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1 Introduction
In this paper we consider the initial value problem of the following anisotropic fourth-
order nonlinear Schrédinger equation:

iu, + Au + aZil U, +0lU|*u=0, xeR“teR1<d<n, (L1)
u(x,0) = p(x), xeR", ’

where a < 0, « > 0, b are real numbers. u(x, £) is unknown complex function, ¢(x) is the
given initial value data. The above equations can be used to describe some physical phe-
nomena. For example, [1] used (1.1) to describe the propagation of solitary waves in optical
fiber arrays. [2] used (1.1) to describe the propagation of ultrashort laser pulses in a plane
waveguide medium. The physical background of the equation is also given in [3-5].

For the isotropic fourth-order Schrodinger equation (d = n), there are many results. For
the Cauchy problem, in [6], they obtained the local well-posedness in C([0, T), H (R"))
for some y, also see [7—11] and the references cited therein. And they also obtained the
global well-posedness in C(R, H2(R")). For the initial-boundary problem, in [12], Ozsari
obtained the local well-posedness in C([0, T'), H*(0, +00)) and the global well-posedness
in C(R, H*(0,+00)); In [13], for the low regularity s < %, they obtained the local well-
posedness in C([0, T), H*(0, +00)).

For the anisotropic fourth-order Schréodinger equation (d < n), there are some conclu-
sions about the mathematical study of such equations. We have obtained the existence of
the local solution of the problem in isotropic Sobolev space C([-T, T, H*(R")) in [14]. The
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existence of global or almost global solutions for small initial value in isotropic Sobolev
space H;(R”) has been studied in [15]. The local existence of the solution in time and
space L4(I, L"(R")) and LI(I, H}(R")) (HX(R") = {u € L*(R"), ty, , Uy, thyy 5, € L*(R™)}) is ob-
tained by Banach fixed point theorem for the case d = 1, furthermore, the global exis-
tence of the solution is obtained by conservation law in [16]. Some local existence re-
sults is obtained in isotropic Sobolev space C(I, H*(R?)) on initial value problem of the
anisotropic nonlinear sixth order Schrodinger equation in [17]. The asymptotic behavior
in time of the solution has been obtained and it scatters to a solution of the linearized
equation as ¢ — oo in [18]. It can be seen from the form of equation (1.1) that higher
derivatives are not derived in every direction, so it is natural to think of such problems
in anisotropic Sobolev spaces. In [19], the existence of local solutions of problem (1.1)
in anisotropic Sobolev space H;l (Rd)Hg2 (R"-9) is given, but the global well-posedness is
not discussed. In [20], we also obtain the global existence in anisotropic Sobolev space
C(R, W;”d(R”)) for the sixth order nonlinear Schréodinger equation by energy method,
where W24(R") = {u|u, Uy, € L(R"),j = 1,0y 1y s Uiy € L*(R), 0= 1,...,d (< m)}. But
w2 “/(R") is only an integer order Soblev space, we will study the global solution of (1.1) in
anisotropic fractional order Sobolev space.

In this paper, we will give the existence, the uniqueness, the continuous dependence on
the initial value and the decay estimate of the global solution for the small initial value
problem (1.1) in anisotropic Sobolev spaces H;l'p H?"

Before stating our main results, we will introduce some notations.

We take y = (x1,%2,...,%4), Z = (X411, X442, - - -, %), thus x = (3, Z). We denote I (s1) = [0, %),
bis1) = {5}, Bls1) = (£, [@]]; Ii(s2) = [0,%59), L(s2) = (%52}, L(s2) = (5% [@]], where [a]
represents the maximum integer which does not exceed «. The Riesz potential I*¢ =

F1(|&|*@(€)), ~ is a Fourier transformation, and F~! is the Fourier inverse transfor-
mation. We denote V~ @ = [pa 1EIRE D |ED 4 ED gy $j|371¢(“§1,§2,...,§d,xd+1,

%) AEV dEy - dEg, V@ = [rg €lFanEaniaiatas i) |$3+1 v E2 4+ 23 P(n,
X2, Xy Edi1y - -rEn) AEgi1 dEqya - - - dE,, where 51 > 0, s > 0. The operator S(f)g =
FY(e s P-allsn sl rigaMegy |

L"(R") is Banach space with the norm ||f|zr&m) = fR,, x)|" dx . H%"(R") is Ba-
nach space with the norm ||f|lgsr@n = Iflr@ey + IE5f|lr@wny. For simplicity, we define
Ly =17 (R, L;LT = L(R)LIR™) = g, DI 1g G -) i g 122 < 00 H;"P H

H " ROHET(R™) = {eG,DINIEG: Mgz, s, < +00). Especially, HiH =
Z(R"=%) H(RY)
HP2(RYH(R™).

