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1 Introduction
Given a Wiener process, its §-difference is called a Wong—Zakai process [40, 41]. Such
difference noise was often used to study stochastic equations as an approximation of white
noise [15, 17, 19, 28, 30, 31].

In this paper, we consider a so-called Wiener-like process. Let

(t) } (1.1)

2=C(R,R) = {a) eCR,R):w(0)=0, lim — =0
t—+o0

and equip it with the Fréchet metric and the Borel o-algebra F = B(£2). Then the shift
0;: 2 — 2, w(-) = w(- +t) — w(t) is measurable for each t € R.

We then take an arbitrary probability measure P on the measurable space (£2, F). On the
probability space (£2, F, P), we obtain a stochastic process given by W(t, ) = w(t), which is
called a Wiener-like process [21]. If P is a Wiener measure, then the corresponding process
is just the standard Wiener process; see [1, 3-5, 7, 24, 44].

In other words, a Wiener-like process only satisfies the properties on the right-hand side
of (1.1). We do not require other properties (such as increment independence and Gauss
distribution) of a Wiener process.
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For each § > 0 (the case of § < 0 is similar), the §-difference of the Wiener-like process

determines the Wong—Zakai process given by
1
Gs(t, ) := G5(6;w) = g(a)(t +8) - a)(t)), VieR,we £2. (1.2)

The difference process is not a Wiener-like process since Gs(0,w) = w(8)/8 # 0. However,
by (1.1), we have Gs(-, w) € C(R,R) and Gs(6;w)/t — 0 as t — +o0.

Recently, Lu and Wang [27] (see also [13, 14, 38]) have studied both the existence and ap-
proximation of random attractors for the reaction—diffusion equation driven by difference
noise of a Wiener process.

In this paper, we consider the complex Ginzburg—Landau equation perturbed by differ-

ence noise of a Wiener-like process:

9
% — (h+ i) Aus = yus — (k +iB®) s 2us + £ (%) + 15G5(0r00), (1.3)
us(t,0) = us(t,1) =0, us(t,%) =us . (x), t>t,x€Z, (1.4)

where Z=(0,1) CR, A, 7,k >0, u, B € Cp(R,R) and f € L} (R,L*(Z)).

The first aim in this paper is to establish a random attractor 4; for the problem (1.3)—
(1.4). In view of both the non-autonomous and the random nature, the attractor is actually
a bi-parametric set formulated by A; = {A;s(7, )} and called a pullback random attractor,
which was first introduced by Crauel et al. [8] and by Wang [32] independently, with de-
velopments [2, 9, 10, 18, 20, 26, 36, 37, 42, 43, 45].

The second aim is to prove the upper semi-continuity of the attractors:
;ir% dist; 20y (As(t, @), Ao(T,0)) =0, Vr eR,w€ £2, (1.5)

where Ay is the random attractor for the following limiting equation perturbed by the

Wiener-like process:

Z—l: — (A +in@®))Au = yu— (k +iB@))|ul’u +f(t,x) + uo ddlf (1.6)
with the same initial-boundary conditions as in (1.4).

By an abstract combined result on both existence and upper semi-continuity of random
attractors, given by Li et al. [23] (also see [12]), we have to verify three aspects: (a) the
convergence of the solution operators from Egs. (1.3) to (1.6), (b) the equi-absorption of
the systems for all small size § of difference noise and (c) the equi-asymptotic compactness
in small size.

It is worth pointing out that all uniform estimates depend on the convergence of Gs(6;w)
as § — 0. However, since the Wiener-like process w(-) may be nowhere differential, it is
easy from (1.2) to see that Gs(6,w) generally diverges as § — 0. Instead of this convergence,
we must prove a convergence in the sense of the integrals of G;(6;), which can be deduced

from the convergence of the Wiener-like process as given in (1.1).
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2 Uniform absorption in size for approximate equations

2.1 The cocycle generated from the approximate equation

A standard method can show the well-posed property of the problem (1.3)—(1.4) and the
existence of a family of cocycles given by @5 : R* x R x 2 x LA(Z) — L2(2),

Ds(t, T, w)us = us(t +7,7,0_ 0, Us). (2.1)

The same method as in [11] can show the measurability of @; in w, and the cocycle prop-
erty (see [32]) can be deduced from the uniqueness of solutions.

