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Abstract

In this paper, we explore a stochastic non-autonomous one-predator-two-prey
system with Beddington-DeAngelis functional response and impulsive perturbations.
First, by using It&'s formula, exponential martingale inequality, Chebyshev’s inequality
and other mathematical skills, we establish some sufficient conditions for extinction,
non-persistence in the mean, weak persistence, persistence in the mean and
stochastic permanence of the solution of the stochastic system. Then the limit of the
average in time of the sample path of the solution is estimated by two constants.
Afterwards, the lower-growth rate and the upper-growth rate of the positive solution
are estimated. In addition, sufficient conditions for global attractivity of the system are
established. Finally, we carry out some simulations to verify our main results and
explain the biological implications: the large stochastic interference is
disadvantageous for the persistence of the population and the strong impulsive
harvesting can lead to extinct of the population.

Keywords: Stochastic one-predator-two-prey; Impulsive effect;
Beddington-DeAngelis functional response; Stochastic permanence; Global
attractivity

1 Introduction

Predator—prey systems, competitive systems and cooperative systems, the three major
systems in the ecosystem, play a vital role in promoting the stable operation of biologi-
cal communities. Among them, predation and competition are the most common phe-
nomena in nature, such as, tiger hunting rabbits, wolves catching deer, two trees in the
same forest, eagle and snake feeding on the same mouse and so on. Many scholars have
studied predation and competition systems (see [1-13]). Among them, the one-predator—
two-prey system (see [14—18]) is the most common system in the ecosystem. Therefore,
it is important and meaningful to consider dynamical behavior of the one-predator—two-
prey system with interspecies competition. When modeling the one-predator—two-prey
system, one of the most important factors should be involved is the functional response
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mechanism, which changes the prey density per unit time per predator as a function of
prey or both prey and predator species. There are many kinds of famous functional re-
sponse in the predator—prey system reported in the previous references, such as Holling
types [19-21], Beddington—DeAngelis type [22-25], Michaelis—Menton type [26], Ivlev
type [27], Hassell-Varley type [28], Crowley—Martin type functional response [29], which
are suitable for different kinds of predator—prey systems, respectively. In 1975, Beddington
[22] and DeAngelis [23] first introduced the Beddington—DeAngelis type predator—prey
model taking the form

D VI SN o ./ A

dr - X —ox ay +axx+agy’ (1)
dy _ 2 coxy

ar Ty -yt aj+axx+azy’

where x and y denote the population densities of prey and predator, respectively. The term
C1X
ay+axx+asy

Holling-II functional response if a3 = 0 and linear functional response if both a; = 0 and

represents the Beddington—DeAngelis functional response, which turns into the

as = 0. That is to say, the B-D functional response is affected by both predator and prey.
Therefore, the effect of mutual interference on the dynamics of population is worth study-
ing.

On the other hand, the population systems in the real world are always inevitably in-
fluenced by all kinds of environmental noises which are an important component in an
ecosystem. Usually, there are two types of environmental noises: white noise and color
noise. White noise arises from a nearly continuous series of small or moderate perturba-
tions that have small effects on the intrinsic growth rates of the species. Therefore, it is
essential to reveal how the environmental noise disturbs the population systems. In re-
cent years, many scholars have proposed and investigated stochastic models with white
noise perturbations, please refer to [30-46] and the references therein. For example, Ji
et al. [30] considered a predator—prey model with modified Leslie—Gower and Holling
type II schemes with stochastic perturbation and the condition for persistence and ex-
tinction of the system is established. Liu and Wang in [36] discussed a predator—prey sys-
tem with Beddington—DeAngelis functional response with stochastic perturbation. They
demonstrated that if the positive equilibrium of the deterministic system is globally stable,
then the stochastic model will preserve this nice property provided the noise is sufficiently
small.

However, periodic behavior often arises in implicit ways in various natural phenomena.
For example, due to the seasonal variation, hunting, harvesting and so on, the birth rate,
the mortality rate and other parameters in the population systems will not remain con-
stant, but exhibit a more-or-less periodicity. Thus, it is natural to model the population
by a periodic environment. Therefore, numerous authors have investigated the effect of
seasonal variation and stochasticity (see [47-49]).

Furthermore, population growth in ecosystems is also affected by human activities,
such as periodic harvesting or stocking for the species, which cannot be considered
continuously. Stochastic systems that consider continuous phenomena are not suitable
for these phenomena. Therefore, in this case, we should consider the effect of impulse
in order to describe these phenomena more accurately. In recent decades, a variety
of population dynamical systems with impulsive effects have been proposed and stud-
ied extensively (see [50—56]). For example, in [50] Liu and Wang concerned with an
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n-species stochastic nonautonomous Lotka-Volterra competitive system with impulsive
effects. They obtained the sufficient conditions for stochastic permanence, extinction
and global stability and investigated some dynamical properties. Zhang and Meng et al.
[52] discussed a stochastic non-autonomous predator—prey system with impulsive effect.
They concluded that the large stochastic disturbances can lead to the extinction of the
population, and large impulse harvests can also result in the extinction of the popula-
tion.

Taking all above influences into consideration, we focus on the stochastic non-
autonomous one-predator—two-prey system with the Beddington—DeAngelis functional

response and impulsive perturbations

dx1 (8) = %1 (B)[r1.(8) — 1 (E)1 (8) — b

— B1(E)x2(8)] dt + o1 (£)x1(2) dBy (2),
_ co(t)x3(t)

de(t) = x2(t) [}"z(t) - O{g(t)xz(t) - b1(t)+b2(t2)xtz(t3)+tb3(t)x3(t)

— Ba(£)x1 ()] dt + 0o (£)x2(2) By (2),
doxs (£) = x3(£) 73 (8) — s (E)s (£) + RO ©)

ex(t)xa(t)

+ BT b 4 + 03(0)xs(6) dBs(8),
x1(t7) = (1 + hy)x (),
%2(t%) = (1 + hog)x2(2), t=t,keN,

(

x3(t%) = (1 + har)x3(8),

t#tk,kGN,

where x;(¢) is the size of the ith population at time ¢, r;(¢) represents the intrinsic growth
rate of the ith population, «;(¢) stands for the density-dependent coefficients of the ith
population, B;(t) and B,(¢) are the competitive coefficient of x; () and x,(¢), respectively,
cj(t) is the capturing rate of predator, e;(t) represents the rate of conversion of nutrients
into the reproduction of predator, B;(t) (i = 1,2,3) is for independent standard Brown-
ian motions defined on a complete probability space and o;(t) is for the intensities of
By(2). ri(t), ai(t), Bi(t), ai(t), bi(t), ¢;(¢), ej(t), oi(t) are positive, continuous and bounded
functions defined on R* = (0,00), N denotes the set of positive integers, 0 < t; <fp < -+,
limg o0 tx = +00,i=1,2,3,j=1,2, k e N.

We impose the following restriction on system (2) which is a reasonable way for giving
biological meaning: s +1>0,i=1,2,3, kK € N. When & > 0, the impulsive effects repre-
sent releasing the specie, but if /1 < 0, the impulsive effects denote harvesting for the ith
population.

The main goals of this paper are to investigate how impulsive perturbations and
the white noises affect the permanence, persistence, extinction and global attractiv-
ity of system (2). The rest of the paper is organized as follows. In Sect. 2, we give
some definition and prove the existence of a unique positive solution of the system. In
Sect. 3, we will derive main theoretical results of this paper, such as sufficient condi-
tions for the extinction, non-persistence in the mean, weak persistence, persistence in
the mean and stochastic permanence of the system. Meanwhile the limit of the aver-
age in time of the sample path of the solution is estimated by two constants. In Sect. 4,
the lower-growth rate and the upper-growth rate of the solutions are estimated. In

Sect. 5, we investigate the global attractivity of the system. In Sect. 6, we give the con-
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clusions and several examples and numerical simulations to illustrate our theoretical re-

sults.

2 Preliminary

Let (£2, F,{F}i>0, P) be a complete probability space with a filtration {F;};>¢ satisfying
the common conditions (i.e. it is increasing and right continuous while F, contains all P-
null sets). Let B(t) = (B1(£), B5(¢), B3(t)) be an n-dimensional Brownian motion defined
on this probability space. Let R? = {x € R :x; > 0,i < i < 3}. We define the norm as |x| =
Jxr + X%+ a3

If f(¢) is a bounded continuous function on [0, +00), define

fl=nf f©), f= s f), fi=lminff@©),  f*=lmsupf()

t—>R* t—R* —+00

For the constants 1;, M;, l-”,fil (i=1,2,3), we denote

m = min m;, M = max M;, f= minff, f = max f.
1<i<3 1<i<3 1<i<3 1<i<3

Definition 2.1

x(t) is said to be extinctive if lim,_, , o x(¢) = 0.

—_

tx(s) ds

. x(t) is said to be non-persistent in the mean if lim;_, , b — =0.