Condition 1.1 For the case 2n — d > 4, we have the following six subcases:

—(2n—-d-4sy-2s1 4)+\/ 2n—d—4sy—2s1 —4)2 +32(2n—d—4sy— 2s1)
2(2n—d—4sy-2s1)

s1 € Li(s1), 2 € 1(s2), ae(

)
2n—d—4sy—2s1-47

—(2n-d=2s1-4)+~/ (2n—d—2s1-4)2+32(2n—-d-2s1) 8

$1 € 11(81), Sy € 12(52)’ o e ( «/2(2,,_‘1_231) ’ 2n—d—2§1—4)’
—(d-2s1-4)+~/ (d—251-4)2+32(d-2s1) 8

s1€li(s1),  sp€l3(s2), ae( TSI » Tea)
—(2n—d—4sy-4)+ A/ (2n-d—-4sy—4)2+32(2n-d—4s7) 8

s1€l(s1),  sp€lisa), ae( FOn—d—dsy) ’ 2n—d—432—4)’

—(2n-d—4)++/ (2n-d—4)2 +32(2n-d)
S1 € 12(51): $2 € IZ(SZ)r PSS ( - - 2(22—{1’) - ! ’ 2,,,,80[,4)’

—(d-4)++/(d-4)%+32d
si€h(s), s€h(s), ae (ST B,
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Condition 1.2 For the case n — d > 2, we need the following condition:

—(1-d-2)+ A/ (1-d—2)2+16(n—d)
51 € I3(s1), s3 € I(s), ae(FEEE Z(Z_d) e, ),

—(n-d-253-2)+~/ (n—d—253-2)% +16(n—d—2s5)
siehl),  melh(s), e (UAnedm et 4 )

The main results are as follows.

Theorem 1.1 For the small initial value ¢(x) satisfying the condition || [S(t)@](x)|x < &, the
initial value problem has a unique global solution in the some subspaces of the space X =
{u: (0,+00) — Hfl PHZ"[|lullx = sup,t’ ||u(t)||Hs1 2" < +o00} ([s1] < a, [s2] < @) under
Condition 1.1 or Condltzon 1.2, where p, r, 0 will be determmed in the proof of Theorem 1.1
later.

The continuous dependence of the solution on the initial value and the decay estimate

of the solution are as follows.
Theorem 1.2 Let ¢(x) and (x) satisfy the condition: |[S()elx)llx < & and

SOV |x < &, u and v are the two solutions of problem (1.1) corresponding to initial

value ¢(x) and (x), respectively, then
lu—vllx < | S - )] -
In addition, if

supt’(1+2)"|| S(6)(@ — ¥) |, < +o0, fla+1)+n<1,
t>0

then
lu—vix <ct®@+2)7.
The structure of this paper is as follows: In Sect. 2, we give an introduction to some
symbols and estimates of solutions of linear equations; In Sect. 3, we give the estimates of

nonlinear terms; In Sect. 4, we give the proofs of Theorem 1.1 and Theorem 1.2.

2 Preliminary lemmas
For the free equation

i+ A+ a Y Uy, =0, x€RL,tER1<d<n, o)
u(x,0) = p(x), x€R", '

by making the Fourier transformation, we obtain

iy — & Pi + a(l§1* + |&I* + - + 8D = 0,

u(§,0) = ¢(&).
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Hence,

dic. oo 4 4 4

- = —i[1E1* —a(|&]* + 1&l* + - +18a*)] dt.
By substituting the initial value, we obtain

U, ) = §(&)elEP-aliEr +iga b erialle
So the solution of the free equation is

u(x, t) = I(x, £) * p(x) = S(t)p,

with

I(x,t) =

@2 )n/ g EillEP=aller*+1ga b+ 80l e
)" Jp

d

1 . .

= ) | |/Relxjéj—l(lé;'IZ—aIS/\‘*)tdsj
j=1

n
[T [t e
R

j=d+1

The free equation enjoys the following time decay estimates.

Lemma 2.1 Assume thata <0,s1 >0,5,>0,2<p<00,2 <r< oo, then, for any |t| #0,
we have

_n—d_2 _dq_2
||S(t)(p ”H;l'prz’r <c|t|” 2 a r)|t| a( p)llwllel:/)/HEZ‘r,’ (2.2)
z 5 z

! ’
SLO g S2.r gy ; A
for p(x) € H; >, where v’ indicates the conjugate number of r,i.e. + + ; = 1.

Proof See Lemma 2.1 of [14] and Theorem 1.1 of [21], and the proof is similar to the proof
of Lemma 2.2 of [19], so we omit its details. O

Lemma 2.2 Assume that f € CN(C) and 0 < u < N, where N is a positive integer. Assume
9k
next that 1 < p < 0o, f®(u) = Z;(:o %(u). Then the following assertion hold:
(1) If0<p<1then

|7 £ G, = elfV el 7w

”

1_1,1
whereq,re(l,oo),; =7t

(2) If u=m, and m is a positive integer, then

m
[f@ll, < e 10wl e, luis?,
k=1

where gy, ry € (1,00), s € (k—1,00] and

1 1 k-1

1
P qk Tk Sk

fork=1,2,...,m.
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(3) If w=m+ v, where m is a positive integer and 0 < v < 1, then
m+1
||1uf(u)|‘p < CZ!V(")(”)”qk ||1"”||r,<””|lfk’1,
k=1
where gy, ry € (1,00), s € (k—1,00] and

1 1 k-1

1
P gk Tk Sk

’

fork=1,2,...,m+1.

Proof See Lemma 3.2 of [22] and Theorem 3.1 of [23]. O

3 Estimation of nonlinear terms
According to the different values of 53, s;, the estimation of nonlinear terms can be divided

into the following situations.

