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Weihai, China & We analyze the stability of positive equilibrium in a predator-prey model with time

delay T and subsidies. The sufficient conditions of the local Hopf bifurcations at the
positive equilibrium are obtained. By center manifold theorem and normal form
theory, we analyze the direction of Hopf bifurcations and stability of the bifurcating
periodic solution. Using the global Hopf bifurcation theorem, we find that each
connected component is unbounded. High-dimensional Bendixson theorem is used
to prove that the system has no nonconstant periodic solutions of t-period, then we
obtain the global existence of periodic solutions. Finally, a numerical example is
performed to support the theoretical results, and the effect of the food subsidy is
discussed. We find that the food subsidy will make the stable interval [0, To) of positive
equilibrium larger with Ty the first Hopf bifurcation value.

Keywords: Predator—prey; Delay; Subsidies; Stability; Global Hopf bifurcation

1 Introduction

Predator-prey mechanism has been analyzed for almost a century since Lotka and Volterra
[1, 2] established the first predator-prey model on the basis of population dynamics. Re-
garding the subject, many scholars are still working on different kinds of the mathemat-
ical model. For example, the authors in [3] analyzed the multiple bifurcation problem of
a predator-prey model with nonmonotonic functional reaction function. The authors in
[4] investigated the population relation between prey and predator in ecology. In the year
2012, Nevai et al. established a model about prey, predator, and subsidies [5] and discussed
the dynamical behavior of such systems. Recently, time delay effect has been proved to
significantly affect the dynamics of predator-prey models [6, 7]. Thus, in this paper, we
consider the effect of time delay T on the model given in [5], which leads to the delay
differential equation model
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where x(£), y(¢) stand for the density of prey and predator species at time £, respectively. s(¢)
represents resource subsidies, r is the inherent growth rate of the prey, K is its carrying
capacity, 6 represents the maximum rate at which predators can consume prey, i is the
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rate at which the subsidy appears, y is its vanishing rate or inedibility, ¥ is the maximum
rate at which predators can consume subsidies, ¢ and 5 are conversion factors, e is a half-
saturation constant, § is the mortality rate of the predator, and 7 is conversion time delay.
We assume that all constants are positive and €6 > §, ni > §, which means that the natural
death rate of the predator is not very high compared with the conversion rate. Otherwise,
the predator’s per-capita growth rate is always negative.

In this paper, we first investigate the effect of time delay on the stability of the positive
equilibrium by analyzing the roots’ distribution of the associated characteristic equation.
We find that time delay will destabilize the equilibrium and induce Hopf bifurcation at a
sequence of critical values. The direction of Hopf bifurcation and the stability of Hopf bi-
furcating periodic solutions are investigated on the center manifold of the equilibrium by
deriving the simplest normal form. The method is based on the framework introduced by
Hassard et al. [8], where explicit formulas determining the properties of Hopf bifurcation
are given. In fact, these results are obtained locally near the bifurcation points. To study the
global continuation of Hopf bifurcating periodic solutions, we also investigate the prop-
erties of Hopf branches by using the global Hopf bifurcation theorem established by [9]
which has also been widely used by many scholars such as in [10]. One key step in proving
the global existence is to rule out the existence of nonconstant 7 -period solutions by using
the high-dimensional Bendixson’s theorem established by [11]. Finally, some simulations
are performed by numerically solving system (1) and the simulation package DDE-Biftool
[12, 13].

This paper is organized as follows: in Sect. 2, we investigate the existence and stability
of positive equilibria and obtain sufficient conditions for local Hopf bifurcations at the
positive equilibrium. Then, by using the center manifold theorem and normal form theory,
we obtain the properties of Hopf bifurcations. In Sect. 3, by using global Hopf bifurcation
theory, we analyze the global Hopf bifurcation, and we give some simulations in Sect. 4.
Finally, some conclusions complete this paper.

2 Stability and local Hopf bifurcation

In this section, we mainly investigate the stability of the unique equilibrium of system (1)
by analyzing the corresponding characteristic equation and prove that there exist local
Hopf bifurcations when increasing the time delay. By the center manifold theorem and
normal form theory provided by [8], we obtain the properties of Hopf bifurcation, includ-
ing the direction of Hopf bifurcation and stability of the bifurcating periodic solution.

2.1 Positive equilibria

First, we give the existence of equilibria of system (1). Obviously, E; = (0, £,0) and E, =

1
;7
n(i-yl)
3

In fact, what we are interested in is

(K, f, 0) are two boundary equilibria of system (1). When i > vl E3 = (0,1, ) is also a

ed
ny—8"
the existence of positive equilibria of system (1). Suppose that E* = (x*,s*,y*) is a positive

boundary equilibrium of system (1), where [ =

equilibrium of system (1) with x*,5*,y* > 0, then (x*,s*, y*) must satisfy
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Due to x*,y* > 0, we can obtain s* satisfies

.
y +(ry/0) 14

and

1 K 0 K 0i
:(S*)2 + [T(l + —y) - I]S* — T—l = O,
[ K ry Kry

where [ = e8/(ny — 8) and K = e8/(c6 — §). According to the results given in [5], we have
the following result about the existence of positive equilibrium.

Theorem 1 System (1) has a unique positive equilibrium E* when one of the following two
conditions is satisfied:

() K <K and i (K) < i< i*;

(i) K >K and i< i*,

where K = 2=, i* = (y + "), i,(K) = (1 - K)yl, and 1= 2.

