Xu et al. Advances in Difference Equations (2019) 2019:206 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-019-2145-x a SpringerOpen Journal

RESEARCH Open Access

Check for
updates

Existence of positive solutions of discrete
third-order three-point BVP with
sign-changing Green’s function

Youji Xu' @, Weiwei Tian' and Chenghua Gao'

“Correspondence:
xuyj@nwnu.edu.cn Abstract

'College of Mathematics and . . . . . . . .
Statistics, Northwest Normal Consider positive solutions and multiple positive solutions for a discrete nonlinear

University, Lanzhou, PR. China third-order boundary value problem

Au(t-N=a@ft,u®), tell,T-2lz
Au0)=u(h) =0, A’um) - aAu(T-1)=0,

which has the sign-changing Green’s function. Here T > 8 is a positive integer,
r=-1z={12....T-2}a e [O,%),a: [0, T - 2]z — (0,+00),

f:[1,T -2z x [0,00) = [0,00) is continuous.
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1 Introduction

Multi-point boundary value problems for differential equations have a wide application
in computational physics, economics, and modern biological fields [1]. In 1992, Gupta
[2] studied solvability of differential equation three-point boundary value problem. Soon
afterwards, there arose many results on multi-point nonlinear boundary value problems
[3-6]. In 1999, Ma [7] studied the existence of positive solution for a second-order dif-
ferential equation three-point boundary value problem. Thereafter, many results for the
existence of positive solutions on multi-point boundary value problems have been stud-
ied [7-19]. With the development of the computing science and the computer simulation,
multi-point boundary value problems should be discretized, so we need to study corre-
sponding difference equation [20—26]. In 1998, by using Krasnosel’skii’s fixed point theo-
rem, Agarwal and Henderson [24] studied the discrete problem

Adu(t—1) = rat)f (t,u(®), te(2,Tlz,
u(0) =u(1l) =u(T +3) =0.

They obtained the existence of positive solutions in two cases for A = 1 and A # 1. Later,
there were many interesting results on the positive solutions to the discrete boundary
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value problems, see, for instance, [23-26] and the references therein. It is noted that
Green’s functions are positive in most of these results. However, when the Green’s function
is sign-changing, could we also obtain the existence of positive solutions to these kinds of
problems?

In 2015, by using the Guo—Krasnosel’skii fixed point theorem, Wang and Gao [25] stud-
ied the existence of positive solutions to the discrete third-order three-point boundary
value problem

Adu(t-1)+a@®)f (t,ut) =0, te[l,T-1]z
u(0) = Au(T) = A®u(n) =0,

372-3T-2
where ne [1, [W

Gao [26], by using the Guo—Krasnosel’skii fixed point theorem, studied the discrete third-

11z and the Green’s function is sign-changing. In 2016, Geng and
order three-point boundary value problem

Adu(t —1) + ha(t)f (t,u(t)) =0, te[l,T-1]z
u(0) = Au(t) = A%u(n) =0,

when f satisfies some superlinear and sublinear condition on 0 and oo. For the continuous
case, which has the sign-changing Green’s function, one can see [27—29] and the references
therein. Inspired by the above works, in this paper, we consider the existence and multiple
positive solutions to the following discrete nonlinear third-order three-point BVP:

Adu(t—1)=a@)f t,u(t), te[l,T-2lz,

(1.1)
Au(0) = u(T) =0, Au(n) —aAu(T -1) =0,

where T > 8 is a positive integer, o € [0, ﬁ), a:[1,T-2]z — (0,+00), f: [1, T - 2]z X
[0, 00) — [0, 00) is continuous, 1 satisfies

(Ho) ne[l52) +1,T-2lz.

Under assumption (Hy), the Green’s function of (1.1) changes its sign. The proof of our
main results is based upon the following well-known Guo—Krasnoselskii fixed point the-

orems [30].

Theorem 1.1 Let E be a Banach space and K C E be a cone. Assume that §2,, §2, are open
bounded subsets of E with 0 € 21, 21C 2. If

A:KN(2,\ 1) > K

is a completely continuous operator such that

(i) IAull < llull, u € KN 3821, and ||Aul| > ||lull, u € K N 525,
or

(i) |[Au| = ul, u € KNN3y, and |Aul < ||lull, u e K N 325,
then A has a fixed point in K N (2, \ §21).

