying the ergodic
methods, we get the optimal harvesting effort (OHE) C* = (c}, ¢}, ¢3)T such that the ex-
pectation of sustainable yield (ESY) Y(C) = lim;_, o Z?:l E(cix;(2)) is the maximum and
all species are still persistent.

The rest of this paper is organized as follows. Section 2 begins with some notations,
definitions, and some important lemmas which are essential in our discussion. Section 3
focuses on the dynamical behavior of (1.2) including persistence, extinction of species,
and stochastic permanence. Section 4 is devoted to the stability in distribution. Section 5
considers the existence of optimal harvesting policy and obtains the maximum of ESY
(MESY). Some numerical examples are given in Sect. 6 to demonstrate the obtained the-

oretical results. The paper concludes with a brief conclusion and discussion.
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2 Preliminaries
For simplicity of notations, we introduce

T
a1 = (a11,—d12,—d13)"

T
ay = (—an, axn, —a)",

a3 = (—asi, —6132,6133)T,
bi=0?/2+ / vi(w) = In(1 + y;(w)A(du), i=1,2,3,
7

Bi=ri—ci—b, i=1,23,

b= (b, b, b3)7,

A = det(ay, @, a3),

Aq = det(R, oy, a3),

Ay = det(ay, R, a3),

As = det(ay, a0, R),

A; = det(b, oz, 3),

A, = det(a, b, a3),

Aj = det(ag, a0, b),

Ay =ap(ry—c) + ap(rk —ck), 6, k=1,2,3,i#j#k,
Ay = awb; + apby,  ij,k=1,2,3,i#j#k,
R=(ri—c1,ry—car3—c3)7,

R; = det(aq, R, b),

R, = det(R, o, b),

R3 = det(R, b, a3).

Moreover, for a 3 x 3 matrix C = (¢;), C; denotes the complement minor of c¢; in the
determinant of C, i, j = 1, 2, 3. For any function x(¢), t > 0, we let

(x(t)) =¢! /tx(s) ds, x* = limsupx(z), %, = liminfx(z).
0 t—>00 t—>00
Throughout this paper, we always assume that A > 0 and A; > 0 (i = 1, 2, 3). This means
that when there are no stochastic perturbations, a positive equilibrium state exists for
model 1.2 (1.2). Furthermore, we always assume that K stands for a generic positive con-
stant whose value may be different at different places.
On the parameters, we make the following assumptions.

Assumption 2.1 R; >0, R; >0, and R3 > 0.

Remark 2.1 Under Assumption 2.1, an easy computation yields % > %, i,j=1,2,3,i#j.
ij i
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. 3 3 ..
Assumption 2.2 g;; > jo1,jzi b and a;; > je1,j4i Gjis b ] = 1,2, 3.

Assumption 2.3 There exists a constant K such that
/ [In(1+ 7)) "rdu) <K, i=1,2,3.
z

Now we give some definitions and lemmas which will be used in stating and proving our
main results.

Definition 2.1 ([20, 24]) Let x(¢) = (x1(£), x2(£),x3(¢))T € R be a solution of system (1.2).
Then

(a) the population x(¢) is said to go to extinction if lim,_, o x() = 0;

(b) the population x(¢) is said to be stable in mean if lim;_, o (x(¢)) = K a.s., where K is a

constant.

Definition 2.2 ([20]) System (1.2) is said to be stochastically permanent if, for any ¢ €
(0,1), there exists a pair of positive constants ¢ = ¢(¢) and x = x(g) such that, for any
initial data, the solution x(¢) of (1.2) has the following property:

litrnian{ ’x(t)| < g} >1-¢ and litmian{‘x(t)’ > X} >1-e¢.

— 00

Lemma 2.1 ([20]) Let Z(t) € C[2 X R,,R,] and Assumption 2.3 hold.
(i) If there exist some constants T >0, Ay >0, A, 0y, and A; such that, forall T > 0,

t n n t
InZ(2) < At—ho f 2(s)ds+ Y oiBi(t)+ Y A / / In(1+y:(v)N(ds,dv) a.s.,
0 i=1 i=1 o JZ

then

(ZY* < Mo as. ifr>0,
lim; 00 Z(t) =0 a.s. if 2 <O.

(ii) If there exist some constants T >0, Lo > 0, X, 03, and A; such that, for all T > 0,

t n n ¢
InZ(t) = At—ho / z(s)ds+) oiBi()+ Y A / / In(1+y,(v)N(ds,dv), as.,
0 i=1 =1 Yo JZ
then
(Z)e = Aho  as.

Lemma 2.2 If Assumption 2.2 holds, then for any given initial data ¢ = (¢1,¢2,¢3) €
C([-7,0],R®), system (1.2) has a unique solution x(t) = (x1(£), %2(¢),x3())T € R® a.s.