. x(t) is said to be weakly persistent if limsup,_, , ., #(¢) > 0.

t
. x(t) is said to be persistent in the mean if liminf;_, , bo xis) s > 0.
. x(2) is said to be stochastically permanent if for every ¢ € (0, 1) there are two

constants 8 > 0, § > 0 such that

[S2 BTG I )

liminfP{x(t) > B} > 1-¢, liminfP{x(t) <8} > 1-e.

t—>+00 t—>+00

Now we give an assumption which will be used in the following proof.

Assumption 2.1 There exist constants m; and M; (i = 1,2, 3) such that

m; < H 1+ hy) <M.

O<tg<t

_pk+1
Remark1l Assumption 2.1 is easy to satisfy. For example, if 1y =e # -1,i=1,2,3,then

1 = 1_[0<tk<t(1 + hik) =e

Theorem 2.1 For any given initial value (x1(0),x2(0),x3(0))” € R3, system (2) exists a
unique positive solution x(t) = (x1(£), x2(t),x3(t))T on R* and the positive solution will re-

main R a.s.
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Proof Consider the following stochastic differential equations (SDEs) without impulses:

dy1(2) = y1(8) [ (2) - O51(’5 1_[0<tk<t(1 + )y () (@) [Tocs e (1 + hai)ya(2)
O TTo<ty <e(1+h31)y3() ]dt

T a1 @®+ax(d) 1_[0<zk<t(1+hlk)3’1( )+a3(6) [o<r, < (1+/31)y3(0)

+01(t)y1(t) dB1 (),

dys(2) = y2(O)[r2(2) — aa(2) no<tk<;(1 + hop)ya(t) — Bal(t) 1_[0<,5k<t(1 + )y (t)
2(0) oy < (LH34)y3(0) ] ;
T i) +ho(t ) o<ty e A+har)y2(O+53(0) TTocyy < A+h31)73(¢ 3)

+09(t)y2(£) dBy(2),
dys(2) = y3(t)[r3(t) — as(t) 1_[0<tk<g(1 + h3)ys(t)

e1(®) [ocy < (1+h11)y1(8)

a1()+ax(t) Ho<tk<z Lth)y1 (@) +az (@) [Tocy < (1+h3k)y3(0)
e2(0) [Tocyy <t (1+har)y2(0)

B O 520 o< )72+ 530 [Tocgy 1 +H30073(0)

+03(t)ys(t) dBs(2),

1dt

with initial value (y1(0), y2(0),¥3(0))T = (x1(0), x2(0),x3(0))”. By the classic theory of SDEs
without impulses (see [57]), system (3) has a unique global positive solution y(£) =
01(8),92(8), y3(O).

Let x;(¢) = ]—[0<tk<t(1 + hi)yi(t), we show that x(£) = (x;(£), x2(£), x3(¢))T is the solution of
system (2) with initial value (x1(0),x,(0),x3(0))%.

In fact, since x; (¢) is continuous on each interval (¢, tx,1) C R* and for ¢ # &, k € N, we
have

der(®) = [] A+ ) dyn (@

O<ty<t
= l_[ (1 + Ay () [Vl(t) —a;(2) H (1 + hy)ya () H (1 + har)ya(2)
O<tp<t O<tp<t O<tg<t

_ £) 1_[0<tk<t(1 + h3i)ys(t) i| &
a1(t) + ax(t) [ Tooy (1 + m1idy1 () + az(®) [ ooy oo (1 + hi)y3(2)

+o1(t) [] 1+ oy (@) dBio)

O<ty<t

c1(t)x3(t)
ay(t) + ax(t)x1(t) + az(t)x3(t)

=x1(¢) I:ﬁ (&) — a1 ()x1 (1) - - ﬁl(f)xz(t)] dt
+01(H)x1(£) dBy (2).

Similarly, we can obtain

ca(t)xs(2)
b1(2) + ba(£)x2(2) + b3(£)x3(2)

dxy () = 22 (2) [Vz(t) —ap(t)wa(t) -

- ,32(t)x1(t)i| dt + oo (£)x2(£) dBa(2),

e1()x1(2)
a1 (t) + ax()x1(t) + az()x3(t)

dws(t) = x3(t) [Vs(t) —az(t)ws(t) +

. e (D)x(2)
by(2) + ba(£)x2(2) + b3(£)x3(2)

} dt + o3()xs(t) dBs(2).
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And for each #; € R*, it is not difficult to show that

xi() = tlirg x;(t) = 1_[ (1 +hy)yi()

k 0<tj<ty
=(L+h) [ U+ hyhyicte) = (1 + haite).
O<tj<ty

Moreover,

xi(t]:) = tli)r?,xt l_[ (1 + hz])yt tk 1_[ (1 + hl] J/z(fk) xt(tk)
k O<tj<ty O<tj<ty

Therefore, x(t) = (x1(£),%2(t),x3(¢))T is the unique global positive solution of system (2).
This completes the proof of Theorem 2.1. O

3 Extinction and persistence
In this section we will derive sufficient conditions for the extinction, non-persistence in
the mean, weak persistence, persistence in the mean and stochastic permanence of the

solutions of system (2).

Theorem 3.1 Suppose that x(t) = (x1(t), x2(2),x3(t))T is a solution of system (2), then

Inux;(t t
Jim sup t( ) <limsup - [Z In(1 + hy) +/ Si(s)ds] =87, as,
0

t—+00 t—+00 O<ty<t

where

0.2
81(0) = ri(8) - 22,

a3 (®)
82(8) = ra(2) - -5

HO)
83(t) = r3() + 4G 4 28 - BT

Particularly, if 87 < 0, then limy_, ;o x;(t) = 0 a.s., namely, the ith species (i = 1,2, 3) in sys-
tem (2) is extinct.

Proof Applying It6’s formula to the first equation of system (3), we could find that

2
dnya(6) = [h(t) “AO 0 T 0+ mon@ - 510 [] G+ an®
O<ty<t O<ty<t
ci(t) l_[0<tk<t(1 + h3p)ys(t) ]
ar(t) + ay() l_[0<tk<t(1 + i)y (t) + as(t) n0<tk<t(1 + hsi)ys(t)
+01(t) dBy ()

2
< [n(t) - "12“) - ou(t)xl(t)} dt + 0y (¢) dBy (£)

= [81(2) — o1 (£)x1(2) ] e + 01(2) By (2). (4)

Page 6 of 35
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In the same way, combining with the last two equations of system (3) we have

03 (t)
2

)72(8) = Bo®) T (1 +hucdya(e)

O<tg<t O<tg <t

(t) 1_[0<tk<:(1 + hSk)yB(t)

dlny,(¢) = [rg(t) -

d
b1(2) + ba(t) [ Toeg <t (1 + H2u)y2(8) + b3(8) [ [oopy (1 + hsk)ya(t)} g

+02(t) dBy(2)

2
sﬁﬂ%qfkwﬂMﬂﬂ&+@deﬂ

= [82(t) — aa(t)x2(2) ] dt + 02 (£) dBy (1),

which leads to

dInys() = [Vs(t) —as(t) 1_[ 1+ th)J’s(t)] dt + o3(t) dB3(2)

O<tg<t

|: ei(t) 1_[0<tk<5(1 +hi)yi(t)
ay(t) + ax(t) 1_[0<tk<t(1 + hy)yi(t) + as(t 1_[0<tk<t (1 + h3)ys(t)

ex(t) H0<tk<t (1 + hor)ya(2) :|
b1(t) +b2(8) [ Toey (X + 120)y2() + b3(8) [ [oop, o, (1 + B3i)ys(2)

alt) el o)
SPW“@m b 2

- Ols(t)xs(t)] dt + o3(t) dB3(2)

= [83(t) — as(t)x3(2)] dt + o3(¢) dBs(2).

(5)

(6)

Integrating both sides of inequalities (4), (5) and (6) on the interval [0, ], one can easily

see that

Iny;(£) —Iny,(0) < /Ot 8i(s)ds — /(.)tai(s)xi(s) ds + M;(t),

7)

where M;(t) = fot oi(s)dB;(s), i = 1,2,3. Note that M;(t) are local martingales, whose
quadratic variations are (M;(t), M;(t f 2(s) ds < (0})*t. Making use of the strong law

of large numbers for local martmgales (see [58]) results in

. M;(2)
lim

t—+00 t

=0 a.s.

On the other hand, it follows from (7) that

> In(1+ ki) + Inyi(£) - Iny;(0)

O<ty<t

< Z In(1 + A1) +/ i(s)ds—/Otai(s)xi(s)ds+M,'(t).

O<tg<t

Page 7 of 35
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In other words, we can compute that

Inx;(£) < Iny;(0) + Z In(1 + A1) + /ES,'(S) ds — /ta,'(s)xi(s) ds + M;(¢t)
0 0

O<ty<t
t
<Iny;(0) + Z In(1 + hy) +/ 8i(s) ds + M;(¢). (8)
O<tg<t 0

Iny;(0)

+— =0, we obtain

Taking superior limit on both sides of (8) and noting that lim;_, .