2.2 Stability and existence of Hopf bifurcation
In this section we shall study the stability of the positive equilibrium E*. For convenience,
let uy(¢) = x(£) — x*, up(t) = s(t) — s*, us(t) = y(t) — y*, then we have the linearized equation

w1 (t) = anui(t) + apus(t) + azus(l),
() = anui(t) + anus(t) + axsus(t), (2)

u3(t) = anui(t — ©) + asus(t — 1),

* o(s* * Ox*y* * s % * (K
where a1 = r(1 - 2%) - (sv%)y, apn = ﬁzy ) 413 = —9%, al = wizy y A =Y — W,
a3 = _WTS» az = 2& T—;_WS ¥, az = 1L T;—?_Sex yHand v =x"+5" +e.
The characteristic equation of system (2) is
h(h, 1) =A%+ AA% + BA + (Ch + D)e ™ = 0, (3)

where A = —(a11 + ax), B = (anax — aznan), C = —(asas: + asi1a12), and D = aiaxas; —
a21413d32 — 431412423 — 431413422-

Now, we discuss the distribution of the roots of Eq. (3) by using the method given in
[14, 15]. First we state the following lemma which is useful for analyzing the characteristic
equations.

Lemma 1 (Ruan and Wei [14]) Suppose that B C R" is an open connected set, the char-
acteristic exponential polynomial h(X, t) is continuous in (A, t) € C x B and analytic in
A € C; and the zeros of h(X, T) in the right half plane

{AeC:Rei >0}
are uniformly bounded. If for any v € By C B, where By is a bounded, closed, and connected

set, h(A,T) has no zeros on the imaginary axis, then the sum of the orders of the zeros of
h(A, ) in the open right half plane (Re X > 0) is a fixed number for B;.
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When t =0, Eq. (3) becomes
M+ AV +(B+CA+D=0. (4)

By the well-known Routh—Hurwitz criterion, the sufficient and necessary condition that
all the roots of Eq. (4) have a negative real part is

A>0, D>0, AB+C)>D (H1).
When 7 > 0, substituting A = iw into Eq. (3), we have
—0%i— Aw? + Bwi + (Cwi + D)e % = 0.
Separating the real and imaginary parts gives

Cwsin(wt) + Dcos(wt) = Aw?,

Cwcos(wt) — Dsin(wt) = w® — Bw.

From Eq. (5), we have

o° + (A - 2B)o* + (B> - C*)w® - D* = 0. (6)
Let z = w?, then

2 +(A*-2B)Z* + (B>~ C*)z-D*=0.
Denote p =A% - 2B, g = B> - C?, g = B> — C?, and r = —D?, then we have

Zap+qz+r=0. (7)
Let

h(z)=2° + p2* +qz +r. 8)

Obviously, 4#(0) = r < 0, lim,_, » /1(2) = 00. Thus, Eq. (7) has at least one positive root. From

(8) we have
dh
ﬁ =372 +2pz+q.
dz
Let
32% +2pz+q =0, 9)

then roots of Eq. (9), i.e., the local extreme values of /(z), can be written as

2 /4 -12q _ —pEJA
6 3 7

Zab =

with A = p? - 3q.
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If A <0, then Eq. (9) has no real roots and /(z) is monotonically increasing with z. Thus

Eq. (7) has only one positive solution. If A > 0, then

p+VA

Z
b 3

is the local minimum value of /(z);

_p-VA
3

is the local maximum value of /(z). Thus, we have the following conclusions.

Lemma 2 For Eq. (7),
(1) when A >0,z,>0, h(z,) >0, and h(zp) <0, Eq. (7) has three positive roots;
(2) when A >0,z,>0, h(z,) >0, and h(zp) =0, Eq. (7) has two positive roots;

(3) in other cases, Eq. (7) has only one positive root.

Now we suppose that Eq. (7) has three positive roots z1, z;, and z3, then Eq. (6) has three
positive roots correspondingly, wi = \/z, k = 1,2, 3. From Eq. (5), we have

(AD - BCO)w? + Cw*

cos(wt) = Cla 1 D2 )
in(wr) (AC - D)w® + BDw
sin(wt) = )
C2w? + D?

then the critical values of T can be expressed by

4 2
1 1o; ka+(AD—BC)wk
o (2 + arccos(ic%kzm2 )],

Cwﬁ+(AD—BC)w,% )]

C2a)k2+D2 ’
Cw*+(AD-BC)w? .
W)], sin(wt) < 0,cos(wt) > 0,

sin(wt) > 0,

[(2j + 1)7r + arccos(— sin(wt) < 0, cos(wt) <0,

1
Wk
ﬂ%k [2(j + 1)t — arccos(
k=1,2,3,j=0,1,.... Therefore, Liwy are a pair of imaginary roots of Eq. (3) when t = r,?),
k=1,2,3;j=0,1,....

Define 19 = r,ig) = minke{l,g,g,]{rlfo)}, and wy = wg,. Suppose that A(7) = a(r) +if(r) is a

root of Eq. (3) satisfying a(7o) = 0, w(7o) = wo, then we have the following conclusion.

Lemma 3 If Eq. (7) has only one positive root z, that is, there only exists one sequence of

T,k =1,2,..., then the following condition holds true:

. |:d(Re A)]
sign > 0.
dT T=Tk

Proof In fact, we have

di(r) AAC + D)
dr  (3M2+24X1+B)e* + C—t(Cr+ D)’
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thus, we have

(d)\)_l _(BA+24)+B)e"+C 1

dr A(CA + D) x

and

sign dRe?) =sign | Re d—)L B
g dr ], -ve dr _—

_Re (3A%2 +2AX +B)e* + C
I #(Cr+ D) -

=sign

=sign

—R (=3w? + 2Awi + B)el®* + C
e

L iw(iwC + D)

[30* + 2(A2 — 2B)o? + B2 — CZ}

= sign
g C20? 1 D?