Lemma 3.1 Take the cases; =0,5,=0. Taking2 <r=o+2<00,2<p=a+2<00, we

have

e P T (3.1)
y "z Yz
s = 11| < e(lel%,, + V1%, et = Vil 2 (3.2)
y 7z Yz Yz Yz

Proof Firstly, since (o + 1)p’ = p, (¢ + 1)r’ = r we have

+1
(Dt+1)/7/L(Ot+1)r/

a+l

I P = ulsL,,
L 513

7454
y z

which completes the proof of the first inequality.

Secondly, since ||u|*u — |[v|*v| < c(Ju|* + |v|¥)|u — v|, by using the Holder inequality we

have
[l u = 1],
5 Lz
<c|[lul® + W% jor e = il oy
y Tz Yz
= C(”””Zngga + ||V||zg1awa)||u - V||L§L§
y z y z
o o
< c(llwl%,, + V1% ) 1t = Vil o,
Yz Yz Yz
where 1/p" =1/p1 + 1/p, 1/¥ =1/ry + 1/r, pra = p, i = r. d

For the cases s; #0, s2 # 0 ([s1] < @, [s2] < ), using the fractional Sobolev embedding
([24]), we can obtain the following lemmas.

Page 5of 17
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d(a+2)

T = 2, we have

Lemma 3.2 Take the case 0 < s1 < ‘21, sy >4 Takmg o=
” |u|au”H—j1,p’Hf2.r’ = c”“”%ll,prz'h
y z y z
1t = 1010 1 < el e + WV ot = Pl
Yy z y z y z
Proof Using the Sobolev embedding ng’r(R”‘d) — L (R™) we have
lleell o n-ay = Cllulleszn -dy-
By the Holder inequality we obtain

L Pl L P

(|u|a+1)

< cllullfe lulizr + cllullfee | VZul|
z z z L
z

rr
z
< cllulljzllull 2
< cllull*s,
z

where L =L 4+ Lgincer=2.
r o0 r

Therefore we obtain

1 1
[ aa* ”H—fl»/’/Hfz:’/ = |l ||Hf2:’/ v
7 T Z 7

< c[lluls;
z

JTavd
y
= cl[f (el 2r)
£

< clf Qo) o + el V5 (et} o
y

Jravd
v

< ”u”iézﬁ ||Lyg I loell 22

y

o
< el g2 ] 0 aell 2 || o + el 2
£ z ¥ z

o
< el g2 | 1 [ laell 2
y z

HLP
y

1
< C”””ZEIJJH-EZU
y z

w c| ||M||ié2” ”Lg v (HMHH?’V)

L?
y

o9 () s

(3.3)

(3.4)

where f(z) = 2%, pl =5+ %. Meanwhile, we use the Sobolev embedding HS1 P(RY) —
qpdy 1 _ 1 ‘a
L}«/(R ), i ;—g andsl< e

Using the Holder inequality and the Sobolev embedding /£ (RY) — L (RY), L =

d , we have

|||u|“u— |V|aVHL£)/L{/
y 7z

(”u”LﬂlLVl + ”V”Lerl ) [l2e - V”L;Lg

=1
p

Page 6 of 17
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< el + V5 ) 6= oz

< C(H”HiflvﬂH—szr + ||V||i[31,pH—Yz»f)”” - V”LE’LE’
G G e

where 1/p" = a/py + 1/p, 1/r =alry + 1/r. O
Lemma 3.3 Take the case s; > ,0<89 <2 Takmg p=2,r= %, we have
121 u| o e cIIuIIj‘_é},p o (3.5)
|2t u = [v|*v HLpr,/ < C(”u”;%wfézm + ||V||i1;1,pH;z,r) lloe — V||L§L§- (3.6)

Proof In a similar way as in Lemma 3.2: using the Sobolev embedding Hg”(R”*d) —
Lg(R”‘d), é =1 _ %2 3nd H)fll’p (RY) — L;O(Rd), one obtains the proof of the first in-

r n-d
equality. Using the Hélder inequality and the Sobolev embedding H*" (R"~¢) — L' (R"~),
% = % ~2,, one obtains the proof of the second inequality. g

Lemma 3.4 Take the case s; = %
(1) When 0<sy < 52 takmg,o a+2,r= %, we have
[ 12e1u e 2 S cllulliis o (3.7)
e e (/e R I R e (3.8)
(2) When sy > =2 mkmg,o o+2,r=2,wehave
[ 12e1u W 2 < cllulliiis o (3.9)
R e (L LB I R (3.10)
Proof (1) Using the Sobolev embedding Hg”(R”‘d) s Lg(R”‘d), é = % - 22, we have

sl 8 oty = ellibl iz oay

Using the Holder inequality we have

|||u|“u|H;2,r/ = [1ulul  + [ V2 (lurw) |
= cflur], qllullwcHlul H |V2ul
= cllulljg el e
< c||u||z,§.r,
where }; = ¢ + 7, which means r = 524
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I |”|a””H§1vp’Hfz-r’ = |”|au”H§2:r’ v
v z z v