Theorem 1.2 Let E be a Banach space and K be a cone in E. For some p > 0, define K, = {x €
K|lx|l < p}. Assume that A : K, — K is a compact operator; if x € 0K, = {x € k|||x| = p},
Ax # x, we have
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(i) ForVx € 8Ky, if |Ax|| > |lx, then i(A, K, K) =0,
(ii) For Vx € 0K, if | Ax|| < ||x||, then i(A, K, K) = 1

2 Preliminaries
Lemma 2.1 Suppose that (Ho) holds. Then the linear problem

Adu(t-1)=y@), te[l,T-2]z

(2.1)
Au(0) = u(T) =0, Au(n) —aAu(T-1)=0
has a unique solution
T-2
u(t) =y G(t,5)y(s), 2.2)
s=1

where

T(T-1)-t(t-1)
7’ s S b
Glt,s) = g(t,) + k(t,5) + | > 2%TD "
0, n<s,
.9 a(T—s-D[T(T-1)-tit-1)] (T-s)(T—-s-1)
»8) =— - )
g 2-2a(T-1) 2
D) - gcs<t-2<T -2,
k(t,s) = 2 - -
0, 0<t-2<s<T-2,
and
—aT(T-1)(T-s-1)+T(T-1)  (T-1)(T-s-1)
- ) N S )
G(0,9) = G(1,5) = 2-24(7-1) 2 !
—aT(T-1)(T-s-1) (T-1)(T-s-1)
22a(T-1) ) ’ n<s.

Proof Summing both sides of equation (2.1) from s =1tos=¢—1, we get
t-1
2ut—1) = A%u(0) + »_ ¥(s),

s=1

and
-2
Au(t-1)=(t- +Z —s—=1)y(s).
s=1

Then summing both sides from 7 =1 to t = ¢, we get

t-2
)y =u@) + D aro) + Y0 LTSN

s=1

Page 3 of 19
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From boundary conditions Au(0) = u(T) = 0, A%u(n) —a Au(T — 1) = 0, we have

u(0) + LI A24(0) + 3072 TT=s=y () = o
A?u(0) + 37 () — (T = 1) A%u(0) —a Y A(T — s — 1)y(s) = 0.

Furthermore, we get

T-2 — — — T(T-
u0) =73 %J’@) + D 1 3 2(01 Tl—l)y( s)
T-2 (T—s)(T—
_ZS ) ( S)(2 5— l)y( ),

AZM(O) = ZST 12 ;y_g(; 1 J’(S) ZS 1 1-of T 1) y(S)

Then we have

T-2
u(t) = Z(_a(T—s—l)[T(T—l)—t(t— 1)] _ (T -s(T-s- D)y(s)

— 2-2a(T-1) 2

@

t-2
s Z (t- S)(t2—s - l)y(s)
s=1

T T(T-1) -t -1)
+; 221 O

Lemma 2.2 Suppose that (Hy) holds. Then the Green’s function G(t,s) changes its sign on
[0, Tz x [0, T]z. More precisely,
i) Ifs€[1,n]z, then A;G(t,s) <0, G(t,s) > 0 for Vt € [0, T)z. Furthermore,

min G(t,s) = G(T,s) =0,
tel0,Ty

T(T-1)(1
max G(t,s) = G(0,s) < M
t€[0,Tz, 1-a(T-1)

(i) Ifsen+1,T -2z, then A;G(¢,s) > 0, G(t,5) <0 forVt € [0, T]z. Furthermore,

max G(t,s) = G(T,s) =0,
tG[O,T]Z

-T(T-1)1
min G(t,s) = G(0,s) > ( )+ an)
t€[0,T]y, 1-a(T-1)

Proof (i) If s € [1, 1]z, we have

at(T-s—1)-2t

AGls) = | =TD m2=s
? at(T—s—1)-2
m +t—-5, Ss<t- 2.

Ifs<t-2,since a(T - 1) -1<0, we get

AG(t,s) = 2“;(_T2_as(:)l_) 2 s
20T —s-1) =2t + (£ - )(2 - 20(T - 1))

2-2a(T-1)

Page 4 of 19
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_ =2sa + 2s[a(T - 1) - 1]
- 2-2a(T-1)

<0.
Ift -2 <s,since a < ﬁ,so2—2a(T—l)>0,a(T—s—1)—1<0,wehave

_2at(T-s-1)-2t

A:Gl(t,s) = 2 2a(T-1) <0.