[ "@
ah Frerysol O

Now, we are in a position to state the stability and Hopf bifurcation results about system
(1) based on the fundamental Hopf bifurcation Theorem in [16, 17].

Lemma 4 (Hale and Verduyn Lunel [17]) Counusider the functional differential equation
x(t) = F(a,x;), where F has continuous first and second derivatives in o and ¢ with F(«,0) =
0 for all or. Define L(at)y = Dy F(ct, 0)Yr. Assume that x(t) = L(0)x; has a simple purely imag-
inary characteristic root Ay = iw and all characteristic roots . # Liw satisfy ) # mhg for any
integer m. Assume further that Re)'(0) # 0. Then o = 0 is a Hopf bifurcation point in the
sense described by Theorem 1.1 in [17].

In fact, condition (H1), which means the characteristic equation has no roots on the
right half plane when 7 = 0, is important for the system to undergo Hopf bifurcations at the
stability boundary of the positive equilibrium. Choose the parameter interval B; = [0, 7]
as stated in Lemma 1 with 7 < 19, then we know that the characteristic equation has no
roots on the right half plane for any t € [0, 7], i.e., the equilibrium is asymptotically stable
when 1 € [0,79). When 1 increases from zero, 1 is the first critical value at which the
characteristic equation has roots on the imaginary axis. This means that all roots except
+iw have a negative real part when t = 7, then we have the following stability and Hopf

bifurcation results by applying the above Lemmas 1—4-.

Theorem 2 Assume that (H1) holds true, then for t € [0, 1), the positive equilibrium E* of
system (1) is locally asymptotically stable; furthermore, if case (3) in Lemma 2 holds true,
then when t > 19, the positive equilibrium E* of system (1) is unstable. Moreover, when
T = 1, system (1) undergoes a Hopf bifurcation at E*.

Remark 1 Obviously, (H1) has extremely complicated expressions in terms of the orig-
inal parameters from system (1). Analyzing this assumption theoretically is impossible,
but instead, we will give some numerical examples to illustrate the existence of Hopf bi-
furcations. Figure 1 illustrates the region where (H1) holds true in the K — i plane and
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Figure 1 The regions where (H1) holds true (color white) in the K — i plane (left) and y —i plane (right)

y —i plane, respectively. The parameters are chosen from [5] asr=0.1,0 =5,e=1, ¢ =5,
€=0.1,7=0.1,8 = 0.1. In the left figure we use y = 1 and in the right K = 0.2. Numerically,

we have that both large or small food subsidy i may destabilize the positive equilibrium.

2.3 Properties of Hopf bifurcation
Now we investigate the property of Hopf bifurcation by using the method given in [8].
Introduce a new perturbation parameter i = 7 — 79 with u € R, then u = 0 is a Hopf bi-
furcation value of system (1). Let u; () = x(t) — x*, ua(£) = s(£) — s*, us(t) = y(¢) — y*, then
system (1) becomes an equation in the phase space C = C([-10, 0], R®)

u(t) = Luy + F(u, uy),
where u(t) = (u1 (), us(t), u3(t))T € R?, L: C — R3, F: R® x C — R?, with

Lo = B1¢(0) + Byp(—10 — 10).

B; and B, are defined by the following form:

ai;r a2 a3 0 0 O
Bi=|an axn axz|, B,=0 0 O
0 0 0 a azp 0
and
F(1, )
1497 (0) + a15¢03(0) + a1691(0)2(0) + a17¢1(0)¢3(0) + a15¢2(0)¢3(0)
2497 (0) + a25903(0) + az691(0)2(0) + a27¢1(0)93(0) + g2 (0)3(0)
asai(—To — W) + azs@3 (—To — 1) + azepr(—T0 — W2 (—T0 — 1)
+ az7¢01(—To — )@3(0) + azgpa (-0 — 11)@3(0)
where a4 = —% + 9(5?36”*, 15 = —99:)*3*, aie = w, a7 = —0(5:—2”), aig = 9%2*, ay =
_wig,y a5 = ](j; 0 gpe = L2 (x\};efs ), ay; = ‘/;SZ ) dog = ——w(f)gﬂ), ayy = —LEInUs) :36)7”]//3 ),
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_ Y (x*+e)—ebx™) _ a0y (x*—s*—e)+nyPy* (s —x*—e) _ ef(s* +e)—nys* _ nY(x*re)—ebx*
ass = — 3 » 436 = 3 » 437 = 2 ) A3g = 2 )

v Vi
and ay1, a1y, d13, da1, g, das, d31, A3y are given in (2).
From the Riesz representation theorem, there exists a function (6, u) of bounded vari-

ance such that

0
uw:[idmaumw» peC.

70

In fact, we can choose

Blr 0= 0:
n(@, 1) =10, 0 € (-To,0),
_BZ’ 0= —To,

and for ¢ € C!([-7p,0], R?), define the operator A(u):

de(0)/do, 6 € [-19,0),
AG)p(6) = f( ) € [-10,0)
J=, dn(0, 1)), 6 =0,
and
0, 6 € [-19,0),
R(u)e(0) = .0
F(Miw)r 0= 0,

then system (1) is equivalent to the following abstract ordinary differential equation:
ity = AQ)ug + R(1)u,

where u; = u(t + 0) and 6 € [-10,0].
For ¥ € C([0, 7], R%), define A*, the adjoint operator of A, by

A*l,lf(S) _ —:)ilﬂ(s)/ds, RS (O: TO]:
S v (=) dné,n), s=0,

and a bilinear product

<ww:w@wm—f‘4w@—mwwW@ma

where n(0) = n(6,0).