Inx;(t 1 t
lim sup %() < limsup —|: Z In(1 + hy) + / 8i(s) ds] =687, as.
0

t—>+00 t—+00 O<ty<t

This completes the proof. d

Theorem 3.2 Suppose that x(t) = (x1(t), x2(¢),x3(t)) is a solution of system (2), then

1 [t &
lim sup —/ xi(s)ds < 4 =x}.
0

t—>+00 Olg

14

Particularly, if §7 = 0, then lim;_, . % fot xi(s)ds = 0, that is, the ith species (i = 1,2,3) in
system (2) is non-persistent in the mean.

Proof According to the definition of the limit, for arbitrary fixed ¢; > 0, there exists a con-

stant Ty > 0, for every ¢ > T, such that

Iny;(0) € M;(t) e 1 /t €;
—_— < —, —_— < -, — In(1 hi (Sl‘ d 53* _.
P =3 ;. =3 ‘ 0<§tk<t n(1 + hy) + A (s)ds it 3

Substituting above inequalities into (8) yields

Inx;(£) < Iny;(0) + Z In(1 + A1) + /t&-(s) ds — /ta,-(s)x,'(s) ds + M;(t)
0 0

O<tg<t

t
< (5;* + ei)t—/ o;(s)x;(s) ds
0
L
< Ait—af/ xi(s)ds a.s., 9)
0

for all £ > Ty, where A; = §7 + €;.

Denote g;(t) = fot xi(s) ds, we get dgéit) = x,(t). Taking exponent on both sides of (9), we

can show that

dg;(t )
eafgi(t)% < i, (10)

Integrating inequality (10) from Tj to ¢ yields

l
Ly ) Ly o,
e%g,(t) < _ekzt + eaigt(TO) _ )\‘_le)”lTO. (11)
i i

Page 8 of 35
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Taking logarithm of both sides of inequality (11), we can derive that

i )\i

¢ 1 o! o!
/ xi(s)ds < — ln|:—’e’\"t + i8i(To) _ —’e’\"TO:|. (12)
0 O[l- A
Taking superior limit on (12) elicits that

) 1 [t . 1 ol I ol
lim sup — / x;(s)ds < limsup — ln|:—’e’\’t + %ii(To) _ ZighiTo |
t—>+00 0 t—>+00 Ot A Ai

Then it follows from L'Hospital’s rule that

1! A 8
lim sup — / xi(s) ds < limsup —ll =L =%
t—+00 0 t—>+o0 O o

This completes the proof of this theorem. d

Theorem 3.3 Suppose that x(t) = (x,(t), x,(t),x3(2))7 is a solution of system (2). If 8} >0,
then the ith species (i = 1,2, 3) in system (2) is weakly persistent a.s., i.e.limsup,_, , ., x:(t) >0

a.s.

Proof Ifthis assertion is not true, then P(S) > 0, where S is the set S = limsup,_, , ., #:(¢) = 0.
It follows from (8) that

Inx(f) - Inx(0) _ 1 [ > In(1+ /) +/t5i(5)d5}
0

t t
O<ty <t

M;(t). (13)

- % Ltai(s)xi(s) ds +

On the other hand, for Yo € S, we have lim;_, ,« x;(¢,®) = 0. Thus it follows from the
boundedness of «;(¢) that

Inx;(¢) — Inx;(0 . 1 /!
lim sup M <0, lim sup n / o;(s)x;(s)ds = 0.

t—+00 t —>+00 0

M;(®)
£

obtain the contradiction 0 > limsup,_, , .. Inx;(t, ) = §7 > 0. This completes the proof. [J

Substituting these inequalities into (13) and making use of lim,_, ,

=0 a.s., one can

Remark 2 Theorems 3.1-3.3 have an interesting biological interpretation. Observe that
the extinction and persistence of species x;(£) only depend on §;. If §; > 0, the population

x;(t) is weakly persistent. If §} < 0, the population x;(¢) goes to extinction.

Theorem 3.4 Suppose that x(t) = (x1(£), x2(t),x3())T is a solution of system (2), then

1 /! 6;
liminfz‘/ xi(s)ds > — =7, as.
0

t—+00 (;(i t



Qi et al. Advances in Difference Equations (2019) 2019:235 Page 10 of 35

where

91* = 81* - (1—12 +M ), 62* = 82* - 2—11 +n2 ) 93* = 83*;
oy o

1

> In(1+ k) + / (r,-(s) - %@(Q) ds:|, i=1,2,3,

8iy = liminf — [

—+00
O<ty<t
U Q* U Qk
cl clé; ¢y 503
1 1 G GO
71 = min 7 12 = min 7T 1
at’ dlalk by bia

Particularly, if 0;, > 0, then the ith species (i = 1,2, 3) in system (2) is persistent in the mean
a.s.

Proof Applying It6’s formula to the first equation of system (3), we can observe that

2
dlnys (6) = [h(t) B0 a0 [T+ haom®- 10 T] (bt

O<tg<t O<tg<t

c1(6) [ Tocyp e (1 + h3i)ys(2) ] iy
a1() + a2(0) [Tow o1+ B2 (0) + @3(0) [Tocqy (1 + sty (0)

+01(t) dBy(2)

2
> |:r1(t) B0 00 - 00 - %} dt

+01(0)dB (), (14)
Applying general calculations to (14), it is easy to verify that
Iy (6) = Inyy (0) + O;kd In(L+ ) + / t(rl(s) _ %03(5)) ds - /o ' (5)ds
[ pomas- [ SO
> Iny; (0) + O;kd In(1 + /) + /0 t(rl(s) - %af(s)) ds — a* /0 txl(s) ds
—ﬁi’/otxz(s)ds—/(:%%+Ml(t). (15)

It then follows from Theorem 3.2 that

fot x(s)ds 8%

limsup ——— < —’l, i=1,2,3.
t—+00 t o
Since lim;_, ;00 y‘ =0, hmHJroo =0,i=1,2,3, for Ve; > 0 there exists a 77 > 0, such

that

t §* ¢ 83
/ x1(s)ds < (_11 + %)t, / x3(s) ds < <—21 + %)t’
0 a; By 0 a P



Qi et al. Advances in Difference Equations (2019) 2019:235 Page 11 of 35

¢ 8 de
/ xs(s)ds<( 3 4 1u1>t,
0 013 (51

> i)+ [ t(n(s) - %af(s)) ds> (1, - e,

O<tg<t

¥1(0) > —€1 2, M (2) = —€rt.

Substituting the above inequalities into (15), we get, for ¢ > T,

t
Inx; () > 01t — oc{‘/ x1(s) ds, (16)
0

usx
(P74 m) — €1, and = min{ 5, 925,
3 1¢

In the similar way, we can conclude that, for any ¢;, ” there exists some T; > 0 such that

where 6; =81, —

t
Inx;(t) > Qit—af‘/ x;(s)ds, t>T; 17)
0

where

,3"8*
92=32*—< 2Llim) -6,  03=083, e,
@

and

cy 583 } )
772—m1n{ i=2,3.
W bl

Let T* = min; <;<3 T; > 0, then from (16) and (17), we can easily see that
t
Inwx;(¢) > 0;t — a;‘/ x;(s)ds, t>T*i=1,2,3. (18)
0

Denote g;(t fo x;(s) ds, we get dg’ = x;(¢). Taking the exponent on both sides of (18), we
can obtain

= > it (19)

Integrating inequality (19) from T™ to ¢ yields

algt) <, o gy altg(T*) of g
i) > L olit 4 %8l L lit, (20)

0; 0;

Taking logarithm of both sides of inequality (20), it can be verified straightforwardly that

t
f (5)ds > — In| % eht 4 gotar) _ % o | (21)
0 C(i 0, 9,‘

i

Taking superior limit on both sides of (21), we obtain

e 1 it 4 ot a(T™) o g
liminf — x,(s)ds>11m1nf—ln ity e Gt 2Ll
t—>+o00 £ Jo o; “t 91’ 0;
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Then it follows from L'Hospital’s rule that

1 ¢ 91’ Qi*
liminf - / xi(s)ds > liminf — = — = 7.
—+00 0 t—+00 O{l. i
This completes the proof of this theorem. 0

Theorem 3.5 If Assumption 2.1 holds and (5)? < 27, then system (2) is stochastically per-
manent.

