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1 Introduction

The fractional calculus is an extension of the traditional integer calculus, which has the
properties of an infinity memory and is hereditary. In recent decades, fractional calculus
has aroused much attention and has been extensively applied to establish mathematical
models in the fields of signals, viscoelastic theory, fluid dynamics, computer networking,
electrical circuits, control theory and so on [1-9]. As a consequence, the subject of frac-
tional differential equations (FDEs) is very popular and of importance. Especially, the in-
vestigation of the existence of the solution for FDEs has received considerable attention,
the reader may refer to [10-22] and the references therein.

Though the theory of positive solutions (PSs) for ordinary differential equations with
parameters is mature, not much has been done for FDEs with parameters [12, 13, 17, 20].
By using the Guo—Krasnosel’skii fixed point theorem on cones, some sufficient conditions
for the existence of multiple PSs and eigenvalue intervals are established in [17] for the

following FDEs with parameter:

‘D u(t) = Af(u(t)), te(0,1),ac(1,2),
u#(0) + 24/(0) = 0, u(l) + /(1) =0.

It should be emphasized that much work focuses on the BVPs of nonlinear FDEs with
impulses [11, 16, 18, 19, 21, 22]. The authors in [21] consider the following generalized
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antiperiodic BVPs for impulsive FDEs:

‘DI.u(t)=f(t,u(t), te]=1[0,1],t+,
Au(ty) = I, AU () =Tk, k=1,....,m
au(0) + bu(1) =0, au'(0) + bu'(1) = 0,

where g € (1,2) and a > b > 0. Some new existence theorems of at least one solution are
established via fixed point methods.

For the BVPs of a nonlinear coupled fractional differential system with parameters, the
existence of PSs is considered in [20]. Some multiplicity theorems of PSs for nonlinear
impulsive FDEs are presented in [16]. However, as far as we know, there is no paper to in-
vestigate the multiplicity of PSs for impulsive fractional differential coupled system with
parameters. The above-mentioned work and observation inspire us to address the follow-

ing coupled system of nonlinear impulsive FDEs with parameters (abbreviated by BVPs

(1)):

‘D u(t) + A (t,u(t),v() =0, te]=[0,1],tZ,

D v(E) + uglt,u(®),v(t) =0, te)=[0,1],t#t,

Aulty) = I (u(tr)), Ad'(tr) = Ji(u(te)), (1)
Av(ti) = P(v(tk)), AV(tk) = Qe(v(t)), k=1,...,m,

1(0) = au(1), /(1) = bu'(0), v(0) = cv(1), V(1) =dv(0),

where o, 8 € (1,2], a,b,¢,d € (1,+00), A, € (0,+00) are parameters, CD8‘+(”D§+) is the
standard Caputo fractional derivative of order a(8), f,g:J x R* x R* — R* are jointly
continuous, I, Ji, Pr, Qx € C(R*,R7), R* = [0,+00), R~ = (—00,0], Au(ty) = u(tf) — u(t;), in
which u(;) = limg_, o- (¢ +6) and u(£;) = limgy_, o+ u(# + 6) indicate the left and right lim-
its of u(t) at t = &, respectively, and the impulsive point set {#;}], satisfies 0 < ¢; < --- <
tm < tme1 = 1. Let us set Jo = [0,#1] and Ji = (&, txs1], where k= 1,...,m. So ] = UL Jk-

Due to the existence of impulsiveness in the nonlinear coupled system (1), it is chal-
lenging to deal with the existence of multiple PSs for BVPs (1). We first give the natural
formulas of PSs for the nonlinear coupled system by constructing the associated Green’s
function. Based on the properties of the Green’s function and some assumptions on the
nonlinear functions, some sufficient criteria for the multiplicity of PSs are obtained. Mean-
while, the ranges of the parameters A and p of the existence for PSs are also given. The
multiplicity theorems of this paper are established by applying the Guo—Krasnosel’skii
fixed point theorem. Finally, an example is provided to illustrate the validity of our main
results.