Proof Define

3 3 3 ;
V(x(t) = Zx,»(t) + Z( Z aij x;(s) ds).
i-1

i=1 \j=1, =T
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Applying It6’s formula to V' (x), we can verify that LV (x) < 0. The remaining proof is very

standard. One can refer to [18, 20] and hence we omit it here. (I

Remark 2.2 Actually, by Corollary 3.5 of Hu et al. [8], the condition 2a; > 1'3-7/1’,1‘:1”‘7
can ensure that system (1.2) has a unique positive solution for any initial data ¢ €
C([-7,0],R3). But for the proof of the latter global attractivity, we conduct our study al-

ways under Assumption 2.2 in this paper.

Lemma 2.3 Under Assumptions 2.2 and 2.3, the solution x(t) of (1.2) satisfies

Inx;(t
lim sup nx(t) <1 a.s,

t—00 nt

and there exists a positive constant K such that

limsupE(x;(¢)) <K, i=1,2,3.

t—00

Proof The proof is motivated by that of Lemma 4 in [20]. By using It6’s formula to the
function e’ V/(x), where V is the function defined in the proof of Lemma 2.2, one can get
limsup,_, ., EV(x()) < K and limsup,_, ., E|(x())] < K. The rest of the proof is similar to
that in [20] and hence is omitted. O

Lemma 2.4 [flim;, o (x(¢t)) = K, where K is a constant, then

t
lim t_I/ x(s)ds = 0.
-7

t—00

Proof Obviously, we have

t t -1
lim t’I/ x(s)ds = lim ¢! (f x(s)ds —/ x(s) ds) =0. 0
t—o00 . t—00 0 0

3 Dynamical analysis of system (1.2)
Firstly, we give our main results on the stability in mean and extinction of species for
model (1.2).

Theorem 3.1 Let Assumptions 2.1, 2.2, and 2.3 hold. Then the following statements for

system (1.2) are valid.
(i) IfA;> A, fori=1,2,3, then

i~ A

lim (x;(¢)) = fori=1,2,3.
t—00

(i) Forie{1,2,3},ifA; <A; and Ay> A,-jfor allj #1i, then

) . Ay - Aij .
tlLToxi(t) =0 and :lirlolo<xj(t)> = T forj#i.
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(iii) Forie {1,2,3}, if ri>b; and A; <;1jfor allj i, then

lim (x,-(t)) = ﬁ and lim x;(£) =0 forj#i.
t—00 aii t—00
(iv) Ifri<b; (i=1,2,3), then lim;_, o0 x;(t) = 0, while if r; > b; (i = 1, 2, 3), then the

conclusions of case (i) also hold.

Proof For system (1.2), by utilizing It6’s formula to functions Inx;(t), i = 1, 2, 3, and then

integrating both sides of every equation from 0 to ¢, we have

£ Inxy(£) — Inx1(0)] = Br — an(x1(2)) + ara(xa(0)) + ars(xs (@) + £ 91.(2), (3.1)
£ Inxa(6) — Inx3(0)] = B2 + Az (%1 (2)) — aza(wa(0)) + ans(x3(2)) + £ 92(2), (3.2)
£ [Inxs(t) — Inx3(0)] = Bs + asy(x1(2)) + asa(wa(0)) — ass(xs(0)) + £ 95(2), (3.3)

where 9;(t) = oyw;(t) + fot S, In(1 + vi(w))N(ds, du) + D,(t) for i = 1, 2, 3 with
. 3 0 t
Di(t) = Z aj </ x;(s)ds —/ x;(s) ds).
j=Lj#i ~Tij =t

Now we eliminate (x;(¢)) and (x»(¢)) from (3.1)—(3.3) by the elimination method. Note
that we can show p = A13/A33 > 0 and g = —Ay3/A33 > 0. Multiplying both sides of (3.1)—
(3.3) respectively by p, ¢, and 1 and adding the resulting three equalities give us

! [ln x3(t) —In xg(O)] +t71 (p[lnxl(t) —1In xl(O)] + q[lnx2(t) —1In xz(O)])
= B1p + Bog + B3 — (ar3p + azsq — azs)(xs(0)) + £ (91(D)p + D2()g + 93(2))

_As=As i<x3(t)) + 7 (01(0p + D2(0)q + D3(0)). (3.4)
Aszz Aszz

Similarly, we have

£ [lnxl(t) - lnxl(O)] + t’l@[lnxg(t) - lnxz(O)] + é[lnxg(t) - 1[1.963(0)])

A-A; A
= () + T (91()p + D27 + 05(2)) (3.5)
Ann An
and
t_l[lnxz(t) - lnxz(O)] + t‘l([a[lnxl(t) - lnxl(O)] + ?][lnxg(t) - lnxg(O)])
Ay-A, A
=2 o)+t (91(0p + 9207 + 05(1)), (3.6)
Az A
where
. —Axn . Az _ —Anp _ —Asp
= >0, =—>0, = >0, = > 0.
P Ann 1 An P Az 1 22
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Moreover, it follows from (3.1)—(3.3) and Lemma 2.1 that, for sufficiently large ¢,

t_l[lnxl(t) —Inx; (0)] <PBi+e+ 412<x2(t)>* + alg(xg(t)>* - an<x1 (t))

