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Abstract

This paper proposes a series-representations for the solution of initial value problems
of linear inhomogeneous fractional differential equation with continuous variable
coefficients. It is proved that the solution of the problem is determined by adding the
solution of the inhomogeneous differential equations with the homogeneous initial
conditions to the linear combination of the canonical fundamental system of solution
for corresponding homogeneous fractional differential equation and the
inhomogeneous initial values. The effectiveness of the theoretical analysis is
illustrated with two examples.
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1 Introduction

The fractional modelings have aroused much attention in the fields of both engineering
and mathematics due to their significant applications in diverse scientific areas such as
electromagnetism [1], behaviors of physical phenomena [2], signal processing [3], and
control engineering [4]. A lot of theoretical research has been carried on the existence
and uniqueness of solution of fractional differential equations (FDEs) over the last years
[5-10]. Currently, methods for solving FDEs with initial conditions can be classified into
two classes, namely, approximative method and analytical methods. Typical approxima-
tive methods include the operational matrix method based on orthogonal functions, the
predictor—corrector method, fractional Euler method, and so on ([11-16]). The most
practical analytical methods are the Adomian decomposition method, the homotopy anal-
ysis method, the homotopy perturbation method, the Laplace transform method, and the
variational iteration method ([17-21]).

In [22], a solution of general linear inhomogeneous fractional differential equations with
constant coefficients has been obtained by using the Adomian decomposition method
and one proved that this solution is equal to the solution represented by Green’s func-
tion. A theory on the system of linear inhomogeneous fractional differential equation has
been studied, and the solution was represented in terms of the Green function for the case
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of constant matrix coefficients in [23]. In [24], a power series solution method for some
linear fractional differential equations with continuous variable coefficients has been pre-
sented. In [25], a generalization of Duhamel’s method for one-term fractional differen-
tial equations with constant coefficients has been proposed in the case when the classical
Duhamel’s principle does not hold true for differential equations with Caputo fractional
derivative. A fractional power series method has been introduced for the solution of frac-
tional heat-like equations with variable coefficients in [26].

Our work proposes series-representations for the solution of linear inhomogeneous
fractional differential equation with continuous variable coefficients and inhomogeneous
initial conditions. The fractional derivative is of Caputo type in the proposed prob-
lem.

The remainder of the paper is organized as follows. In Sect. 2, some definitions of frac-
tional calculus are introduced. Section 3 gives series-representations of solutions for initial
value problems of linear inhomogeneous fractional differential equation with continuous
variable coeflicients. In Sect. 4, the effectiveness of the proposed theory is illustrated with

two examples. Finally, the conclusion to our work is summarized in Sect. 5.

2 Preliminaries

Definition 2.1 Let R = (—00, +00) and R, = (0, +00). We denote the space of functions f
by C[0, T'], where f satisfies f : (0, T] — R (VT > 0) and £f"(t) e C[0,T] for 0 <r<1.In
particular, denote C°[0, T] by C,[0, T].

Definition 2.2 ([27]) Letax € R,,f € C,[0,T],0 <r< 1. Then

1

]g+f(t) = m

/t(t — ) Yf(t)dr, t>0,
0

is called a fractional integral of order « (« > 0) of the function f in the sense of Riemann—
Liouville. In particular, we denote I°f(¢) = f(¢).

Definition 2.3 ([27]) Letn—1<a <mneN,["%f € cy [0,T]and 0 <y < 1. Then

n

DS f(t)=D"I""“f(t), D"=—,
B/ G p

is called the fractional derivative of order « of the function f in the sense of Riemann—

Liouville.

Definition 2.4 ([27]) Letn—1<a <n,neN,["*f e C![0,T],0 <r< 1. Then

n=1 (k)
“Dif(0)= DS, [f(t) SO rk},

k=0

is called the Caputo fractional derivative of order « of the function f.

Remark When o = n, we have °Df, f(£) = D, f(£) = D"f(¢).
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Definition 2.5 Let n € N. We define the set

AC"[a,b] := {f: [a,b] — R|D"'f € ACla,b),D = %}.

Here AC![a, b] = AC[a, b] is the set of absolutely continuous functions on [a, b].

Definition 2.6 We denote by /*(L;) the set of functions f which are represented as an
integral of order o > 0 of some integrable function ¢ € L,(0, T), that is, f = [“¢.

3 Main result
Now we consider a linear inhomogeneous fractional differential equation with continuous

variable coefficients
c %o - cYi _
O+y(t) + Zﬂ,‘(t) D0+y(t) _g(t)1 te [O: T]’ (1)
i=1

with the initial condition
D*y(t) ;so=bx €R, k=0,1,...,mp—1, )

where og,; € Ry, i =1,...,m satisfy ag > 0, g > o0 > -+ > &, > 0 and ny, n; are non-
negative integers that satisfy nop — 1 <ag <nmp, m;—l<a; <m;,i=1,...,m.