2 Preliminaries
Definition 2.1 ([1, 23]) The Riemann-Liouville fractional integral of the function f(¢) €
C"([0,00),R) is defined as

() = F[FO](0) = /(‘ =D,
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wheren—1<a <n,ne{l,2,...} and I'(-) is the well-known Gamma function, defined as
)= [, e tdt.

Definition 2.2 ([1, 23]) The Caputo fractional derivative of the function f(f) €
C"([0,00),R) is defined as

t (t _ T)n—a—l

DY) =" f(¢) = / (1) dr,

o I'n-a
wheren-1<a <n nell,2,...}.

Lemma 2.1 ([1, 23]) Ifu € C"(J) and ‘D%, u € L'(J) with a Caputo fractional derivative of
order o > 0, then

n-1

IDou®) =ut)+ Y ', te],
k=0

where ci € R and n is the smallest integer not less than «.

Lemma 2.2 (Guo—Krasnosel'skii fixed point theorem [24]) Let P C E be a cone, K; and
K; be two bounded open balls of the Banach space E centered at the origin with 0 € K; and
K1 C K. Assume that T : PN (K, \Ki) = Pisa completely continuous operator such that
either

@) vl < |Ivll,ve PNOK;y and ||Tv| > ||v|, ve PN AK,, or

(it) [|7v]| = |Ivll, ve PN OKy and || Tv| < |||, ve PN dK, hold.
Then T has at least one fixed point in PN (K5 \ K).

Lemma 2.3 Given h € C(J) and o € (1, 2], the unique solution of

D u(t) + h(H) =0, tel,t#t
AM(tk) = Ik(u)) AM/(tk) =Ji(u), k=1,....,m, (2)
1(0) = au(1), u/'(1) = bu'(0), a,b>1,

isu(t) = fol Go(t,9)h(s)ds — Y"1 Gap(t, t:)]i(u) = D ity Galt, 1)), ¢ € ], where

(t=5)*"1 | a(1-9*! | (a+(1-a)t)(1-5)?2
Gu(t,s)= 1~ T@ ¥ @Dr@ * @-ne-HreD’ O0=s=t=1, 3)
i a(l-5*"1 | (a+(1-a))(1-5)*2 O<t<s<1
@)@ © (@)b-DI(a-1)’ =t=°=5
G B 0<ti<t<li=1,...,m, .
a,h(t; ti) = absa(l-b)t;+(1-a)t O<t<p<licl ( )
W} sit=lL=L4Lt=1...,m,

Ga(t,t;) 4 0<ti<t<li=1,..,m, o
a(t, t; a O0<t=<t=<li=1,..,m

a-1’

Proof By applying Lemma 2.1, the solution of impulsive BVPs (2) can be uniquely ex-

pressed as

u(t) = —I% () — cx — dit,  t€Jiok=0,1,...,m. 6)
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From (6), one has
u(t)= =I5 h(t) —dr, t€ik=0,1,...,m. (7)
Applying the boundary value conditions of BVPs (2), we can see from (6) and (7) that

—al§. h(1) + ¢o — acy, — ad,, = 0, (8)

~I57h(1) + bdy — d,, = 0. )
It can be derived from the impulsive condition of BVPs (2) that

Cr-1 — ¢k + k(W) ty = I (), (10)

dkfl - dk :]k(u), k= 1,...,m. (11)

It thus follows from (9) and (11) that

a-1
do = b 110+ h(1 § ), (12)
dy = — (1) §m (13)
" p-1" )

i=1

In the light of (11) and (12), we have

k
di=do- ) Ji(u)
i=1

1 3 m k
=5l Th(1) - 21: 21: Ti(u). (14)

