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Abstract

In this paper, we study the Hopf-zero bifurcation of Oregonator oscillator with delay.
The interaction coefficient and time delay are taken as two bifurcation parameters.
Firstly, we get the normal form by performing a center manifold reduction and using
the normal form theory developed by Faria and Magalhées. Secondly, we obtain a
critical value to predict the bifurcation diagrams and phase portraits. Under some
conditions, saddle-node bifurcation and pitchfork bifurcation occur along M and N,
respectively; Hopf bifurcation and heteroclinic bifurcation occur along Hand S,
respectively. Finally, we use numerical simulations to support theoretical analysis.
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1 Introduction

An oscillatory chemical reaction refers to the reaction system of certain antileather con-
centration showing relatively stable cyclical changes. In 1921, Bray achieved a liquid oscil-
latory reaction in the experiment. In 1964, Zhabotinsky reported some other oscillatory
reactions of this nature [14, 15, 21]. Until the 1970s, Field, Koros, and Noyes proposed the
Oregonator model based on an in-depth study of the BZ reaction. According to Field and
Noyes, the BZ reaction is simplified. In 1979, Tyson assumed that the concentration of the
reactants A = [BrO3] and B = [BrCH(COOH),] is independent of time. Therefore we can
give the following reactant concentration equation:

L = k3AQ - koPQ + ksAP — 2ks P2,
4Q = I3AQ - k,PQ + L fkoeBW,
4¥ = 2ksAP - koBW,

where P = [HBrO,], Q = [Br], W = [Ce(IV)]. We will make the following changes in this
system:

x=aob, y=BQ, z=yW, t=46T,

2k4. 6 -1 k2 7 -1
~—~10 1/L)~, =—=2x10 /L),
o T (mol/L) B Ko X (mol/L)
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~ k4k5B

~ -1 _ ~ -3 -1
yw(kgA)BNZO(mol/L) , §=ksB~4x107°s™".

So we can obtain another form of the Oregonator oscillator, the so-called Tyson-type os-
cillator:

8% =qy—xy+x(1-x),

8% =—qy—xy+ Mz,

d
F=x-2z
where
ksB 2k1k
e= 2 nax102,  §=e2~2x10°  g= St a1075, by =2k
kgA ,3 kzkg

Because § is much smaller than ¢, the second formula in the system can be approximated
as

N h1Z

g+x

This yields a simplified two-dimensional Oregonator model [27] with respect to x and z:

d —

e =a(l-x) -z 7L

] (1.1)
7 _

a =X-2z,

where x = [HBrO,], z = Ce(IV).
When electric current is applied, the catalyst Ce(IV) is perturbed, and other species are

not affected (see [15]). Since the perturbation term is introduced in the equation d—f

a — X%

we rewrite this equation in the following form:

d—j =x-z+kz(t - 7).

We consider the Oregonator model with delay:

d —
e =x(1-x) -zl 12)
% =x—-z+kz(t - 1),

where £ =4 x 1072,5 =4 x 107, 4 =8 x 107%, and &, € (0,1) is an adjustable parameter.
Nowadays, many scholars study the Hopf bifurcation or Hopf-zero bifurcation in delay
differential equations, and some results have been obtained (see [1, 2, 4, 5, 7-10, 12, 13,
17, 19, 22, 24, 26-29]). However, to the best of our knowledge, there are no studies on
the Hopf-zero bifurcation of Oregonator oscillator with time delay. Therefore, it is the
far-reaching significance to research the Hopf-zero bifurcation of Oregonator model.
The remainder of the paper is organized as follows. In Sect. 2, we provide stability and
conditions of existence of the Hopf-zero bifurcation by taking the interaction coefficient
and delay as two parameters. In Sect. 3, we use the center manifold theory and normal
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form method [6, 23] to investigate the Hopf-zero bifurcation with original parameters. In
Sect. 4, we give several numerical simulations to support the analytic results. Finally, we

draw the conclusion in Sect. 5.

2 Stability and existence of Hopf-zero bifurcation
Let (x,z) be an equilibrium point of system (1.2). Obviously,

x(1—x) - hz=1 =0,

x+q
z=1%
Then we have
h _
x(l-x)— L 279 _ o 2.1)
1-k x+q

There are three roots x = 0, x = x,, and x = x_ of Eq. (2.1), where

—%—qi\/(l—’i—l—q)zwq(“f%k

1-k
5 (2.2)

X4+ =

Therefore we obtain that system (1.2) has three steady-state solutions, (x_,z_), (0,0), and

(%4,24).
Obviously, there is a unique positive steady state.

Theorem 2.1 Forany ¢ >0,q>0,and hy >0, (x,,z.) is the unique positive steady state of
system (1.2).