Proof First, we prove that, for arbitrary ¢ > 0, there exists a constant 8 > 0 such that

lirnian{x(t) > /3} >1-¢.

t—+00

Define

Viy) = Vo) = (1+Vi)%,  Va() =€ Va(y),

1
U(y)’
where U(y) = Z?:l ¥i(t), 0 > 0, K is a positive constant to be determined.

Applying Itd’s formula and system (3) once again, we can calculate that

dvi(y) =—— [Zyl(t) (n(t) ait) [+ hm(t))

O<ty<t

- % PRAGIAGETAGE I NI AAGIAG)

O<tg<t

3
=1

= Bo® T @+ hdya(@)ya(e)
O<tg<t

~ 1(0) [ocy (1 + h3i)y1 (£)ys(0)
ar(t) + a2(8) [ Toeg (1 + H1)y1(8) + a3(6) [ Toopy (1 + h3i)ys(2)

~ 2(t) [ Toe e (1 + B3i)y2(£)ys(2)
b1(t) + ba(t) [ Toey <o (1 + M)y (8) + b3(8) [ Loy (1 + P131)y3(8)

e1(0) [ Tocy (1 + m1r)y1 (£)ys(2)
ﬂl(t) +as(t) l_[0<tk<t(1 + )y () + as(2) H0<zk<t(1 + h3)ys(t)

e2(8) [ Towy e (1 + Pak)y2()y3(2)
bl(t) +52(8) [Toegee (X + 120)y2(8) + b3(8) [ Toopy o, (1 + B3 )3 (2)

3
_ % 3" ai(@)yi(e) dB,(@).
i=1

Thus,

3 .
dvi(y) < % |:—? Zyi(t) + (M& 3(6)? ) Zyl () + (B M + By My )y1(£)y2(2)
i=1

+ Cizwg 1(B)ys(t) + b yz(t)ys(t } dt - — Zal £)yi(t)
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()y,

Substituting inequality y;(£)y;(t) < (i,j = 1,2, 3) into the above inequality and mak-

ing some estimations yield

dVi(y) < % |:—?L1+ (M(& +2f+ :i + Z—%I) 3;22> Zy, t)i|

l
1

3
_ % > oi()yi(t) dBi(t)
i=1

20 . 3(5)%\ = ,
=F —}"U+(M¢+ 2l )Zyi(t dt——Zo'l t)yl dB;(t), (22)

i=1

where ¢ = (& + 28 + 3 o +b,)

Further, when y; > 0 lel Y2 (t) < (Zig:l yi(t))? = U?, then from (22), we can derive that

v 3
dVi(y) < %[—M 3(;)2 +M¢U] dt - % > oile)yi(t) dBi(o). (23)

i=1

On the other hand, it follows from It6’s integration by parts formula and applying (23) that

dVa(y) = o(1+ Vi(p))* " dVi(y) + %(g D)1+ Vi) @vi)’

N . .
<o(1+Wi()” 2|:(1 V1(y))< L2;; + 3552) + 2g¢> , e L[14)(0) i|dt

3
- % (1 + Vl()’))gil Zai(t)yi(t) dB;(t)
i=1
=0(1+ Vi) [-(2F - 20 + D(G)?) VE() + 2M¢V1% ) + 2M¢V1% )

3
+(3(6)2 - 20) V)] de - —Q(1 +Vi0) S 0u0)yile) dBy(@). (24)
i=1

We can choose positive constant « small enough such that
0<k< Q(Z?— (20 + 1)(6)2).
Then

dV3(y) = ke Vo () dt + €L dVa(y)

<oe(1+ Vi) [— (2? —(20+1)(5)* - g) Vi) + 2M¢V1% )
+ (3(6)2 + %’C - 2?) Vi) + 2MpVE () + g] dt

3
- % (1 + W O/))Q_l Z O’i(t)yl’(t) dBi(t)
i=1

Page 13 of 35
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3
_ TH(y)dt - % (1+ V200 3 oueie) dBi(@),

i=1

where
H(y)=o(1+ vlty))”[— (2?— (20 +1)(5)* - g) V2(y) + 2Mp V7 ()

V2 2k ~ % K

+(3(0) + — =27 | Vi) + 2M@ V7 () + — |
Q o

By the definition of «, H(y) is upper bounded in R*, we let H = sup g H(y) < +00, we

could find that

9 3
dVa(y) <e'Hdt - Ui(l + Vi)’ ! ;Gi(t)y,-(t) dB(t). (25)

Integrating inequality (25) on the interval [0, £], then multiplying ™! and taking expecta-
tions on both sides, it is not difficult to show that

B(1+V10))°] = VaOuE[e ] + TE[1 -,

where y, = Z?:l 9i(0). Thus,

lim supE[%(y)] <limsupE[(1 + Vi(»))?]

t—>+00 t—+00

<lim sup[

t—>+00

Voo, -] a
ext K N

On the other hand, since m < m; < H0<tk<t(1 + hy) < M; < M and by the previous trans-

formation x;(¢) = H0<tk<t(1 + hy)yi(t), we have

3 2 3 2 3 2 3
M2 (Z xi) < Uz()/) < (Z yi> < m2 <Z xi) < 4m™? lez;
i=1 i=1

i=1 i=1

which yields
2\0 /3 e
(%) (§) oo
i=1
Consequently,
m2\° [ - H
limsupE| { — X <limsupE[12¢ <—,
te+oop |:( 4) <121: l - ta+c>op [ (J/)]_ K

which leads to

N
limsup E[ |x(¢)| ] < (%) Qlimsup]E[LI‘ZQ(y)] < Mj.

t—+00 t—+00 Kkm=e
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Then, for any ¢ > 0, set B = (“zz7 95)0 it follows from Chebyshev’s inequality (see [57]) that

ELOI)

1 <e.
t—>+00 ﬂ‘@

lim sup IP{ |x( t)’<ﬁ}_l1msup1P’{‘x B> p) <

t—>+00

In other words,

llmmfIP’Hx }>ﬁ}>1—8 (27)

t—+00

Next we show that, for arbitrary ¢ > 0, there exists a constant § > 0 such that

limianP’{x(t) < 8} >1-e¢.

t—+00

Let g > 2, applying It6’s formula to the non-impulsive system (3),

d(e'y(1)) = e'y(£) dt + qe'y? l(t)dyl(t)+ 54@=1e'y] 20)(dy ()

(q—12¢(t) — 0y (t) H (1 + By ()

O<ty<t
_ 1(8) [ Toey <o (1 + h3r)ys(2)
ay (t) + ﬂz(t) 1_[0<tk<t(1 + hlk)yl (t) + dS(t) H0<tk<t(1 + h?,k)yg(t)

= eyl(t)[l +q<r1(t) +

g0 [Ta+ hzk)yz(t))] de + ge'y] (D)o (t) dBi (1)

O<tg <t

q(q - 1)(o1')

5 - qa{mlyl(t):| dt

< ety(f(t)|:1 +qri +
+gé'o1(£)y1(£) dBi (2). (28)
Integrating (28) on the interval [0, £] yields

t _ u\2
e‘y’f(t) —yi’(O) < / e'y] (s)|:1 +qry + M - qaimlyl(s)] ds

vq fo ¢o1(5)y(5) B s). 29)

Taking expectations on both sides of (29) we obtain

t _ u)2
B[ey10] <510+ 5| [ et 1eart s T gatmyno) s
0

Denote

q(q - 1)(o')

5 —qa{mlyl],

gbn) =y'1’[1 +qry +

then we have

/ u ( _1)((7”)2 —
g()/1)=4|:1+qu + qqfl — (g + Dadmy |y? !
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and

q(q - 1)(o')

2" ) =q<(q— 1)[1 +qri + ]—q(q+ l)a{mly1>y’f'2.

2
Ligri+ alg-1)(o1)?
It is easy to see that g(y;) has a unique maximum yj = % since
q+1l)aymy

q(q - 1)(0{‘)2}( 977 <o,

g'(7) = —q[l +qry + 5 i

Therefore,
a(q-D{)* 1441

2 = O1(q),
(g + 1)1 (almy )4 1lg)

[1+qgr}+

gbn) <g()) =

which yields

E[ei(6)] <y1(0) + @1(q)1E[ /O e'yi(s) ds] =y1(0) + O1(q)(¢' - 1).

Page 16 of 35

On the other hand, by applying It6’s formula and the last two equations of system (3) then

making some estimations, we can easily see that

q(g - 1)(03)?

d(e'yi(0) < etyg(t)[l +qry + 5

q(q - 1)(03)?

d(e'yi(0) < etyg(t)[l + q(rg + e_} + 6—2) + 5

; - qaérngyg(t)] de
a, by

+qe‘o3(£)yd(t) dBs(2).

Then, similar to the above discussions, we can also derive that

Efe'y{(6)] <5{(0) + @(q)E[ /0 ey ds] =7{(0) + Oulg)(e' - 1), =23,

where
(g-1)(04)?
B LR e v
(g + 1)1+ (ahmy)d
[1 +q(rg + i + ﬁ) + q(q—1;(0§)2 ]q+l
Os(q) = 42

(q + D)7+ Y (azms)

Combining (29) and (30), we can conclude that
E[e'y!(£)] <7(0) + Oi(g)(e' - 1), i=1,2,3.