We can write the corresponding homogeneous differential equation of Eq. (1) by

m

‘DRy(t) =- Y ait)’Diy(e), 0<t<T. 3)

i=1
In order to consider all possible cases for the homogeneous equation (3), we introduce the
following index sets H; provided by o, i = 0,1,...,m:

H={i:0<o;<ji=1,....m}, j=0,1,...,m—1.

Here, we set ii; = minH; if H; # @ (where & is the empty set).

Remark Let k € Hi = i <j and H; C H; (i <j). If H; # &, let h; = minH; which is the
smallest index of fractional orders of Eq. (3) that do not exceed j. Then it is evident that
m—hj+1is the number of element of H; and /; > /; (i < j). Thus when i < j, h;— h; represents
the number of such order oy that i < oy <jand in particular, if /; = 4;, then Eq. (3) has no

such fractional orders o that i < o <j.

Then there are the following possible cases:

Case 1.Hy # @.In this case H; #2,j=0,1,...,np - 1.

Case 2. np > 2 and there exists a jo € {0,1,...,19 — 2} such that H;) = @ and H;,; # J.In
thiscase H;=@,j=0,1,...,joand H; # @, j = jo + 1,...,mp — 1.

Case3.H,,_1 =3.Inthiscase H; = @,j=0,1,...,m — 1.
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Definition 3.1 The linear homogeneous fractional differential equation (3) is called of
type 1,2,3, respectively, when Eq. (3) correspond to the cases 1, 2, 3 dependent on the
patterns of distances between adjacent fractional orders.

Definition 3.2 A system of functions y;(t) (j = 0,1,..., 1 — 1) is called a canonical funda-
mental system of solutions of the homogeneous equation (3) if it satisfies

‘Dyeyj(t) = - Zdi(t)c 0Lyi(0), 0<t<T,
i-1

1, j=k

D ()10 = A
0, j#kk,j=0,1,...,my—1.

First, we consider the problem for solving the linear inhomogeneous fractional differ-
ential equations Eq. (1) with variable coefficients and the homogeneous initial condition

DXy(t) |1=0.=0, k=0,1,...,np—1. (4)

Lemma 3.1 Let g(t),a;(t) € C[0,T], i = 1,...,m. Then the initial value problem (1) and
(4) has the unique solution y(t) € C*0"0~1(0, T], which is the limit y(t) = lim;_, o, y'(t) of the
approximation sequence

»°(t) = I2g(2), (5)

YO =) - 10 Y @Dy ©), 1=1,2,..., (6)

i1
where C%0"071[0, T] := C2"71[0, T] = {y(x) € C"1[0, T],°Dy € C[0, T} and the norm
is

no—1

91l oo 0-110,77 = Z [y ”C[O,T] + ”CDgSyHC[O,T]’
k=0

Proof First we prove the uniqueness and existence of solution for the initial value problem
(1) and (4). Let assume that y(¢) € C*"0-1[0, T] satisfy Eqgs. (1) and (4). Then if “Dy%y(t) =
z(t), we take °Dy°y(¢) € C[0, T] and z(¢) € C[0, T]. We can rewrite as

13Dty (t) = I ().

Also the left of the above equation has been changed,

no—1 ;
152D y(t) = y(t) — §0 D ; ao=2
0+ D0+y(t) —y(t) y(0)¢]+1 (t)r ¢]+1(t) = j‘ .

j=0 :

By the homogeneous initial condition (4), we obtain

I5°°Dy(t) = y(¢).
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Namely y(¢) = I;°z(¢). Therefore °Dg’ y(¢) = I,> “z() and Eq. (1) changes to the integral
equation

2(t) + Za ()L™ 2(t) = g(¢). )

Thus, for the solution y(¢) € C*"0~1[0, T] of Eqs. (1) and (4), “Dy%y(t) = z(¢) satisfies the
integral equation Eq. (7).
Conversely let assume that z(¢) € C[0, T1] is the solution of Eq. (7). Since g(¢) € C[0, T],

I0%(8) + 120 Z ai(t)Ig) ' 2(t) = 10g(8).

i=1

Let y(¢) := I;°z(¢). Then we have D’ y(¢) = I, *z(t) and

y(t) + I Za (6)°Diy(®) = 174 2).

i=1

That is,

DOy(t) + Za ()°Dyiy(t) = g(8).

i=1

Also we get
DEy(O)li=s0 = DIEO2(8) 140 = I 2() =0 = 0, (k=0,1,...,10 - 1).

Therefore for the solution z(t) € C[0, T] of integral equation Eq. (7), I5°z(t) = y(¢) €
Ceom0-1(0, T satisfies the initial value problem (1) and (4).

Thus the uniqueness and existence of solution for Eqgs. (1) and (4) are equivalent to the
ones of integral equation Eq. (7).

Now let prove the uniqueness and existence of solution for integral equation (7). Equa-
tion (7) can be rewritten

2(t) = g(0) - Za(t)f‘”ﬂ “iz(t). ®)

i=1

We define the operator T by Tz(¢) := g(¢) — > i, ai(£)I;? 107" z(¢). Then Eq. (8) is expressed
z(t) = Tz(t), namely T : C[0, T] — C[0, T].