Proof Let H(x) = x(1—x) - %x%. From (2.1) and (2.2) we get that only x, satisfies H(x) =
0, H(x) > 0 for 0 < x < x,, and H(x) < O for x > x,. Furthermore, we have H(x,) = 0 and

H'(x,)<0. O

We further mainly study the dynamics of the equilibrium point (x,,z,). If the characteristic
equation of system (1.2) has a simple pair of purely imaginary eigenvalues +iw, a simple
root 0, and all other roots of the characteristic equation have negative real parts, then the
Hopf-zero bifurcation will occur. Let x = x — x, and z = z — z,. Then we can vary (1.2) as

the following equivalent system:

dx
dt

% =x—z+kz(t-1).

(x+x4)—q

(x+x4)+q 7 (2.3)

=((x+x)1-x-x,) -z +2,)

The linearization equation of system (2.3) at (0, 0) is

dx

= a1x + ayz,

de (2.4)
% =x—-z+kz(t-1),
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where a; = %(% +1-2x,)and a, = %%. The characteristic equation of system
(2.4) is
E(A) =A% —byA — by —kre™ + kaye™" =0, (2.5)

where by =a; — 1 and b, = a; + a».
If A = 0 is the root of Eq. (2.5), then ka; — b, = 0. If T = 0, then system (2.5) becomes

E() =22 = (b +k)r =0.
Therefore we obtain that if t = 0 and b; + k < 0, then excluding a single zero eigenvalue,
all the roots of Eq. (2.5) have negative real parts.
Next, we consider the case of T # 0. Let iw with @ > 0 be a root of A2 — by A — by —kre™T +
ka e =0. Then
—w? = byiw — by — kiwe ™" + kaje 7 = 0.

Separating the real and imaginary parts, we get

—w? — by = kwsinwt — ka; cos wt,

(2.6)
—-biw = kwcoswt + ka; sinwt.
It follows that w satisfies
o'+ (2by + b} - k)0 + b} — K*ai = 0. (2.7)

Suppose m; = w? and denote u; = 2b, + b — k?, r; = b — k?a?. Then Eq. (2.7) becomes
m? + uymy + 711 = 0. (2.8)

Following [27], we consider the following cases:
(Bl) r1 < 0.
—uj+4/ u%—4r1

Then we find that system (2.5) has a unique positive root m; = 5

(B2) r1 >0, u; >0.
Then system (2.5) has no positive root.
(B3) r1 >0, u; <0.
In this case, if system (2.5) has real positive roots, then || is very large, and 4 is infinitely

close to one, which is a contradiction.

Theorem 2.2 For the quadratic Eq. (2.8), we have:
ur+a/u2—4r;

(i) ifr1 <O, then Eq. (2.5) has a unique positive root m; = - 3
(ii) ifr >0, then Eq. (2.5) has no positive root.

Suppose that Eq. (2.8) has positive roots. Without loss of generality, we assume that it
has a positive root defined by m. Then Eq. (2.7) has a positive root w, and @ must satisfy
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the equation

(a)2 +a1by )2 N (a)3 +w(a? +a2))2 1
k(w? + a?) k(w? + a?) -

According to system (2.6), we obtain

( ) a)2 + 6111’)2
cos(wt) = —————-,
k(w? +a?)
. 3 + w(a? + ay)
D T e
1
Denote
o i(arccos B1 + 2jm), a1 >0,
=

L(2m —arccos By +2jm), @1 <0,

_ w?+aiby _ _w3+w(a%+a2) . .
where 8 = Kol = T e )= 0,1,2,.... Then system (2.5) has a pair of purely
imaginary roots %iw with v = 7, and v = 75, = 0, 1,2,.. ., satisfy the equation sin(wt) > 0.

We get k < 0 when (B1) holds, and then
1
T = ;(arccos B1+2jm), je{0,1,2,...}.
We obtain the transversality conditions as follows.
Theorem 2.3 Ifr <0, then w Z0.
Proof Substituting A(7), T = 1j, into Eq. (2.5), we get

dir Akaje T — kaZe T
dr 20— b1k + Thhe T —ke P — tajhe T

So

A\ tlk-ay) 1 (2 - by)e”
<d_r> T kar-n) Mar—n)  k@i-n)

Consequently, we obtain

(d(ReA(t)))l :Re{t(k—al) 1 (2—b1)e“}

dr )y \ka-n) Mai-n) " K- 2)
'L'ﬂl(k - 611) a)2 (2 - bl)(a)2 + bz)
) 2 2t 2 0. O
k(ai + 0?)  o*+aj0? k%(af + w?)

Theorem 2.4 If ka; = by, by + k<0, and r, <0, then, for T = 7; (j = 0,1,2,...), system (1.2)

undergoes a Hopf-zero bifurcation at equilibrium (x,,z.).
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3 Normal form for Hopf-zero bifurcation
In this section, we use the center manifold theory and normal form method [6, 23] to
study Hopf-zero bifurcations. The normal form of a Hopf-zero bifurcation for a general
delay-differential equations has been given in the following two papers: one is for a saddle-
node-Hopf bifurcation [11], and the other is for a steady-state Hopf bifurcation [20]. After
scaling t — t/t, system (2.3) becomes

Lo (et w)(L—x—x,) =z +2,)

% =t(x—z+kz(t-1)).