a+l

< cflullnr || o
z y

= el f (Il zgzr) [ o
z y
m
< (k) S1 k-1
= ¢ IO arlygor ) | laslpgor [ aelpzor [
k:1 z y z I, z y
m
a+1-k s1 k-1
< e ) s o 12 Nl oo | [ el gz ||k
Z y z il z v
k=1
= a+l-k 51 k-1
< e ) | ll gz | S [ 2 el oo | [ el oz e
z 5 z 5 z y
k=1
“ a+l-k k-1
<oy ol [ Nl v oo ol oo e
1 z y y z z y

m
<c) [lulyr

o
1P IIMIIHfl'Png"
k=1 y y

o
< C||||u||H;2'r o Mot gre gysor
y y z

1
< cllull®o
y z

where f is the same as before. When 0 < d/2 < 1, let m = 1; when d/2 = [d/2], let m =

[d/2]; when d/2 = [d/2] + 0 (0 <o < 1), let m = [d/2] + 1. For the index % = é + i + I;n;kl,

(@ +1—k)ggx = myg = p, Iy = p, which means p =« + 2.
And

R
= ] (t” + 1) = v o
< ([l + W17 oo Nt = vll 2o+ [aal® + W17 [ 21 = vl 2
< o (el Nl zaon + Ve 170 )t = Vi
+ (1o + 10 ) 26 = VI 20
< e[ (llzer + V052 e = Ve + (Nlzar + V1500 26 = Vi 204

< c(llallspr + IVI 50 ) 1t = Vil
z z

where £ = pil + piz = 1}3 + 1}4, 1/py = 1/ay +1/by, Vay (@ =1) = 1/r—=sy/(n—d), by =1, 1/py =

1/r —sy/(n—d), 1/(aps) = 1/r — s3/(n — d), p4 = r. Therefore,

” 77 |V|aVHL§/H_;2’/

<l = v] e |
z y

Page 8 of 17
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= el (Nl gar + MW ) = e
z z

j74
y

< el Il + I703r 3 [l =Vl

< C(||”||Z131Hszm + ”V”Zlesz,r) let = vl o pys2r
y 'z y 1z y 'z
= C(”””ZgH{zf + ”VHZEH'EN) llze — V”LEH;‘Z";
7'z vz y oz
whereﬁ =1%+%,p1:,0.
(2) Similarly, using the Sobolev embedding H;*" (R — L¥ (R*-%), we get the conclu-

sion. O

Lemma 3.5 Take the case sy = ”%d.

(1) When0<s; < %, taking p = ‘fi(f;i), r=a+2, we have

7] Il 7] s (3.11)

” ||H;IPH;2’ H*yfl H—;2 )

laat s = 14V v < Qe+ V11, )2t = Vil g (3.12)
¥ Z y Tz y Tz 5z

(2) When s1 > ‘51, taking p =2,r =« + 2, we have

7] Il 7] s (3.13)

” ”H;]pngr Hyjl 1-1;2 ’

T T ey (RO 1 AP | U PP (3.14)
y z y z y z

Proof In a similar way to Lemma 3.4, using the Sobolev embedding H;l’p (R?) — Lg(Rd),

1 1 $1

iy and H;l’p(Rd) < L;O(Rd), we have the above lemma. O

Lemma 3.6 Tuake the case s; = %, Sg = %’l. Takingp=o +2,r=a + 2, we have
177 s = c”u”oull,p 27 (3.15)
il g, = i
s = 1w1#v] < (el + V1%, ) 1= Vilp2e. (3.16)
y "z VY z Yz y z

Proof By Lemma 2.2 we have
m
et se] s < €3 g a2 Nael ok
z k=1 z z

m
=< CZ“ uol+17k “Lgk ||]szu||L{k ||u||]lig”}(
k=1 z z z

z

m
1k k-1
<c E N2l Gi=g, 12l sot ol g
L H; L
k=1
o
< cllullm Nl sa
z z

<cllu||% w50
< el il s
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< clluliysor el o
z

< cllull*s,
z

where g(u) = |u|*u. When 0 < (n — d)/2 < 1, let m = 1; when (n — d)/2 = [(n — d)/2], let
m=[(n-d)/2];when (n—d)/2=[(n—-d)/2] +0 (0<o <1),let m = [(n—d)/2] + 1. For the

index%— at ;k + Q Ja+1-Kgi=mg=r,l =r, thenr =« +2and
|||”|a”||H§1'P’H§2vr’ = ” |||u|“u||H§2,,/ g
y z z v
dewgb}§w

< ¢ 3 o) L 122 gz e Dl
k=1 7

m
1-k k— 1
<0l g Vo el |
k=1 z
a+l-k k-1
<c§jwwﬁw et [Pl | g e e
5 y
m
a+l-k k-1
SCE:MWM%’ﬁ%|W”ﬂ@#w|WMW’ Lk
z J’
k=1

<c§jww#w

k=1

’”k flul] 81 11<Hsy

o
< el Haell o I el vz
5 y oz

1
= C”u”(;_jferfzm
y 4

where f is the same as before. When 0 < d/2 < 1, let m = 1; when d/2 = [d/2], let m =
[d/2]; when d/2 = [d/2] + o (0 <o < 1) let m = [d/2] + 1. For the 1ndex L1kl

Ta kT m
(@ +1-Kk)qx = mx = p, Iy = p, then p = o + 2 and we have 1 = p+[1),r1/=°7‘+%.