ForVte [0, T — 1]z, A;G(t,s) <0.If s € [1,n]z, G(t,s) > 0. So

min G(t,s) = G(T,s) =0,
tel0,T]y

max G(t,s) = G(0,s)
tG[O,T]Z

T(T-1)[1-a(T-s-1)] B (T—-s)(T-s-1)

2-2a(T-1) 2
_IT-Vi-aT-n-1D] (T-nT'-n-1)
- 2-2a(T -1) 2
- T(T-1)(1 +an)

1-a(T-1)

(i) If s € [n + 1, Tz, we have

2at(T—s-1)
s>t-2
_ ) 22a(T1) = )
AcGlt,5) = 2at(T—s—1)
2-2a(T-1

+t—s, s<t-2.

Ift—2§s,sincea<%,2—20{(T—1)>0,wehave
20T -s-1)

AtG(t,S) = m >

Ifs<t-2,thent—s>0,s0

20t(T —s—1)

7+t—s>0.
2-2a(T-1)

AtG(t,S) =
If s e [n+1, Tz, for Vt € [0, T]z, we have

max G(t,s) = G(T,s) =0,
tel0,T]y

min G(t,s) = G(0,s)
te[0,T]z,

—aT(T-1)(T -s-1) ~ (T-s)(T-s-1)

2-20(T-1) 2
eI -)(T-n=-1) (T-n)(T-n-1)
- 2-20(T-1) 2

-T(T -1)(1 +an)
1-a(T-1)
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In conclusion, if s € [1,7]z, G(Z, ) is decreasing, then G(¢,s) > 0, since minyejo, 77, G(£,5) =
0;ifs € [n+ 1, Tz, G(¢,s) is increasing, then G(t,s) < 0 since max,c[o 71, G(¢,5) = 0. So, the
Green’s function G(Z, ) is a sign-changing function on [0, Tz x [0, T]z. a

Remark Now, we give a brief explanation for the reason why we choose

T-2
ne [\\TJ + l,T—Z]Z. (2.3)

Consider the problem

Adu(t-1)=1, te[l,T-2]z

(2.4)
Au(0) =u(T) =0, Au(n) —aAu(T -1) =0.

From Lemma 2.1, we get

u(t) = m{&x[t(t— 1)-T(T-1)|(T-1)(T -2)
+6n[T(T -1) - t(t—1)] - 2T(T - 1)(T - 2)[1 - (T - 1)]
+2t(t - 1)(t - 2)[1 - (T - 1]}
_ P(t)
12-122(T -1)’
where

¢(t) = 3a[t(t—1) - T(T - )|(T - 1)(T - 2) + 6n[T(T - 1) — £(t — 1)]
—2T(T - 1IN(T - 2)[1 - (T - 1)] +2¢(t - 1)(¢ - 2)[1 - (T - 1)].
Clearly, u(#) > 0 is equivalent to ¢(¢) > 0, and
Ap(t) = 6t{(t - 1)[1 - (T - 1)] - 20 + (T - 1)(T - 2)}.
Let A¢(t) =0. Then t =0 or ¢ = 1+ 2T Therefore,

2n+1-a(T -1)?

APp(t)>0 & > a7 D)

Now, we claim that if (2.3) holds, then ¢(¢) is a positive solution of (2.4). In fact, if (2.3)

2
holds, then w > T -1 in this case, this implies that
—a(T-1)

Ap(t) <0, tel0,T-1]z.

More precisely, A¢(0) =0, A¢(t) <0fort e [1,T-2]z and Ap(T —1) <0 for % >

T -1 and A¢(T - 1) =0 for % = T — 1. Therefore, ¢(¢) is a positive solution of

the linear problem (2.4) since ¢(7T) = 0.
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Let
E={u:[0,Tlz — R|Au(0) = u(T), A*u(n) -« Au(T - 1) = 0}.

Then E is a Banach space with norm ||u|| = maXc[o, 1), |4(2)|.

Let
Ko={y€E:y(t)>0,t€[0,Tlz Ay(t) <0,t € [0, T -1]z}.

Then Kj is a cone in E.