(x+x+)—q)
(x+as)+q 7’ (3.1)

Lett =11 +pu, k=1+ Z—f + [2, where p; and p; are bifurcation parameters. Then system

(3.1) can be written as

L = (11 + 1) arx + apz + M),
L= (m+m)r—z+ 1+ 2+ py)z(t - 1)),
where M; = %[w]x2 41220 12200 3 1 200 2,

(q+2)? £ qra £ Gerra)t £ (ry+0)

Choose the phase space C = C([-1,0]; R*) with supremum norm and define X, € C by
X(0)=X(t+0), -t <0 <0,and || X;|| = sup |X,(6)]. Then system (3.2) becomes

X(8) = L(w)X; + F(X;, ), (3.3)
where
ax + asz
L()X; = (11 + 1) (x i (ls Z_i s i)l - 1)>
and
F(X, 1) = ((Tl + /gl)M1> ’

where L(1)¢ = [ dn(0, 11)¢(€) ds for ¢ € ([-1,0], R,

0, 6 =0,
77(9,,“') = —(Tl + ,lLl)A, 6 e (—1, 0),
-(m+p1)(A+B), 0=-1,

0 0
A= “a @ and B= - |-
1 -1 0 1+ﬁ

Consider the linear system

X() = L(0)X,.
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Between C and C’ = C([0, t], C"™*), the bilinear form is defined by

0 0
((9),0(6)) = ¥(0)p(0) - / / (& —0)dn(6,0)p(€) de
-1J0
0 [
— Y (0)p(0) - / 1 /O (& —0)d(Ap(6) + Bp(® + 1)p () di

0
— Y (0)p(0) - / e+ DB dE VI <C Wy eC,

Y1)
where ¢(0) = (¢1(6), 92(0), 3(0)) € C, ¥ (s) = (%(S))) eCn.
3(s
We know that L(0) has a pair of purely imaginary eigenvalues +iw (@ > 0), a simple 0,

and all other eigenvalues have negative real parts. Let A = {iw, —iw, 0}, let P be the gener-
alized eigenspace associated with A, and let P* is the space adjoint with P. Then C can be
decomposed as C = PP Q, where Q = {p € C: (¥, ¢) = 0 for all € P*}. We can choose
the bases @ and ¥ for P and P* such that (¥ (s), ®(0)) =1, ® = ®J,and ¥ = J¥, where
J = diag(iw, —iw, 0).

We calculate @(0) and ¥ (s) as follows:

az _ ,iwt0 a —iwt10
14>} (0) _ | iv-a1 € —iw—-ay € a
eiwrle e—iwrl 0 a

and
Le—iwrls D, e—iwrls
iw=ay
w(s) = Dy e"ms  Diemwus
iw-ay
-Dy a1Ds
where

as a\\!
D= ———+1+|1+— s
(iw — ay)? ai

D, = (az + a% + alrlbz)fl

Let us enlarge the space C to the following space:
BC = {(p is a continuous function on [-1,0), and elir{)l_ () exists}.
Its elements can be written as ¢ = ¢ + Xoo with ¢ € C, « € C”, and

0, 0¢€l[-1,0),
I, 6=0.

Xo(6) =

In BC, system (3.3) varies an abstract ODE:

d -
EXt =Au + XoF (u, ), (3.4)
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where u € C, and A is defined by

A:C" = BC,Au =it + Xo[L(0)u — 11(0)]
and

F(u,p) = [L(w) = Lo + F(u, ).

Then the enlarged phase space BC can be decomposed as BC = P@Kern. Let X; = @x(t) +

7(6), where x(£) = (x1,%2,%3)7, namely

_ _a Liwn0 a —iwt 0
x(@) = M@”"” X1+ T_“le o X9 — AyX3 +y1(9),

z(0) = e 0%x1 + ey + arx3 + 5(6).

Let
Y Vi iw[;n D,
— — D .
O = |V VYu|=|t D
Y31 Vs -Dy  a1D,

Equation (3.4) can be expressed as

& =Jz+ W(0)F(Pz +5(0), 1), o5
. - 3.5
y=Aqy+ U -m)YoF(Pz+y(0), 1),

where 5(0) € Q! := Q[ C! C Kern, and Aq; is the restriction of A as an operator from Q;
to the Banach space Kerr.

System (3.5) can be rewritten as

& =Jx+ 2f3 (%3 0) + 33 (%3, 1) + hot,
y=Aqy+ 3f3 (%, 1) + 37 (%, 1) + ho.t,

where

1»[fllel (x)y) /VL) + VIIZFQZ(x)y) M)
le(x:)’: M) = 1,ZIZIFZI (?C,J’, /VL) + 1//22F22(x,y, /'L)
W31F21 (?C;)’; /J') + 1/132F22(x,y, :u)

wllFQ} (?C;)’; M) + 1//12F§(x,y, M)
fgl(x,y,u) = 1!’211:% (x5, 1) + 1/f22F32(x,y, )
wSIFP} (?C;)G H’) + 1/f32F32(x,y, :u/)
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with