In the same way, using the Holder inequality we have

|||M|au - |V|aV“Lp = (”””L”Lg + ||V||Zng)||M—V||L§L§- O
vz
Lemma 3.7 For the case 0 < s; < ,0 <59 < =4 taking p = ‘;(‘“2), r= (O‘*?("_d) , we have
+s10 n—-d+asy
1
” |u|au||Hf1,p’Hfg,r’ = C”””stfl,przm (3.17)
y z y z
|||u|au —v[*v “Lp = (Ilullel P2 + ||V||H51 pHszr)HM V||LﬂL;' (3.18)

Proof Using the Sobolev embedding H (R™4) — LI(R"9), 1 = 1 — =2 (note that 5, <
%l and one can deduce s; < ) and Hs1 ?(RY) — L°°(Rd) = % — % (note that s; <
4 and one can deduce s; < ) Slmllar to the proof of Lemma 3 2, the 1nequa11ty can be

establlshed. O



Su and Guo Advances in Difference Equations (2019) 2019:173 Page 11 of 17

4 Proof of theorems

Proof of Theorem 1.1 The solution of the initial value problem (1.1) is equivalent to the
integral equation

u(t) =S@t)p - i/tS(t— T)|u|*u(t)dr.
0

In order to use the Banach fixed point theorem, we can define the mapping T as follows:

=S(t)p - ifOtS(t— )|u|*u(t)dr.

—(2n—-d—4)++/ (2n—-d—4)2 +32(2n—d)

( ) Take the case s; =0, s, =0. When 2#n —d > 4 and - o) <a<
. d o taking p=r=a+2,0 = ;”T‘f; Let X = {u: (0,+00) — L;Lg}, we take the

norm in X to be ||u||x = sup,., ¢’ |u(t)|| ;- We define the metric space (X;,d) as follows:
V" z

X{ = {u(t) € X|llulx < 2¢},

o

d(u,v) = supt Vu,veXll.

3 r
t>0 Y )HLJ?LE

Obviously, we can prove that (X1,d) is a complete metric space.
We first prove that 7 maps X] into itself. Indeed, from Lemma 2.1 and Lemma 3.1 we
have

t
r(’||Tu||L5L5 <t ||S(t)¢||L§L§+t9/O ||S(t—z)|u|“u(f)||L§Lgdr
t
S m/ T I eTe Lol (IO s
z 0 y Tz
=[SOl g, +et” f 6= oIl de
t
=t ||5(1:)go||L§Lg +ct9/0 L rl*(7:9||u||L§L§)a+1 dt

t
=[SO g, + et ||u||‘“1/ r0@ D) | o g
0

1 T (a+1)
5001 + g v [1(2)
0

t
6”5 (p”Ler +C||M||a+1 60— 0(a+1)+*+lB(1_9(a+ 1)’1 +*),

where * = —”%d(l — %) - %(1 - %), B(.,-) is a Beta function.
Notice that & —6(a + 1) + * + 1 = 0, which is

n—d( 2> d( 2)
o =1- 1-——)-=(1-—),
2 r 4 0

n—d 2 d 2
Ola+1)<1, 1--)+—-(1-—-)<1
2 r 4 P

and
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It follows that

N Tull gy < SO ]+ ellulli™.

Hence

I Tullx <& +cllul.

1
2o+l

Now let € < ( )5, we obtain || Tu| x < 2&. That is to say, 7 maps X] into itself. Further-

more
0

N Tu—=Tvl po)r

Yy z

=

_i./o S(t—1)|u| u(r)dr+i/0 St -1)|v|*v(r)dt

oL
Yz

t
StG/ 6= 71|l () = 1" v(D) | o AT
0 T

t
<et [ le= el (i, + W5y, o)~ )]
0 Yz Yz Vo Z

t
:ct9/0 It —[* 0D (0 %, + V)| )19||u(r)—v(r)||L§L£d7:

L2rr 7954
¥y z ¥y z

t
<ct’ f e — o[ T 7D (|l + [VI) Nl — vilx de
0

1 —0(a+1)
_ Ct9—9(a+l)+*+l / (z)
o \ £

Similar to the above proof, we obtain

*

1-—
t

T
(hall + V1) e Vled<;).

0
N Tu - TVIILng < c(llully + IvIS) lu = viix < 2c(2e)" |u = vix.

Since ¢ < (m%)é, | Tue — Tv||x < || — v||x. We can also see that T is a contraction mapping
from X} into X1.

Thus by the Banach fixed point theorem, we see that T has a unique fixed point u €
X} € X which is the global solution of initial value problem (1.1).