In C[0, T], we use the k-norm |z|[x = max; e ¥|z(¢)| which is equivalent to the max-
norm.

For V¢ € [0, T, by the fact that I%0~%¢" < ka‘f)—kfai, the following expression is derived:

’Tzl(t) - TZQ(t)’

Za (0152 ( Z 16t max Loy~

z1(t) - z2(2)|
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m m
—0; kt ki ~; ki
=Y Naillmads? e ™ |21() - 22(8)] < llz1 — 22llk Y il €
i=1 i=1

m ekt
<z =22l 3 1 lan g

i=1

So we can obtain

m
1
e ™| Tz (t) - Tz (8)] < (Z ||ﬂi||maxw> lz1 = 2z2[lk-

i=1

Ifw(k) =", ||ai||maxﬁ, then ko € R,; Yk > ko, wko) < 1, wo := w(ko), | Tz1 — T2z ||k, <
wollz1 — 22|k, i-e. the operator T : C[0,T] — C[0,T] is a contractive operator which is
relative to | - ||x,. By the equivalence of || - [lmax and || - ||x,, T : C[0, T] — CI[0, T7] is the
contractive operator which is relative to || - || max.

Therefore by using Banach fixed point theorem, the integral equation (7) has a unique
solution in the sense of the norm || - [|max and the sequence {z,(¢)} which is constructed by
zu(t) = g(t) = Y ai(t)I5? "' z,-1(¢) converges in the sense of the norm || - ||max in C[0, T1.

Next let prove the convergence of the approximative sequence (5) and (6). Since g(t) €
C[0, T, the sequence {z,(¢)} constructed by the approximative expression

20 = g(t)y
Zn :g(t) - Zgl ﬂi(t)lggiaizn—l(t)’

convergent in the sense of || - ||max-
From Eq. (9),

Ig?zo = Ig0g(2),
I50zn = 5o g(t) = 150 270 a1 2,1 (2)

and since Igz; = Y%, I;Y " zi_1 () = °Dy. y*(¢), we have
7" = Iye (),
=" = Il XL a0 DRy (0),

i.e., Egs. (5) and (6), where y/ € C*0"0-1[0, T1.
We prove the convergence of sequence {y'} in C#"0-1[0, T. Since y* = I3z,
Y0,k _

0+ = Zk»

Dy =17z, 1=0,1,...,np—1,
are obtained. So

1<DE .. = 2k lmaxs

-1
12 e = e, =010 -1,

o)
I'(ag—1+
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are satisfied. From the above two equations, we have
no-1 ; w0 & no-1 To(o—l
[4 0
; [ D5 |+ 1°D62 [ = (; Tl " ) 12k [l mas-

Since {z;} converges, the sequence {y*} constructed by Egs. (5) and (6) converges in
Cceomo-110, T, O

Lemma 3.2 Let y = ng — ap(€ [0,1)), ny = m1, a; € CL[0, T] and Dy} *°a; € C[0,T), i =
1,...,m. Also let assume that Hy # &, that is, Eq. (3) is of type 1. Then there exists the
unique canonical fundamental system y;(t) € C;O [0,T],(7=0,1,...,n0 — 1) of the solution
for Eq. (3) and it is written

k
VIOE ,+1<t)+2( 1)“113'2[Za(t)1§3 } > ait) 1o, (0),

i=1 zh
j=0,1,...,m—1, (10)
where

v

D;,1(t) = ]—,

Proof Letfind the canonical system as the limit in C}°[0, T] of the approximation sequence
() = Djua (0), (11)

5 (@) = B (8) - Igf[Za(t)c g;yj(t)}, [=0,1,2,.... (12)

i=1

First, we will obtain y,(t). Let j = 0 in Eq. (11), then y3(¢) = @1 (¢) and from Eq. (12), we have

70(8) = 1) — 152 Y @)D yg(8) = D1(8) — 1§, Y ailt)° DG, 1 (o). (13)
i=1 i=1
Also
Vlifl
Dy’ ®1(t) = Dy’ |: 1(t)_ZDk¢1(O)¢k*1(t)j|’ i=12,...,m. (14)

Since Hy # @, we have hy = min Hy = m. For i =m, o), = 1,, = 0,
Dy @1(t) = Dy @1 (t) = D1 (2).
Ifi=1,...,m-1, then «; >0 and from #n; — 1 < «; < n;, we have n; > 1. Since

1, k=0,
0, k0,

Dk, (0) =
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in (14), then °Djy: @1 (t) =0 fori=1,...,m—1 and

@1(t), i=h0 =m,
0, i=1,....m-1.

‘Dl D1 (t) =

Substituting this into Eq. (13), then the first approximation of y,(¢) is given by
Yo(t) = @1(8) = Ig @ (£) 1 (2) (15)

and since 4y = m and «,, = 0, we can rewrite it as

70(8) = P1(6) — 152 Y ai(t) 1o, (8).

i=hg

Thus we get the first term (k = 0) of Eq. (10) in the case of j = 0.
Now let prove yj(t) € C0[0, T]. From Eq. (15), we have

D7yl () = DO @y () - DO L a,,, ()P (2) = —100" 4, () D1 (2).