Multiplying e™* on both sides of (31) and taking the superior limit yield

limsupE[y?(t)] <limsup 9;i(0) + Oilg)(e ) _

t—+00 t—+00 et

Oi(q), i=1,2,3.

_ qaémzyzm} 4t + ge (D) dBa(0),

(30)

(31)

(32)
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This leads to

limsup E[x](¢)] < limsupE[ 1_[ 1+ hik)qy?(t):| <Oiq)M)?, i=1,2,3.

t—+00 t— +00 O<ty<t

Then, for any ¢ > 0, let § = \/g , it follows from Chebyshev’s inequality that

Eflx(6)*]

limsupIP’{’x(t)’ > 5} = limsupIF’{’x(t)’2 > 82} < lim ——=¢,
t—>+00 t—+00 t—>+00 52
where © = 32 | ©,(q)(M;)>. As a consequence,
lim supIP{ fx(t)| < 8} >1-c¢. (33)

—+00

According to Definition 2.1, it follows from (27) and (33) that system (2) is stochastically

permanent. g

Remark 3 From inequality (32), we can get

t t
lim sup ! / E[y!(¢)] ds < [{(0) - ©;(g)] lim sup ! / e“ds+ 0(q)
0 0

t—>+00 t—+00

=0@i(g), i=1,2,3.

Therefore, system (2) has the property

i
t—>+00

1 t
limsup — / E[xq(t)] ds < O(q)M)1, i=1,2,3.
0

4 Asymptotic properties
In this section we will discuss the asymptotic properties of the solution of system (2).

Theorem 4.1 If Assumption 2.1 holds and any solution x(t) = (x1(£),x2(t), x3(t))T of system
(2) has the property that

Inx;(t
lim sup %i(t) <1
t— +00 nt

a.s.

and, moreover, 27 — (5)* > 0, then

In |o; (¢ 5)?
lim inf ni()] > — AG) - a.s.
t—+o0  Int 27 — (6)2
Proof 1t follows from It6’s formula and combining with inequality (4), (5) and (6) that

d(e' Iny;(¢)) = €' Iny;(¢) dt + ¢ d(Iny;(2))
< e'[Inyi(t) + 8:(t) — mjerly;(t)] dt + €' o;(¢) dBy(2). (34)
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Integrating above inequality (34) on the interval [0, £] yields
t
e Iny; () —Iny;(0) < / é [lnyi(s) +8;(s) — miafyi(s)] ds + N;(t), (35)
0
where N;(t) = fot €'oi(s) dB;(s) is the exponential martingale, whose quadratic variation is
t
(N:(2),Ni(1)) = / e*ol(s)ds, i=1,2,3.
0

Thus, it follows from the exponential martingale inequality (see [57]) that

1
]P’{ sup |:N,»(t) - Ee_kV(N,-(t),Ni(t)):| > pek” lnk} <k?*, p>1y>0.

0<t<ky

By virtue of the Borel-Cantelli lemma, for almost all w € §2, there exists ko(w) such that,
for every k > ko(w),

1 1 t
Ni(p) < Ee"‘”(M(t),]\G(t)) +pe” Ink = Ee-ky f e*ol(s)ds + pe” Ink, (36)
0

for 0 <t < ky. Substituting inequality (36) into (35) and making some estimations yield

2
)

t
e Iny;(t) —Iny;(0) < / é |:lnyi(s) +68] + L - miafyi(s):| ds + pe’” Ink.
0

If we denote

u\2
fli) =Iny; + 8] + %.
Then f'(y;) = yl’ - miozf,f”(yi) = —% < 0, this means y} = ﬁ is the unique maximum of
the function f(y;), Lef(y;) < f(F). L

Thus,

1 t
e Iny;(¢) <Iny;(0) + ; / e ds + pe’” Ink
0

i%;

= Iny;(0) + (¢ —1) + pe"” Ink. (37)

l
i%;

Multiplying e™* on both sides of (37) yields

Iny;(¢) <Ilne ‘y;(0) +

" (1-e™) + p” " Ink.

For (k—1)y <t <ky and k > ky(w), if t = o0, then k — oo.
Therefore,

—ty. 1 _ ot ky—t
. lnyi(t) . Ine yl(o) + miaf (1 € ) +pe lnk
limsup ——— < limsup = pe’.
t—>+00 nt t—+00 Int
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Iny;(t)
Int

Let p — 1 and y — 0, then limsup,_, , < 1. Since Assumption 2.1 holds,

. . ZO<tk<t In(1 + A1) + Iny;(2)
lim sup limsu <1

t— +00 n t—+00 Int

In xi(t) _

Now, we prove the next part. By (26), there exists a constant C; > 0 such that

lim supE[(l + Vl(y))g] <C;, t>0. (38)

t—>+00

At the same time, it follows from (24) that

dVa(y) < o(1+ Vi)*°[-(2F - 20 + DE)?) VEG) + 2M¢V1% ) + 2M¢v1% )
3

+ (367~ 29)Vi0)] de 2% (14 Vi0)"™ D o) aBi (o)

i=1

3
< QC2(1 + Vl()/))g de — %(1 + V1 (y))Q_l Zo'i(t)yi(t) dBl‘(t), (39)

i=1

where C, = max{|27 — (20 + 1)(5)2|, M¢, |3(5)? - 27|}. Let u > 0 be sufficiently small for
1/~ 1
0Cou +24ou2y o2 < 3 (40)
Let k=1,2,..., making use of (39) shows that

E[( lim sup (1 + Vi (y(t)))g]

k-Du<t<kp

<E[(1+ Vi(y((k=Dp)))°] + E[ limsup

(k=1)pu<t<kn

/( QC2(1 +W; (y(s)))g ds

k=1)p

]
|

! 20 o-1 :
Lo o 0 0O etomtoaso

+E| limsup
(k-l)u<t<kp

We compute that

E|: lim sup
(

k-1)u<t<kp

/( 0C(1+ Vl(y(s)))g ds

k=1)1

)

- ]E[ /( G+ b)) ds:|

k=1

< QCzuE[ lim sup (1 + W (y(t)))g]. (42)
(k-1)u<t<kp
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On the other hand, by the famous Burkholder—Davis—Gundy inequality (see [57]), it is

|

¢ 2Q -
/() By L+ 10O (@09 dB()

easy to derive that

E|:( lim sup / L[3(y( ))( + Vi y(s) Zal(s)y,(s ) dB;(s)

k=1)u<t<ku

)

3
52 [ lim sup
-1

(k=1)p<t<ku

5423:E[</kﬂ 402 (1+ Vi (5(5)))** Vi (y(5)) 025y (s) d )2}

(k=1)p
e[ Vo) a2ere )\
_ 2 20 1 i i
‘4;E[</(k_w4g OO V067 52, yop ds) ]
ke %
<8Q\/721E[</ 1+V1(y(s)))29ds>]

< 249;1,%\/5113[ limsup (1+V; (y(t)))g]. (43)

(k-1)p<t<kpu

Substituting (43) and (42) into (41) results in

E[( lim sup (1 +W (y(t)))g]

k=1)pu<t<kp

<E[(1+Vi(y((k-Dw)))°]

+(0Cop + 24-9/&\/5)15[ limsup (1+V; (y(t)))g].

(k=1 pu=t=<kp

Applying (38) and (40), we can show that

E[ lim sup (1 + V1 (y(t)))g] <2C;.
(k-Dp=t<kp

Let € > 0 be arbitrary. Then, by the Chebyshev inequality, we obtain

2C;
(klu)l+e

IP’{a): sup (1 + W (y(t))) > (ku)“g} k=1,2,...

(k=Dp<t<kp

By the Borel-Cantelli lemma [59], for almost all w € §2, there exists an integer ko = ko(w)
such that

In(1 + V1 (y(2)))° - (1 +¢€)In(ku)
Int ~ In((k-=1)u)

for k > k—0and (k- 1)p <t < ku. That is to say

In(1 + V7 (y(¢)))?
limsupw <l+e.
t—+00 Int

Page 20 of 35



Qi et al. Advances in Difference Equations (2019) 2019:235 Page 21 of 35

Letting € — 0 gives

In(y(01 ) _ |

lim su
t— +oop Int

Consequently,

1 1
o IO 1

t— +00 Int - 20 ’
But this holds for any o that satisfies 27 > (20 + 1)(5)?, we therefore have

n(yo) _ 8

liminf - .
e Int 27— (5)
It then follows that
V)
i POEOD Gy 6P
t—+c0  Int t—+00 Int 27 —(6)?2
This completes the proof of this theorem. d

Remark 4 Theorem 4.1 shows that, for any € > 0, there exists a random variable T, > 0
S
such that ¢ 772" < |x(¢)| < t1*€ for t > T. almost surely. That is to say, the solution will
N
not decay faster than ¢ 2-()? " and will not grow faster than t1*€ with probability one. We

are now in the position to estimate the limit of the average in time of the sample paths of
solutions.