We consider a universe © of all tempered bi-parametric sets in L.2(Z), that is, for D =
{D(r,w):t € R,w € 2}, we have D € © if and only if

lim e |D(x - £,6.0)|* =0, Ya>0reRwe, (2.2)
—00

where the norm of a set means the maximum of L2-norms of all elements.
In order to obtain a ©-pullback absorption set, we make some assumptions.

Assumption F f € L2 (R,L?(Z)) and there is a &g > 0 such that

loc

0
/ &0 £ (s,)||* ds < oo, (2.3)
t 0 2
: —a 0S . _
tlLrEOe [m e (Hf(s t, )H )ds =0, VYa>0. (2.4)

We also need the following convergence from the Wong—Zakai process to a Wiener-like

process.

Lemma2.1 Lett €eR,we 2 and T >0. Then

lim sup
§—0 te[t,t+T)

t
/ Gs(6sw) ds — a)(t)‘ =0. (2.5)
0
Moreover, for each ¢ > 0, there exist 8y(g,®) > 0 and Cy(e, w) > 0 such that

<elt] + Cole,w), VteR,8€(0,8)]. (2.6)

/ Gs (6,0) ds
0

Proof By the mean value theorem, there is a r;5 € [t, ¢ + 8] such that

t+8
’% /[ w(s)ds — a)(t)’ = |a)(rt,5) - a)(t)|.

By (1.1), o(:) is continuous and thus uniformly continuous on [z, T + T + 1], which implies
that

lim sup =0

8=0tclr,0+T]

1 t+§
- / w(s)ds — w(t)’ =0 and lim-
t §—0

s
; /0 w(s)ds
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in view of w(0) = 0. Therefore, by the definition (1.2),

sup
te[t,t+T)

/ gswsw)ds—w(t)‘
0

< sup -0

- te[r,t+7T]

+ —

s
; /0 w(s)ds

t+8
%/ w(s)ds — w(t)

as § — 0. Hence, (2.5) holds true.
Given now ¢ > 0, there is a §; € (0, 1] such that

s
% /0 w(s)ds

By (1.1), |w(s)/s| < ¢ for all |s| > so — 1 with a large so(€). Then, for all |£| > sp and § € (0,51],
there is a r, 5 with |r.s — £| <|§]| such that

sup
0<|8]<81

<e€.

1 t+8 (,L)(V )
’5/ w(s)ds| = |o(rs)| = ‘ 2 sl < e(ltl +1).
t
By (1.2), we find that, for all |¢| > sp and 0 < |§] < &1,
t 1 t+8 1 §
/ Gs(6,w)dr| < —/ w(s)ds —/ w(s)ds| < 8(|t| + 2).
0 ) t b)) 0

By (2.5), there is 8¢ € (0,81] such that, for all || < so and § € (0, §o],

< sup

+ sup |a)(s)| <&+ C(w).
Is|<so

Is|=<so

t
gé (9,(,()) dr
0

f Gy(6,0) dr - w(s)
0

Therefore, (2.6) holds true for all £ € R.

In order to prove that the absorption is uniform in size, we consider a change of variables:
't
vs(t, T, w) = ggl(t, w)us(t,T,w), where gs(t,w) = elo GsOr)dr (2.7)

Then from (1.3) we obtain a random equation:

Bv(;

i (A + i) Avs = yvs — g5 (t, ) (k +iB(O) lvsPvs + g5 ' (& @)f (¢, ) (2.8)

with vs =0 on 07 and vs(t) = vs,r = g5(T, 0)us ;-
By Lemma 2.1 and the inequality |e* — e’| < el**/’I|b — a|, we have

lim sup (|gs(t,w) - ew(’)| + g (tw) - e”"([)|) =0. (2.9)
60 te[t,7+T]

2.2 Uniform absorption in size for approximate equations
Lemma 2.2 Foreach$>0,Ds € ®,1 cRandw e 2, there are Ts := T(D;,t,w) > 1 such
that, for all t > Ts and us,_; € Ds(t — t,0_,w),

|| I/l(;(‘[, T - t1 0—1:0)) u&,‘r—t) || 2 =< RS(Tﬁ (,()) + 17 (210)
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where us is a solution of the problem (1.3), and for a positive constant c;,