From a,,(£)®1(£) = a,(t) € C[0, T]and g1 +1 > 0, 159" (1) @1 (£) € C[0, T is found,
that is,

y5(2) € ™70, T].

On the other hand, from a,,(£)®:1(¢) = a,,(t) € C}/ [0,T] and g — g + 1 > 0, we have
1070 g ()P (8) € C} [0, T]. Therefore

D"y3(t) = D@ (£) — D150, (£)P1 () = -DI ™, (£)P1(£) € C, [0, T1.
Thus we proved yj(¢) € cpe [0, T].

Next we consider the case of j =0, [ = 1 in Eq. (12) to find the second approximation of
Yo(£). We have

75(8) = @1(8) g0 Y a0 Dgiys(0)
i=1

=&y (0) - 12 Y ) Dy, [cbl(t) — 150 Zai(t)a>1ai(t>]

i=1 i=hgy
m m m

= ®y(6) — [0 Y @O D y(6) + 10 Y ai(t) DI D ai(t) Py, (2).
i=1 i=1 i=h

Now let f(£) := 37, ai(t)®14,(t) and calculate Dy Ig°f (t). Then we get

Vl,‘fl

“Dy,lo.f (£) = Dy, [lgff(t) - ZDklgi’f(t)} By (8).
t=+0

k=0

Page 8 of 22
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Heresince k <n; —1<a;<ag,i=1,...,m,wehaveag—k>0,k=0,1,...,n;, — 1 and thus

we can rewrite it as
DMIf(8) = DMIFISY () = 17 (2).
Since f(£) € C[0, T], we have
DI li=so = ) F (Dli=s0 = O,
and therefore
‘Do Joof (8) = D\ I f (8) = Do do Io) " f () = Iy f (©).

Thus the second approximation is given as

Vo) = @1() - 12 Y " ai(t) DG 1) + 100 Y a(t)Ip ™ Za VD1
i=1 i=1 i=hg
= &y (t) + (-1)' [0 Za ()P, (£) + (<1)*I0 Za 100y Zal(t By, (t)
i=hg = i=hg
1 m
=0y () + Y (- {Za 1" } > ai()Pr g, ()
k=0 i=1 i=hg

Since hy = m, a,, = 0, we have @;_,,(t) = P1(¢) € C[0, T] and therefore

1 m k m
DoY) = DO®y () + Y (-1 DML [Z ai(t)lgi’_“’} > ai(t)Pr g, ()

k=0 i=1 i=ho

1 K m
_ Z 1)k+1D[ao no+1 |:Za (t)lao a,:| Zai(t)¢l—ai(t)'

-0 i=1 i=ho
Also we have
m k m
e [Zaxtngf”'} Y ai0P14,(0) € CLI0, ]
i=1 i=ho

Thus we have y5(t) € C}0[0, T].
Now under the assumption that the /th approximation of y(¢) is provided by

-1 m k m
Yo®) = @1(8) + Y (D)0 [Z ai(t)lgf“f} > ai(t) 1, ()
k=0 i=1 i=hg

and yf)(t) € C}°[0, T], we find the (/ + 1)th approximation of yo(¢):

IO = Do)~ 120 Y @ity D)
i=1
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= ®u(0) - I a0 D5 {qbl(t)

i=1

-1 K m
+Z( 1)<+ g0 |:Za )1y %i| Zﬂi(t)¢l—ai(t)}

k=0 i=1 i=hg

=0 -0 Y ailt)®1 o, (0)

i=hg
m -1
_]ggzal()z k+110l0 aj Za 0‘0 o Za q)l OtL
i=1 k=0 i=hg

! m k m
=dy(0) + Y ()M {Z ai(t)lgf“’} > @) P, ().

k=0 i=1 i=hg
Thus the (/ + 1)th approximation of y,(¢) is provided by
I m Kk m
Yo (8) = Py(e) + Y (-1)FIE? {Z ai(t)Igf“’} > ait) Py, (2).
k=0 i=1 i=hg

Similar to the above, we get y51(t) Crolo, 1.
By induction, we proved that, for any n =0, 1,..., the nth approximation of y,(t) is pro-
vided by

n-1 k m
Vo) = ®1(e) + Y (- [Za(t)IS‘E } > ait)P1q,(0)

k=0 i=1 i=hg

and y5(¢) € C}°[0, T]. The sequence {y;(¢)} converges in C7°[0, 7] and we get as the first

element y,(¢) of the canonical system

yo(t) = lim y5(2)

[o¢] m k m
=0y(0) + Yy (-1 [Z ai(t)lgf“i} > ai)Prq,(t) € C0[0, 1.
k=0 i=1 i=hg

Now for anyj (j = 1,...,np — 1), we find the jth element y;(¢) of the canonical system. From

(11) and (12), the first approximation of y;(¢) is given by

y}(t) =@ (8) - Iy? Zﬂ (8)° OJ, =@ (8) - Ip? Zai(t)CDS’id%n(t).

i=1

Also “Dy! @;,1(t) is represented as

}’ll'fl
“Dy, ®j1(t) = Dy, [cb,»ﬂ(t) - ZDk%(O)aDkﬂ(r)}, i=1,...,m

k=0

Page 10 of 22
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Ifi>hj, 0 <a; <jand n; <j. Thus Dkdﬁﬂl(O) =0,k=0,...,n9 — 1. That is, we get
CDgi¢j+1(t) =Dgi®l‘+1(t), i= hl‘,...,Wl.