—iw—

1[ hz(g—x, +1) ds ay 2
+T1| = > . X+ — %2 — azx3 + y1(0)
g (q+xy) iw—am —iw—a
1 -2gh
+ - 1 ( ; = X1+ — = X2 — daX3 +y1(0)> (xl + X2 + ai1xs3 +y2(0))],
eq+x, \iw—a; —iw—a

1 ap (25}
EFZI = Ly [al (ia) P X1+ Xy — dyX3 +y1(0)) + az(xl + Xg + d1X3 +y2(0))]
—a

1

1 ay ay
2 22=M2<. x1 + R +J’1(0)> — pa (%1 + %2 + arxs + y2(0))
1

a ; i
+ (1 + _2):“2(6_"””961 + "%y + arxs +75(-1))
ai

+ rlul(e_i’”’lxl +e"wy + arxs +y2(—1)),

1 T —2qhx, ay as 3

e RS X1+ %Xy — dsxs + y1(0

373 e (gra)tiv—a, | —iw—a © 71(0)
T 2qh a a 2
_1 1 B(A 2 X1+ — 2 X9 — doX3 +y1(0))
& (61 +x+) w—ay —iw—a;

x (%1 + %2 + arx3 + ¥2(0)),

F;=0.
According to [25], (Im(M3}))° is spanned by

2 .
{ZleI;ZZZSelrzllLiel» M1M261;le2eZy22Mie2;le3esy23,ui93}; i=1,2,

Wlth €1 = (]-’ 0; 0)T7 €y = (01 1y O)Tr €3 = (01 0; l)T
(Im(M3))° is spanned by

3 2 2 2 2
{Zl €1,212223€1,2122€2,2923€2,2123€3,2223€3 } .

Then we get

&(x0,u) = Proj(lm(M%))cle(x, 0, 1) = Projg f3 (x,0, ) + O(| ),

&0, 1) = Projgauyefs (6,0, 1) = Proj, fi (x,0,0) + O(Iul x| + | el21%),
where S; and S, are spanned, respectively, by

ziii€1, 2o ki€, 23 hies,  i=1,2,
and

Z3e1,212223€1, 2. 2282, Z523€2, Z2123€3, 2025 €3.

System (3.5) can be transformed on the center manifold in the following normal form:

1 1
Xx=Jx+ Egzl (x,0, ) + ggé (x,0, ) + h.o.t. (3.6)

Page 9 of 21
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We need to compute g3 (x,0, 1) and g} (x,0, 1) in (3.6). We can compute 1g3 (x,0, 11):

1
gz(x,O HE PrOJS1 o (%,0,11) + 9 (|ul®)
(@a1111 + a1a12)X1 + a13%1%3
= (@101 + @12 12)X1 + A13%1%3 + 79(|M|2),
(@g101 + anafio)X3 + axsx Xy + ﬂzM%
where
an =Ditie™M,
aa 2a a :
ap=Di — = + "2 14+ (1+=2)eon),
(iw—a1)?  iw-—a; a,
D, [t hz(g—x.+1) 2a3 2ght ards
a3 = - - 2 - - ; —ax )|
iw—ai| & (q+xy) iw—am elg+x,) iw —ay

a = ﬂ%ﬁDz, ag = —ayb1 Dy,

11 hz (g%, +1) [ 243 71 2qh ay a
dy3 = —Ds| — 3 5 |~ . . ,

£ (g +x4) aj-w e g+x \lw—a; —iw-a

uDs [ hz (g-%x,+1) , 2qh
Ay = — 2 5t aiay |.
& (g +x,) q+x

Next, we compute g3 (x,0, u):

1 1 . ~
ggé (xx 0, H,) = g Pro]Ker(M%)f?,l (x: 0, /'L)

1 L~

= ZProjg,f3(6,0,0) + 0 ([lluf” + |l ]
1 .l

= gPI‘O]Ssz (%,0,0)

+ %Proj 5, [(Dfy) (%, 0,0) U5 (%, 0) + (Dyfy ) (x,0,0) U3 (x, 0)]

40 (Jalll® + |l ).

We can get Projg, f3 (x,0,0). Since

D_1(;2+qf’;)+ (21 + l;’zal Xy — axxs3)®
(xfilri;)3 (iwﬂzul X1+ —lw al Tioa X2 ﬂZxB)
1fs1 (x,0,00= 2| (;ciqf’z;) z{ i z X2 — axx3)’ ,
6 € (x++q )3 (tw 2u1x t s al X2 — a2x3) (%1 + %2 + ayxs)
aiD; (‘xzqf;; ;w@“lxl + =2 a1 X9 — dyxs)®
(xfi]rq 3 twazal X1+ —zw—al Tio—a; X2~ d2x3) (%1 + %2 + ayxs)
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we have