We know that +iw, are eigenvalues of A(0), so are the eigenvalues of A*(0), that is,
A(0)q(9) = iwoq() and A*(0)g*(s) = —iwog*(s). Suppose that g(8) = (1,a, 8)Tel®0? and
q*(s) = D(1,a*, B*)el*0s are the corresponding eigenfunctions. By calculation we have

_wg —an  ar3((iwo — an)(iwy — a11) — d1pdn)

a2 arp(ainans + (iwo — as)ais)

o

Page 8 of 22
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« _ az1a1y — az(ivg + an)

a3aar — az (iwp + az)’

(iwo — agg)(iwo — a11) — arpan

B= -
a2as3 + (iwg — axn)ais
g = ia3 . iass <6131ﬂ12 —az(iwy + ﬂu))
wo  wo \andn — az(iwy + a)

From (g%, q) = 1, we have
(a*q) = D[(l,&*,ﬁ*)(l,a,ﬂf

0 ro
_f /0 (1,6{*”3*)(3—1&)0(5—9) dn(9)(1,a,ﬁ)Te—iwo$ d€i|
“%

=D[1+a*a+ BB + e ™ (1,&%, B*)Ba(L e, B)']

D[l +a*o + BB + Tge 0T (ﬂslﬁ* + 43205*)]

-1,

then

D=[1+&"a+B*B +19e7 0% (az f* + IlgzOlB*)]_l.
Define

z(t) = {q", us),
w(t,0) = u, — 2Ref{z(t)q(0)},

on the center manifold Cy. w(t,0) = w(z(t),z(t),0), where w(z,z,0) can be written as a
power series form of z and z
z? z?
w(z,z,0) = W20(9)5 +wi1(0)2z + Woz(e)g +oee

Thus we have

2(6) = (g%, u)

(q*,A(O)ut +R(0)Mt)

= (A*q*, ut) +q" (O)F(w(z, z,0) +2 Re{z(t)q(@) }, O)

= iwoz(t) + ¢*(0)fo(2,2),
which is denoted by
2(t) = iwoz(t) + (2, 2),

where

_ z? _ z? 2%z
g(z,2) =80 tENEZ LS et (10)

Page 9 of 22
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Using the algorithm given in the Appendix, we have g»; and

i 2
C1(0) = oz <gzog11 ~2lgi1|* - %) + %,
070

Re C1 (O)
" Re M(zo)
B2 = 2Re C1(0),

T - Im C;(0) + o Im A (79)
2T woTo ’

M2 =

According to the fundamental results about Hopf bifurcations [8], these quantities deter-
mine the properties of Hopf bifurcation at 7y, precisely we state the main results given
in [8].

Lemma 5 (Hassard et al. [8]) There exist ey > 0 and an analytic function u'(€) = &% +
-+ such that, for each € € (0,€y), there exists a periodic solution occurring for u = u'(é),
whose period is an analytic function TH (€) = % (1+ T2&% + - --). One of the Floquet expo-

nents of the periodic solution is zero and the other is an analytic function B (€) = po&*+- - - .
By using Lemma 5, we have the following Hopf bifurcation results about system (1).

Theorem 3 In a neighborhood of |v = 0, the following statements hold:

(1) o determines the direction of Hopf bifurcation: if 15 > 0 (< 0), then Hopf bifurcation
is forward (backward), i.e., bifurcation periodic solutions exist for T > 1o (t < 79);

(2) Ba determines the stability of Hopf bifurcating periodic solutions: if B3 < 0 (> 0), then
the Hopf bifurcating periodic solution is orbitally asymptotically stable (unstable)
restricted on the center manifold,;

(3) T, affects the period: if T, > 0 (< 0), then the period increases (decreases).

3 Global Hopf bifurcation analysis

In this section, we shall study the global continuation of Hopf bifurcation by employing
the global Hopf bifurcation theorem given by Wu [9] and the high dimensional Bendixson
theorem established by Li and Muldowney [11]. Similar derivations can also be found
in [10].

3.1 Global Hopf bifurcation theorem
Suppose R? = {(x,s,5) € R®,x>0,s>0,y>0}, X = C([-7,0],R2), z; = (x(¢),s(£),y(¢)) € X.
Define z;(0) = (z1(t + 0),z2(t + 0),z3(t +09)), t > 0, 6 € [-7,0].

On R3, using similar notations as those in [9], we consider system (1), which can be
rewritten as the following form:

Z(t) :F(Ztr T,P)» (11)
where (t,p) € R, x R, R, =[0,+00),and F: X x R, x R, — R? is completely continuous.

If we restrict F onto the subspace of constant functions, then we have F = F| R xR, xR,
R3 xR, xR, - R3.
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Denote the constant mapping zo € R® by Zz. If F(zo, 70,P0) = 0, we say (2o, To, po) is a

stationary solution of (11). Obviously, we have
(A1) FeC* R xR, xR,,R3).

From system (1), we know

}”(1 _ 2_x) _ B(ste)y Oxy __box
Kw (x+s+e)? (ac+s‘+pe)(2 ) x+s+e
7 _ sy _y _ Wxte) __Ys
DZF(Z’ T’p) - (x+s+e)? 4 (x+s+e)? X+s+e
£0(s+e)-nyrs Y (v+e)—cbx g0x+nys _$
(v+s+e)® (x+s+e)® xts+e

Under assumption (H1), we obtain

2x* 0(s* +e)y* Ox*y* Ox*
det(D,F(z,7,p)) = det ‘”Sv—f' -y - W —‘”TS <0.
e0(s* +Ue;—n¢f5* y* ny(* :ez)—sex* y* 0

Thus, about the linear operator D_F(z, 7, p), we have

(A2) The derivative D,F(z, T, p) at equilibrium z* is a homomorphism on R?;
(A3) F(¢,t,p) is differentiable with respect to ¢.