We can see from (8), (10) and (13) that

Q=" (—18‘+h(1) —dy+ ) (Iiw) —L-(u)ti)>

i=1

_a N Ig:lh(l) I “ o
P (—10+h(1) -t Zl i) + Zl (Li(w) —/L(u)tl)), (15)
this together with (10) implies that
a [ (1) b & "
= (—Imh(l) i1 ; Jiu) + ; (Li(u) _]i(u)ti)>

k

- Z(L’(u) ~Ji(w)t;), (16)

i=1
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where k = 1,2,...,m. It thus follows from (14) and (16) that

cr +dit

I57h(1
} %(4;;}:(1)— & D, ZLWHZ (li(w) ]f(“)ti)>

k

t . t
+ Elm h(1) - b1 ;Ji(u) - ;[L’(u) +Ji(u)(t - 5)]. (17)
ForteJi = (t, i1, k=1,..., m, by substituting (17) into (6), we obtain
alg,h(1)  alyh(1) t

u(t) = — IS he) + &7 (1)

a-1 " @a-1)b-1) b-1

b i m
T 0~ g ol ]
i=1

m k k
oD Jiw)+ Y L)+ 3 (e~ ()
=1 i=1 i=1

t a-1 1 a—1
:—/ =9 dss —* /(1—3) h(s) ds
0

I'(a) a-1J I (c)
a+(1-at ['@1-s5*2 P
@ D=1 Jy Ta—D"OF g LW
" ab+a(l-b)t; + (1 —a)t k
lX: (a-1)(b-1) Ji(u )+§[Ii(u)+(t—ti)]i(u)]
-9t al-9 (@t (1-a)t)(1-s)* o)
_/0 [_ r@ (@-Dr (ﬂ_l)(b_l)r(a_l)} 5)ds
1 a(l—s)a—l (a+(1—a)t)(1_s)a—2
' [W—l)F(a) " @-Db-DIa- 1)]h(s)ds
k ab+(1-b)t; + (1 -a)bt
_; (ﬂ—l)(b—l) ]l(u)
m ab +a(l-Db)t; + (1 -a)t
_ig @ D6-1n "
l(u) - 7 Z I(u)
i=k+1

1 m
- / Gulb M ds — 3 Gunlt, 00— 3. Gult, )1,
0 i=1 i=1

in which G,(¢,5), G,(t, &) and G,(¢, t;) are defined by (3), (4) and (5), respectively.
For t € Jo = [0, 1], substituting (12) and (15) into (6) yields

u(t) = — I h(t) - co — dot

_ « a o ﬂ[g+ lh( ) ¢ a-1
= IR0+ ) + o (D
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m

bY T
e - 257 2l -] +—Z“"‘)

t (t _ S)a—l a 1 (1 _ S)a—l
= _/o 71"(04) h(s)ds + a—l/o @ h(s)ds

a+(1-a)t [QQ-s522

" @-DG-D )y Ta-1"9"
" ab+ a(l b)tl +(1-a)t a <
- Z T ()

i=1

1 m m
f Gult:)(s)ds — > Gt 6)i0) = 3 Galts t)Ew),
0 i=1 i=1

in which G,(t,s), G, (¢, t;) and G,(¢,t;) are defined by (3), (4) and (5), respectively. The
proof is thus completed. O

Lemma 2.4 Let a,b > 1, the functions G,(t,s), G,(t, t;) and G,(t,t;) are continuous and
satisfy the following properties:

Gu(1,8) < Go(t,s) <aGy(l,s), Vtse],
Y Gt =—C wines
@-Do-1 =GB =Ty i)

1
. <Gtt) <2, Vite).
a-1 a-1

Proof We can see from the expressions of G,(t,s), G,»(t t;) and G,(¢,t;) that G,(t,s),
Gt L), G,(t,t;) € C(J x ]). For t,s € ], using (3) yields

I/\
I/\
I/\

I/\
I/\
I/\
[

iGa(t,s) _ ) T@-1) " ®-Drie-1)

ot I DO
=D @1’

(t*S)O(72 (178)0‘72 0
(18)
0

Clearly, for ¢t € ], G,(¢,s) is decreasing with respect to t. Therefore,
Ga(l’s) = Got(t: S) = Ga(O,S) = aGa(LS)'