2 2
1 b11x1x2 + b12x1x3
. 1 _17 2.7 2 2
gPrOJS}f3 (%,0,0) = | by1x1x3 + broxaxs | + 19(|Lt| ),
3
b21x1x2x3 + b22x3

where
T1— —2qhx a? 243
b =—D; vl S Ry
e (tt\@?+al (0 +a])io—am)
11— 2qh a az
+_1D1 1 ) 2 + 2 2 )
e (rt+gP\iv-—a1 o*+ad
T— —2ghx, 2a3 n— 2gh  2diay
b12=*D17+4, 2 - —Di——- 2,
e (it qltiv-—a; e " (xyt+qPiv-—a
7 2qhx 6a’ 7 2gh 2a%a, 4a?
b= —mDy——G ——2s 4 —aD; ot
e xr+ o +a; € x: +g)P \?+a; iw-a
T 2ghx, 5 T 2qh )
by = —a1Dy———a5 + —a1Dy————ayas,.
P gt e g

Next, we compte Projg, [(Dyf; (%, 0,0))U; (x,0)].

From [25] we know that because / is a diagonal matrix, the operators M].l, j =2, are
defined in Vj5 (C3), so we have a diagonal representation relative to the canonical ba-
sis {uPxle; : k = 1,2,3,p € N3, € N3, |p| + |q] =} of 1/1.5(((:3), where e; = (1,0,0)7, e, =
(0,1,0)7, e3 = (0,0,1)T. Clearly, we get

M} (,uf’xqek) = ia)(q1 —qo + (—l)k),u}’xqek, k=1,2,

Mj1 (uPxes) = iw(q1 — q2) P x%es,  |pl +1ql =J.
So
Ker(]\/[jl) = span{’x%ey : (q,1) = Mok =1,2,3,p € N3, g € Ny, |p| + Igl = j}
with A = (A1, A2, A3) = (iw, —iw, 0). The elements of the canonical basis of V; (C?) are

2 2 2 2
HiMae1, Ui e1, LiX1€e1, hiXael, [iX3el1, X1X2e1,X1X3€1,X2X3€1, X1 €1,X5€61,X3€1,

2 2 2 2
M1M2€2, ;€25 UiX1€2; [LiX2€2, [LiX3€2,X1X2€2,X1X3€E2,X2X3€E2,X]€2,X;€2,X3€E2,

2 2 2 2 .
1 [2€3, L] €3, [LiX1€3, [LiX2e3, [LiX3e3, X1X2€e3,X1X3€3, XoX3€e3, K] €3, X5e3,X3e3, i=1, 2,
the images of which under L Mj are

2 2 2 2
—[1pzer, — e, 0, —2uxaer, —ixzer, —x1x2e1, 0, —2xpx3€1, X7 €1, —3x5€1, —X5€1,
2e5,2 0 2 0, 3x2 26, %2
H12€2, L€, 2[LiX1€2, Y, [LiX3€E2, X1X2€2, LX1X3€2, V), OX] €2, —X€2, X3€9,

2 2 .
0,0, wix1es, —pLixses, 0,0, x1x3€3, —Xox3€3, 2%7 €3, —2x5€3,0, i=1,2.

Page 11 of 21
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Hence

U3 (%, 0) = U (%, 1)) =0 = (M) ' Projiuun i (2,0,0)

1h[(d2h?€1 + ﬂzExz - a2x3)2 -m
+ 71 (aghxy + ashxy — asxs)(x1 + %2 + a1%3)]
-1 . 1 Elﬁ[(azhxl + ﬂzzxz - a2x3)2 -m
= (M%) Proji oty — _
2 e | +n-(ashx + arhxy — arxs)(x1 + %y + aix3)]
- D2 [(dzhxl + ﬂzﬁxz - 612.763)2 -m

+n - (arhxy + ayhxy — arx3) (X1 + Xy + a1x3)]

Dih[m(aih®x? — 2a2hhx,x; + a2hxoxs — —a2h - ajx3)
+ n(ayhx? — ax(h + H)x1%9 — gazhxz - Eaz(alh + 1oz
+a1ax3)]

Dih[m(3a3h*x? - azh X3 + asx? + 2ahhxix) — aihxixs)

=— + n(3a2hx1 + Eaz(alh — 1Dz — z/zzhx2 + ialazhxzxg
—araxxs +ax(h + E)xlxz)]
— Dy[m(3a3h?x} - —azh X3 — 2ahxixs + 2ahxyxs)

+ n(%azhx% + arashxixs — Zazhx% — ayarhxoxs

— dAX1X3 + AaX2X3

hzi (q—x4+1) —2qh
ta +2 P = +Z’adh_twa
(q+x+) q 1

where m =

Therefore we obtain

) C11X%3%) + C1oX1 X3
2 Proks, [(Dyfy (x,0,0)) Uy (x,0)] = | Craw1a} + Crowan |
C21X1%2X3 + szxg

where

2
i1 = ch)j |:D%h2 *(=2a51°h) + Dik*mn(-a3h?®) + D> mn(-3a3h*h)
2,2 2 2 T = 17, 2 16 4,972
+ Dih*n”ash(—h — h) + D1D1hhm ?azh h
- - 14 — - = 2 —
+ DlDlhhmn<?agh2h —azhh + a2h2 + azhh> + DD hhn?® (yz%hh)
_ 1 - 1
+ Dy Dyhim® (uéhzﬁ) + Dnghmn(aghh) - DlDzhmn<§alagh2h - Eaghz)