+t (D @)P + 02(0)7 + V(1)) (3.7)
£ [Inxy(2) — In%2(0)] < By + & + an (k1 (1)) + ass(x3(0)) — ana(x2(0))

+ 7 (1 @)p + D207 + V(D)) (3.8)
7 [Inxs () — Inas(0)] < B3 + & + azi (w1 (1)) + aza(na(t))” — ass(x3(2))

+ 7 (D @)p + 02(t)g + V3(2)). (3.9)

(i) First assume that A3 > A3. Then applying Lemma 2.3 to equality (3.4) yields that, for
arbitrary ¢ > 0, there exists T'> 0 such that, forall ¢t > T,

£ (p[Inx1(£) = Inx1(0)] + g[Inxa(£) — Inxx(0)]) < pt' Inaxy (£) + gt Inxa(2) + 6 <.
Substituting it into (3.4) gives

£ [Inxs(2) - Inx3(0)] > A3A ;3‘43 —e- %(xg(t» + 7 (D01(E)p + D2(8)q + D3(0)).

Since Az > Ag, we can choose ¢ > 0 small enough such that A3 —Ag —&>0.ThenLemma?2.1

implies that

Az — A,

(xa(t)>* > 1

Similarly, if A; > A, and A, > A,, then we can get (x1(2))s > AleAl and (x,(2)), > AzAfAZ,

respectively.
We claim that

Bi+ &+ an(x () +ais(xs() >0,
Ba + & +an(x1(8)) + assxs(t)) >0,

Bs+e+ d31(x1(t)>* + ﬂ32<x2(t))* >0.

Otherwise, by Lemma 2.1, we can obtain that (x;()). = (x2(2))x = (x3(£))« = 0, which
contradicts with the above just obtained results. This proves the claim. Again applying
Lemma 2.1 to (3.7)—(3.9) gives us

« _ Br+e+anx (b)) +az(xs(t)*
(xl(t)> S an 3

(ra(0)" < B2 + & + an (1 (1)) + az3 (x3(£))”
’ a an ’

B + &+ az (x1(£)* + az (x:2(t))*

ass

(xs(t)>* =
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Letting ¢ — 0 and solving the resultants produce

Ay — A,y
A

A - A,
A

Ay — Az

(xl(t)>* =< ) (xz(t»* = ) <x3(t))* =

To summarize, we have shown

. Ay — Az
tlir&(?%(t)) - A

A -A
i) = =5 Jimfa(h) -

Ay — A,y
A )

(if) We only consider the case where A; < Al, A1y > Ajp, and Ajs > Ags as the other
two cases can be dealt with similarly. In this case, first by case (i), lim;_. %1(£) = 0. Next,
from (3.2) and (3.3), we have

¢! [lnxz(t) - 111962(0)] =B - azz(xz(t» + ﬂ23<x3(t)) + t_lﬂz(t), (3.10)

t_l [lnxg,(t) - lnxg(O)] = ,33 + a32<x2(t)> - 6133<x3(t)) + t_ll?g,(t). (311)
Then adding (3.10) multiplied by as3 and (3.11) multiplied by a3 yields

t_lﬂgg [lnxz(t) - ll’lxz(O)] + t_lﬂzg [hlxg(t) - lnxg(O)]

= Bodzs + Baaas — (andss — azndns)(xa(t)) + £ (assa(0) + azs9s3(2)).

According to Lemma 2.3, for arbitrarily small ¢ > 0, there exists 7 > 0 such that
tLax[Inxz(¢) — Inx3(0)] < ¢ for any £ > T. It follows that

ass [lnxz(t) - lnxz(O)]

> Badss + Bados — € — (andss — asans)xa(t)) + £ (assP2(2) + azsd3(t)). (3.12)

Since Ay < Apy, Baass + PBsazs — € > 0 for & > 0 small enough. By Lemma 2.1 again and
letting ¢ — 0, it follows from (3.12) that

A —Ap

(xz(t)>* > AL

In the same manner, we can obtain

Az —Ass

(x3(5)>* =
11

Moreover, by (3.10) and (3.11), we have
7 [Inxa(£) — Inxa(0)] < Bo — ana(wa () + ans w3 (2))” + £ 02(2) (3.13)
and

7 [Inxs(t) — Inxs(0)] < B3 + asa(wa(t))” — ass(ws(8)) + £ 05(2). (3.14)
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Also, by Lemma 2.1 again, we can get from (3.13) and (3.14) that

) < Bras@f e B anmO)
R an ’ = as3 '

Solving these two inequalities produces

A —Ap

" < Az — AIS‘
A

(xz(t)>* < AL

(xs(t)>

To summarize, we have shown

Badss + Bsdrs A —An

lim (x5 (2)) =
HOO( ) axndzz — d3dsz) An
and
) saz + Paazn Az — A
lim (xg(t)) = p P = .
t—>00 Aa33 — A23a3) An

(iii) Again, we only consider the case where A; < Al, A, < Az, and r3 > b3 as the other
two cases can be dealt with similarly. When A; < A; and A, < A,, we have lim,_, oo x1(£) = 0
and lim,_, o %3(£) = 0 respectively by (3.5) and (3.6). Then (3.3) becomes

t_l [lnxg(t) — lnxg(O)] = ,33 — ﬂgg(&Cg(t)) + t_lﬁg(t).