In view of (4) and (5), it is obviously that

1 ab
4(61 _ 1)(b 1) = a,b(lt 1)< Ga,h(tr t) < Ga,b(or 0) = (61 — 1)(b _ 1)'

——— S Ga(t7 tl) =< ) Vt; ti e]-

The proof is thus completed. 0

Similar results to Lemmas 2.3 and 2.4 can be formulated for the following BVPs (19):

Dhv() + L) =0, te]\{tr,...,bm),
Av(ty) = Pr(v(tr)), AV (t) = Qr(v(tr)), (19)
v(0) = cv(1), V(1) =dv(0), c¢d>1,
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where g € (1,2] and ¢(¢t) € C(J), k = 1,...,m. We introduce Gg(t,s), G.q(¢t, t;) and G.(t, £;),
the corresponding functions for the BVPs (19) defined in a similar manner to G,(t,s),
Gup(t t;) and G,(¢, t;), respectively.

3 Main results
In this section, some sufficient criteria are derived to guarantee the multiplicity of PSs for
BVDs (1).

LetE = {(&,v) : u,v € C(J)} be endowed with the norm || - || defined as ||(z, v)|| = ||| + |||
for (u,v) € E, where |lu|| = max¢; |u(f)| and ||v|| = max,¢; |v(¢)]. Let the Banach space PC(J)
and the cone K € PC(J) be, respectively, defined as

PC(J) = {(u,v) e E:u,v e C(J,R"), u(ty), u(tf), v(¢;) and v(zf)

exist with u(t,:) = u(t) and v(t,:) =v(t),] =]\{t1>..., tm}}
and
K= {(u, VeEPC):u+v=y H(u, V) || with y = min{(ab)’l, (cd)’l} } (20)

To begin with, we need the following assumptions to derive the main results.

(B1) a,b,c,d € (1,+00) and 01,09 € (0,+00) with o = fol Gy(1,8)ds and oy =
[y Gg(1,5)ds.

(Ba) f(t,u,v),g(t,u,v) e C(J x R* x R*,R*).

(Bs) I(u), Ji(u), Pie(v), Qu(v) € C(R*,R7), k =1,...,m.

For simplicity, some important notations and functions are introduced as follows:

— max _“b > iy Jiu) _ a il Ii(u) _CdZ:ZI Qi(v) a ¢y i Piv)
7 @a-1)b-1) a-1  (c—1)d-1) c—1 |
@ = Wil WAE] = i ) WAE]
(r) - Iglvffyr,r]{f ()20} ¢(r) o n {f(),g0)}
f = liminfmin —, g, = liminfmin 0
u+v—8 te] Uu+v u+tv—38 te] U+v

where f(-) = f(t, u(t), v(£)), g(-) = g(¢, u(z), v(¢)) and & denotes 0 or +oo.
Define two operators Ty, Tg : PC(J) — PC(J) as

1 m m
To(u,v) = 2 f Ga(t,s)f (Vs =Y Gap(t, t)i(1) = Y Galt, t)Ii(u),
0 i=1 i=1

1 m m
Tp(u,v) = /0 Gp(t,90g()ds = Y Gealt, ) Qu(v) = Y Ge(t, t)Pi(v),
i=1 i=1

and the operator T : PC(J) — PC(J) as
T(u) V) = (TOl (I/l, V)) Tﬁ(u) V))

It is obvious that (u, v) is a pair of PSs of BVPs (1) if (1, v) is a fixed point of 7.
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Lemma 3.1 Assume that (B1)—(Bs) hold, then T : K — K is completely continuous.
Proof Due to the functions G, Gg, Ga Gy, Gap, Geas fr & —Ik, —Jk» —Px and —Qy are

nonnegative and continuous, A and p are positive parameters. It can be concluded that

T : K — K is continuous. For every (u,v) € PC(J) we have
To(u,v)