1
— D1 Dyhn? <2a1a2hh a§h>:|,

Page 12 of 21
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2
1o = l;ﬁ |:D%h2m2 (—2a3h*) + 2D3H*mna3 (arh® + h) + D1 n? (2a1a3h)

+ D1Dyhhm? (4a3hh) + DiDyhhimn(~4arashh + 2a3h + 2a3h)
_ 3 — 1 —
+ DD hhn? (—Ealag(h +h) + Eag (a%hh + 1)) + D1 Dyhm® (45{31/1)

- DlDzhmn(6ala§h - 2&3) + 2D, Dyhn? (a%a%h - alag):|,

2
o1 = l;ﬁ [~D1Dshm? (6a3h*h) — Dy Dohimn(-3ara3hh + 6ashh + 3a3h®)

— D1Dyhn* (<2arashh + 2a3h — arash® + ash) + D1 Dyhm? (6a§hﬁz)
—DyDyhmn (Balagh# ~ 343" - 6a3hh)
— D1 Dyhn’ (2ara5hh — 2a5h + am%ﬁz —ash)),

2

T

Cy = [-D1Dshm? (2a3h) — D1Dyhmn (a3 — 3aiash) — DyDyhn® (ajash — aya3)

iwe?
— D1Dyhm* (-2d3h) — Dy1Dohmn(3ara3h — a3) + DiDyhn® (a3 ash — ara3) .

Finally, we can compute Projg, [(Dfy)(x,0,0)U3 (x, 0)]. Define & = h(x)(0) = U3 (x,0) and

write

h(l)(e)
h(0) = <h<2>(9) = hzoox% + h020x§ + hoozxg + Miox1%2 + Mo1X1%3 + Ho11%2%3,

where h2001h020¢h002:h1107h101:h011 € Ql. (M%h)(x) =f22(x, O, 0) decides the coefficients of
h, which is equivalent to

Dyhjx — Aqi(h) = (I = m)XoF2(Px, 0).
We use the definitions of A1 and 7 to obtain

i — Dyhjx = ©(0)¥ (0)Ey(Px, 0),

1(0) — Lh = Fy(®x,0),
where /1 is the derivative of 4(9) with respect to . Let
F5(@x,0) = Aggox; + Agaoxs + Agoaxs + Ar1o¥1% + A10141x3 + Agr1%243,
where A € C,0 <i,j,k <2,i+j+k = 2. We can compare the coefficients of x7, ¥, x3, x1x2,

x1x3, ¥2%3, and we get that No2o = Maoo, Hoi1 = M1o1, and the following differential equations

are satisfied by /500, 1011, 1110, Hoo2, respectively:

Fia00 — 2iwT1 300 = D (0)W (0) Ao,

: 3.7)
H1200(0) — L(h200) = A0,
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o1 — it = @ (O)¥(0) A1,
J1101(0) — L(lo1) = Aron,

J110 = @ (0)¥ (0) A0,
J1110(0) — L(110) = A0,

Fi002 = D ()@ (0) Aoz,
F1002(0) — L(h002) = Aoozs

where
T1ash(mash + n) tiash(mazh + n)
Aso = , Ao = ,
0 0
T1a,(may — nay) T1axh(2mhh + nh + hn)
Aoz = , Aq1o = ,
0 0
10 (—2mash + nha, — n) Tiay(=2maxh + aynh — n)
A1 = , Ao11 =
0 0
Since
A (mx® + nxz
F2(Mty0)=<s( )),
0
we have

£ (%,9,0) = ¥ (0)F;(Px +,0)

m(azhxy + ashxy — asxs + y1(0))?

Dih D -
71 lﬁ D_l + nlaxhx, + axhxy — axxs + y1(0))
=— 1
£ X (%1 + X2 + a1xs + y2(0
-Dy a\D, (1 2 1X3 yz( )

0

Dyh[m(azhx, + ayhxy — azxs + y1(0))?)

11 | Dihlm(ashx, + ayhxy — azxs + y1(0))?)

e + n(ashxy + arhxy — drxs + 91(0))(x1 + %2 + arxs + y2(0))]

— Dy[m(ashx, + ayhx — azxs + y1(0))?)

which gives

Dih[m(azhxy + azhxy — azxs)
+ nlashxy + ashxy — arxs + x1 + %o + a3 (0)
1 7 | Diklm(ashx, + ayhxy — asrxs)
—Dxle|y=0,u=o(h): 12y 1 2/1X1 + Ax11%X) — AzX3 o
4 2¢ | +nlarhxy + ashx, — asxs + x1 + %9 + ar1x3]1'(0)
- D2 [Wl((lzhxl + dzﬁx2 — 612963)

+ nlashxy + ashxy — anxs + %1 + %y + a3 ] (0)

+ nlashxy + ayhxy — arxs + 91(0))(x1 + %2 + arxs + y2(0))]

