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Abstract
The Caputo fractional version of the generalized Newell–Whitehead–Segel model is
considered. We introduced a numerical scheme to solve analytically the proposed
application. We updated the style of the generalized Taylor series for a reliable
treatment of the time-fractional derivative. The effect of the fractional derivative is
explored on the obtained solutions for different cases of the problem.
A sequential-asymptotic phenomenon has been observed upon varying the order of
the fractional derivative from no-memory “α = 0” to full-memory “α = 1”.
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1 Introduction
Nonlinear physical models with involved time-fractional derivative exhibited an oscilla-
tory or chaotic or pattern states. These states occur due to a change in the order of the
fractional order varying from 0 to 1. It has been stated in [1] that most of the dynamical-
physical models with involved fractional derivatives may possess kind of hereditary fea-
tures, processes or memory. In this work, we aim to explore some of the aforementioned
aspects of the fractional derivative if it is considered instead of the integer derivative. To
achieve our goals, we consider the time-fractional version of Newell–Whitehead–Segel
(NWS) [2–5], which reads

Dα
t
[
w(x, t)

]
= awxx(x, t) + bw(x, t) – cwm(x, t), (1.1)

with α ∈ (0, 1] being the Caputo fractional derivative where a ∈R
+, b, c ∈R, m ∈ N, x ∈R,

and t ∈ R≥0.
When α = 1, the standard NWS is a (1 + 1)-dimensional amplitude system arises in fluid

dynamics and describes the appearance of the stripe pattern and amplitude modulation
[6, 7]. The fractional NWS equation given in (1.1) with α being the Jumarie derivative has
been considered in [8] and the Jumarie fractional complex transform combined with He’s
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polynomials method is used to obtain fractional-soliton solutions. In [9], the homotopy
perturbation method combined with separating variables method is used to find approxi-
mate solutions in Caputo sense. Recently, the fractional variational iteration method [10]
was used to solve (1.1). In the current work, a modified fractional-power series scheme
[11–16] will be used to solve analytically the fractional NWS.

We should point here that many effective methods have been developed and used to
study fractional models. Worth to mention, new looks of the fractional-power series
method have been recently invested to solve different types of time-space physical models
[17–20], and the reproducing kernel Hilbert-space method has been used to solve many
fractional-physical applications [21–26].

The paper is organized as follows: The numerical scheme to solve the time-fractional
NWS is established in Sect. 2. Three different cases of NWS are explored in Sect. 3. Finally,
we summarized the findings of the current work in Sect. 4.

2 Analysis of the proposed method
Here, we offer a comparable version of the generalized fractional Taylor power series in
which the coefficients of the series solution are obtained by the Caputo fractional dif-
ferentiation instead of equating the coefficients of the same like terms. The method is
particularly utilized to provide an analytical solution of Caputo time-fractional Newell–
Whitehead–Segel initial value problem which reads

Dα
t
[
w(x, t)

]
= awxx(x, t) + bw(x, t) – cwm(x, t),

w(x, 0) = ξ (x),
(2.1)

where α ∈ (0, 1] is the Caputo fractional-derivative order with a ∈ R
+, b, c ∈ R, m ∈ N,

x ∈ R, and t ∈ R≥0. The proposed solution of the problem (2.1) is written as a fractional-
power series of the form

w(x, t) =
∞∑

k=0

ξk(x)tkα , (2.2)

where ξk(x) are real-valued coefficient functions. Since our methods depends completely
on the Caputo fractional differentiation of the power function, we recollect the fact that

Dα
t
[
tβ

]
=

⎧
⎨

⎩

Γ (β+1)
Γ (β–α+1) tβ–α , β > 0,

0, β = 0,
(2.3)

where Γ (·) is the gamma function. Therefore, by applying the term-by-term Caputo dif-
ferentiation and shifting the index we obtain the formula

Dα
t
[
w(x, t)

]
=

∞∑

k=0

ξk+1(x)
Γ ((k + 1)α + 1)

Γ (kα + 1)
tkα . (2.4)
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Next, we plug both (2.2) and (2.4) into (2.1) to attain

∞∑

k=0

ξk+1(x)
Γ ((k + 1)α + 1)

Γ (kα + 1)
tkα

=
∞∑

k=0

aξ ′′
k (x)tkα +

∞∑

k=0

bξk(x)tkα – c

( ∞∑

k=0

ξk(x)tkα

)m

. (2.5)

In (2.5), it is clear that the function ξn(x) is the coefficient of the term t(n–1)α . So to deter-
mine ξn(x), it is convenient to solve the equation

D(n–1)α
t

[
L(x, t;α, n)

]|t=0 = 0, (2.6)

where

L(x, t;α, n) =
n–1∑

k=0

Γ ((k + 1)α + 1)
Γ (kα + 1)

ξk+1(x)tkα –
n–1∑

k=0

aξ ′′
k (x)tkα

–
n–1∑

k=0

bξk(x)tkα + c

( n–1∑

k=0

ξk(x)tkα

)m

. (2.7)

Now, we derive the first few terms of the sequence {ξk(x)}n
k=1 where, clearly, ξ0(x) = ξ (x).