(2) Take the case 0 <57 < g, 0 < so. We divide it into three cases:

(2.1): The subcase 0 < 55 < (n — d)/2, when

—Qn—d—4sy—2s1 —4) + /(2n—d — 4sy — 251 — 4)% + 32(2n — d — 4s — 2s1)
2(21’1—d—4$2 - 251)

8
< ’
2”—d—4§2—2$1—4

<o

: _ 8-(2n—-d—4sp-2s1-4)a _ d(a+2) _ (x+2)(n—-d) _ . S1,0 L ps2.7

taking 6 = @) 0P = Trara 7= Cndvan Let X = {u: (0, +00) — Hy H?"},

we take the norm in X to be ||u||x = sup,., ¢’ @)l 10 p2r. We define the metric space
y z

(X3,d) as follows:

X3 = {u e Xllullx < 26},

Page 12 of 17
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d(u,v) = supt’ ||u(t) —v(t) HLL’LE’ Yu,v e XZI.
t>0 y z

Obviously, we can prove that (X2, d) is a complete metric space.
—(2n—d-2s51-4)+/ (2n—d 251 —4)2+32(2n-d—2s1)

(2.2): The subcase sz = (n — d)/2, when Sn—d=3s1) <o <
8 —(2n-d-2s1-4)a d(a+2 . :
—d-25,-4° takmg@ Zﬂl(a+;1 , P = d(fs-:a)’ r=a+2.LetX = {M : (O, +OO) b d H;l png r},

we take the norm in X to be [lu|x = sup,., ¢’ ()|l 10 2. We define the metric space
(X3,d) as follows: g

X3 = {u e X|||ulx <2},

d(u,v) = supt’ ” u(t) — v(t) HHfl,er, Yu,v e Xg.
t>0 y z

Obviously, we can prove that (X2, d) is a complete metric space.

e 27 132(d
(2.3): The subcase s, > (11 — d)/2, when —¢=21=9* ((2_223311)4) A1) g o d_2§1_4, taking

0 = 8‘%;&22‘)4)“, p= Z(fs"i ,r=2.Let X = {u:(0,+00) — H;l'png}, we take the norm in X

to be ||u|x = sup,.q £ [|u(t) | 510 py52r . We define the metric space (X3,d) as follows:
y Z

X5 = {ueX|lulx < 2¢},

d(u,v) = supt’ ||u(t) —v(t) HLL’LE’ Yu,v e Xg.
t>0 y z

Obviously, we can prove that (X3, d) is a complete metric space.

Using the Banach fixed point theorem, by Lemma 3.7, Lemma 3.5 and Lemma 3.2 we
see that Tu has a unique fixed point in X2, X2 and X3 which is the global solution of initial
value problem (1.1).

(3) Take the case s; = %, 0 < so. We divide it into three cases:
—(2n—d—4sy-4)+ A/ (2n-d—4sy—4)2 +32(2n-d—4sy)

(3.1): The subcase 0 < sy < (1 — d)/2, when S dsy) <a<
8 _ (2n—d—4sy—4)a _ (a+2)(n—d) _
m, taklng 0 = W, p=0o + 2 r = m Let X = {M (O +OO)
H;"p 2271, we take the norm in X to be ||u||x = sup,., t || u(t) ||Hs1 g We define the met-

ric space (X3, d) as follows:
X; = {M € X|llullx < 28},

d(u,v) = supt’ |u(t) = v(6) | o ,p2rr  Yut,v € X3,
t>0 y oz

Obviously, we can prove that (X3, d) is a complete metric space.
—(2n-d-4)++/ (2n-d—4)2+32(2n—d)

(3.2): The subcase s, = (1 — d)/2, when - =) <a<s d 5, taking
0= 72?(“{24 ,p=a+2,r=a+2.Let X ={u:(0,+00) > Hsl’pHS2 "1, we take the norm in

X to be ||ul|x = sup,.q t |u(t M 510 ysor. We define the metrlc space (X3,d) as follows:
y z

X3 = {u e Xllullx < 2¢),

d(u,v) = supt’ ||u(t) - u(t) HLELE’ Yu,v e X%.
t>0 Yz

Obviously, we can prove that (X2, d) is a complete metric space.
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—(d— _4)2
(3.3): The subcase sy > (1 — d)/2, when W <o < ﬁ, taking 6 = Sgéé’fz};’,

p=a+2,r=2 Let X = {u:(0,+00) — H;”’ng’r}, we take the norm in X to be |ju|x =
sup,. £ [|u(8) || 510 5. We define the metric space (X3, d) as follows:
y z

X5 = {ueX|lulx <2},

d(u,v) = sup I || u(t) —v(t) HLngz,r, Yu,v e Xg.
t>0 y oz

Obviously, we can prove that (X3, d) is a complete metric space.
Using Lemma 3.4, Lemma 3.6 and the Banach fixed point theorem again, we obtain the
global solution of the problem (1.1).