+ n(ashx: + ashxs — arxs +y1(0))(¥1 + % + a1x3 + y2(0))]
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Thus

2 2

1 dnxlxz + d12x1x3

—Projg D,fy' | Uy = | dixixs + dioxox’
2 )s, xfz y=0,u=0Uy = 11X1X5 + @12%2X3 | »

3

d21x1x2x3 + d22x1x3

where
diy = - Dh(m + n)ay (- H30(0) + - Higo(0)) + - Dafn({3(0) + oo 0),
di = % Dyh(m + m)as (i B (0) - KD, (0)) + %Dlhn(hggz(o) + i) (0)),
doy = - Doh(m + m)as (- H, (0) + - i 0) = 3o 0)
+ %Dzhn(m - h0,(0) + Ay, (0) + h&)l(o))’
dyy = ~Dah(m + n)ash{,(0) + Dyhnay iy, (0).
So, we can obtain

1 (b +cn + dn)x%xz + (b +cio+ du)xlxﬁ
ggé(x, 0,10) = | (b11 + €11 + d11)x1x% + (b1z + Cra + d1o)xaxd | + 19(|x||M|2 + |x|2|M|)~
(ba1 + co1 + do1)x1%2%3 + (bag + €22 + dzz)xg

Therefore, on the center manifold, the system x = Jx + % 2 (x,0,1) + é 2 (x,0,1) + ho.t.

becomes

. 2

X1 = (@11 + aapo)xr + arsxixs + (bi +cun + dn)xlxz
+ (b1 + c12 + d12)x1x5 + hoo.t.,

. — — — 7 - = 2

X2 = (@11 01 + A12f2)% + Ar13xox3 + (D11 + €11 + d11)x1%5 (3.11)

+ (b12 + 212 + dlz)xzx% + h.O.t.,

. 2
X3 = (@21 01 + Ao fho)X3 + A23X1 %2 + a4X3 + (bo1 + a1 + do1)x1%0%3

+ (b22 + Coo + d22)x§ + h.o.t.

By changing variables x; = p; — ipy, x5 = p1 + ip2, 3 = p3, and introducing the cylindrical

coordinates p; = rcosé, pp =rsiné, p3 =y, r >0, system (3.11) becomes

= a1 (u)r + Buiry + Bsor® + Brary? + hooot,

v = oa()y + moor? + mopy? + morr?y + mozy® + ho.t.,

0 = —o + (Im[ay; )1 + Im[ag]ps),
where

a1(n) =Relan]ur + Relain]ua, P11 = Relas], B0 =Re[b11 + c1i1 +dul,
P12 =Re[b1s + c12 + d12], as(p) = az i1, myo = da3, Moy = da,

a1 = byt + co1 + doy, Moz = bys + €2 + dyo.

Page 15 of 21



Cai et al. Advances in Difference Equations (2018) 2018:438 Page 16 of 21

Therefore we can get the system in the plane (r, y):

i =a1(u)r + Bury + Bsor® + Prory? + hoot.,

. (3.12)
¢ = o)y + mogr? + meyy? + mo1r*y + mgzy> + ho.t.
From [25] we know that Eq. (3.12) becomes
= (ar(p) + B118 + Pr28?)r + (Bi1 + 2B12d)ry + Bsor® + Prary?,
V= (aa(w)8 + mad® + mozd®) + (aa (i) + 228 + 3mg38?)y (3.13)

+ (mag + M1 8)r* + (moy + 3mozd)y? + maur*y + mozy>.
Choose 8 = () such that
Olz(l,L) + 21’1’!028 + 31’}’10382 =0.

To simplify the above system, we only discuss the case of 5y # 0,m193 # 0. Clearly, for

small (), the equation has two real roots. We take

5 _ | T (o 4y iy = Bmose (W) if s >,

%[—moz — /M, = 3mzan ()] if mgy <O.

Then § = §(u) is differentiable at i = 0, and §(0) = 0.
Define ky = a1 (1) + B118 + B128%, ko = a2 ()8 + mpd? + mo38°, a = P11 + 2P128, b = myg +
my18, ¢ = myy + 3mgp38 and choose x =,y = y. Then Eq. (3.13) becomes

% = kyx + axy + Box> + Braxy?,

(3.14)
5 = ky + bx® + ¢y + yo16%y + vo3y°.
Let
x— +/lclx, y—> by, t— —cy/|blt
and
_ k1 _ ko
n= 18] 2= clb|’
Then system (3.14) becomes
% =mx + Bxy + dix® + dyxy?,
" Jra ey (3.15)

3=y + nx? =y =y + dax’y + duy?,

where

B:—z #0, n = —sgn(bc)
c
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and
_ Bsolcl dy - \/|b|512, d3__m21|C| p __v|b|m03‘

dy = , - , -
A c /10 * c

According to [25], we assume that

2 2
Ks = U(E + 2>d1 + Edz + ndg + 3d, #O

For small n; and 75, the qualitative behavior of (3.15) near (0, 0) is the same as that of the
following system (see [9]):

& = mx + Bxy + xy?, (3.16)

y=m—x* -y

In Eq. (3.16), there are two trivial equilibrium points E; 5 = (0, £.,/72), 72 > 0, and two
nontrivial equilibrium points E3 4 = (\/%B(—B + /B2 —4n1) + n1 + 19, %(—B:i: VB2 —4ny)).