If i < hj, then n; > j and so

ni—-1

> D@1 (0B (8) = Do (2)

k=0
and thus “Dy’ @;,1(¢) = 0, i < h;. That is, we get
Dy @ (t), h<i<m,

Dy’ @41 (2) = ‘
0, 1<ic< hl

Therefore the first approximation of y;(¢) is provided by

m m
J/,l(f) = ¢j+1(t) - Igf Zﬂi(t)cDgir@Hl( ) 1+1 Igf Zﬂz Dgir@ﬁl( )
i=1 i=

=

= @ (8) - Iy? Zdi(t)¢j+1—ai(t):

i=h;
where
Djy1-q; (t) 1= Dy D1 (2).
We have y].l(t) eCy [0,T7].
The second approximation of y;(t) is given by

J/,z( ) = @1 (t) - I} Z“ CDgiry;l

= 1+1(t) Igf Zdz t)c |: /+1(t) Igf Zﬂ (t)(pﬁl—a (t):|

i=h;

m m
= B (8) — 1g° Y alt) DL Dy () + 12 Y ai(t) Dy I Zm(t)@,»ﬂ,a,.(t).
i=1 i=1 i= hj

Here since “Dy 1% > 1y i () @1, () = Loy Y0 y ai(t)Pj11-q,(8), we get
1 m Kk m
YO = D) + Y (-1)FI? {Z ai(t)lgf“’} > ai(t) o1, (0.
k=0 i=1 i=h;
By induction, the nth approximation of y;(¢) is given by
n-1

0= D)+ 5 nkﬂzao[za o ] 5 a9, 0.

k=0
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Therefore
o k
y(t) = lim y7(e) = @y (6) + Y (1) Ig! {Z“ Gl “’} a@OPp1-a®-
k=0 z:h/

Lemma 3.3 Let us assume that ny > ny, a; € C[0, T] (i=1,...,m) and Hy # . Then there

exists the unique canonical fundamental system
yj(#) € C0"7N0, T], j=0,1,...,m0 1,

of solutions for Eq. (3) and it is written by

[o¢] m k m
§i(t) = Bpa () + ) (-1 L0 {Z ai(t)lgf“’} > ai(t)®ja1a,(0)
k=0 i=1 i=h
j=0,1,....,m -1, (16)
o0 m k m
yj(t) = Dy (t) + Z(—l)k*llé’f |:Z ai(t)lgf"”’} Zﬂi(t)¢j+1—a,(t);
k=0 i=1 i=1
j=711,1’11+1,...,1’10—1. (17)

Proof Let find the canonical system as the limit of the approximation sequence (11) and

(12). Fixing j = 0,1,..., 19 — 1, we find the jth element y;(£) of the canonical system.

9 (8) = B (2),

Y} (t) = Bja () - 13‘22}: (6D (1) = Dyr () — 12 > ai()° Dy D1 (8).

i=1 i=1

Let us note that, for k=0,1,...,n, -1,

1, k=j

DFe;,1(0) =
07 k #j.

Since ng > ny > n;, forj=0,1,...,n; — 1, we get

Dy ®(2), h<i<m,

"D @1 (0) -
o 0, 1<i<h

(18)

Ifj=mni,...,n9— 1, then k <j and thus we get

‘D@1 (t) =Dy Pjya(t), i=1,...,m. (19)
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Therefore the first approximation of y;(¢) is given by
m m
y}(t) =@ (t) - 1y° Zaf(t)D§i¢;+1(t) =®;(t) - 1y? Zai(t)¢j+1—a,-(t);
i=hj i=hj

j=0,1,...,m —1,

m m
y}(t) = @ (8) - Iy? Zai(t)DS’iq%u(t) = @ (8) - Iy? Zdi(t)¢j+1—ai(t);
i=1 i=1

j=ni,...,n9—1.