(4) Take the case s; > , 0 < s5. We divide it into two cases:
—(n—d-2sy— 2+\/n Ad—259—2)2+16(n—d—2s5)

(4.1): The subcase 0 < s, < (n — d)/2, when Sr—d7) <o <
d ,
#252_2, taking 0 = ’%Tﬁ)z, p=2,r= ‘;"*ims let X = {u: (0, +00) — HS1 PHZ'Y,

we take the norm in X to be [lu|x = sup,., ¢’ (@)l 510 pys2r . We define the metrlc space
y z

(X3, d) as follows:

Xy = {ueX|lulx <2¢},

d(u,v) = supt’ ||u(t) —v(t) HLL’LE’ Yu,v e Xi.
t>0 y oz

Obviously, we can prove that (X}, d) is a complete metric space.
d-2 —d-2)2+16(n—d
(4.2): The subcase s, = (1 — d)/2, when ~=E2NIEAPA0D (4

%, p=2r=a+2,letX={u:(0, +oo)—>Hf1 PH*"}, we take the norm in X to be

llatllx = supy,q £ |4(8) | 510 2. We define the metric space (X3, d) as follows:
¥ z

<a< taking 6 =

X;={ueXllulx <26},

d(u,v) = supt’ || u(t) — v(t) “Hfl‘ﬂLI’ Yu,v e XZ.
t>0 y z

Obviously, we can prove that (X2, d) is a complete metric space.
Similar to the proof of (1), by Lemma 3.3 and Lemma 3.5, it is known from the Banach
fixed point theorem that we have the existence of a unique fixed point of # € X which is

the global solution of the initial value problem of (1.1). a

Proof of Theorem 1.2 Here we only prove the decay estimate of solution in the case s; =0,
s> = 0 and the rest is similar.

We first prove the continuous dependence of the solution on the initial value. ¢(x) and
Y (x) satisfy the initial condition, and #, v are the two solutions of problem (1.1) corre-
sponding to initial value ¢, v, respectively. We know Tu = u, Tv = v by Theorem 1.1 and

from the proof of Theorem 1.1 we can obtain

t’ H u(t) — v(2) ”Lé’LE
Yz

=t Tu — Tv|| o
Yz



Su and Guo Advances in Difference Equations (2019) 2019:173 Page 150f 17

<[ S#)p - ‘ﬁ)”Lng +t’ /0 |S( = o) (lul*u(z) - [v“v(7)) ||L§»L§ dr

42 NIRRT ||L§Lg +2¢(26) lu - v|x.
Since 2¢(28)* < 1,
le=vix < SO0 - )]
In the following we prove the decay estimate of the solution

P t)"/o [t = o)1 (@) = 1 v(@) | a7

<L+ 1) /0 el - )

LY rr
y Tz

t
< (L4 1y / 16— 2 (el + 1V1%,) | () — ()] o,
0 y z Yy z Yz

t
<ct’(1+ t)"/ D@ )= (2 Null, TN,
0 Yz Yz

(14 ) |ule) = v()| o dT
Yy z

t
<ct’(1+ t)"/ 70D 4 ) |g - t|*(sup 19"‘||z4||z“r + sup 1'9"||V||2‘£,L5>
0 O<t<t Yz O<t<t Yz

- sup (1 + 1) |u(t) - v(z) | 0, dT
O<t<t Yz

1+t
1+7

<2¢(2¢)%t sup (1 + t)””u(t) - V(t)”Lf)LI ft<
Yy zJ0o

O<t<t

1
> |t —z|*|z| PV dr
I\
<2c(2¢)*¢ supt9(1+t)”||u(t)—v(t)||Lm/ (—) It — 7"tV dr
>0 yzJo \T

t
=2¢(26)*t" " sup (1 + £)" | u(t) = (1) 1 / It —t|*|z| PV de
t>0 yzJo

* —0(a+1)-n

1 it
t

t

T

1
<2(2¢)% su(;)) 1+ || u(t) — v(t) ”Lé’Lr (o rm=tlesd)-nel / .
> Yz

0

=2¢(2e)* supt’ (1 + £)" ||u(t) —v(t) ||LBLrt9+*_9(“+1)+lB(1 —0+1)-n1+ *),
t>0 Yz

where * = —”%d(l - %) - %(1 - %), B(.,-) is a Beta function.
Notice that & —0(x + 1) + *+1=0,and O(x + 1) + n < 1, Z4(1 - 2) + %(1—%)<1,thus
we have

A t)n/o IS - ) (lul*u(r) - [v|*v(r)) ||L§Lg dr

<2c(2¢)* supt?(1 + £)" ||u(t) - u(t) “LELK’
t>0 Yy z
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so that

supt? (1 +¢)" ||u(t) —v(t) ||L£>L5
t>0 Yz

< su([)) 1 +2)"|SE)p - V) ||L§L5
24 z

+supt? (1 +¢)" /0 |5 =) (Jul*u(z) - [v|*v(x)) ”Lng dt

t>0

<supt?(1+1¢)" ||S(t)(<p — ) ”LL’LE +2c(2e)* sup (1 + £)" || u(t) —v(t) ”LEL!‘
t>0 yz t>0 Yz
Since 2¢(2¢)* < 1 and sup,. £7(1 + £)"[|S(£)(¢ — ¥) |2, < +00 we have
vz
supt’(1+8)" || u(t) = v(D)]|| .o, <c.
t>0 Yy z
Hence

||u(t) —1(t) HLng <ct P+ 0

Acknowledgements
The authors would like to thank the anonymous referee for her/his useful comments and valuable suggestions.