In [3] and [16], we can find the complete bifurcation diagrams of system (3.13). Here we

list some of them.

Theorem 3.1
(@) IfB <O, then the bifurcation diagram of system (3.13) consists of the origin and the
following curves:

M ={(n1,1m2) : 12 = 0,m #0},

N = {(flhﬂz) N2 = ;ﬂ% +0(n3),m 7’0}~
Along M and N, a saddle-node bifurcation and pitchfork bifurcation occur,
respectively. System (3.13) has no periodic orbits. Moreover, if (1, 12) is in the region
between M and N, then the solution of system (3.13) goes asymptotically to one of the
equilibrium points Eq, Ey, and Es.

(b) IfB > 0, then the bifurcation diagram of system (3.13) consists of the origin, the curves
M and N, and the following curves:

H ={(n,m2):m = 0,72 >0},

B
S= {(7}1,772) I O (1m2*?), 12 > 0}.

Along M and N, we have exactly the same bifurcation as in (a). Along H and S, a
Hopf bifurcation and a heteroclinic bifurcation occur, respectively. If (n1,12) lies
between the curves H and S, then system (3.13) has a unique limit cycle, which is

unstable and becomes a heteroclinic orbit when (n1,13) € S.

Figures 1 and 2 show (a) and (b) of Theorem 3.1, respectively.
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™

Figure 1 When B < 0, the bifurcation diagrams and phase portraits of system (3.13) (see [18])
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Figure 2 When B> 0, the bifurcation diagrams and phase portraits of system (3.13) (see [18])

4 Numerical simulations

In this section, we give some examples to explain the theoretical results. Set g = 8 x 107,

h=2%,k=-25,and ¢ =4 x 10~ and consider the following system:

d. 1 —
dx _ L(x(1 - x) — hzih),
dz

T =x—z+kz(t - 7).

By calculations we obtain a;; = 0.8842 — 0.766544, a1, = —1.5560 + 1.1531, a;3 = 2.1439 —
1.34144, ay = 2.9430, asy = 2.4523, a3 = —0.0483, ayq = —1.6154, by; = —0.5236 + 0.0396,
b1y = —1.0801 + 1.4187i, by; = —2.0122 + 0.0853i, byy = —1.8473, ¢1; = 0.0187 — 0.01301,
c12 = 0.0046 — 0.0033i, ¢y; = —0.0171, ¢y = —0.0130, d1; = —0.0005814 — 0.004575i, d15 =
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Figure 3 The system is asymptotically stable around the equilibrium point for (w1, 2) = (<0.17,-0.10). The
green line represents x, the red line represents z. Waveform diagram for variable of x, z (left). Phase diagram for
variable (x,z) (right)

X,z
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N
N

o<t ﬂ'”\\‘”H“\H (AN ww osel
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50 100 150 200 250 300 0.74 0.76 0.78 0.8 0.82 0.84 0.86 0.88
t X

Figure 4 The system has an asymptotically stable periodic orbit near t; for (1, i) = (0.11,0.10). The green
line represents x, the red line represents z. Waveform diagram for variable of x, z (left). Phase diagram for
variable (x,2) (right)

—0.0007235 — 0.002548i, dy; = —0.008275, dy; = —0.002301; the equilibrium point is
(0.8075,0.2307), and ; = 1.6735. For small i, we obtain k3 # 0.

5 Conclusions
In this article, we have discussed the Hopf-zero bifurcation of Oregonator oscillator with
delay. We thoroughly analyze the distribution of the eigenvalues of the corresponding
characteristic equation and find some specific conditions ensuring that all the eigenval-
ues have negative real parts. We also can discover the factors that make system (1.2) un-
dergo a Hopf-zero bifurcation at equilibrium (x,,z,). Meanwhile, by using the normal
form method and the center manifold theorem we have derived the normal form of the
reduced system on the center manifold and discussed the Hopf-zero bifurcation with pa-
rameters in system (1.2). Besides, we have obtained bifurcation diagrams and phase por-
traits of system (3.13) when B > 0 and B < 0, respectively. We also note that a saddle-node
bifurcation and pitchfork bifurcation occur along M and N, respectively, and a Hopf bifur-
cation and a heteroclinic bifurcation occur along H and S, respectively. Finally, numerical
stimulations (see Figure 3, 4 and 5) have been given to illustrate the theoretical results.
Our work is a further study of the Oregonator oscillator, which will be useful in the re-
search of the complex phenomenon caused by high codimensional bifurcation of a delay-
differential equation.
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Figure 5 Waveform diagram for variable of x,z. The first two figures show that when t = 1.50 < 119, the
system is stable around the equilibrium point. When t = 1.80 > 179, the next two figures show that the
system is unstable around the equilibrium point
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