Lemma 2.3 Let (Hy) hold. If y € Ko, then the solution u(t) of problem (2.1) belongs to Ko,

i.e., u € Ky. Furthermore, u(t) is concave on [0,1]z.

Proof Firstly, if 0 < ¢ -2 <n, then

(T =s=D[T(T-1)-t(t-1)] (T-s)(T-s-1)
ult) = Zl{ 2—2a(T-1) - 2 }y(s)
s=n+

[1-a(T-s-DT(T-1)-tt-1)] (T-s)(T-s-1)
- }y(s)

n
+;{ 2-2a(T-1) 2

2 t-s)(t-s-1)
+ —_—

> ¥(s).

s=1

Then we obtain that

Au(t) = u(t + 1) — u(t)

"1 — (T —s—1)] 2 22 T -s-1)
= _21: B s e U8 Szzl(t—s)y(s) +y(t-1) +S§1 Toa@-D’®
22 _ats+s(a(T-1)-1) "1 —a(T —s—1)]
= 2 I —e(T-D) y(s)—S;1 BT (s) +y(t—1)
=2 at(T—s—-1)
+ s§1 my(s) (25)

Since y € Ko, we know that y is decreasing on [0, T]z. That is to say, y(£) > y(n) for t <n
and y(¢) < y(n) for ¢t > n. Therefore, if t — 1 <, then

Au(t)
< —ats +s(@(T - 1)~ 1) tll—a(T -s-1)]
I i | R R Dl verey s
22 alT -s-1)
3 ez -D"%

s=n+1

Page 7 of 19
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Sl _ats+s(@(T -1) - D tl-a(T-5-1)] <2 at(T-s-1)
{Z 1—a(T-1) th“l 1—a(T - 1) +s§ll—a(T—l)

" tl—a(T-s—1)] & 22 atT-s-1)
:Wl’{—zlm 29+ 2 T o |

s= s=n+1

If £ = 1 > n, then y(¢ — 1) < y(n). Therefore, by (2.5), no matter t — 1 <nort-1>n, we

always have

" (T —s—1 -1 T-2 T_s—1
Au) sy(n){—zt[llf‘;wfl) Ly e-9+ % %}

s=1 s=n+1

L) {_ (t—l)[l—a(T—l)]+a(T—1)(T—2)}
T 1-a(T-1) 2 2

1
=——|-2 t-1 T-1)(T-t-1)|.
a2 - D el T DT - 1)
Combining this with n > %, we have

Au(t) <(T-t-1)(«(T-1)-1)<0

Furthermore, we have

Au(t-1)
1-a(T - = a(T-s-1)
"; 1—a(T - 1) Zy le—oe(T—l)y(s)
1 -2 T-2
1-a(T-s-1) a(T -s-1)
=y — -1 T ).
21: 1-a(T-1) y(s)’L;y(S)er(t )+y(t)+S§11-a(T-1)y(s)
Now, if t — 1 < nand ¢t < n, then
A?u(t-1)
-2 T-2
1-a(T - S—l) a(T -
- —_— 2 .
<- SZI eIl Zl ST Z AT - 1)y<s)+ y()
Combining this with the monotonicity of y, we get that
Au(t-1)
t-2 n T-2
1-a(T-s-1) a(T-s-1)
< +2
—y("){ ZlaTl szllaTl Z a(T—1) }

P 1-a(T-s-1) a(T s—1
y(")[_g T—a(T-1) e ) 1 1T—a(T-1) }

__ ) { t[l—a(T—l)] a(T—l)}
= -+ +
2 2
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y(n)  =2n+2t+a(T-1)(T -2)
—a(T-1) 2

<O0.

For other cases, t —1 <n < tand t — 1 > n, we could also obtain A%u(t —1) <0 for 0 <
t—-2<n.
Secondly, if n <t -2 < T -2, then

20 (T=s=D[T(T=1)=-tt-1)] (T-9)(T-s-1)
”(t)zz{ 2 2a(T-1) 2 }y(s)

s=t—1

t_z{—a(T—s—1)[T(T—1)—t(t—1)] (T-s)(T-s-1)
+; 2—2a(T-1) - 2

N (t-s)(t-s—1) }y(s)+2”: T(T—l)—t(t—l)y(s)

2 2-2a(T -1)

s=1
and
"