1
A /0 GulL, )/ () ds - (b » ZL() Zl(u)

1 1 ab e a <
> A |:6l)\/0 Gy (1, 8)f(-) ds — PR ;L’(u) ] Zfi(u)j|

Similarly, one gets Ts(u,v) > (cd)™ || T5(u,v)|. Therefore

To(u,v)(8) + T, v)(t) > mm{(ab) L (cd)™ }(”T u,v H + || Tp(u,v H)

=mi{ 1 (cd)™ }||( (u,v), Tﬁ(uv)”
=}/”T(Lt,1/) »

namely T(K) C K. We can further see from the Ascoli—Arzela theorem that T: K — K is

completely continuous. O

Theorem 3.1 Suppose that (B1)—(Bs) hold and there exist two constants p and § with
0 >4n>0and$ >0 such that

®(p) < L% min{(a0)™, (coz) ™). 1)

Then, for each

€ ((2y) " max{(o10) ™, (01fec) '}, 81,
€ (2y) ™" max{(02g0) ", (02g00) '}, 81,

BVPs (1) have at least two pairs of PSs (u;,v;), i = 1,2, which satisfy
0< ” (ul»Vl)” <p< ” (ua,v2) ” (22)

Proof We first choose two constants r and R such that 0 < r < p < R. Considering the case
when A > (2y01fy) "t and p > (2 028) . From the definitions of fy and gy, we can conclude
that there exists 7 > O such that f(-) > (fo —&1)(# +v) and g(-) > (go—&2)(u+v)asu+v € [0,7]
and ¢t € J, where ¢; > 0 and &, > 0 satisfy 2Ly 01(fp — €1) > 1 and 2y oa(go — €2) > 1. Then
for each (u,v) € 0K, = {(u,v) € K : ||(&,v)|| = r} and ¢ € J, it can be derived from Lemma 2.4
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that

” T (u,v) ” = ntlgx|Ta(u, v)(t)} + ntlgx|Tﬁ(u, V)(t)|

1 m m
> ) /0 Ga(t, ) (Vs = Gap(t, t)i(u) = Y~ Galt, £:)1(u)
i=1 i=1

1
+M/ Gpl(t,s)g( ds—Zchtt Qilv ZG (t,t;)P,
0
1 1
2 [ G [ Gatt g
1
21/ Go(1,8)(fo — &1)(m + v) ds
0
1
+,uf0 Gp(1,s)(go — &2)(u + v) ds
1
21/0 Ga(l,s)(}%—gl)y”(u,v)”ds

1
e [ Gat1 9 - ey ) s

= ryoifo—e)| V)| + nyoago — &) | v)| = | (wv)|. (23)

Next, considering the case when A > (2y01fs) ™! and p > (2y0285)7". In view of the

definitions of £, and g,,, we can see that there exists R > 0 such that f(-) > (foo — &3)(11 + V)
and g(-) > (g0 —€4)(u+Vv) asu+v € [R,00) and t € J, where €3, &4 > 0 with 2Ay 01 (foo — £3) >
1 and 24y 02(gs — €4) > 1. Then, for (1, v) € 0Kg and ¢ € ], it follows from (23) that

1 1
” T (u,v) ” Zk./o GO,(I,s)f(-)ds+/L/0 Gp(1,s)g() ds
1
R A A AL
0

1
+,u/0 Gp(1,8)(goo — €a)(u + V) ds

> ayo1(foo — &3) | (V)| + 1y oa(go — &) | V) | = [ () . (24)

Finally, we can see from (21) that

f(~)§¢(p)<L, g()=@(p) < L u+velyp,pl, te].