0
Rs(t,w) =1 / 2052 [g Qs(ﬂr“’)d’(W(s + -1:)”2 + 1) ds. (2.11)

Proof We multiply Eq. (2.8) with the conjugate function V5 and then take the real part to

obtain

1d
Ed—llvtsll2 + MV 2 = yllvsI? - i (s, ) lvs g + g5 (s, ) Re(f, vs), (2.12)

where || - [|4 denotes the norm in L*(Z). The Young inequality gives

g (s,0)|[Re(£(s),vs)| < aollvsl® + g5 (s,
where o is the number in Assumption F. By the Young inequality again,
K
(v +200)l1vs1* = g3 s, @I llg < (101)g5* (s, 0)-

So, we can rewrite (2.12) for the solution vs(s) = vs(s, T — £,60_, @, Vs _¢):

d
Zslve 12+ 2a0llvs |I” + A Vvs|® + kg (5,6-c ) vs g
< g5, 0.0 (|f )] +1). (2.13)

Multiplying (2.13) by €2*0% and then integrating over (t — ¢, 7), we obtain

T
”vs(r, T-t0_,0, V(;,T_t)H2 + A/ gt ”Vm $T—50_,0,Vst) ”zds
Tt

T
_ 4
+ K/ 210l T)gsz(s, 9_,a))||V5(S, T—40_,0,Vs1¢) ||4ds
-t

T
< v [ g o0 (O] + s @1
Tt

By the change of variables (2.7), we have vs ;_; = ggl(r,G_,w)u(;,T_t and

s (t,7 = 1,6_c,v50-0) | = g2(1,6_000) |v5(T, T = 1,60, v5:) |

< €% us 0 y|* + 1, (2.15)

where
T
1= agimeo) [ e gieoa (ol + e
-t
T
_ 20(0(3—'[)4r2f()r gﬁ(@r—ra))d}”—Zf(‘; Gs(Or_rw)dr 2 N 1 d
o] (I +1)ds
=C ff ezao(s—f)*zfg‘f Qa(Orw)dr(|v(s)||2 + 1) ds
Tt

0
< Cl/ eZotos—Zfé ga(Qrw)dr(Hf(s_'_ 7")”2 n 1) ds =: Ry (7, w).
-0
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On the other hand, since u;,_; € Ds(t — £,0_,w), there is T5 = T(Dj, T, w) such that, for all
tZ TS;

20y || < €20 Dy(r — 1,60 00)|* < 1.
Substituting the above estimates into (2.15), we obtain (2.10) as desired. O

In addition, by (2.14) and (2.15), we have, for all £ > Ts and us ., € Ds(t — ¢,0_, ),

T
/ ¢2*0(=7) ” Vvs(s, T —t,0_;w,V5:¢) H2 ds
Tt

_ _ R;(t,w) + 1)
< g0, 00 0) (e 2 g2+ 1) < SREO+ D) 2.16
<g( w)( s eI +1) < 2t 0..) (2.16)
Similarly, we have the following useful estimate:

' 4

/ eZ“O(S_T)gf(s, O_w) || vs($, T —£,0_r0,Vs 1) ||4 ds
-t
< C(Rg('[,(,()) + l)ggz(t,e,,w). (2.17)

Proposition 2.3 Under the Assumption F, for each § > 0, the cocycle ®s has a closed, ©-
pullback random absorbing set K5 € © in L2(T), given by

Ks(t,0) == {we L*@): lw|* < Rs(r,0) +1}, V(r,0) eR x £, (2.18)

where Rs(t,w) is given in (2.11) and satisfies

0
giLI})Rg(T,w) =q / ezaos’z‘”(s)(“f(s + r)||2 + 1) ds =: Ro(t, w). (2.19)

Proof We first prove that each R;(7, w) is finite. Notice that the formula (2.6) in Lemma 2.1
holds true for every § > 0. Hence, for each ¢ > 0 and w € §2, there is a Cs(¢, w) > 0 such that

<els| + Cs(e,w), VseR. (2.20)

/ " Gy(6,0) dr
0

By taking & = %2, there is a C;(w) such that
0 . )
Rs(t,w) := 1 f 2052/ gs(e’w)d’(ﬂf(s + r)|| + 1) ds
—00
0
< clezc‘““’)/ e (|f(s+ 1) ||2 +1)ds.
-00
By (2.3) in Assumption F,
0 2 ' 2
/ | f(s + 7|2 s = / 59| £(5)|* ds
—o0 —-00

0 T
mer [ e ds e [ ep] ds< voc
oo 0

and thus Rs(7, w) is finite.