HT —s—1) t
Au@) =S T S sy = y(s)
; o(T - 1) Z Z —a(T-1)

§=

" ats+s(1—a(T - 1) 22 a(T-s-1) =l
LT a2 Ger W

Combining this with the fact that y € K, and the monotonicity of y, we get that

Dats+s(l-a(T-1) <3 alT-s-1) <
Au(t) < y(n) —; —a(T-1) +; 1-a(T-1) s;l(t_s)
(n)
= %[O{t(T—l)(T—Z) +t(t — 1)(1—0[(T—1)) —21,‘)7],

Since n > 152, then we get that

Au(t) <y (1 - a(T - 2))t¢ - T) < 0.
So, for V¢ € [0, T — 1]z, Au(t) < 0, which implies that u(¢) is decreasing. Since u(T) = 0, for
Vt € [0, T]z, we have u(t) > 0 and u € Ky. For V¢ € [1,1 + 1]z, A%u(t — 1) < 0, we get that
u(t) is concave on [0, + 2]7. O

Lemma 2.4 Let (Hy) hold. If y € Ky, then the solution u(t) of (2.1) satisfies

n+2-

. 0 N
min  u(t) = u() > llec|| = 07| ull,

te[T-0,0]7,

2.6 T
where 0* = ”;ﬂ 0 ellz]+1,n+2]z.

Page 9 of 19
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Proof From Lemma 2.3, u(t) is concave on [0, n + 2]z. So, u(¢) satisfies

u(t) —u(0) _ u(n +2) - u(0)
t - n+2

, tel0,n+2]z.

Meanwhile, from Lemma 2.3, u(t) is non-increasing on [0, T']z, which implies that %(0) =

||«||. Therefore,

n+2-t n+2-t
u(t) > u(0) = flell,
n+2 n+2
) n+2-0 "
t)=ul@) > —— =0 .
(o u(t) = u(0) > ) flull flull O

3 Main results
(H1) f:11,T-2]z x [0,00) = [0,00) is continuous. For u € [0, 00), (¢, u) is a decreasing
function with respect to ¢, and for t € [1, T — 2]z, f(¢,u) is an increasing function
with respect to u.
(Hp) a:[1,T —2]z — [0,00) is a decreasing function.
Let

K= {u €Kyl min u(t)> 9*||u||}.
Z

te[T-6,0]
Then K is a cone in E. Define the operator S: K — E as

T-2

Su(t) =Y G(t,)a(s)f (s, uls)). (3.1)

s=1

Lemma 3.1 S: K — K is completely continuous.

Proof 1t is obvious that S : K — E is completely continuous since the Banach space E
is finite dimensional. Now, let us prove that S : K — K, that is to say, for any u € K,
Suek.

Letu € K. Then u € Ky, which implies that Au(¢) < 0 and u is decreasing on ¢. Therefore,
by (H1), f(t,u(t)) is a decreasing function of ¢. Let y(¢) := a(t)f (t, u(t)). Then, from (H;)
and (H,), we obtain that y(¢£) > 0 and y is also a decreasing function of ¢. Thus, y € Kp.
Furthermore, by (3.1), we know that

A3(Su)t-1)=y(t), te[l,T-2]z (3.2)
and
A(Su)(0) = (Su)(T) =0, AX(Su)(n) — a A(Su)(T 1) = 0. (3.3)

Therefore, Su satisfies problem (2.1). Now, similar to the proof of Lemma 2.3, and us-

ing the fact y € Ky, we obtain that Su € Ky and Su is concave on [0, 5]z. Furthermore, by
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Lemma 2.4 and the fact Su € Ky, we know that

mm (Su)(t) > 0%(|Su].
te[T-0

Therefore, Su € K and S: K — K is completely continuous. O

From (3.1) and Lemma 3.1, we know that if & is a fixed point of S in K, then u is a positive
solution of (1.1). In the rest of this paper, we try to prove S has at least one or two fixed
point(s) in K by using Theorem 1.1 and Theorem 1.2.

Let

T-2
T(T -1)1
A= —+0”7)a(s), B-=
~ 1- a(T -1)

O(T —0)[2 — (6 - 1)]
2—2a(T - 1)

)
a(s).

s=T-6
Theorem 3.1 Suppose that (Hy), (H1), and (Hy) hold. If there exist two constants r and R
(r # R) such that

(A1) f(t,u) < A, (t,u)e[1,T-2]z x [0,r];

(Ag) f(t,u) > B, (t,u) € [1,T - 2]z x [0*R,R],
then problem (1.1) has at least one positive solution u € K with min{r,R} < |u| <
max{r, R}.