In view of B3 > 0, by employing Lemma 2.1, we have lim;_, o (x3(¢)) = B3/as3.

(iv) Obviously, when 7; — b; < 0, by an easy computation, we have A, — A; < 0. By
Lemma 2.1, it follows from (3.1)—(3.3) that lim;_, oo %1 (¢) = lim;_, o %2 (£) = lim;_, oo x3(£) = 0,
which means that all species go extinct. When r; — b; > 0, by a similar computation, we have
A; —Ai >0, i=1,2, 3. This completes the proof. O

Next we consider the stochastic permanence of system (1.2).

Theorem 3.2 Then model (1.2) is stochastically permanent provided that the following
assumption holds.

Assumption 3.1 min;;537; — MaX;-123 07 — fz max;-1,23(y; — In(1 + y;(«)))A(du) > 0.

Proof Define

1
x1(2) + x2(2) + x3(2)

Vilx) =

With the help of It6’s formula, we have

3 3 3
dVi(x) = - Vi (x)* [Z xi(2) (n —ci—agxi(t) + Y ag(t— th)>:| + Vi)Y olai ()

i=1 j=1j#i i=1
3

1 , | |
+ /Z<Z?=1xi(t)(1 ) Vi(x) = Vi (%) ;:x,(t)y,(u)))\(du) dt

Page 10 of 23
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> 1 3
— 2 A . —
Vi) El o (t) dew(t) + /Z <Z?lxi(t)(1+yi(u)) Vl(x))N(du,dt),

Then, for an arbitrarily small positive constant ¢ > 0,

3 3
dVi(x) = tv;l(x){-vl(x)z |:Zx,»(t) (r,. —ci—apxi(t) + Y ag(t- f,,)ﬂ

i=1 j=L,j#i

+ V3(x)Zo x; 2(8)

+ /z(Zlex,-(t)(l ) Vilx) + Vi(x) (;x,(t)%(u)»/\(du)} dt
3

3
2@ dt— Vi @) ) o) deoi(2)

i=1

1 ()
+ /Z[Z?ﬂ[xi(t)(l A - Vi)

- LV‘_l(x)< 1
' Y2 w01 + yi(w)

1 -~
-V du,d
+/z<2?=l[xi(t)(1+n>r Vl(x))N( )

3 3
<V ) :—vf(ao (Z(n — @i (0)%i(t) = Vi(x) ) oizx,?(t))

-Vi (x)))k(du):| dt

i=1 i=1
-1 3
- Vi(x) ; U,'zx?(t)))
1 3
— J— Ja— 2 . .
Vl(x)-/Z(Z?Ixi(t)(l+Vi(u)) Vilx) - Vi (x);xz(t)n(u))/\(du)}dt
3 1
— it x:(8) dw;(£) ( -V )Nd dt
VT D ost) o +/z SR AR

1
B P
' /Z(Z?I x(O(1 + yi(w)) i)

- LV{_l(x)( - Vﬂx))))»(du))dt

1
Y2 a1 +y)

§LVI‘_2() (x) dt — LV‘+1 Za,x, )dw,(t)

1 .
— V() |N(du, db),
' /Z<Zf1[xi(t)(l + yi(u))]* l(x)) (e, )

where

1
Gx) = - Vz(x)|: min r; — 7 max ol - max y,(u)k(du)
2,3 2 =123 7.i=1,

Page 11 of 23
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1 1
—/ - — — )A(du) | + max a; V7 (x).
z\uemini_yo3(1 + yi(u)) ¢ i=1,2,3

Note that, by the definition of derivative, we can derive that

1 1
. 2 _ =
rl—lffalo(t z’g}?z)}s(o" )/2 " ,/Z<t(mini=1,2,3(1 +y; ) ¢ >A(du) dt)

Mdu)

1
=11
/Z ! min_123(1 + y;(u))
=— /Z lnl:ig,i2r,13(l + yi(u))]A(du).