Page 6 of 17
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The mapping w — Rs(7, ) is obviously measurable and thus /Cs is a family of random
sets. By Lemma 2.2, [Cs is a ©®-pullback absorbing set for @;.

We then prove K5 € D. Indeed, for any & > 0, we take ¢ = min{%, “—20} in (2.20), then, by
(2.4) in Assumption F, as t — +00,i.e.ast =t -1 — +00,

e Rs(t — t,6_,w)

0
_ cle—at/ 62aos—2f5 Gs5(0r-tw) d’(nf(s +7T—t) ”2 + 1) ds

o0

< Cle4Cg(w)e—at /0 e2aos+2£(t—s)+25t(|lf(s T — t) “2 + 1) ds

(o.¢]

= (16160 (@) g (a—te)(Br) /0 e025(| £(s )| > + 1) ds — 0

in view of the facts that o — 4¢ > 0 and 20 — 2 > .
Finally, we show the convergence (2.19). By (2.6) in Lemma 2.1, there are §, > 0 and
Co(w) > 0 (independent of §) such that

sup

< 25|+ Colw), VseR. (2.21)
5€(0,80] 2

/ " Gy(6,0)dr
0

Hence, by taking the supremum of R;(7,w) on § € (0, 8], we have

0
sup / o252 [s Qa(er)d’(“f(s +1) ||2 + 1) ds

8€(0,80]

0
< 0@ / e (|If(s + r)||2 +1) ds < +oo0.

Hence, by (2.5) in Lemma 2.1, the Lebesgue controlled convergence theorem gives
0 . )
lim Rs(t,w) = ¢; / lim e2%05-2Jo g“(e’w)d’(ﬂf(s +7T) || + 1) ds
§—0 _o0 00

0
= / ezaos_zw(g)(’[f(s + I)H2 + 1) ds = Ro(t,w). O

3 Uniform compactness in size for approximate equations

3.1 Uniformly asymptotic compactness

Lemma 3.1 For each Ds € D, 1t € R and w € 2, let Ts > 1 be the entrance time in
Lemma 2.2. Then there is a 8y > 0 such that, for all § € (0,8¢], t > Ts and us ., € Ds(t —
t,0_10),

T (Mo (t,0))(Ro(7,0)+2)

||Vu5(1, T-t0_ 0, Vg,r_t)Hz <e < +00, (3.1)

where T (y) = agy* + axy® + ag (y > 0) with positive coefficients, Ry(t, ) is given in (2.19)
and

Mo(t,w):= sup eF@E-wl-) (3.2)

se[r-1,7]
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Proof We multiply Eq. (2.8) by —Avs = —AV; and then take the real part to find

1d
— = ||Vvs||® + Al Avs|)?
st” sl | Avsl|

=y|IVvs|? +g§(s, ) Re(/c + iﬁ(t))(|v,g|21/5, Av,g) —ggl(s, ) Re(f(s), AV(;). (3.3)
By the Young inequality we obtain
A
&' s )|Re(f(5), avs)| < TV | + g5, ) [

Since 7 is a 1D-domain, by the compactness of Sobolev embedding and the interpolation

inequality, we have the following inequality (see Temam [29]):
2 2 23 1 2
IVwl < cIVwll(Iwl? + [ Awl*) 2, Vw e Hy(Z) NH*(D).
By the initial assumption, 8 € C,(R,R) and thus Sy := sup,.p |8(¢)| < +00. Hence,