Step 1. We begin with n = 1. Thus

L(x, t;α, 1) = Γ (α + 1)ξ1(x) – aξ ′′
0 (x) – bξ0(x) + cξm

0 (x). (2.8)

Solving L(x, t;α, 1) = 0 with respect to ξ1(x) yields

ξ1(x) =
1

Γ (α + 1)
(
aξ ′′

0 (x) + bξ0(x) – cξm
0 (x)

)
. (2.9)

Step 2. For n = 2, we have

L(x, t;α, 2) =
Γ (2α + 1)
Γ (α + 1)

ξ2(x)tα – aξ ′′
1 (x)tα – bξ1(x)tα + cmξm–1

0 (x)ξ1(x)tα . (2.10)

Solving Dα
t [L(x, t;α, 2)] = 0 with respect to ξ2(x), gives

ξ2(x) =
Γ (α + 1)
Γ (2α + 1)

(
aξ ′′

1 (x) + bξ1(x) – cmξm–1
0 (x)ξ1(x)

)
. (2.11)

Remark As the chain rule differentiation is not valid in Caputo sense, we have to expand
all terms in L(x, t;α, n) and then use the fact that

Dnα
t

[
tβ

]|t=0 =

⎧
⎨

⎩
Γ (nα + 1), β = nα,

0, otherwise.
(2.12)
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Step 3. To find ξ3(x), we consider L(x, t;α, 3) and then we solve D2α
t [L(x, t;α, 3)]|t=0 = 0.

Hence

ξ3(x) =
Γ (2α + 1)
Γ (3α + 1)

(
aξ ′′

2 (x) + bξ2(x) – c
((

m
2

)
ξm–2

0 (x)ξ 2
1 (x)

+
(

m
1

)
ξm–1

0 (x)ξ2(x)
))

. (2.13)

Step 4. To find ξ4(x), we consider L(x, t;α, 4) and then we solve D3α
t [L(x, t;α, 4)]|t=0 = 0.

Therefore

ξ4(x) =
Γ (3α + 1)
Γ (4α + 1)

(
aξ ′′

3 (x) + bξ3(x) – c
((

m
3

)
ξm–3

0 (x)ξ 3
1 (x)

+ 2
(

m
2

)
ξm–2

0 (x)ξ1(x)ξ2(x) +
(

m
1

)
ξm–1

0 (x)ξ3(x)
))

. (2.14)

Finally, by proceeding in the same manner, solving D(k–1)α
t [�(x, t;α, k)]|t=0 = 0 yields

ξk(x) =
Γ ((k – 1)α + 1)

Γ (kα + 1)
(
aξ ′′

k–1(x) + bξk–1(x) – cΥk(x)
)
, (2.15)

where

Υ0(x) = ξm
0 (x),

Υk(x) =
1

kξ0(x)

k∑

i=1

(im – k + i)ξi(x)Υk–i(x).
(2.16)

It is worth mentioning here that the solution of the integer-version of Newell–Whitehead–
Segel initial value problem has been achieved using the homotopy perturbation method
(HPM) in [5]. In fact, four study cases have been discussed there. By a straightforward
substitution, one verifies that all their obtained solutions agree with our general formulas
(2.15)–(2.16) by just letting the fractional derivative α approaches one. Therefore, their
adopted numerical trend to show the rapid convergence toward the exact solution is valid
in our case when our study is projected to the integer space. This shows the generality of
the fractional derivatives.

For comparison purposes, a recursive formula for all the series coefficients is obtained
in our approach while a few terms are obtained using HPM. Further, the HPM completely
depends on the choice of an appropriate auxiliary operator and an initial guess for the
solution. While our approach merely assumed the existence of the solution as a fractional-
power series.