The characteristic matrix of (11) at (zo, 7o, p) is

A(E,r,p)()\) =Al _D<pF(EO’ TO’PO)(e)VI)y

that is,
A(:E,r,p)()\)
6721z 9z
A+ my D +7(2) 1e)? Z0 4z 1e
_ _ ¥z(2z03) ¥z
- D +72) 1e)> A+ z0m 4 z@4e |7
_89(2(2)+e)—m05(2) 5(3) o=AT _m//(%mw)—séfzm 5(3) p=AT
D © © 0z © © At ms
_ 2z 0(z?) 1)z _ Yz® W 1e) _ 6z 4nyz®
whereml——r( —T)+7Z,WZ2— —z,andmg-S—m

21422 1) (zWD+z2) +e)

The roots of det(A ;) (1)) = O are called characteristic roots. (A2) indicates that 0 is not

an eigenvalue of the stationary solution.

Obviously, the characteristic matrix A, (1) is continuous with respect to (z,p,1) €
B, (1j,21m/wo) x C. If the stationary solution (Zo, To,po) has eigenvalue with the form

im(2m /po) with m an integer, we say it is a center. If in some neighborhood of (2o, 7o, po) it

is the only center, then we say it is an isolated center.
From (12), we have

det(A(z*,r,p)()")) =23 — (a1 +an)A* + (anaxn — anap)h

+ [~(axaz + asia2)h + anaxaz

-AT
— d21413432 — 431412423 + ﬂ31ﬂ13ﬂ22]e

=0.

Page 11 of 22
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By the discussion in the previous section, we know (z*, 7j, 27w /ay), j = 0,1,2,..., are iso-
lated centers. There exist £ > 0, £ > 0, and a smooth function A : (z; - ¢, 77 + £) — C such
that, for any t € [tj — {, 7j + ¢ ], det(A g+ 27 /0p) (A(T))) = 0, [A(T) —iewo| < &, A(7)) = iwp, and
Re £r—y, > 0.

For & > 0, define

2
p-—
o

T <§},

'Qf’i% = {(v,p):0<v<§,
then on
[5—-¢7+¢] X 082 21,
.2
obviously we have

(Ad) det(Apscp(v+ i%”)) =0ifandonlyifv=0,7=1,andp = %’j =0,1,2,....
Furthermore, we define

HE( 2 2n —det( A 27
2T (v + p) = det e\ V) )

From (A4), we know H*(z*, 7, Z—Z) #0on 982 2x. The first cross number is
s

s o T\ Cgee (H (20,2 2
VA B4 ;T/, C() = egB z ;T]’ ) 5,2_71
0 a)o ()
2
—degB<H+ (z*,rj, —ﬂ),ﬂs 27[) =-1.
wo 7w

Write
Y = Cl{(z, 7,p) € X X R, X R, : zis T-period solution}
and
N ={(z7,p):F(z,7,p) =0}.

Denote by C(z*, 7j, 1—7;) the connected component of (z*, 7, Z—Z) in X.
To obtain the global continuation of Hopf bifurcation, we need the following result.

Lemma 6 (Wu [9]) About the connected component C(z*, tj, z)—z), we have that at least one
of the following two results holds true:

(@) Cz% 7, i—’(’)) is unbounded.

(b) The projection of C(z*, 1), Z—’;) onto X X R, is finite and

Lz pecery zmmY BTP) =0.

In fact, we always have

2((2,7,"1’7)EC(Z*,T]‘,Z)%)ﬂN)y(z’ T;p) < 0;
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because the cross number of any center is —1. Thus, the component C(z*, 7;, i—’;) through
(z*, 7, i—’;) is nonempty and unbounded.

Lemma 7 For every center (z*, 1, i—f}), j=0,1,2..., the component C(z*,7j, i—’;) is un-
bounded.

3.2 Global existence of periodic solution
Lemma 8 The solution of (1) through nonnegative initial functions is always nonnegative.

Proof The first equation of (1) means

3 (&) 0y(&)
#(£) = 2(0)elo 10K —sritere | 6,

which indicates x(¢) > 0 if x(0) > 0. Similarly, we have y(t) > 0. Suppose that there exists
to > 0 such that s(¢) > O for ¢ < ty and s(#) = 0, then

é(t()) =i> 0,
which is a contradiction. O

In the coming part, we shall prove that system (1) has no nonconstant t-period solution.
We first make the following assumptions:

(H2) max{A;,Ay, A3} <A+,

where
A = r<1 _ ﬁ) 003+ + Y v
(o + x5 +e)

Ay = r(l 2x>{> O(xh +e)xs  eOxF + nyrah . ‘ ny(xf +e) — eOxy

Y

* *
X} +x;+e

€3

Ox7

k *
X1 +x5+e

’

-— - x

K (K +as+e)?  xf+as+e &t +xi+e?

0xix;
X5 +x5+e
and

4 eOxt +nyas  Yxi(x] +e) ‘ nyxs —ebxs +e) Yasvs

3= - ’
xXp+xy+e  (xi+abve) (&} + x5 +e) (¥} +3 +¢)’

For readers’ convenience, we state the high-dimensional Bendixson theorem [11] as fol-
lows.

Lemma 9 (Li and Muldowney [11]) Suppose that one of

of2 of2
oo (- o
ox ox

holds on R" where 1 is a Lozinskii measure corresponding to an absolute norm | - | on RN,
N = (}). Then no simple closed rectifiable curve in R" is invariant with respect to dx/dt =

f(x).
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Lemma 10 If (H2) holds true, then system (1) has no nontrivial t-period solution.