IRe(k +iB(2)) (|vs|*vs, AVs)|

Re(K+iﬁ(t))/(2|v5|2|w3|2+v§vww—5)dx
T

<3(c + fo) / lvs P Vs dx
T
< cllv 21V vs 12

1
< clvslizl Vsl (IvslI> + 1 Avs]1?) 2,
which together with the Poincaré inequality implies that

gsz(s, ) |Re(/c + i,B(t)) (|V3 [2vs, AV_3)|

A
< Z(||Vs||2 + 1 Avs %) + cgj (s, ) lvs I3l Vvs|*

A
=3 1AVs]I> + c(1 + g5 (s, @) |vs 7)1 Vw5 ]|,
Substituting it into (3.3) at the sample 0_,;w, we obtain

d
Zl1vvs 12 < ca(1+ g5, 0 ) s 1) Vs 12 + 385 2(5,0_c0) | £ (5) |-

By the uniform Gronwall lemma [29] (also see [25, 36] for the non-autonomous version),

we obtain

[ Vvs(z,7 = £,6_c0,v5:-0) | < 120 (13(5) + L(5)), (3.4)

Page 8 of 17
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T
where Iy :=¢, [ | ds=c4 and

12(8) s ./ gg(s; 9—1:6!)) || Vs (S, Tt e—ra)’ Vé,r—t) ”i dS,
-1
T
L) = / [ V50,7 = 1,00, v3.c0) | ds,
-1
1,(8) :=c3 / ga_z(sy 0_ w) Hf(S) H2 ds.
-1

We will use (2.17) to estimate /5(5). Indeed, by (2.9),

g(S (51 0_.[ a)) = efg gE Br—rw)dr

_ oJs T GO dr- [T Gs(Or)dr _ pols—r)-o(-7)

as § — O uniformly in s € [t — 1, 7]. Hence, there is a §; > 0 such that

sup sup gs(s,0_,@) < sup =000 L 1 < Mo(t,0) + 1, (3.5)

§€(0,81] se[r-1,7] se[r-1,7]

where My (7, w) is defined by (3.2). So, for all § € (0,8,] and £ > 1,

L(8) < c4e®™  sup gg(s,G_Ta))
se[t-1,7]

X /; 206 gl(5,.0_ w) [vs(s, T = t,6_rc0,vs,0-¢) ||ids
< co(Mj(r,0) +1) /-r g (s,0_.0) |vs(s,T ~ 1,6 0, vs,,,t)”:ds.
Tt
By (2.17), for all § € (0,81], ¢t > Ts and us ., € Ds(r — £,0_,w),
L(8) < C(Mg(l',a)) +1)(Rs(7,0) + 1)(r,w)g5_2(r,0_rw).

By the convergence (2.19), Rs (7, w) < Ro(t,w) + 1 forall § € (0,8,] with §; < §1. By the same
method as in (3.5), there is a 83 € (0, §3] such that, for all § € (0, §3],

sup g5l (s,0-c0) < sup e @) 41 < Mo(r,0) + 1. (3.6)

se[t-1,7] se[t-1,7]

Hence, for all § € (0,83], £ > T5 and us,_; € Ds(t — £,60_;w),
12(8) = T(MO(T10))) (R()('L',Cl)) + 2)) (37)
where 7°(-) denotes the fourth-order polynomial with positive coefficients.
Similarly, by (2.16), there is a 84 € (0, 33] such that, for all § € (0,84], £ > T5 and us,_; €

DS (T - H—tw):

I3(8) < T (Mo (7, w)) (Ro(T, @) + 1). (3.8)

Page9of 17
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By (3.6) and the Assumption F, we have

8 s(g[a) 114(8) < T(Mo(t,w))/ 1|V(S) ||2ds < T (Mo(z,0))(Ro(T, ) + 1). (3.9)

We substitute (3.7)—(3.9) into (3.4) to find that, for all § € (0,84], t > T5 and us,,_; € Ds(t -
t, 9_tw),

sup ||VV5(T, T -t0_,0, vs,,,t)”Z < 7 Mo(r0)Ro(T,0)+2) (3.10)
5€(0,05]

By using the relationship
MB(T; T-1 9—1'(1): uﬁ,r—t) = gsz(f; 9_1—(1))1/5('[, T-1, 6_1—(,(), V(S,T—t))

we see from (3.5) and (3.10) that (3.3) holds true for all § € (0,84], t > Ts and us,_; €
Ds(t —t,0_w). O

3.2 Random attractors for the equation with difference noise
A bi-parametric set A; = {A;5(t,w)} € D is called a D-pullback random attractor for the
cocycle &; if A; is random, compact, invariant and D -pullback attracting. The details and

existence criteria can be found in [26, 32, 33].