Proof Without loss of generality, suppose that r < R, the other case could be treated sim-
ilarly. Let £2; = {u € E : ||u|| < r}. From Lemma 2.2, G(¢,s) <0 for s € [n + 1,T — 2]y;
G(t,s) = 0 for s € [1,n]z. Since (A1), we get, for Yu € KN 321,

[|Su|| = max Z G(t, s)a(sf(s, u(s))

< max Z‘Gts|a )

telOo, T]Z
= T(T 1)(1
T-2

T(T - 1)(1 +an) r
= —er-) ‘W2

So, for u € K N 982y,
1Sull < llull. (3.4)

Let £ ={u € E: ||u|]| < R}. Then, for u € K N 3§25,

T-2

T-0
Su( ZG(T 0,s a(s)f s,u(s ZG (T -0,s)a(s)f ( u(s )). (3.5)
s=0

s=1



Xu et al. Advances in Difference Equations (2019) 2019:206 Page 12 of 19

In fact, by Lemma 2.2,

T-0-1 T-2

Z G(T - G,S)a(s)f(s, u(s)) + Z G(T - (9,s)a(s)f(s, u(s))

s=1 s=60+1

T-9-1 T-2
> Z G(T - H,S)a(s)f(s, u(s)) + Z G(T - Q,S)a(s)f(s, u(s))

s=1 s=n+1

T-6-1 T-2
za(n)f(n,u(n))[ Y GT-0,9+ ) G(T—e,s)}.

s=1 s=n+1

Furthermore,

T-6-1
Z (T -6,s) + ZG(T 9,s)
s=1

s=n+1
T“a WT-s—-1) & Tsl)
L 2 Za(T 1) Z
22 aT(T-1)(T-s-1) (T-s\(T-s-1) &' T(T-1)
_s;1 2 2a(T-1) 5217;1 2 i Z 2 2a(T-1)
T (T=s—1)(T-0)(T-6-1) & (T-0-s)(T-6-s5-1)
* Z 2 2a(T-1) " 21: 2 2a(T-1)
T-0-1
(T -0)(T -6-1)
_Zl 2-2a(T-1) °
Let
T (T 1T =s-1) "ENT—s)(T-s-1)
]1:2_; 2—2a(T - 1) _Zf
2 aT(T-1)(T-s-1) (T=s)(T-s-1)
- 2-2a(T-1) Z 2
s=n+1 s=n+1
T-6-1 T(T - 1)
T2 2(T-))
and
T (T —s— (T -0)T-0-1) "L (T-0-s)(T-0-5-1)
b= 21: 2 2a(T-1) " 21: 2 2a(T-1)
T-6-1
(T-0)(T-6-1)
_21: 2-2a(T-1)
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Then

T-6-1

T-2
h=-Y (T_s_l)w_Z(T_S_l)(T—l)(ua)
s=0

2-2a(T-1) 2-2a(T-1)

@

~

—-6-1

T(T - 1)

Tl (T o)

s=1
 (T-DA+a)(T—-1-0)T-2+0) (T-1)(1+a)(T~1-6)(T-06)
4—40(T - 1) 4—4a(T -1)
T(T - 1)(T -6 - 1)
2-2a(T-1)
(T-1)(T-6-1)

= T(T_I)(T—(l+a)(T—l))

2(T—1)(T—9-1)(T_ T (T_1)>
2 2a(T - 1) T-1
=0

and

T-6-1

(T-0)(T-6-1)T-0-1) (T-0-5)(T=-6-5-1)
b= 2 2a(T-1) (@T-2+6)-1)+ ) 2 2a(T—1)

s=1

(T-0)T-0-1)(T-60-1)
- 2-2a(T-1)

(T-0)(T -0 -1)(T-6-2)
B 6—6a(T—1)

L (T=60(T—0-1)(T-0-2)
3

((T-2+6)-1)

[a(T-8)+3(6-1)]

> 0.