Proof Suppose that (1) has a nontrivial 7-period solution, which is equivalent to the fol-
lowing system having a nonconstant periodic solution:

1 (8) = o ()1 — Q) - Lo
M

®o(t) =i — yxa(t) - x1 () +xa(f)ve
) = LD g (4) _ o),

(&) +x2(t)+e

Denote x = (x1,%),%3)" and

rxl(l xl) _ _Oxix3

X1+x2+e
_ P _ _Yxoxs
Sx1,%9,%3) = le Wf//z prveseilill
eox1+nyYxn _
X1+xp+e x?’ (ng
then we know
r(l _ 2x1 ) 6 (x2+e)x3 Ox1x3 __btxn
3f x1+x2+e)2 (x1+x2+e)2 X1+x2+e
Y o_ ¢x2x3 —y - Yx3(x1 +e) Y
ox (w1 +x2+€)? (1 +x2+€)” x1+x2+e
89(x2+e)—m/fx2x mﬁ(xﬁe)—a&xlx e0x1+nyxy S
(x1 +x+€) (1 +xp+e)% 3 xX1+xp+e

In fact, the compound matrix of 3f/dx is

2x1 VE) 0x1
2] r(l- 7) -v-L T x1+xa+e X1+xo+e
f _ nw(xﬁe)—sgxl X3 (1 - 2961) S+ M Ox1x3 . )
0x i Yoy bt
- (x1+x2+e)2 *3 (x1+x2+e)2 v - §+N
where
I O(x2 + e)xs + Y (x1 + e)xs
(x1 + x5 +€)° ’
Mo £0x1 + nYrxy 0 (xy + )3
xitxte (v +apte)
N e0x1 + Xy Y(x1 +e)xs
X +xpte  (x)+x+e)
and
2%t x5 Ox
max{r(1-=L)-y-L+ id L ,
K xXi+xs+e| |xi+x;+e
r(l—%)—8+M+ nW(x’{+e)—80x>{x* Oxix;
K

(o + a5 +e)? x5 +el
Yx Y

(] + 5

nyxs—eb(xs+e)
3

—y—8+N+‘

5 }<0.

Recalling Lemma 7, the conclusion follows from Lemma 9. O

(% + x5 +e)
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Theorem 4 Suppose (H1) and (H2) hold true, then we have the following conclusions:
(1) The bifurcating periodic solutions from 1y fulfill the trichotomy
(a) they exist for all T > to;
(b) they have amplitude tending to infinity;
(c) they have period tending to infinity.
(2) The bifurcating periodic solutions from t,j = 1,2,..., fulfill the dichotomy
() they exist for all T > v;
(b) they have amplitude tending to infinity.

4 Simulation
In this section, we will perform a group of simulations as an example to illustrate the theo-
retical results given in the previous sections. From [5], we first fixr =0.1,60 =5,e =1,y =1,
¥ =5¢€=01,1n=0.1,8§ =0.1, K =0.2, i = 0.255. Thus, the unique positive equilibrium E*
is (0.0164,0.2336,0.0229). It is not difficult to verify that these parameters fulfill assump-
tions (H1) and (H2). Thus we obtain a sequence of Hopf bifurcation values 7y = 23.1416
and 7 = 7o + Z(f)‘—g with wg = 0.0232. By Theorems 2 and 3, we know that £* is asymptotically
stable for 7 < 7y and stable Hopf bifurcating periodic solutions exist when t > 75. These
results are shown in Fig. 2, where stable equilibrium and stable periodic oscillations are
simulated.

According to the global Hopf bifurcation results in Sect. 3, we give simulation by DDE-
Biftool and the results are given in Fig. 3. We find that the bifurcating periodic solutions

0.3

(@)
0.2 ( 0

s(t)
0.1 v

0 e

0.3

0 2000 4000 0 2000 4000
t t
c d
0.3 © 0.3 @

laValala) (f—\f\ﬂﬂr\mr\
0.2 x(t) 0.2 (1)

s(t) s(t)

t
U b b

0 2000 4000 0 2000 4000
t t

o

Figure 2 Solutions of system (1) for (@) T =0, (b) T = 20, (c) T =30,and (d) T =35

Figure 3 Global Hopf bifurcation diagram obtained by 025
DDE-Biftool. The first two branches of Hopf bifurcating periodic o
solutions are simulated 2
3
<
0.1 /

0 200 T 450
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Figure 4 The first Hopf bifurcation value 7 (i) 2 60
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the rate at which subsidy appears, i

from 1; exist for any t > 7;. However, the branch from 7 has amplitude tending to infinity.
These simulations verify the unboundedness of Hopf branches established in Theorem 4.

To discuss the effect of the subsidy in model (1), we calculate the first Hopf bifurcation
point as a function of the rate at which the subsidy appears, i.e., the function 7y(i) shown
in Fig. 4. We find that increasing subsidies supplement would postpone the occurrence of

Hopf bifurcation and lead to a larger stable interval of the positive equilibrium.

5 Conclusions

In this paper, the stability of positive equilibrium in a predator-prey model with time de-
lay T and subsidies and the existence of local Hopf bifurcations at the positive equilibrium
were obtained. By employing the center manifold theorem and normal form theory, we
obtained the properties of Hopf bifurcations including the direction of Hopf bifurcation
and the stability of bifurcating periodic solutions. We further considered the global contin-
uation of local Hopf bifurcations and obtained the global existence of periodic solutions.
Usually, the conversion delay induces Hopf bifurcation and destabilizes the equilibrium,
such as reported by [7]. Our theoretical findings suggest that incorporating food subsidy

into a prey-predator model leads to a large stable interval of the coexistence equilibrium.