5 Global attractivity
In this section we give the definition of global attractivity and some useful lemmas to study
the global attractivity of system (2).

Definition 5.1 Letx(t) = (x1(2),%2(2), x3(£)) 7, z(¢) = (21(t), 22(¢), z3(¢)) T be two arbitrary so-
lutions of system (2) with initial values x(0), z(0) € R*, respectively. If lim;_, , o [%(£) —2(£)| =
0 a.s., then we say system (2) is globally attractive.

Lemma 5.1 (see [60]) Let X(t) be an n-dimensional stochastic process on t > 0. Suppose
that there exist positive constants «, 8, ¢ such that

]E|X(t)—X(S)|a <clt-s|'*f, o<st<oo.

Then there exists a continuous modification X(t) of X(t) which has the property that for
every ¥ € (0, g) there is a positive random variable h(w) such that

X(t,w) — X(¢, 2
IP’{a): sup Xt ) 9( @)l < 5 } =1.
0<|t—s|<h(w),0<s,t<c0 |t —s|! 1-2-

In other words, almost every sample path of X (t) is locally but uniformly Holder continuous
with exponent ¥.
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Lemma 5.2 (see [60]) Let Assumption 2.1 hold. If y(t) = (y1(£), y2(2), y3(£))T is a solution
of (3) with initial values y(0) € R*, then almost every sample path of y;(t) (1 <i <3)is
uniformly continuous for t > 0.

Proof By (32), there exists T > 0, such that E[y?(t)] < %@1(01) for all ¢t > T. Moreover, it
follows from the continuity of E[y?(¢)] that there is a ©,(g) > 0 such that E[y!(£)] < ®,(q)
fort>T.Let ®(q) = max{%@l(q), ®,(q)}, then, for all £ <0,

E[y/(1)] < ©(g).

Clearly, the first equation of system (3) is equivalent to the following equation:

n(0) = /0 71(s) |:Vl (8)—ar(s) [T 0+ heya(s) = Bals) [T @+ haiyals)

O<tg<s O<tg<s
€1(8) [ Tocs (1 + h3k)y(s) }
a1(8) + a2(9) [ Joey s (1 + 1)1 (s) + az(s) [ Tooy o5 (1 + r3i)y3(s)

71(0) + / 1)1 ()dB1 ().
0

Therefore,

E

y1(2) |:7‘1(t) —ay(t) 1_[ (1 + )y (8) — Ba(2) 1_[ (1 + hop)ya(t)

O<tg<t O<tg<t

q

ci(t) n0<tk<t(1 + hsi)ys(t) ]
ay(t) + ay(t l_[0<ck<t 1+ hlk)yl( +as(t l_[0<zk<t 1+ h?:k)ys(t)

=E[|y1<t>|‘f

rie)—ea(t) [ ] @+ hudyi(e) - Ba(e) T] 1+ hadyn®)

O<tg<t O<ty<t
q]

_ 1(8) [ Toegee(1 + H3i)y3(8)
a1(t) + a2(0) [Toy (1 + H)y1 () + a3(6) [Tooy, (1 + H3)y(0)

ri(t) — a1 (2) 1_[ (1 + )y (8) = Bu(2) l_[ (1 + hog)ya ()

O<ty<t O<ty<t

Zq]

Cu

Bl + 55
ci(t) l_[0<tk<t(1 + h3p)ys(t)
2q
01(20)+ 4| ()" +at B[]+ ArAE 0]+ (£ ) ]

1
< =
—2

ay(t) + ay() l_[0<tk<t(1 + M)y (t) + as(t) n0<tk<t(1 + hsi)ys(t)

=

N =

u

2
< -O(2q) + 42" 1[(4‘)2‘1 + (j) ’ + (oM, + ﬁ{‘Mz)@(Zq)]

3

l\Jr—-A

= Gi(g).

By the famous moment inequality for stochastic integrals (see [58]), we obtain, for 0 <
th<tyand g>2,

E[

q

RGN

/ o1(91(5)dBr5)

51

(t-1)T / 2 E[|y1(s)|"] ds

51
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[T 1] @ -wtew,

Then, for0 <t <ty <00, — 1 <1, % + 117 =1, we can derive that

E[\yl(fz)—yl(fl)m

/ yl(s)[n (s)—ea(s) [T (1 +heyn(s) = Buls) [ A+ hai)yals)

O<ty<s O<ty<s
€1(8) [ Toe s (1 + B3k)y3(s) :|
* a1(8) + a2(9) [Towgy oo (1 + 11)y1(5) + a3(5) [Touy o (1 + 36033 (5)
123 q
+ [ omeae }
< zq-lla[ [0 [n<s) —an(s) [T A+ mns)

O<tg<s

—Buls) [T (+ha)yals)

O<tg<s

€1(8) [ Tocs (1 + h3i)ys(s) }
a1(8) + a2(9) [ [oep (1 + 1)1 (s) + az(s) [ Tooy o5 (1 + r3i)y3(s)

q
+ 2‘1_11}3[ :|

y1(s) [n (8)—ea(s) [ 0+ mon(s)

O<ty<s

ol

/ " o1(s)y1 (5)dBy(s)

q (B2
szq-luz—rl)ff E[
51

—Buls) [T (+ha)yals)

O<tg<s

~ c1(s) l_[0<tk<s(1 + h3p)ys(s) :|
ay(s) + ax(s) H0<tk<s(1 +h1)y1(s) + as(s) 1_10<¢k<s(1 + h31)ys(s)

e (o[22 -t

q
:|ds

<2t~ )P Gu () + 27 [(02) " ["("2 ”] (6 -t o)
<20ty — 1)} [(tz —t)f 4 ["(qz‘ I)T]Gz(@

<207ty — 1)} [1 + [@] 2]Gz(q),

where G,(q) = max{Gi(g), [(¢7)*]7©(q)}. Then it follows from Lemma 5.1 that almost ev-
ery sample path of y;(¢) is locally but uniformly Hélder continuous with exponent ¢ for
every ¥ € (0, L 2) and therefore almost every sample path of y;(¢) is uniformly continu-
ousont>0. Slmllarly, we can show that almost every sample path of y,(¢) and ys(¢) are

uniformly continuous on ¢ > 0. O
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Lemma 5.3 (see [61]) Let f be a non-negative function defined on t > 0 such that f is

integrable on t > 0 and is uniformly continuous on t > 0. Then lim;_, , f(¢) = 0.

Theorem 5.1 If Assumption 2.1 holds and

0yl
¢ a chb!
A:ai+ﬁé+—;§,2+ 22 —ef >0,

bM
3
B=al+Bl-el>0, (44)
S Y B R L
C=az+cy+cy— p >0,

then system (2) is globally attractive.

Proof Let x(t) = (x1(t),x2(£), x3(£))T, z(¢) = (z1(t), 22(2), z3(¢)) T be two arbitrary solutions of
system (2) with initial values x(0),z(0) € R*, respectively. Let y(t) = (y1(£), y2(£), y3(£))7,
¥(&) = 3,(8),5,(2),75(£))T be two arbitrary solution of system (3) with initial values
¥(0),7(0) € R*, respectively.

Then

x(t) = 1_[ (1 + hg)yi(t), zi(t) = l—[ (1 + A )y (0).

O<ty<t O<ty<t
Define
3
V()= _|Iny(t) - Iny,(z)|.
i=1
By Itd’s formula

3
AV = Z sgn (yi(t) - yi(t)) d(lnyi(t) - lnyi(t))

i=1

= sgn(y1(2) - 5,(2)) [—al(t) [Ta+m)0n@-5,)

O<ty<t

_ ( 1(8) [ Toeg (1 + h3r)ys(2)
ar(£) + a2(6) [ Tocy (1 + H1i)ya () + as(6) [ Toy (1 + Bt )ys(£)

B Cl(t) l_[0<tk<t(1 + th)ys(t) )
a)(t) + ay(2) l_[0<tk<t(1 + hlk)yl(t) +as(t) 1_[0<:k<t(1 + h31<)73(t)

=A@ T @+ ha)(32() —yz(t))} dt

O<tg<t

+sgn(y2(t) - 7,(0)) [—az(t) [ @+ k) (320 -5,(8)

O<ty<t

_ ( 2(8) [Toct e (1 + h3i)ys(2)
b1(®) + ba(0) [ Toc (1 + midy1(®) + b3(6) [ oy < (1 + B3i)ys (2)
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B ca(2) 1_[0<tk<t(1 + hSk)ys(t) )
b1(t) + ba(t) [ ooy <o (L + 1)y, (&) + b3() [ Tog < (1 + 31)75()

~B0) [T @+ b)) —yl(t))] dr

O<tg<t

+sgn(y3(t) - 75(0)) [—ag(t) [+ k030 -55(0)