Theorem 3.2 Each Ginzburg—Landau equation with §-difference noise possesses a unique
D-pullback random attractor As = {As(t, )} in L2(T).

Proof By Proposition 2.3, the cocycle @; has a ©-pullback random absorbing set /s =
{Ks(t,w)} €D.

We prove that for each § > 0 the cocycle @5 is ®-pullback asymptotically compact in
L%(Z). Indeed, let t, — +oc and us;_;, € Ds(t — t,,6_,0) with Ds € D, 7t e Rand w € £2.
Then, by the same method as in Lemma 3.1, there is a large N € N such that, for all n > N,

(Ms(t,0))(Rs (T,0)+1)

| Vuts(t, 7 = b, 6o, us0,) | > < " < +00,

where, by the continuity of Gj,

£ /o G5 (6r—rw)dr

Ms(t,w):= sup e < +00.

se[t-1,]
Therefore, the sequence
{¢5(t,,, T - tn,éttnw)ug,r,[n} = {usn(r, T —t,0_;0, u(;,r,tn)} (3.11)
is bounded in H}(Z). By the compactness of the Sobolev embedding H}(Z) < L*(Z), the

sequence has a convergent subsequence in IL?(Z). By the abstract result in [26, 32], there
is a ®-pullback random attractor such that {A;s(z, w) C {ICs(z, w). O
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3.3 Random attractors for the equation with Wiener-like noise
We now consider the Ginzburg—Landau equation (1.6) with Wiener-like noise. Let

vt T, w,v:) = e “Oult, T, w, u,). (3.12)

We obtain a random equation:

% - (A +ip@)Av=yv- e (k +iB@®) vV + e Of (t,x), (3.13)

with the initial-boundary conditions
v(£,0) = v(£,1) =0, vit,x) =v.(x), xel,t>1, (3.14)

where v, (x) = e Du, (x). As in [35], it is standard to show that problem (3.13)—(3.14) has

a unique solution

v(s, T, 0,v;) € C([t, oo),LZ(I)) NnL?

loc

([r,oo),Hé(I)).

Passing to the variable %, we obtain a cocycle @y : R* x R x 2 x L2(Z) — L2(Z) for the
stochastic equation (1.6), given by

Po(t, T, w,u:) = u(t + 7, 7,0_c0,17) = €Ot + 1,7, 0_ 0, ). (3.15)

The same method as given in Proposition 2.3 shows that the cocycle @, has a ®-pullback
random absorbing set Ky € D in the space L%(Z), given by

Ko(t,0) :={w e LX) : ||w||> < Ro(t,w) +2}, ¥(r,0) R x £2, (3.16)

where Ry(7,w) is just the limit of Rs(t,w) as given in (2.19).
By the same method as given in Lemma 3.1, one can show that the cocycle @, has an-
other ©-pullback absorbing set IfC\I)(r, w) C H}(Z), given by

Ko(t, ) := {w e HY(T) : [ Vw|? < e Morel Ry}, (3.17)

By the compactness of the Sobolev embedding, @ is ©-pullback asymptotically compact.
So, we obtain

Theorem 3.3 The Ginzburg—Landau equation with Wiener-like noise possesses a unique
D-pullback random attractor Ay = {Ao(t, ®)} in L*(T).

4 Upper semi-continuity of random attractors
We need to prove the convergence from ®; to @y as § — 0.

Lemma 4.1 Let us and u be the solutions of (1.3) and (1.6) with initial data us.,u, €
L2(Z), respectively. If || us, — u-|| — 0 as § — 0, then

lim sup ||u5(t, T,w,us.) —ult, T, w, uf)” =0, VT>O0. (4.1)
8=0tclr,0+T]
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Proof For each § € (0, 8] with the positive number §p in Lemma 3.1, we define
E(t) == vs(t, T, 0,v5,) —V(E, T, 0,v,), te[r,T+T]. (4.2)