By Assumption 3.1, we can choose ¢ small enough such that

1+ 1 1
min r; — —— max o — | max y;(u)A(du) - - —— |A(du) > 0.
i=1,2,3 =123 7,i=123 7\ tmingy53(1 + yi(u)) ¢

Hence G(x) is bounded above. Then let 1 > 0 such that

n 1+
— < min ; — —— max a — max vi(u)\(du)
L i=1,2,3 i=1,2,3 le

1 1
- /Z(tmini_l,z,a(l ) 7)”‘1”)' (3.15)

Define V,(x) = e” V;(x). Then

3
dVs(x) < ne™ Vidt + " Vi G(x) dt — e Vit Z oix;(t) dw;(t)

i=1

nt 1 o >~
o /Z<Zi3=1[xi(t)(l+yi)]t Vi(x) |N(du, dt)

3
=" H(x(t)) dt — 1" V™ Y " ouxi(t) dooi(2)

i=1

nt 1 iy ) -
e -/Z(Zfl[xl(t)(l + )] Vi(x) |N(du,dt), (3.16)

where

1+
£r111 Br, - zH}aZXS 02 - max y,(u)k(du)

1 1
- /Z(Lmini—l,z,s(l + yi(u)") - 7):|A(du) - n/L} ’ g%)éﬂﬁm(x)'

By (3.15), we know that H(x(¢)) is bounded above, that is, sup,. mH (x) = K for some con-
stant K. Then integrate both sides of inequality (3.16) from 0 to ¢ and take the expectations

15

H(x(t)) = Lv;z(x){ Vz(x)|:

to get

E(Va(®) = E(* Vi) < Vi(0) + K(Ln‘”
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which gives

K , -
lim EVi(t) < — =H.
- n
Clearly

(xl(t) +x9(8) + xg(t)) (3 m%xgxl(t)) < 3(5}%)}396?@))[/2 < 3‘|x(t)|t.

1/t

For any given ¢ > 0, let € = (7)™ By Chebyshev’s inequality, we have

1 1
P(’x(t)‘ <e) =P(|x(t)|‘ > ;) <s,

which means limsup,_, ., P{|x(£)| > €} > 1 -e¢.
Next we prove that there exists a constant M > 0 such that P(jx| < M) >1-¢ fore >0
small enough. Define

LI(x)—le () + Z al}/ x;(s) ds.

j=1j#i =ty

By using Itd’s formula to the function e‘U(¢), we get

d(e'U(x)) = e'U(x)dt + e dU

= et(Z x(t) + Z Z xi(ri — ¢; — ayxi(t) + ago (¢ — 1;(0)) dt

i=1 j=1,j#i

+e Z(a,x, (t) dw;(t) + x; t)/ vi(u)N (du, dt))

i=1

3 2 2 2 2 2 2
x4 () + x5(t) x7(8) +x5(8) x7(8) +x5(8)
e‘(i_zlxi(t)+au L 3 2 a3 5 EACAUNp 5 2

2 2 2 2 2 2
22(t) ;xz(t) s+ ay B0 ;xgm 10y, B0 ;xz(t)) s

+e Z(mx, Ydw;(t) + x; t)/ vi(u)N (du, dt)

<Ke'dt+e Z <alxl(t) dw;(t) + x,(t)/ v:(u)N(du, dt))

i=1

Computing the expectation E(e’ U (x(t))) gives

lim sup ]E(Ll(x(t))) <K and lim supIE(x(t)) <K.

t—00 t—00

By use of Chebyshev’s inequality again, we can obtain that P(jx| < M) >1-¢ for e >0
small enough. This completes the proof. d
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Remark 3.1 1t is clear from Assumption 3.1 that the Lévy noise is harmful to the perma-
nence of system (1.2). Furthermore, for the case of one species, our obtained result is in
accordance with that of Liu and Wang [20].

4 Stability in distribution
Theorem 4.1 Model (1.2) is stable in distribution if Assumption 2.2 holds.

Proof Firstly, let x(¢) = x(t,¢) and x(¢) = x(t,¢) be any two solutions of model (1.2) with

initial data ¢ € C([-7,0],R?) and ¢ € C([-7,0], R?), respectively. For i = 1, 2, 3, we denote

Xi(t) = x;(t) — x;(t) and prove lim;_, o, E|%;(2)| = 0, that is, system (1.2) is globally attractive.
Define

3 3 3 ¢
V() =Y |Inxi(t) - Ink()| + > Y ay / |%(0)].
i=1 =1 j=14 P
By computing the upper right derivative of V(¢), we have

3 3
DV(E)=) sgna’ci(t)< > (agi(t - ty) - aiiicj(t))> dt

i=1 Jy=1,j#i

3 3 3 3
YN alEm@]de-> " > aglit - 1y)|dt

i-1 j=1,4i =1 j=1,4i
3 3

< - Zﬂii&i(t) dt + Z ﬂijJ_Cj(t) dt.
i=1 j=1j#i

Integrating both sides of the above inequality from O to ¢ and taking expectations give us