O<ty<t

s ( e1(t) [Toay (1 + 1)y1(6)
a1(8) + az(8) [ Tocy (1 + P1i)y1(8) + as(6) [ Loy oo (1 + Bsi)ys(2)

B ei(t) 1_[0<tk<t(1 + )y, (1) )
ay(t) + ay(2) n0<:k<t(1 + )y, () + as(?) l_[0<tk<t(1 + h3p)y5(t)
N ( ex(t) l_[()<tk<t(1 + Mok )y (t)
bi(t) + by(t) n0<tk<t(1 + h)ya(t) + bs(2) 1_[0<tk<t(1 + h3i)ys(t)
B e2() [ Tocgee (1 + 21095 (2) >]
b1(t) + ba(t) [ Toey, <o (L + 11ic)¥ (&) + b3() [ Toy (1 + 31)75()
< o1 (8)|x1() — 21 (0)| dt — 02 (0) |2 (£) — 22(0)| it — t3(0) |3 (2) — z3(2) | e
as()x3(8) (21 () — x1(8)) + (a1 (2) + ax(t)x1(2)) (3 (2) — 23(2))
(a1(8) + ax()x1(2) + az(O)x3(2)) (@1 () + ax()z1(£) + a3(t)z3(¢))
— B1(0)|xa(8) — 25(0) | dt = Bo(0) |21 (£) — 21 (£) | dt

by (H)x3(£)(21(£) — %1 (1)) + (b1 () + ba ()1 (1)) (x3(2) — 2z3(£))
(b1(2) + ba(£)x1(2) + b3(£)x3(2)) (b1(2) + ba(t)z1(2) + b3(t)z3(2))

az(£)x1(t)(z3(2) — x3(2)) + (a1(£) + az(£)x3(2)) (%1 (2) — z1(2)) ‘
(a1(t) + ax(H)x1(£) + az(£)x3(£)) (a1 (£) + az(£)z:1(£) + as(t)z3(t))

b3(£)x2(£)(z3(£) — x3(2)) + (b1(2) + ba(£)x3()) (x2(2) — 22(£))
(b1(2) + ba(£)x2(2) + b3(£)x3(£))(b1(2) + ba(t)za(t) + b3(t)z3(2))

< —al v (8) - 21 (8)| dE — oh | xa(8) — 20(8)| dt — ord|x3(2) — 23(2)| de

— Cl(t

~

—co(t)

+e1(t)

+e(t

~

)
C;‘jz o1 (8) — 22 (O] dE — ¢ |3 (6) — z3(8)| dt — BL o (8) — za(8) | dt
3

lbl
— Bl () - 2 (1) de - czuz o1 (8) — 20 (O] dE — ¢ s (£) — 23(8) | dit
3
U u L{bu
653 |3 (6) — 25(8)| dt + €% |1 () — 21 (2)| dt + 62—13 s (6) — 25(8)| dt
2 2

+

+ e?’xg(t) —zz(t)’ de

= —[A]x1(t) - 21(8)| + B|xa(8) — 22(8)| + Claxs(t) — z3(2)|] de

=—[A [T@+moyn@-50]+B [T @+hu)|n@) -7,0)

O<ty<t O<ty<t

+C [T @m0 —i;;(t)!] de

O<tg<t

= —[Am |31 (8) = 7,(8)| + Bms|ys(£) = 5,(0)| + Crms |ys(£) - 7,(0)|] de.
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Integrating both sides gives

V() <V(0) - fo [Ami|y1(8) = 5,(8)] + Bma |ya(£) = 5,(8)| + Crms|ys(t) = ¥5(8)| ] ds.
Therefore

Vi(t)+ fo t[Aml |y1(6) = 7,(8)| + Bma |ya(2) = 7,(8)| + Crms|ys(2) - 75(0)| ] ds
< V(0) < oo.
Making use of V/(¢) > 0 and (44) results in
yi(®) = 7,(0)] € L'[0,00).

Consequently, by Lemmas 5.2 and 5.3, one can observe that

tlim ‘yi(t)—yi(t)‘ =0 as.
Then

im [x,(0)-z(0)] = tim [T 0+ hlyi© -70] <M lim 3,0 -50)] =0, as.

O<ty<t

This completes the proof. d

6 Conclusion and numerical simulations
In this paper, a stochastic non-autonomous one-predator—two-prey system with
Beddington—DeAngelis functional response and impulsive perturbations is proposed and
investigated. First, we obtain some sufficient conditions for extinction, non-persistence
in the mean, weak persistence, persistence in the mean and stochastic permanence of the
solution, and we verify some asymptotic behaviors of the solutions of system (2), such as
the limit of the average in time, the lower-growth rate, the upper-growth rate and global
attractivity. Now we summarize the key results as follows:

(D:

(1) If §; =limsup,_, , %[thkaln(l +hy) + fot 3:(s) ds] < 0, then the ith species

(i=1,2,3) in system (2) is extinct.

(2) If 8} =0, then the ith species (i = 1,2, 3) in system (2) is non-persistent in the mean.

(3) If 8} > 0, then the ith species (i = 1,2, 3) in system (2) is weakly persistent.

(4) If 6, > 0, then the ith species (i = 1,2, 3) in system (2) is persistent in the mean.

(5) If (5)% < 27 and Assumption 2.1 holds, then system (2) is stochastically permanent.
(II): The solution x;(¢) (i = 1,2, 3) obeys

. O R Y i . 1 [t 85,
xF = — <liminf - x;(s)ds <limsup— [ x;(s)ds< -+ =% as.
jid) u 1 L
o; t=+00 [ Jg t—+00 0 i

(III): Under Assumption 2.1, the solution of system (2) satisfies

Inx;(t
lim sup ¢ <1 as.
t— +00 nt
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In addition, if 27 — (5)? > 0, then

Infox(6) 1
t—+o0 Int T 27— (0)?

a.s.

(IV): If A, B, C > 0 and Assumption 2.1 holds, then system (2) is globally attractive. By our
results, we can analyze that the smaller stochastic perturbations cannot affect the stochas-
tic permanence and extinction of the population. However, if the stochastic perturbations
are larger, the stochastic permanence of the populations will be extinct. Similarly, the small
impulsive perturbations have a little influence on the stochastic permanence and extinc-
tion of the populations. However, if the impulsive perturbations are large, the stochastic
permanence and extinction of the populations could be changed.

We will give some numerical experiments to verify our analytical results by using the
Milstein method (see [62]) by supplementing impulsive perturbations into it. We choose
the same initial value (x1(0),x2(0),x3(0)) = (0.5,0.5,0.5) and the same parameters in the
following numerical examples.

The parameters are as follows:

r1(t) = 1.2 + 0.02sin ¢, ro(t) = 1.12 + 0.02 sin ¢, r3(t) = 0.38 + 0.02sin ¢,
a1() =0.24 + 0.01 sin ¢, oy () = 0.3 +0.018int, a3(t) =0.45 + 0.01sin ¢,
a1(t) =0.9 + 0.01sin¢, a»(t) =1.12 + 0.01sin ¢, a3(t) = 0.86 + 0.01sint,
b1(t) =1.2 +0.018int, by(t) =0.76 + 0.01 sin ¢, b3(t) =0.84 + 0.01sin¢,
c1(t) =0.42 + 0.01sint, e1(t) =0.3 +0.01sint, B1(t) =0.14 + 0.01sin ¢,

¢ (t) =0.35 + 0.01sint, ey () =0.28 + 0.01sin ¢, B2() =0.1 +0.01sint.

At first, we will discuss the effects of different stochastic perturbations to system (2)
under the same impulse interference in following Examples 1-6.

Let hy = hoy = i = €792 — 1, it is easy to verify that

e < [ A+ha) e,

O<ty<t

which means the Assumption 2.1 holds. In system (2) without stochastic perturbations,

we can see that the prey and predator populations are all permanent (see Fig. 1).

Example 1 Let 0{(t) = 0}(t) = 02(t) = 0.1 + 0.04sin . Then we get (5)? = 0.14 < 27 = 0.72,
and the Assumption 2.1 holds. According to Theorem 3.5, we can see that the prey pop-
ulation x;(£), x2(¢) and the predator population x3(¢) are all stochastically permanent (see
Fig. 2).