Therefore, (3.5) holds. This implies that

0
Su(T-0)= Y G(T -0,s)als)f (s,u(s))

s=T-6

- [1-a(T -s=$)[T(T =1)— (T -6)(T -6~ 1)]
B S=T_e{ 2-2a(T -1)

(T-s)(T-s-1) (T-60-s)(T-60-s-1)
- 2 * 2

}a(s)f(s, u(s))

(T -0)[2-a®-1)]

> a(s)f (s, u(s)

;{9 2-2a(T-1) )
T -0)[2-a-1)] R

Zg;@ 2 aaT-1 ‘Y3

>R

So, for Vi € K N 0825,

Sull = flall. (3.6)
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Then, by Theorem 1.1, S has at least one fixed point # € K and u will be a positive solution
of problem (1.1). O

Theorem 3.2 Suppose that (Hy), (H1), and (H,) hold. If one of the following conditions

holds:
t,u . t,u
(B71) f0 := lim  max fw) =0, foo:= lim  max f&w = 00,
u—07% te[1,T-2]y u u—o0te(1,7-2]y u
or
. tLu . t,u
(By) fo=lim  max ) =00, f:= lim max ) =0,
u—0%te[1,T-2]7 U u—oote(l,T-2], U

then (1.1) has at least one positive solution.

Proof Firstly, we prove the case that (B;) holds. Since f° = 0, there exists a constant R; > 0

such that
L, R
f—( %) =< —1, (t,u) € [1, T - 2]z x [0,Ry].
u A

Since f5, = 00, there exists a constant R, > R; such that

u Q*Rz R2
> ==, (tuell,T-2 0" Ry, Ry .
9B~ 0B B tu el ]ZX[ 2 2]

ft,u) >

From Theorem 3.1, problem (1.1) has at least one positive solution « € K.
Secondly, suppose that (B;) holds. Since fj = 00, there exists a constant r; > 0 such that

Ft,u) > %, (tuw) e [1,T =2z x [0,r].

Let 21 ={u e E:||u|| <r}. IfueKNJs2, we have

min  u(s) > 0% | u| = 0*ry.
selT-60,0]7

Therefore, similar to the proof of (3.6), we have
ISull > |lu|| forue KNas2.
On the other hand, since f* = 0, there exists a constant r, > 0 such that

ftu) <—, (u)ell,T-2]z x [r,00).

RN

If f is bounded, then there exists a constant N > 0 such that f < N. So, we choose
R =max{2r;, NA}. If f is unbounded, then let R’ > max{2ry, rp} such that (¢, u) < f(¢, Ry).
Let 25 = {u € K : ||u|| < R} for V(t,u) € [1, T — 2]z x [0, R;]. Similar to the proof of Theo-
rem 3.1, we get, for Vi € k N 952y,

Sull < llull.
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Thus, by Theorem 1.1, S has at least one fixed point z € K N £, \ £, which is a positive
solution of problem (1.1). O

Theorem 3.3 Assume that (Hy), (H1), and (H,) hold. If

(C1) fo:=lim,_or mingepy,r—9), = f(tT”) = +00, foo 1= liMy,— 00 MiNge[1,7-2), = @ =+00,
and
(Cy) There exists a constant p > 0 such that f(t,u) < ypforO<u<pandte|l,T -2]yz,

where
T(T-1)1+an
’- (m 250 -
then problem (1.1) has at least two positive solutions uy and uy with 0 < ||u1]| <p < |luz|.

Proof Choose M > 0 such that

[4

0(T-6)[2-a(@-1)] Z as) > 1.

M6*
2-2a(T-1)

s=T-6

Since fj = +00, there exists a constant » with 0 < r < p such that f(¢,u) > Mufor0 <u <r.
Then, for Yu € 9K,, we have

T-2
Su(T-6) = ZG(T—H s)a(s)f (s, u(s))

0
zZGT 0,s)a(s)f (s, uls))

0
> M0* Y G(T -6, 5)a(s)]ul

s=T-6

O(T —0)[2 - a( —1)] 29:61

> Mo*
- 2-2a(T-1)

Mlall
s=T-6
> flull.

From Theorem 1.2, we get

i(S,K,, K) = 0.
Since fy = +00, there exists a constant R; > 0 such that f(¢, u) > Mu for Vu > R;. Choose
R > max{p, o+ 1, then for Vu € dKg, mine(r_g), u(t) > 6*|lu| > R;. Similar to the above
proof, we have

[[Se|| > ||u|| for u € 0Kp.