Funding
This work is supported by Natural Science Foundation of China (No. 11571209, No. 61473180, No. 61503230).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that the study was realized in collaboration with the same responsibility. All authors read and
approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 18 December 2018 Accepted: 24 April 2019 Published online: 08 May 2019

References
1. Aceves, AB, De Angelis, C, Turitsyn, S.K.: Multidimensional solitons in fiber arrays. Opt. Lett. 19, 329-331 (1995)
2. Wen, S, Fan, D.: Spatiotemporal instabilities in nonlinear Kerr media in the presence of arbitrary higher order
dispersions. J. Opt. Soc. Am. B 19, 1653-1659 (2002)
3. Fibich, G, llan, B, Schochet, S.: Critical exponents and collapse of nonlinear Schrédinger equations with anisotropic
fourth-order dispersion. Nonlinearity 16, 1809-1821 (2003)
4. Fibich, G, Papanicolaou, G.C.: A modulation method for self-focusing in the perturbed critical nonlinear Schrodinger
equation. Phys. Lett. A 239, 167-173 (1998)
5. Fibich, G, Papanicolaou, G.C.: Self-focusing in the perturbed and unperturbed nonlinear Schrodinger equation in
critical dimension. SIAM J. Appl. Math. 60, 183-240 (1999)
6. Dinh, V.D.: On well-posedness, regularity and ill-posedness for the nonlinear fourth-order Schrédinger equation. Bull.
Belg. Math. Soc. Simon Stevin 25, 415-437 (2018)
7. Hao, C, Hsiao, L, Wang, B.: Well-posedness for the fourth-order Schrodinger equations. J. Math. Anal. Appl. 320,
246-265 (2006)
8. Hao, C, Hsiao, L, Wang, B.: Well-posedness of the Cauchy problem for the fourth-order Schrédinger equations in
high dimensions. J. Math. Anal. Appl. 328, 58-83 (2007)
9. Pausader, B.: Global well-posedness for energy critical fourth-order Schrodinger equations in the radial case. Dyn.
Partial Differ. Equ. 4, 197-225 (2007)
10. Pausader, B.: The cubic fourth-order Schrodinger equation. J. Funct. Anal. 256, 2473-2517 (2009)
11. Segata, J.. Well-posedness for the fourth-order nonlinear Schrodinger type equation related to the vortex filament.
Differ. Integral Equ. 16, 841-864 (2003)
12. Ozsari, T, Yolcu, N.: The initial-boundary value problem for the biharmonic Schrodinger equation on the half-line.
Commun. Pure Appl. Anal. (2019). https://arxiv.org/abs/1802.10499


https://arxiv.org/abs/1802.10499

Su and Guo Advances in Difference Equations (2019) 2019:173 Page 17 of 17

20.

AR

22.

23.

24.

Capistrano-Filho, RAA, Cavalcante, M., Gallego, FA.: Lower regularity solutions of the biharmonic Schrédinger
equation in a quarter plane (2018). https://arxiv.org/abs/1812.11079

Guo, CH., Cui, SB. Well-posedness of the Cauchy problem of high dimension non-isotropic fourth-order Schrodinger
equations in Sobolev spaces. Nonlinear Anal. 70, 3761-3772 (2009)

. Zhao, X, Cui, S.: Global small solutions of the Cauchy problem for non-isotropic Schrodinger equations. Kyungpook

Math. J. 48, 101-108 (2008)

. Bouchel, O.: Remarks on NLS with higher order anisotropic dispersion. Adv. Differ. Equ. 13, 169-198 (2008)
. Guo, C, Cui, S:: Solvability of the Cauchy problem of non-isotropic Schrodinger equations in Sobolev spaces.

Nonlinear Anal. 68, 768-780 (2008)

. Saut, J.C, Segata, J.. Asymptotic behavior in time of solution to the nonlinear Schrodinger equation with higher order

anisotropic dispersion. Discrete Contin. Dyn. Syst. 39, 219-239 (2019)

Zhao, X.Q, Guo, CH., Sheng, W.C,, Wei, X.M.: Well-posedness of the fourth-order perturbed Schrédinger type
equation in non-isotropic Sobolev spaces. J. Math. Anal. Appl. 382, 97-109 (2011)

Guo, C, Zhao, X., Wei, X: Cauchy problem for higher-order Schrédinger equations in anisotropic Sobolev space. Appl.
Anal. 88, 1329-1338 (2009)

Ben-Artzi, M., Koch, H.,, Saut, J.-C.: Dispersion estimates for fourth order Schrodinger equations. C. R. Acad. Sci. Paris,
Sér. | Math. 330, 87-92 (2000)

Cui, S.B., Guo, CH.: Well-posedness of higher-order nonlinear Schrédinger equations in Sobolev spaces H(R") and
applications. Nonlinear Anal. 67, 687-707 (2006)

Christ, EM., Weinstein, M.l: Dispersive of small-amplitude solutions of the generalized Korteweg-de Vries equation.
J.Funct. Anal. 100, 87-109 (1991)

Runst, T, Sickel, W.: Sobolev Spaces of Fractional Order, Nemytskii Operators and Nonlinear Partial Differential
Equations. de Gruyter, Berlin (1996)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://arxiv.org/abs/1812.11079

	The global solution of anisotropic fourth-order Schrodinger equation
	Abstract
	MSC
	Keywords

	Introduction
	Preliminary lemmas
	Estimation of nonlinear terms
	Proof of theorems
	Acknowledgements
	Funding
	Competing interests
	Authors' contributions
	Publisher's Note
	References