Appendix

In this appendix, we give the complete calculations about g;; in Eq. (10). In fact
W= iy — 2q - 24
= A(0)u; + R(0O)u; — (iwoz + 2)g — (—iwoz + 2)q
= A(0)u; + R(0)u, — 2 Re(gg)

A(0)w - 2Re(7*(0)foq(9)), 0 €[-7,0)
A(0)w —2Re(g*(0)foq(0)) + f0,6 =0

=A0)w + H(z,%,0),

where

2 =2
z z
H(Z,E,@) = Hzo(@); +H11(9)22 +H02(9)E + -

Page 16 of 22
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On the other hand, on the center manifold Cy, w satisfies
W= W,z + Wiz,
and we have

(A(0) — 2iwg)w0(0) = —H30(6),
AO)w11(6) = —H11(9),
(A(0) + 2iwo)wo2(0) = —Hoa(9).

Because u; = y(t + 0) = w(z,z,60) + zq + zq, so we have

y(t+6) w(t +0) 1 1
ur=yt+0) | = | wP+0) | +z] | +z|a | e,
y3(t +6) w(t +0) B F;

that is,

y1(t +6) = zel0? 4 zemiwod w(zlo) = 4 w(0)zz + wh (9)

yolt +0) = zae? + zgeio? 4 WAz =+ w7 (0)22 + WE)22)(9)

(3) 22 (3) (3)

52

2
2
y3(t +0) = zBei? + ZBe™ 0% 1+ wi 2 + Wi (0)2Z + we, (6)% TR

Furthermore, we have

_ z> _ 72
$1(0)=y1(t+0)go=2+Z+ wéﬁ}(())E + w1 (0)zz + wﬁ}z)(O)E P

. 22 _ 22
?2(0) = y5(t + 0)|g=0 = zx + Z& + w(zzo)(O)E + w(lzl)(O)zz + wgzz)(O)E +

52

2
$3(0) = y3(¢ + ) |om0 = 2B + ZB + w2)(0)% +w11(0)zz+w02(0)% Fooe

2
, . z
@1(—T0) = 27100 4 Ze!0T0 4 W(21())(0)E + w (0)zz + Wyy )(0)— + -

2
z _
Po(~To) = zae 0% 4 @™ + w2 (0) = + w(0)2z + w3 (0)

z2
2 2

2 2
) . z _ z
P3(=19) = zBe 0 + ZBe' 070 4 w(;(’)) 0)— + w(131)(0)zz + WE)‘Z)(O)— +oee,

2 2
$2(0) = 2% + 227 + 2 + [wiy (0) + 2w (0) |27 + - - -,

¢2(0) 2o’ + 2zzaq + 220 + [2w 0)x + w(z)(O)&]zzé e,

(1) (1)
w. w
$1(0)9,(0) = az® + (o0 + @)2z + aZ* + |:w<121)(0) +a w(lll) +Da 4 %}222 +oee,

2

(3)
$1(0)p3(0) = B2* + (B + B)zz + BZ* + [w(ff(O) sl + ﬁ + ]

$2(0)p3(0) = aBz® + (@p + aB)zz + apz>

W(Z) W(B)
+ |:ﬁw 0) + o + ;0,3+ %&}z25+m,

+ ..

Page 17 of 22
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¢12(—TO) — e 20702 | 9,7 Q2iw0Toz2 | [eiwofowgg(_To) n 2e—iw070W(111)(_1-0)]Z22 P
$3(~10) = e 20247 1 2zza@ + ¥ 00Z G2
+ [2e’i“’°’°w(121)(—to)a + ei“’or"w(zzo)(—ro)o'z]zzi +oe,
¢1 (—T0)¢3(0) — e—i(uol’oz2ﬂ + Zé(eiwo‘rolg + e—iworoﬁ) + eiwol’oézg
(3) (1)
. Wsa (0 . Wool—=T0) 5| o
+ [e”"o’" %() + e 00w (0) + Wi (~10) + %ﬁ]zzz +ee,

$2(~10)$3(0) = €00 + 2Z(e 0@ B + eV B) + e’ ap

i W(z?f)) 0) i 3) @) W(z%)(—fo) 21,25
+ e“‘"”OTa +e7 00w T (0)a + wiT (7o) B + T,B Z°Z4
Thus fy(z,z) can be written as

K122 + Ki927 + K372 + K1u2°Z
fo(z,2) = | Ko12? + Kopzz + K322 + Kuz?’z |+,
1(3122 + ](3222 + K3322 + 1(34Z2

where

Ki1 = aia + ais0” + ajea + arzf + argaf,
Ky = 2ay4 + 2a1500 + ar6( + @) + ar7(B + B) + ars(@p + af),
Ki3 = ayg + a1s@” + are@ + ais f + asdp,

Kig = a1a(wig(0) + 2w (0)) + ars (w3 (0)@ + 2w (0)cr)

(2) (1)
w. w.
+ die (W(lzl)(()) + W(lll)(O)O[ + —22 + -2 Ol_>

3) (1) W(230) W(zlo) a
+ayy (wu 0) + wi; (0)8 + - + Tﬂ)’
Ky1 = doa + ass0” + 60t + daz P + azgol,
Koy = 2a94 + 2a050@ + dog(a + @) + agz B + asg(@B + o),
Kos = as + ass@” + ane@ + azr P + aafp,

Koa = azg (W5 (0) + 2w1) (0)) + as (s (0)a + 2w (0)cr)