Example 2 Let 0}(t) = 03(t) = 0.1 + 0.04sint, o2(¢) = 2.56 + 0.04sin¢. Then we get §} =
—0.08 < 0. By Theorem 3.1, we can see that the prey population x;(¢) will be extinct
(see Fig. 3(a),(c)) and the population x,(£), x3(t) are all stochastically permanent (see
Fig. 3(a),(d)).
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3 (@)
%‘5 A

t

Figure 1 (a) is the time sequence diagram and (b) the phase portrait of system (2) without stochastic
perturbations and impulse.(x; (0),x2(0),x3(0)) = (0.5,0.5,0.5), {(t) = 67 (1) = 02(t) = 0

(b)

X, (0,040
nN w £

—_

0 30 60 90 120 XM 0, 2 4 6

Figure 2 Stochastic permanence of the three population of system (2). (a) is the time sequence diagram and
(b) the phase portrait of system (2).(x1 (0),x2(0), x3(0)) = (0.5,0.5,0.5), 62(t) = 03 (1) = 64 (1) = 0.1 + 0.04sint

(a) (b)

5 0.5
0 30 60 90 120 0 0
; X,(t) X, (1)
1
(c) (d)
1 2
—x, 1)
= 05 =1
X x
0 0 ‘ ‘
0 20 40 60 0 2 4 6
t X,(t)

Figure 3 Extinction of the prey population x; (t) of system (2). (a) Time sequence diagram and (b) the phase
portrait of system (2).(x1(0), x2(0),x3(0)) = (0.5,0.5,0.5), 63 (1) = (1) = 0.1 + 0.04sin ¢, o (t) = 2.56 + 0.04 sin t
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(

0 30 60 90 120 110

(c) (d)

=405 =1
> >
0 0
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Figure 4 Extinction of the prey population x;(t) of system (2). (a) Time sequence diagram and (b) the phase
portrait of system (2).(x1(0), x2(0),x3(0)) = (0.5,0.5,0.5), o7 (1) = 04(t) = 0.1 + 0.04sint, 03(t) = 2.5 + 0.04sin t

Example 3 Let 02(t) = 02(t) = 0.1 + 0.04sint, 07(t) = 2.5 + 0.04sint. Then we get 8} =
—-0.13 < 0. By Theorem 3.1, we can see that the prey population x,(¢) will be extinct

(see Fig. 4(a),(c)) and the population x;(t), x3(¢t) are all stochastically permanent (see
Fig. 4(a),(d).

Example 4 Let o(t) = 07(¢) = 0.1 + 0.04sint, 03(¢) = 2.2 + 0.04sint. Then we get 8} =
—0.0376 < 0. By Theorem 3.1, we can see that the predator population x3(¢) will be extinct
(see Fig. 5(a),(c)) and the prey population x; (), x2(¢) are all stochastically permanent (see

Fig. 5(a),(d)).

Example5 Letol(t) = 02(t) = 0.1+0.04sint, 02(t) = 2.1624+0.04 sin . Then we get §3 = 0.
According to Theorem 3.2, we can see that the population x3(¢) is non-persistent in the
mean (see Fig. 6(a),(c)).

Example 6 Let of(t) = 03(t) = 03(t) = 0.1 + 0.04sin £. By Theorem 3.1, 3.2 and 3.4, we can
calculate that 8§ = 1.15, §5 = 1.07, 85 = 0.996, 61, = 1.15, 83, = 1.07, 83, = 0.33, x] = 0.466,
x5 = 02784, 53 = 0.7174, ¥ = 5, &, = 3.6897, &’ = 2.2636.

Denote x;(¢) = 1 fotxi(s) ds (i=1,2,3). Since

1! 1 [t

liminf — / x;(s)ds < x}(t) <limsup —/ x;(s)ds as.i=1,2,3,
t—>+00 [ 0 t—>+00 L 0

then we have 0.466 < x1(£) < 5, 0.2784 < x3(£) < 3.6897, 0.7174 < x3(f) < 2.2636. In

Fig. 7(a), we can see that the persistence in the mean of system (2). In Fig. 7(b), it is clear

to see that the curve of x}(¢) gradually transcend the line x}(¢) and stays between the x}(¢)

and ¥ (¢) lines of the same color, which verify the conclusion.
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Figure 5 Extinction of the predator population x3(t) of system (2). (a) Time sequence diagram and (b) the
phase portrait of system (2).(x1 (0),x2(0),x3(0)) = (0.5,0.5,0.5), 67(t) = 67()) = 0.1 + 0.04sint,
0i()=22+004sint

(a)
- 10 ‘
c(")
x
1_"c\l 5
x
e
0
0 30 60
t
(c)
3
2
v
1
0 e
0 20
t

Figure 6 Non-persistent in the mean of the predator population x3(t) of system (2). (a) Time sequence

diagram and (b) the phase portrait of system (2).(x; (0), x2(0), x3(0)) = (0.5,0.5,0.5), awz(t) = 022({) =0.1+0.04sint,
04()=2.1624+0.04sint
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100 150 200 250 300

Figure 7 Persistence in the mean of system (2). (a) Time sequence diagram and (b) the phase portrait of
system (2).(x1 (0),2(0), x3(0)) = (0.5,0.5,0.5), 0(t) = 05 (1) = 0 (t) = 0.1 + 0.04sin ¢

(@)

0.8 —S0L =

0 20 40 60 80 100 120
t

Figure 8 Impulsive perturbations to system (2): stochastic permanence to extinction. (a) Time sequence
diagram and (b) the phase portrait of system (2).(x; (0),x2(0),x3(0)) = (0.5,0.5,0.5),
ol =030 =070 =01+004sint

Finally, we give Example 7 to discuss the effect of the impulsive perturbations on system

(2), according to the choice of parameters in Example 1.

Example 7 Let hyy = hy = e+ — 1, hg = €® — 1. In Fig. 8, one can easily see that all of
the species in system (2) become extinct gradually. This means suitable impulsive con-
trol strategy might be useful for the permanence of the system while arbitrary impulsive
perturbations might lead to the extinction of system (2).

Therefore, through the numerical simulations given in Examples 1-6, we can see that
the large stochastic disturbance is disadvantageous for the persistence of the population.
However, the small stochastic perturbation is little effects on the permanence and extinc-
tion of the population. By Fig. 8, we can see that the small impulsive perturbations cannot
affect the stochastic permanence and extinction of the prey and predator populations. But
the large impulsive perturbations can lead to population extinction.

On the other hand, if as(¢) = b3(¢) = 0, the Beddington—DeAngelis functional response

converts to the Holling II functional response in system (2), then the system (2) be-
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comes

doey (2) = %1 () [r1 () — a1 ()1 (£) - %
— B1(E)xa ()] dt + 01 (£)x1 (1) dB,y (8),

da(t) =600 - 00 - 52235 | LtokeN,

= Bo(O)x1 ()] di + 02 (£)%2(2) dBs (2),
des(8) = 23D [r3(0) — s (O)x3(0) + oo s (45)
+ ) ] de + o3(t)xs(¢) dBs (),
x1(t%) = (1 + ha)x (8),
x2(t%) = (1 + har)xa(2), t=t,keN.

x3(t) = (1 + ha)x3(8),

Therefore, we can obtain the following results.
(I):
(1) If 6 =limsup,_, %[Zoqkq In(1 + hy) + fot 8i(s) ds] < 0, then the ith species
(i=1,2,3) in system (45) is extinct.
(2) If 8} =0, then the ith species (i = 1,2, 3) in system (45) is non-persistent in the mean.
(3) If 8} >0, then the ith species (i = 1,2, 3) in system (45) is weakly persistent.
(4) If 6, > 0, then the ith species (i = 1,2, 3) in system (45) is persistent in the mean,

where

ug* C”S* ug* ua*
19 193 201

91*=81*_ ( 1 + 1 l)’ 92*=52*_ ( i + ) 93*=83*’
oy aoz o b10‘3

1
8w = I}El}é’lof |: Z In(1 + hy) + / <ri(3) - Eaiz(s)) ds], i=1,2,3.

O<ty<t

(5) If ()% < 27 and Assumption 2.1 holds, then system (45) is stochastically permanent.
(IT) The solution x;(¢) (i = 1,2, 3) obeys

1 t 1 t (S*
x* = < liminf — / x;(s) ds < lim sup n / x;(s)ds < —‘l =% as.
0 0

i
t=>+00 [ t—+00 i

(III) Under Assumption 2.1, the solution of system (45) satisfies

. Inx;(2)
limsup ——— <1 as.
t— +00 nt

In addition, if 27 — (5)? > 0, then

In |x; 1
liminf n ()| > — a.s.

t>+0  Int 2F —(0)?

By comparison, we see that the results of the B-D functional response are more accurate
than those of the Holling II functional response. Now we show some simulations to verify

our main results.
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Figure 9 Persistence in the mean of system (2). (a) Time sequence diagram and (b) the phase portrait of
system (2).(x1 (0),%2(0), x3(0)) = (0.5,0.5,0.5), 07(t) = 03 (1) = 04 (t) = 0.1 + 0.04sin t

Example 8 The parameter values are the same as those given in Example 6. By the results

of the Holling II functional response in system (45), we can calculate that 6} = 1.15, 4}
1.07, 85 = 0.996, &1, = 1.15, 8, = 1.07, 83, = 0.33, x] = —0.4713 < 0, x5 = -0.164 < 0, x3
0.7174, %} = 5, x5 = 3.6897, x3 = 2.2636. We can see that the values of ] and &} of system
(45) are smaller than those of system (2). Therefore, our results can be verified in Fig. 9.
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