By the difference between Egs. (2.8) and (3.13), we obtain

d
25 (ks i) A8

=p&s + (e—fot Gs(Orw)dr _ e_‘"(t))f(t, )

- (K + i,B(t)) (e2f0l GsOrodr|y, 12y ezw(t)|v|2v). (4.3)

Multiplying (4.3) with &5 and taking the real part, we obtain

ld 2 2
CYT: 165117 + AN Vsl
= ylIE |2+ (70 G — =00 ((1), &)
—Re[(ic + iB(B)) (210 B Oy 12y _ 2002y, )], (4.4)

We split the last term of (4.4) to obtain

t
(ezfo GsOrardr) 12,0 Q20002 &)

= (2o Gsrardr _ 200 (1v; 2y, £5) + €20 vy 25 — VI, E5). (4.5)
By the Gagliardo—Nirenberg inequality, ||w|} < c|w|/*|Vw|?, we have
|(1vs1?vs, &s)| < cll&llg + Mvslls < c(IIVvsl® + IVVIP)IE 12 + vl (4.6)
By Lemma 2.1 or (2.9), we have, as § — 0,

Cs1(T):= sup ’ezfot GsOrw)dr _ ez"’(t)’ — 0,
telr,t+T]

Csp(T):= sup |e_ Jo GsGre)dr _ e"w(t)’ — 0,

te[r,t+T]

which further implies

sup  sup (ezfg GsOro)dr | o2 5 Ga(0re) ) < C(T) < +00.
8€(0,60] te[r,t+T]

Hence, by (4.6) and B € C,(R, R),

|Re(/< + i,B(t)) (ezfﬂt Gsrw)dr _ ezw(t)) (|vs 1*vs, 55) |

< C(D(IVsl® + IVVI)IE > + Con (T)lIvs - (4.7)

Page 12 of 17
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Furthermore, on the 1D-domain, we have the Agmon inequality, |w|%, < c||w||||Vw] for
w € H}(Z), and thus

(v Pvs - VP, 5)| = ‘ /O (v5Pvs — V2V dx

= ‘/ vs*&s|* + Vavl&s|® + v2 (&) da
(@]

S/O(|Va|2+|V5||V|+|V|2)|§8|2dx
3 2 2 2
< 2 [ (wol + )16
(@)

9
53/ |§a|4dx+—/ WPl P dx
o 2Jo

9
< 3JI&ll; + §||v||§o||ss||2
< c(IIVvs > + IVVIP)IES I + clvIT Vv IEs I

< c(IVvsll® + IVVI*) 15 1% (4.8)
Hence, forall t € [t,T + T,

IRe(k + iﬂ(t))ezw(t)(lvslzva - v*,&)|

< C(T)(IVvsl* + IVVII*) 111> (4.9)
By (4.5), (4.7) and (4.9), we have

t
el(k +1 e r Vs — e, &
’R [( ,B(t))( 2[0 Gs (6, w)dr| |2V6 32 (t)| |2 s ):H

< CD)(IVvsl* + IVVIP)1E 1> + Con (D)llvs - (4.10)
On the other hand, the Young inequality gives
|(e7 o Gorerdr _ g=e0) (£(2), £5) | < i”fa 1>+ CL(D 0. (4.11)
We substitute (4.10) and (4.11) into (4.4) to obtain
%”5&”2 < Co(IVwsI® + IVvI® + 1) 118512 + Cs (Ivsls + |F®]%)s (4.12)

where Cs = Cs1(T) + C,(T) — 0 as § — 0.
By applying the Gronwall inequality on (4.12), we obtain, forall t € [z, 7 + T1],

|&@) HZ < o ST UV ORIV 2+ 1) dr

+T
« (nsr,anz G / (" + &) ds). 4.13)
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By (2.16)—(2.17) in Lemma 2.2, there is a §y > 0 such that

+T
sup / (HVv,g(r,t,a), VT)”2 + ||V5(I") ||:) dr < C(T) < +00.
§€(0,80] /T

Since v € L2(t, T + T, H}(Z), we have

w+T
/ || Vu(r, T,w,v;) ||]i112 ds < C(T,t,w) < +00. (4.14)
Noticing that f is locally integrable, we have, for all § € (0, 8o],

sup &) < CT)(I&s1% + Cs). (4.15)

te[t,t+T]