We obtain yjl(t) € Cxn0-10,T],j=0,1,...,1n9 — 1.
Forj=0,1,...,n; — 1, the second approximation is given as

YHE) = B () — [0 Y ai(t)° DLy} (2)

i=1

=@ (8) - Iy? Zai(t)‘DS‘i@u(t) +15° Zai(t)CDS‘iIS‘E Zdi(t)¢j+1—a,'(t)~ (20)

i=1 i=1 i:h/
By Eq. (18) and the fact that °Dj I° Zim=h, ai()Pj1-0,(8) = I50 Z;’ih] ai(t)®ji1-a,(8), we

can rewrite (20) as

m m m
y,-z(t) =@ (8) - Iy? Z a;(t)Dy. @11 (2) + I Z a; ()™ Z a;(t)Djr1-q,(t)
it i-1 ik

1 m k m
=@ () + ) (-1 {Zai(t)lgf'“’} D ailt) P (2).

k=0 i=1 i=hi

Ifj=ny,m +1,...,n9 — 1, then the second approximation is given as

V) = B (t) — [0 Y ailt) DLy} (8)

i1
1 m k m

=) + Z(—l)k+llgf |:Z ai(t)lgf"“’} Zﬂi(t)¢/+1—ai(t)~
k=0 i-1 -1

Thus we have the representation of the second approximation of y;(¢) as

- _km

1 m
yf(t) =) + Z(—l)hl]gf Zai(t)lgf‘” Zﬂi(t)¢j+1-a,(t);
=0 | i1 1 iy

j=0,1,...,m -1,

1

r m Nk m
78 = D) + YD D a0 | Y @By, (0),
4 =1

k=0 L i=1

j=n,m+1,...,mp—1.

Page 13 of 22
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Forn=3,4,..., we can find y/(¢) by induction and, by letting n — oo, we get the represen-
tation (16) and (17) of the canonical fundamental system. O
Lemma 3.4 Let 0 <y = no— g < 1, ng = m, a; € CJ[0,T] and Dy} *°a; € C[0,T], i =
1,...,m. Let assume that Eq. (3) is of type 2. That is, let assume that ny > 2 and there
exists a jo € {0,1,...,no — 2} such that H;, = @ and H; ., # @. Then there exists the unique
canonical fundamental system y;(t) € cpe [0,T],7=0,1,...,n9 — 1 of solutions for Eq. (3)
and it is written by

J//(t) = gD/’+l(t)! j=0; 1,~'7j07 (21)
o0 m k m
yi(t) = Pja(t) + Z(—l)k+llgf |:Z ai(t)lgf"”’} Zdi(t)¢j+1—ai(t);
k=0 i=1 i:h/'
i=jo+ 1, mp—1. (22)

Proof Similarly, we can see that the first approximation of y;(¢) is written

y]l(t) = ¢j+1(t)’ j=0,1,....jo,

m
y}(t) = @ (8) — Iy Zﬂi(t)®j+1—ai(t): j=jo+1,...,mp—1.

i=h,'

\X/egety}(t) €CP[0, T, j=jo+1,...,m0— 1.

Also the second approximation of y;(¢) is given as
y/2(t) = ¢j+l(t)) j:(), 1,--')j01

1 m k m
Y0 = Bja(8) + Y (-1 IG0 {Z al-(t)zgf“”} > @)y, (0),

k=0 i=1 i=hj

j=j0+ 1,...,}’10— 1.
By induction, we get the nth approximation of y; (%),
y]n(t) = ®j+l(t)1 j:()l 1:~~1j01

n-1 m k m
Y/ (@) = D (8) + Z(—l)k“lf)‘i’ |:Z ai(t)lgf‘“"] Zﬂi(t)d’ju-ai (®),
k=0 i=1 i:hl'
j=j0+ 1,...,”0— 1.

That is, the canonical fundamental system of solutions for Eq. (3) is given by (21) and (22)
and we get y;(£) € C;O[O, T1,j=0,1,...,mp— 1. O

Lemma 3.5 Lets assume that ny > ny and a; € [0,T],i=1,...,m. Lets assume that Eq. (3)
is the type 2. That is, assume that ny > 2 and there exists a jo € {0,1,...,n9 — 2} such that
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Hi, = @ and H;,, # @. Then there exists the unique canonical fundamental system y;(t) €
ceomo=1[0,T),j=0,1,...,19 — 1 of solution for Eq. (3) and it is written by

y](t) = ¢j+1(t), j: 0; lwn,jO, (23)
o0 m k m
¥i(t) = B () + ) (-1 L0 {Z ai(t)zgf‘“f} > ait) o, (0),
k=0 i=1 i=hi
j=jo+1,...,m -1, (24)

o0 m k m
¥i(t) = Pja(t) + Z(—l)k+llgf |:Z ai(t)lgf"”’} Zdi(t)¢j+1—ai(t);
i=1

k=0 = i=1

j=n,m+1,...,n0-1. (25)
Proof Similarly, we can see the first approximation of y;(¢) is given by

Y} (6) = D (®), j=0,1,....0
m

y]l(t) = ¢1+1(t) _Igf Zdi(t)¢j+1—a/(t)7 j=j0 + ]-;'“ynl - 1;

i:h/'

m
Y18 = Bpa () — [0 Y i) Pjra (), j =, mo— 1.
i=1

Also we get the second approximation of y/l(t),
J’,z(t) = ¢j+1(t)7 j:O; 1;---;}0)

1 m k m
20 = By + Y [za,-u)zgs-“f} S 00100
k=0 i=1 i=hi

j=j0+1,...,n1—1,

1 m k m
YO = D) + Y (-1)FI? {Z ai(t)lgf'“’} > @) Bjra, (1),
i=1 i=1

=0 — .

j=m,m+1,...,n9—1.