E(V(2)) < V(0) - (a11 — a1 —ﬂls)/ [Ex1(s) ds
0
—(ax — ax - EX,(s) d.
(@22 — an ﬂzs)/o X2 (s)ds
—(as3 — a1 — Exs(s) ds,
(as3 —az ﬂsz)/o X3(s)ds

which implies that

t
(a1 —ai - f113)f EXx,(s) ds
0
t
+(axn —ay - ﬂzs)f EX»(s) ds
0

t
+(azs —az — 6132)/ EX3(s)ds
0

<V(0)

< Q.
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By Assumption 2.2, we have
E|x:(¢)| € L'[0,00).
Moreover, by (1.2), we obtain
‘ 2
Exi(t) = x1(0) + / [Epre1(s) — anE(x(s))
0
— a1aEx (s)xa(s — T12) — @13y (s)xs (s — 713)] ds

It implies that Ex; (¢) is differentiable. This, combined with Lemma 2.3, gives

dEx
d;(t) =EB1x1(s) - ﬂllE(xl(S))2 — a12Ex1 (s)xa(s — T12) — a13Ex1 (s)x3(s — 713)
<EBix1(s)
< BiK.

Hence Ex; (¢) is uniformly continuous. Similarly, Ex;(¢) and Exs(¢) are also uniformly con-

tinuous. Now, it follows from Barbalat lemma [31] that
lim E|x;(1)| =0, i=1,2,3.
t—00

Secondly, denote by p(t, ¢, dy) the transition probability of the process x(¢, ¢) and denote
by P(t, ¢, R?) the probability of event x(¢, ¢) € R? with the initial data ¢ € C([-7,0];R?). Let
P(C([-7,0];R?)) be the space of all probability measure on C([~7,0];R?). Then it follows
from Lemma 2.3 and Chebyshev’s inequality that the family {p(t, ¢, dy)} is tight, that is, for
any arbitrarily given ¢ > 0, there exists a compact subset X C Ri such that P(¢,¢,K) > 1—-¢.
We prove that the series {p(x(¢, ¢, R%))} is Cauchy in P(C([-7,0]; R?)).

For any Py, P, € P(C([-7,0]; R%)), we define the metric of P; and P, by

/f VP (dx) — /f VP, (dx)|,

drp(Py,P,) = sup
feF

where
F={f:C([-7,0R}) = RI|f (x1) - f(x2)] < 1 — 22,/ () < 1}.
Foranyf € Fands, t > 0, we have

|Ef (x(t +5,6)) — Ef (x(t, 9)) |
= [E[Ef (x(¢ + 5, 9)IF5) | - Bf (x(t, ) |

- ‘ | B (et )t 0.6) - B (6, 0)

< [ VB (s,8)) - 57 ot00) 59,
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- [ 17 (a0) - B st0.00) ot 0. )

o[ B 0.8) - B ()l ),
R3/U

K

where Uy = {x € R® : [x| < K}. Because of the tightness of {p(t, ,dy)}, we can find suffi-
ciently large K such that P(s, ¢, R2/Ux) < & for any s > 0. Then

/ B (56 9) — Ef (x(t, 9)) (s, 6, dE) < 2P(s, ¢, R/ L) < 2e.
R /U
By the global attractivity, for arbitrarily given ¢ > 0 and sufficiently large ¢, we have

_ |Ef(x(t’ S)) - Ef(x(tr ¢)) |P(S; ¢» dé_)

Uk

5/:Emﬂu@—x@¢Wb@¢d@
Uk

5/:W@¢£)
Uk

= SP(S: ¢1 I:IK)
<e&.

Consequently, for any s > 0 and sufficiently large ¢,

dr (p(t +8,¢,),p(t, ¢, -)) = ;ug!Ef(x(t +s, d))) - Ef(x(t,¢)) | <3e.

Hence, for any initial data ¢ € C([-7,0]; R%), {p(¢, ¢,-) : t > 0} is Cauchy in P(C([-7,0]; R%))
with respect to the metric dr and there exists a probability measure v(-) such that, for fixed
initial data ¥ € C([-7,0]; R?),

tlilgo de(p(t;¥,),v(-)) = 0.
Finally, by the triangle inequality,

dF(p(t! é,), V()) = dF(p(tr &), 0L, Y, )) + dF(p(t, v, V())

In view of the global attractivity, we can deduce that

dF(p(t! o, '):P(t: W: )) =sup ]Ef(x(t’ (»b)) - Ef(x(t, I/f))

feF

< supE(f (x(£,9)) - f (x(t, ¥)))

feF
<E|x(t ¢) - x(t ¥)|

— 0.

Therefore, for any ¢ € C([-7,0],R2), we have lim,_, » dr(p(t,¢,-),v(-)) = 0, which is the
required assertion. |
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5 Optimal harvesting effort

Denote

L= (7‘1—012/2—K1,r2—0'22/2—K2,7'3—03)2/2—K3)T,

G=(qugne) =[AA +1]7'L,

where «; = fZ(y,-(u) —In(1 + y;(u)))A(du), i = 1, 2, 3. As for the OHE of (1.2), we have the

following result.