By Lemma 2.1 and ||us; — 4. || — 0 as § — 0, we have

2 2 _ 2 (T Gsrw)d 2
€512 = IVes — vell? < 200 GoCraddryy oy

+ e—2fg Gs(Orw)dr (62f0r Gs(Orw)dr _ eza)(l’))e—Za)(T) ”ur ”2 -0

as § — 0. On the other hand,

t
s (6T, @, s ) — ult, T, @, u7) = elo GOy (1) _ 2Oy y)

_ efofga(ermdrga(t) + (efo’ Gs(0rw)dr _ewm)v(tjf,w’ Vo).
Notice Cs — 0 in (4.15), we finish the proof. O

Remark In a two-dimensional domain, the estimates in (4.8) may not be true and so we
cannot prove the convergence of the system. This is the reason why we restrict the equa-
tion on the one-dimensional domain. In fact, the existence of a random attractor holds
true in a two-dimensional domain.

Finally, we show the upper semi-continuity of attractors as the size of noise tends to

zero, which is different from the case of varying density of noise [6, 16, 22, 39].

Theorem 4.2 Let A; and Ay be random attractors for Ginzburg—Landau equations with

difference noise and Wiener-like noise, as given in Theorems 3.2 and 3.3, respectively. Then
;il‘% disty 27 (Ag(f,a)),Ao(t,a))) =0, VreRwef. (4.16)

Proof By all previous uniform estimates, the abstract results as given in [23, 34] seems to
be applied. However, we give a direct proof for completeness.

Suppose (4.16) is not true, then there are gy > 0, §, — 0 and z, € A;, (7, w) with 7 € R,
w € §2 such that

dist; 27y (2, Ao(T,0)) > 8, VneN. (4.17)
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We assume without loss of generality that §, < 8o(t,w) for all n € N, where § is given
in Lemma 3.1. For each fixed n € N, we have A;, € D, let Ts, = T(A;,, 7, ) as given in
Lemma 3.1. By the invariance of 45, and by Lemma 3.1,
zy € As, (t,0) = B, (T5,, T = Ty, 0_15, @) As,, (t = T5,,0_1, @) C Ia(r,w),

where IfC\;(r, ) is the bounded ball in H}(Z), as given in (3.17). By the compactness of the
Sobolev embedding, Ia)(r, ) is pre-compact in IL2(Z) and thus, passing to a subsequence,
we can assume that ||z, — z9|| = 0 for some zy € L*(Z).

Next, we intend to prove zg € Ao(t,w), which will be a contradiction with (4.17). For
m = 1, the invariance shows that there are y! € A, (t — 1,0_10) such that

&, (1,7 - 1,0,10)))1; =z, VYneN,

By the same method as above, there is a N € N such that §, < §o(t — 1,0_1w) foralln > N
and thus Lemma 3.1 gives

[yhin=N} Kot -1,6.,0).

By the compactness of the Sobolev embedding, the sequence {y.} has a convergent sub-

sequence {y},} such that
”in —y H — 0, forsomey' € L*(Z).
Repeating this process, there are y), _, € As, ., (t —m,0_,w) such that
D,y (M, T =, 0_p )y, ) = Zymo1, VYneN,
and, for an index subsequence {nm} of {n, m — 1},
||y;”m -y" H — 0, forsomey” e L*(Z).
We consider the diagonal subsequence {nn} of {n} to obtain
||y;”n —y" H — 0, and s, (m,T—m,0_,w)y, = 2um (— 20).
By the convergence (4.1) in Lemma 4.1, we have
Zun = Po(m, T —m, 0_,0)y" andso Po(m, v —m,0_,w)y" = z.
On the other hand, by Proposition 2.3,
ly"|? <timsup|| As,, (t - m,6_,0)|
n—00

<limsupR;,, (vt — m,0_,) + 1 < Ro(t — m, 6_,,0) + 2.

n—00
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Since Ro(t, w) + 2 is tempered (i.e. Ko € D), it follows from the attraction of Ag that
dist(zo,Ao(r,a))) = dist(cbo(m, T —m, G_Mw)ym,Ao(t,w)) -0

as m — 00. Hence, zy € Ay(t, w) as desired. O
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