Wi (0) w%’«»&>

+ dyg (w(lzl)(O) + w(lll)(O)(x + 5 5

+ 228

W (0)  who(0) -
2 2

+ay (wf’f(O) +w(0)8 +

(2) (3)
Wy0(0) = w;0(0) _
+ dog (w(lzl)(O)ﬁ + w(ﬁ)(O)a + %ﬂ + %a ,

1(31 — a34e—21w01:0 + a35a2e—2lw0m + a36ae—21w01:0 + a37’3e—21w0r0 + 61380[/3672“00{0,
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Ksp = 2a34 + 2azsa@ + azg(o + @) + azy (,Bei“’om + Be_i"’ofo)
+ dsg (&ﬁeiwom + ot,ée_i‘“ozo),

I<33 = 6134621w0r0 + ﬂ355[262m0m + 4366{62@0!0 + a37ﬂe1w01'0 + 61386(,38

iwoTQ
’
i 1 i 1
Ksu = as, (e““ofow(zo)(—ro) +2e l‘“"fow(u)(—ro))

ei“"’tow%)(—ro)& + 2e7iw0T0 W(121)(—‘L'0)O{)

—_

+dss

(2) (1)
Wao (_TO) eiwo‘ro + Wao (_TO)&einTO>

2 2

e’i“’ofow(lzl)(—to) + e7i@o70 w(lll)(—ro)a +

+ dse

elwom w(lg’l) (0) + W(lll)(—l'o)ﬁ +e

(3) (1)
+dszy iwoTo W202(0) + Y20 (2_TO) ,3_)

w(lzl)(—ro)ﬁ + w(lsl)(O)oze’i“"”O

+ dsg

N N N

(2) (3)
+ P20 (2_T0) B+ wzg(o)&ei‘“"’o).

Since 7*(0) = D(1,a*, B*)T, we have

2(z2) =7 (0)f(z,2)

1(1122 + Kuz:_z + K1322 + I<14Z22
=D(1,a*, B*) | Knz? + Kopzz + K3 2* + Kpu2?z | + -+
1(3122 + I<32Z2 + K3322 + [(34222

= D{ (K + &*Ko1 + B*K31)2* + (Kiz + @Ky + B*K3p)2Z

+ (Ki3 + @*Kos + B*Ks3)Z* + (Kia + @ Ko + B*Kza) 22} + - -
with

&0 =2D(K11 + @ K1 + B* K1),
g1 =D(Kiy + &@*Kpp + B*K3p),

802 = 2D(Ki3 + @*Kaz + B*Ks3),
&1 =2D(Kis + @*Kos + B*Ksa).

To calculate g1, we need to know the center manifold functions wy(0) and wi;(0) for

0 € [-10,0). In fact, we have

H(z,z,0) = —2Re(7*(0)foq(0))

= z2+ 2z + 22+ 22 (0)
= g202 g goz2 g212 q

2 22 2 Z’z 7(0)
- — +g112Z+ oo — —
£20 ) 811 8oz ) 821 5 q
1(1122 + KuZE + 1(1322 + ](14222
+ [(2122 + K22Z2 + 1(2322 + ](24222 + -

1(3122 + K3QZJ_Z + 1(3322 + ](34222
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Thus

H(0) = —g20q(0) — 8024(0),
Hi1(6) = —g119(0) — g14(0).

In fact

Woo(0) = Awao(0)
= Zia)()Wgo(@) - HZO(Q)

= 2iwowa(0) + g209(0) + g024(0)

iwp6 —iwgf
’

= 2iwowo(0) + £204(0)e " + gpag(0)e

then we obtain

€209(0) g0 , 1802G(0) _; ,
Wao(6) = ngOq( )e1w09 n lgozq( )e—lwo() +E1€21w09
0 36()0
and
€119(0) jupe  1811700)
W11(9) = —Melwoe + gli()e—lwo@ +E2

wo wo
with E; = (B, E?,ENT, E, = (EY,EQ,EP)T are all three-dimensional vectors. In
H(z,z,0), let 6 = 0, then we have

H(z,%,0) = —2Re(7*7(0)/09(0)) + fo(2,2)

z? _ z? 2’z )
=— — + 81122 + oo — + g1 —
£20 D) g1 802 ) 21 5 q

2 z? 2%z

_ Z _ - _ _
- (gZOE +ENZZH Zn o+ 7)61(0)

K172 + K927 + K137 + KiazoZ
+ 1<2122 + 1(2222 + I(Qgéz + 1(24222 + e
K3172% + Kap2Z + K337 + KauzoZ
This leads to
H0(0) = —204(0) — §023(0) + 2(K11,Ko1, K31)
and

H11(0) = —g119(0) — 2113(0) + 2(Ki2, K22, K32) ™.

From the definition of A, we have

0
/ d1(0,0)w30(6) = Zieoowo(0) — Fo(0)

70
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and

0
/ d1(0,0)m11(8) = —Hi1 (0).

70

This indicates
o .
(iwol— / dn(o,e)e“%")q(O) =0
.
and
0 .
(—ia)o]— / dn(O,Q)e“"’Oe)ZI(O) =0.
.

The equation

0 Ky
(2iw01 - / dn(0, a)ezlwof’)/s1 =2 Ky
- K31
is actually a linear equation
2iwg — an —ay) —a3 Ky
—an 2iwg —az  —axn | E1=2| Ky
—az e 2000 _ga,e=2@0T0 gy, K3
Thus E; can be solved by
) -1
2iwg — an —ajy —a3 Ky
El =2 —an] 2ia)0 — a —al3 1(21
—az e 200t _ga,em2@0T0 iy, K3

Similarly, we have

-1

ai a2 43 Ky,
Ey=—|an ax ax Ky
az axp O K3y

So far, we have obtained the explicit formulas which determine g, g11, go2, and g»;.
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