3 Applications and discussion
In this section, we apply the previous procedure for three study cases to test the validity
of our suggested solution.
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Case 1 Consider the following time-fractional Newell–Whitehead–Segel initial value
problem:

⎧
⎨

⎩
Dα

t [w(x, t)] = 5wxx(x, t) + 2w(x, t) + w2(x, t),

u(x, 0) = κ ∈R.
(3.1)

Using the previous procedure, we get the following first few coefficients:

ξ1(x) =
κ(κ + 2)
Γ (α + 1)

,

ξ2(x) =
2κ(κ2 + 3κ + 2)

Γ (2α + 1)
,

ξ3(x) =
κ(κ + 2)(4(κ + 1)2Γ (α + 1)2 + κ(κ + 2)Γ (2α + 1))

Γ (α + 1)2Γ (3α + 1)
,

ξ4(x) = 2κ(κ2 + 3κ + 2)(4(κ + 1)2Γ (2α + 1)Γ (α + 1)2 + 2κ(κ + 2)Γ (3α + 1)Γ (α + 1) + κ(κ + 2)Γ (2α + 1)2)
Γ (α + 1)2Γ (2α + 1)Γ (4α + 1)

.

(3.2)

Case 2 Consider the following time-fractional Newell–Whitehead–Segel initial value
problem:

Dα
t
[
w(x, t)

]
= wxx(x, t) + 2w(x, t) – 3w2(x, t),

u(x, 0) = κ ∈ R.
(3.3)

Using the previous procedure, we get the following first few coefficients:

ξ1(x) =
κ(2 – 3κ)
Γ (α + 1)

,

ξ2(x) =
2κ(9κ2 – 9κ + 2)

Γ (2α + 1)
,

ξ3(x) = –
κ(3κ – 2)(4(1 – 3κ)2Γ (α + 1)2 + 3κ(3κ – 2)Γ (2α + 1))

Γ (α + 1)2Γ (3α + 1)
,

ξ4(x) = 2κ(9κ2 – 9κ + 2)(4(1 – 3κ)2Γ (2α + 1)Γ (α + 1)2 + 6κ(3κ – 2)Γ (3α + 1)Γ (α + 1) + 3κ(3κ – 2)Γ (2α + 1)2)
Γ (α + 1)2Γ (2α + 1)Γ (4α + 1)

.

(3.4)

Case 3 Consider the following time-fractional Newell–Whitehead–Segel initial value
problem:

Dα
t
[
w(x, t)

]
= wxx(x, t) + 2w(x, t) – 3w3(x, t),

u(x, 0) =
√

2
3

ex

1 + ex .
(3.5)
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Figure 1 Twelfth-approximate solution of Case 1 with ξ0(x) = κ = 6

Using the previous procedure, we get the following first few coefficients:

ξ1(x) =
√

6ex

(ex + 1)2Γ (α + 1)
,

ξ2(x) = –
3
√

6ex(ex – 1)
(ex + 1)3Γ (2α + 1)

,

ξ3(x) =
9
√

6ex((–3ex + e2x + e3x + 1)Γ (α + 1)2 – 2e2xΓ (2α + 1))
(ex + 1)5Γ (α + 1)2Γ (3α + 1)

,

ξ4(x) = –9
√

6ex
(

(27ex – 62e2x + 10e3x + 9e4x + 3e5x – 3)Γ (2α + 1)Γ (α + 1)3

(ex + 1)7Γ (α + 1)3Γ (2α + 1)Γ (4α + 1)

–
12e2x(e2x – 1)Γ (3α + 1)Γ (α + 1)2 + 2e2x(13ex – 11Γ (2α + 1)2Γ (α + 1) – 2e2x(ex + 1)Γ (2α + 1)Γ (3α + 1))

(ex + 1)7Γ (α + 1)3Γ (2α + 1)Γ (4α + 1)

)
.

(3.6)

Figures 1, 2, and 3 exhibit the behavior of the approximate solutions for Cases 1, 2, and 3,
respectively, labeled with various values of the fractional-derivative parameter α ∈ (0, 1).
Evidently, the graphs show an asymptotic-sequentially solution style when α varies from
0 “no-memory” to 1 “full-memory”.

4 Conclusions
A comparable version of the generalized fractional Taylor power series is introduced
to find analytical solutions of the generalized time-fractional Newell–Whitehead–Segel
equation. Different cases of the model are tested by the proposed modified method. The
effect of the embedded Caputo fractional derivative provided an asymptotic-sequentially
solution style when α varies from 0 “no-memory” to 1 “full-memory.”

The advantages achieved by using the modified fractional-power series scheme can be
tagged as follows:

• It can be utilized regardless of the chosen type of the fractional derivative since almost
all the fractional-types agree with the rule of the power function differentiation.
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Figure 2 Twelfth-approximate solution of Case 2 with ξ0(x) = κ = 1

Figure 3 The level curves of sixth-approximate solution of Case 3 when x = 2

• It requires less amount of computational work with convenient accuracy.
• It provides a delicate iterative scheme in determining the solutions components with

fast execution-time.
• The obtained fractional-power-series solution is stable while the values of the

fractional order α is approaching 1.
Accordingly, as future work, the proposed method can be extended to investigate more
fractional-physical models.
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