In a similar way to the above proof, we can get the nth approximation of y;(¢) and then,
taking n — oo, we can get the canonical fundamental system (23) and (24) and (25) and
i(¢) € C*0"071[0,T],j=0,1,...,np — 1. O

Lemma 3.6 Let 0 <y = ng — ag < 1 and assume that a; € C},[O, T),i=1,...,m. Let us
assume that Eq. (3) is of type 3. That is, let assume that H,,_; = @. Then Eq. (3) has the
unique canonical fundamental system {y;(t) :j = 0,1,..., 1y — 1} of solutions in cpe [0, T]
and it is represented as

y](t) = ¢j+1(t), j= 0, 1,. ..,y — 1. (26)

Page 15 of 22
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Proof Let y;)(t) =®;,1(¢),j=0,1,...,np — 1 and calculate the first approximation of y;(z).
Then we have

51 (8) = Ba(6) - 150 ) ai(6) DG Dy ().
i=1

From the assumption of H,,_1 = {i: 0 <o; <my—1,i =1,...,m} = @, it is evident that

no—1<a;<mngforalli=1,...,m and thus
no—1
°Dy; @y (t) = Dy, {cbm(t) - ZDkq§j+1(0)¢k+1(t):| =0, j=1,...,m—-1,
k=0
and yjl(t) = ®j,1(8),j = 1,...,m9 — 1. Similarly, we can easily find
y](t) ]+1(t), j=0,...,l’lo—1,
and thus we can get

yi(6) = ;1 (8) € C°[0, T], j=0,...,m0— 1. O

Theorem 3.1 Let g(¢),a,(t) € C[0,T], i=1,...,m. Then there exists the unique solution
y(2) € Co0M0-1(0, T of the initial value problem (1) and (4) and it is represented by

0o k
)= (DI |:Za 150 “'} ®). (27)
k=0 i=1

Proof From the assumptions and Lemma 3.1 follow the existence and uniqueness of the
solution of Egs. (1) and (4). Now we have to find this solution.
From Lemma 3.1, the first approximation solution is given by

Y0 = 1280~ 12 " at¥ DI o)

i=1

With a view on the definition of the Caputo fractional derivative and the integrability of

I;°™%g(t), we have

ni—1
CDg:-10+g( )= +g Z }+1( )i| Dg:- +g( )

j=1

DI 1gyg(6) = 1522 ).

So, the first approximation solution can be rewritten

¥ (0) = 1080 ~ 1503 a0 "g(e) = 0g(6) — 12 [Zaxt)fgf“f]g(t)
i=1

i=1

1 m k
=Y (DL [Z ai(t)lgf‘“i} g(),

k=0 i=1
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i=1

Dy = 10 g0 - g0 [Z ai(t)lgf‘“f]g(t>,

where a9 — 19 +1 >0, g(¢) € C[0, T] and [Y_", a;(0) 57 “1g(¢) € C[0, T].
Hence the Lemma 3.1 yields D"0~1y!(¢) € C[O, T1], that is, y'(£) € C"~1[0, T].

Moreover, we have
3‘2%@)41)‘52[13@ (0~ Iy [Zw lo” } }

- Dzz[ “0g() - 50 {megf“i}gm

i=1

(pj+1 (t):|
t=0

no—1
_ Z D’|: 0g(t) - I° |:Z a; (t)IaO_ai:|g(t):|

i=1

=g(t) - [Z ﬂi(t)lgf_ai:|g(t) e Clo, 77,

from which y!(¢) € C*"0-1[0, T1.

Next, we find the second approximation solution, i.e., / = 2 in the expression of Eq. (6):

P(0) = I50g(0) = 19 )~ a0 DG,y (1)

i=1

= 080~ 0 > au(e) D, [Igfg(t) I [Zaz(t)l‘o’f “’}g(t }

i=1
B [Z m(t)lﬁ?‘”}g(t)

L

i=1

m
- R0~ 3 a0 0+ 23
i=1

2
0~ 300+ 2] S0 | 0

i=1

2 m k
DS [Zﬂf(t)lgf“’} 2(0).

k=0 i=1
Thus, we get the second approximation solution
2 m k
YO =) (-1 {Z af(t)zgf‘“f} g().
k=0 i=1

Now, we inductively find the (/ + 1)th approximation solution when the /th approximation

solution for any / € N is provided by

l m k
20 = 3 (1 [Z ai(t)lgf‘“f] 2.

k=0 i=1
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Then we have

m ! m k
yHE) = I50g(8) — 150 Y " ai()°Dy, [Z(—l)k [Za G ] g(t)}
k=0 i=1

i=1

1

m m k
=I;0g(t) - |:Z Z a;(t)°Dy’ 1° |:Z a;(t) uo_a’:| t):|
i=1 i=1

k=0

!