Theorem 5.1 Under Assumptions 2.1-2.3, the following statements are true.
(1) Suppose that ilc-G >0, B2lc=6 >0, B3lc=G > 0, Ailc=c > A1lc-6, Azlc=c > Azlc-6,
Aslcog > As|cog. Then the OHE is C* = G and the MESY is Y* = GTA™Y(L - G).
(ii) If conditions of (i) do not hold, then the OHE does not exist.

Proof Let
8 ={C=(c1,c2,c3)" €R|B;>0,4; > Ajyc; > 0,i=1,2,3).

If C* exists, then C* € Z.
Firstly we prove (i). Obviously G € & and, for any C € 5, we have

t

t 3
lim ¢ / CTx(s)ds = Zci lim | x(s)ds=CTAY(L-C) as.
0 pary t—00

t—00 0

By Theorem 4.1, (1.2) only has an invariant measure v(-). By Corollary 3.4.3 of Prato
and Zabczyk [32], v(-) is strong mixing. By Theorem 3.2.6 in [32], v(-) is ergodic. Hence
limy o0 7 5 CTx(s)ds = [rg CTv(dx).

Let o(x) be the stationary probability density of (1.2). Then

3
Y(C) = lim ZE(cixi(t)) = lim E(CTx(¢)) :/ CTxo(x) dx.
t—00 P t—00 R?—

Since the invariant measure of (1.2) is unique, by one-to-one correspondence between
o(x) and its invariant measure, we have

/3 CTxo(x)dx = /3 CTxv(dx).
R3 R3

Therefore, we get Y(C) = CTA™Y(L - C).
Let G = (g1,92,83)7 be the unique solution of the following equation:

T T(pA-I\T
dY(C) _dCT L ¢, A0

_A-l7 41 -2
—C - —C C=A"L-[A"+(A") ]Cc=0. (5.0)

Then G = [A(A™1)T + I]71L. Further, %)T/dc) = —[A71 + (A™Y)T] is negative definite. Con-

sequently, G is the unique extreme point of Y(C). Hence if G € &, then C* = G and the
MESY is Y* = GTAY(L - G).
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Figure 1 System (1.2) is permanent with o1 =0, =03 =0.1, Y1 (1) =02, Yo (U) =1, y3(u) =
stability of the equilibrium state of the corresponding deterministic system while (b), (c), (d
series of x; (), x2(t), and x3(t), respectively

3. (@) shows the
) sketch the time

(ii) By contradiction, suppose that there exists an OHE C* = (C'i‘, C';, C;)T. Then C* €
&, which implies that Bi|-_¢« > 0, Balc_gs > 0, Bslegs > 0, Arleogs > Arleognr Azl >
A2|c:&*, Asle_gs > A3|C:C*, &1, &, & > 0. Further, C* is a solution of (5.1). In view of the
uniqueness of its solutions, C* = G, which means that Bi|c.g > 0, Balc-g > 0, Bslc_g >
0, Ailc=g > A1|C=(;, Aslc=g > A2|C=(;, As|c=g > A3|C=(;. Clearly, they contradict with the
assumption. The proof is completed. d

6 Numerical simulations

In this section, we give some numerical simulations to demonstrate our theoretical re-
sults. For this purpose, we choose a; = (0.8,-0.1,-0.15)7, ay = (-0.15,0.8,-0.1)7, a3 =
(=0.1,-0.15,0.8)7, 71 =05, 7, =0.8, 13 =18, ci =cy =¢c3 = 0.1, 01 = 03 = 03 = 0.1, Y1 (u) =
0.2, yo(u) = 1, y3(u) = 3, Z = (0,00), A(Z) = 1. Then x} = 1.0927, x5 = 1.4832, 3 = 2.5155,
ri1—c1=04,r—c=07,r3—c3 =17, by =0.0227, by = 0.3119, b3 = 1.6187, A = 0.4716,
A; = 0.5153, Ay = 0.6995, A3 = 1.1863, A; = 0.2207, A, = 0.4077, A3 = 1.0466, A, — A; =
0.2946, Ay — Ay = 0.2918, A3 — A3 = 0.1397, By = 0.4723, B, = 0.4881, B3 = 0.1813, 441 =
0.6246, A%Az =0.6187, A?’f;“ =0.2961. By Theorem 3.1, we have lim;_, o, (% (£)) = 0.6246,
limg_, o0 (%2(2)) = 0.6187, lim;_,  (x3(£)) = 0.2961 and hence (1.2) is permanent, Fig. 1 con-
firms it. Figure 1(a) is the equilibrium state of the corresponding deterministic system.
Figure 1(b), (c), (d) are the time series of x; (¢), x,(¢), and x3(t), respectively. The stochastic
permanence of system (1.2) is plotted in Fig. 2. The attractivity of solutions is plotted in
Fig. 3, while the distributions of x; (¢), x>(¢), and x5(¢) are plotted in Fig. 4.