4ao,6 4¢0,8’

Then, for each (u,v) € 0K, with p > 4, it follows from Lemma 2.4 that

abd 7 Jiw) ad Iiu)
(a-1)(b-1) a-1

cd ) " Qiv) < > Piv)
(c-1)(d-1) c-1

1
” T(u,v) ” §a)»/0 Go(1,8)f(-)ds —

1
+C/L/0 Gp(1,s)g(-) ds -
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1 1
o o
< a)»/o G,(1,5) Zaors ds + cu/o Gg(1,s) py; ds +2n
(A +u)p o P
Y +277§§ ——”(M;V)”
Hence,
|| T (u,v) || < H(u, (u,v) € 0K,. (25)

Thus, applying Lemma 2.2 to (23)—(25) shows that T'(i,v) has the fixed point (u1,v;) €
KN (K, \K,) and the fixed point (u,v,) € K N (Kg \ K,). In the light of (25) being a strict
inequality, ||(z1, 1) # p and ||(u2, v2)|| # p. Consequently, BVPs (1) have at least two pairs
of PSs (u;,v;), i = 1,2, satisfying (22). The proof is thus completed. O

Theorem 3.2 Suppose that (B1)—(Bs) hold and there exist three constants &; (i = 1,2,3)
with 4n < & < &) < &3 such that either
4 & 9 &
(H1) % =A= dao 2(Ez and L SH= 4662@5(52)’ or

E
() 201¢ 210G < A= 4ao and W <p= 4ca hold,

where @ = max{£1¢7"(£1),&3¢7"(§)} and ¢ = min{§, ®71(&),£P 7" (§3)}. Then BVPs (1)
have at least two pairs of PSs (u;,v;), i = 1,2, which satisfy

& < ()| <& < (w2 m) | <&. (26)

Proof Due to the proofs of case (H;) and case (H;) being similar, here we prove only case
(H,). We first consider the case when A > & (201¢(£1))~! and i > & (202¢(£1))~. Note that
f()=¢(&) and g(-) > ¢p(&1) as u + v e [y&,&] and t €. Then, for (u,v) € 0K, and £t €/,
one has

1 1
|| T (u,v) || > A/ Go(1,8)f(-)ds + /,L/ Gp(1,s)g(-) ds
0 0

1 1
> A& /0 GalL,s)ds + u(&) /o Gp(Ls)ds

& &
Z 2010 PV et

P(E)or =& = ||(w,v)]. (27)

For the case when A < &(4ao @ (&)t and u < &(4cor @ (£,))71, noting that f(-) < @ (&,)
and g(-) < @ (&) asu +v e [y&y,&] and ¢ € /. Then for (u,v) € 3Ky, , t € ], one obtains

1 1
|| T(u,v) || < ak/ Gu(1,8)f(-)ds + c,u/ Gp(1,s)g(-)ds +2n
0 0

1 1
< Aacb(ég)/ G,(1,8)ds + ,LLCCD(%‘Q)/ Gg(1,s)ds +2n
0 0

& & &
< —45101@(52)“@(52) CUZ¢(§2)C®($2)UZ =y
& & &

<Z+Z+E=§2=||(u»")”- (28)
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Considering A > &3(2019(&3)) ™! and p > £3(202¢(63)) 7, for (u,v) € 3Ky, t €], we derive

1 1
|| T (u,v) || > A/ Go(1,8)f(-)ds + u/ Gp(1,s)g(-) ds
0 0

1 1
> 1(E) fo GulLs)ds + () / Gy (L s)ds

0

&3 &3
201‘15(53)(]5(53)01 * 202¢(&3)

=

P(&3)or = &3 = || (,v) . (29)

Thus, applying Lemma 2.2 to (27)—(29) shows that T has the fixed point (u1,v;) €
K N (K¢, \ Kg) and the fixed point (u,v2) € K N (Kg \ Kg,). In the light of (28),
one gets [[(u1,v1)|l # & and |[(uz,v2)|| # &. Therefore (26) holds, and the proof is thus
completed. g

The following general theorem can be obtained by following a similar analysis to that of
Theorem 3.2.