Therefore,

i(S, Kz, K) = 0.
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From (C,), for Yu € 0K,

[|Su|| = max Z G(t, s)a(sf(s, u(s))

t€[0,Tz,

< max Z‘Gts|u )

telo, T]Z
T-2
T(T-1)1+an)
2 oy s (s 9)
= |lu.

Therefore, for Vu € 9K}, || Tu|| < ||u||. By Theorem 1.2,
i(S,K,,K) = 1.

Thus,
i(S, Kz \K K)=-1, i(S, K, \K,,K)=1.

So, S has a fixed point #; in K, \Io(, and another fixed point u; in K \Io(p. So, problem

(1.1) has at least two positive solutions #; and uy with 0 < ||uy|| < p < |luz]. O

Theorem 3.4 Assume that (Hy), (H1), and (H,) hold. If

(D1) f°:=lim,_, o+ max;eq1, 721y, f(Z”) =0, :=1im,_, oo MaXse[1,7-2], @ =0,
and
(Dy) there exists a constant p > 0 such that f(t,u) > Bp for 0*p <u <pandte[1,T-2]y,

where
0T -0)2-ad-1)]
ﬁ:(e 2-2a(T - 1) Z ()> ’

then (1.1) has at least two positive solutions uy and u, with 0 < |lu1|| <p < ||us]|-

Proof From (D), for Ve > 0, there exists M; >0, if u > 0, t € [0, T]z, we have f(t,u) <
M + €u. Then, for Vu € K,

T-2

Z G(t,s)a(s)f(s, u(s))
z s=1

[|Su| = max
te[0,T]

T(T -1)(1+an)
menZ My + ).

Choose € > 0 sufficiently small and R > p sufficiently large, then for Yu € 0Ky, ||Sull < ||u|,

from Theorem 1.2, we have

i(S, Kz, K) = 1.

Page 16 of 19
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In a similar way, if 0 < r < p,
i(S,Kp,K)=1

From (D), for Yu € 3K,
T-2
Su(T -0) = Y G(T - 0,s)als)f (s, u(s))
s=1

%
> Y G(T -6,s)als)f (s, u(s))

s=T-6

0
> B6*p Z G(T -0,s)a(s)

s=T-0
0

(T - 6)[2 - (6 - 1)]
2 2a(T-1) 2 a9

> po*p
s=T-0
= p.

Then, for Vu € 3K, ||Su|| > ||«||. From Theorem 1.2, we have
i(S,K,,K) =0.
Then, problem (1.1) has at least two solutions u; and uy with 0 < ||u;|| < p < |luz|| O

4 Example
Example 4.1 Consider the discrete three-point boundary problem

Adu(t—1)—a@)ft,u(t) =0, tell,7]z,

(4.1)
Au(0)=u(9)=0,  A%u(7)- $Au(8)=0,

where a(t) = 10 , and
)= 15—+, (tu) € [1,7)z x [0,1000],
' Yu+6—t,  (tu)e[l,7]z x [1000,00].

Since T=9and o = l , N € [4,7]z. Without loss of generality, let n = 4. Then, by the direct

calculation, we get 0 € [5,6]z. Choose 6 =5, then 6* = 22 = 6. So,

n+2
27T - 1)1 +an)
A=y T 936 S~ 3976,
%
O T -0)[2-a®-1)] > 9_s
B=Y" a(s) =140  Z— =136.
e 2-2(T-1) —~ 10

If we choose R = 330, r = 1,000,000, from Theorem 3.1, problem (4.1) has at least one
positive solution.
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Example 4.2 In this example, we continue to consider problem (4.1) with

2000 () e [1,7]5 x [0,1],

10
flowy = {0y e [1,7)7 x [1,3],
SaI80L (4 ) € [1,7]7 % [3,00).
Continue to take o = %, n=4,60=5and 6* = %. Then
OT-0R2-a®-1) &~ |
P\ -1 S;G”(S) “ 68

Furthermore, if we choose p = 1, then for 8*p <u <p, f(t,u) > Bp = %. From Theo-
rem 3.4, problem (4.1) has at least two positive solutions #; and u; with 0 < |Juy]| < p <

lla .
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