Furthermore, it is easy to verify that G = (A(A™1)T + I)™!)L = (0.2345;0.2480;0.0908)7.
According to Theorem 5.1, the OHE is C* and the MESY is Y* = GTA™1(L — G) = 0.2156.
Actually, if we take G = (0.25,0.28,0.01)7 and G, = (0.1,0.01,0.05)” as two examples, by
computation, we have Y, = GFTA™{(L — G;) = 0.2069 and Y = GFA™Y(L - G,) = 0.0911,
which are both less than the MESY Y* = 0.2165. The numerical result is shown in Fig. 5.

Next we consider the effects of Lévy jumps by letting all parameters be the same as above

except the parameters y;(u), i = 1, 2, 3.
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Figure 2 System (1.2) is stochastically permanent when y;(u) = 0.2, yo(u) =1, y3(u) =3
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Figure 3 The attractivity of system (1.2) when o1 =0, =03 =0.1, 1 () =0.2, yo(u) =1, y3(U) =3

Firstly, let y; (1) = 1.4 with y, () and y3(u) being as before. Then by = 0.5295, A, = 05374,
Ay =0.4596, A3 = 1.1125; A} — A} = —0.0211; (A5 — A;)/A = 0.5087; (A3 — A3)/A = 0.1565.
Consequently, by Theorem 3.1, x; is extinct. Further, A, — A, =0.3186, Az — Ag =0.1233,
An = 0.6250, 2242 = 05098, 23=22 = 0.1973. I follows that lim, . (x2(£)) = 0.5098 and
lim;_, o0 (x3(¢)) = 0.1973, which is illustrated in Fig. 6.

Secondly, we take y1(u) = 2.5, y3(u) = 3.5, and y»(u) as before. In this case, b; = 1.2522,
bs = 2.0009, A; = 1.2083, Ay = 0.5834, A5 = 1.4453; A; — A; < 0; A — A3 < 0; 2242 =
0.2439 >0, % =0.4851. By Theorem 3.1, we conclude that both x; and x5 are extinct
and lim;_, o, (2 (2)) = 0.4851, which is shown in Fig. 7.

Finally, with y;(u) = 2.5, »»(4) = 2, and y3(u) = 3.5, we have by = 1.2522, b, = 0.9064,
b3 = 2.0009, A; = 1.1055, A = 0.9550, A3 = 1.5063. It follows that A; —A; <0, Ay — Ay <0,
As — As < 0. Theorem 3.1 tells us that all species are extinct (see Fig. 8).
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Figure 4 Distributions of x; (t), x2(t), x3(t) when oy =03 =03 =0.1, 1 (1) =02, YL (W) =1, y3(W) =3
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Figure 5 The MESY Y* =0.2165 of (1.2) when o1 =0, =03 =0.1, 1 (u) =02, yo (W) =1, y3(u) =3

7 Discussion and conclusion

In this paper, we consider a three-species stochastic cooperative system with time delays
and Lévy noise. Theorem 3.1 gives some sufficient conditions on the stability in mean and
extinction of each population. Theorem 3.2 gives sufficient conditions on permanence.

The stability in distribution of each species is covered in Theorem 4.1. Finally, by use of

ergodic method, the optimal harvesting policy is established in Theorem 5.1.

Theorem 3.1 and Theorem 3.2 imply that Lévy jumps have key influence on the extinc-
tion, stability in mean, and the stochastic permanence of (1.2). In general, the impacts of
Lévy jumps on optimal harvesting are complicated since they are not constant usually. For

simplicity and convenience, we suppose that y;(x) = y; (i = 1, 2, 3) is a constant. Then, by

ddi

computing the value of -, we find that the permanence of (1.2) is dependent on all y;’s.

A
Yi
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Figure 6 x; dies out while x; and x3 persist when yy(u) = 1.4, y2(u) = 1, y3(u) = 3, and the other parameters
are the same as those for Fig. 1
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Figure 7 Both x; and x3 die out while x; persists when y;(u) = 2.5, y»2(u) = 1, y3(u) = 3.5, and the other
parameters are the same as those for Fig. 1

For example, if lim;_, o, x1(¢) = 0, then

d(Aa/Arp) >0 if-1<y,<0,
dy, <0 ify, >0,

and

d(Ap/Ap) |>0 if-1<y3<0,
dys <0 ify3>0.

It follows that if v, > 0 or y3 > 0, then species x, will tend to extinction with the increasing
of y, or y3, while if -1 < 5 <0 or —1 < y3 < 0, then species x, grows and becomes stable
with the increasing of y» or ys.

Actually, time delays are considered in our research. They bring much difficulty for us,
and we successfully defined some complex functionals to overcome it. Though any con-
crete effects of time delays are not reflected in our obtained results, we believe that it is
very interesting to further explore them. This will be our future work.
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Figure 8 All species go to extinction with y;(u) = 2.5, ¥»(u) = 2, y3 = 3.5, and the other parameters are the
same as those for Fig. 1
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