Theorem 3.3 Suppose that (B1)—(Bs) hold and there exist n + 1 constants & (i = 1,2,...,
n+ 1) withdn <& <& <---<&,,1 such that either

§2j-1 59 §2j-1 &9 . ne2
(H3) 5556 <* < Tai 0, 220y ) <P < Tmpaty /= L2 [ L or

&9 §2j-1 &) §9j-1 . n+2
(Ha) 201$(82)) <A< 4ao1 P (§2j-1) and 2020(82)) k< 460247(«52/71)’] =12 2 ] hold.

Then BVPs (1) have at least n pairs of PSs (u;,v;), i = 1,2,...,n, which satisfy

] and

& < | (uivi)|| < &ian- (30)

Proof When n = 1, we can see from the case (H) that & (201¢(£1)) ™ < A < & (4ao, @ (&)~}
and £ (202¢(£1))7' < 1 < &(4cor @ (&)L, Then it follows from (27) and (28) that
1T (u, V)|l > |(u, v)|| for (u,v) € 0K, and || T(w, v)|| < ||(u, V)|l for (u,v) € 9Kg,. This together
with Lemma 2.2 implies that T has a fixed point (i1, v;) satisfies & < ||(#1,v1)|| < &;. Simi-

larly, when n = 2 or n = 3, namely j = 1,2, we can further see that

1T GV > Nl (uv)
1T @, VI < (@)l (uv)
IT @) > @ V)l (u,v) € 0K,
1T @ < @l (uv)

(31)

Thus, applying Lemma 2.2 to (31) shows that T has at least three fixed points (u;,v;), i =
1,2, 3, satisfying

& < |1, <& < (w2, v2)|| < &5 < || (3, v3)| < &a. (32)

Therefore, by following the above analysis, we can see that (30) holds if (H3) or (H,) is
satisfied. The proof is thus completed. g
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4 Example

Consider the BVDPs of the following nonlinear coupled system with impulses:

CDZ = A (t,u(t),v(t)), telt#L,
CDZ W(t) = —ug(t,u(®),v(t)), telt#L,
Au()=1(z)),  AW(3)=]w(3)) (33)

Av(3) =P((})), AV (3) = Q((7))
1(0) = 2u(1), /(1) = 3u/(0), v(0) = 2v(1), V(1) = 3v/(0),

where
- 2 [(@+sin(Z +u+v)(u+v) w+v)2+3W+v)
T 1+t 50e%+v (u+v)2+959u+v)+1
__u+v _ 2 cos( 51/) 3 sin(v)-1
£= 206 [In(u + v)|, I(u) = 15(1+u 5 J(u) = (1+6u , P(v) = and Q(v) = —.

Obviously, (B1)—(Bs) hold. By simple calculation, one can easﬂy obtain 7 = 5 y é,

01=09= %,fo 2S,foo 1 and gy = goo = +00. We then further see that

’

1}:M

% max{(olfo)_l, (01/)~ 10

% max{(Ozgo)fly (Uzgoo)fl} =0.

Choose § = 2/7 and p = 6, then, for ¢t € J and u + v € [1, 6], one gets

2x1 6°+3x6
+
50e  62+959x6+1

ft,u,v)<2x ( ) ~0.1102,

max
te],u+ve[l,6]
In6

6
max  g(t,u,v) < ———— ~ 0.1075.
te]u+ve[1,6] 20(5 + 0)

Thus, one has

9
i% min{(ac)™, (co) !} = =5 ~0.1125 > B(6) ~0.1102.

We can see from Theorem 3.1 that, for A € ( 7,2 /7] and u € (0,24/7], BVPs (33) have

10
at least two pairs of PSs.

5 Conclusions

This paper has discussed the multiplicity of PSs of impulsive BVPs for a fractional-order
coupled system involving parameters. Some sufficient conditions have been derived to
guarantee the existence of multiple PSs for the considered fractional-order coupled sys-
tem. An example has been provided to illustrate the obtained results. Note that only a
two-point BVP is considered in this paper. Similar to the work in [25], an interesting topic
for future research is to deal with the multi-point even nonlocal BVP. Another interesting
topic is to consider the multiplicity of the solutions for impulsive FDEs on the half-line.
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