=15%g(t) - Ip° [

D @™ [Z i)y } g(t)}
i=1

k=0
I+1 k
Z DI |:Za 1! a‘:| ().
k=0

Therefore, we see that, for any natural number #, the nth approximation solution is
n m k
y'() =Y (-1 [Z ai(t)zg‘s‘“f} g
k=0 i=1
and
o0 m k
. H n _ k yoeo ) 0—
y(0) = lim y(6) = ) (-1 Ig? [Z PG } g,
k=0 i=1
which yields y(¢) € C*"0-1[0, T]. O

Theorem 3.2 Let ny — 1 < a9 < ng and no = ny. Assume that a; € C'[0,T], D} *a; €

Cl[0,T],i=1,...,mfory suchthat0<y =no—ag < 1and g(t) € C[0, T]. Moreover, assume
that the case 1 holds. Then the initial value problem (1) and (2) has the unique solution
¥(2) € C*omo-1[0, T N cype [0, T] and it is represented by

np-1 k
y(E) = Zb,y;(t)+2( DAL [Za(rﬂgf } g, (28)
j=0 i=1

where y;(t) is the canonical fundamental system of solution to the corresponding homoge-

neous equation

Dety(t)+ ) ai) D,y =0, tel0,T],
i=1

which is obtained from Lemma 3.2.

Proof The proof follows from Theorem 3.1 and the linearity of the initial value problem
(1) and (2).

Corollary 3.2.1 Let no — 1 < ag < no, no > 11, gt) € C[0,T] and a; € C[0,T],i=1,...m
Assume that the case 1 holds true. Then the initial value problem (1) and (2) has the unique
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solution y(t) € C*"071[0, T] and it is represented as

no-1 k
W)= b(e) + Z( kg [Za (01 } g(),

j=0 = i=1
where y;(t) is obtained from Lemma 3.3.

Corollary 3.2.2 Let ny — 1 < a9 < no and ng = ny. Assume that a; € C*[0,T], Dy’ *°a; €
Cl0,T],i=1,...,m for any y such that 0 <y = ng — a9 < 1 and g(t) € C[0, T]. Moreover,
assume that the case 2 holds true. Then the initial value problem (1) and (2) has the unique
solution y(t) € C*"0~1[0, T] N cye [0, T] and it is represented as

np-1 k
YO =Y byy(o)+ Z( 115 [Zﬂ Ol } &)
j=0 k=0 i=1

where y;(t) is obtained from Lemma 3.4.

Corollary 3.2.3 Let ng — 1 < o9 < no, no > ny, gt) € C[0, Tl and a; € C[0,T],i=1,...,m
Assume that the case 2 holds true. Then the initial value problem (1) and (2) has the unique
solution y(t) € C*0"0~10, T] and it is represented as

no-1 m k
y(t) = Z by(t) + Z( N [Z a,«(t)fs‘f“f} g,
i=1
where y;(t) is obtained from Lemma 3.5.

Corollary 3.2.4 Leta; € C}0,T],i=1,...,mforr suchthat0<y < ay—ng+ 1. Moreover,
assume that the case 3 holds true. Then the initial value problem (1) and (2) has the unique
solution y(t) € C*"0~1[0, T] N C°[0, T] and it is represented as

no-1 k
W)=Y by(0) + Z( ' lg [Za O } 2(e),
j=0 i=1

where y;(t) is obtained from Lemma 3.6.

4 Examples
Example 1 We consider the fractional differential equation with continuous variable co-
efficients as

D§Sy(t) + £ - <DY3y(t) = tF,
y(t)|t:+0 =0.

(29)

Then we see that Eq. (29) satisfy the conditions of Theorem 3.1. We have

oo
y(t) :Z 1)"108 ksIOSk ) 108 tﬁ Z( 1) k+1108( k+1)5105k+1 t‘s)
k=0 k=1
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_ 13 / ~02 [y gllr s 050K+ p
0 F(08) (t-2) Z() dz

_ rp+1) (8108 _ rpg+1)
rg+1.8) ro.8) J,

(t _ V)—0.2Vs+/3+0.5Eo‘5]/3+1‘5 (_Vs+0‘5) dV

Thai is, the solution of Example 1 is expressed as

F(B+1) 405 T(B+1) 02, 5+£+0.5 5405
y(t) = TG 18)t 708 /(t V) Eospis(—v0%) dv.

Example 2 We discuss the linear inhomogeneous fractional differential equation with

continuous variable coefficients as

“Dy2y(e) + 13 - <DYSy(r) = g(0),
Dy(®)lieso =0, k=0,1,

(30)

where g(t) = ﬁt% + ths The exact solution of Example 2 is y(t) = t>. We have
ap=15 m=1,0;=0.8,

_)/(t Z l)kll 5 0 3/([0 .7k (t)) ISJFS (g(t)) + Z( 1)k+111 S(tO 3(k+1) 0 7 (k+1) (t))
k=0 k=0

=12 (e(®) - 75 / (t-2)"° Z 1)Kz03¢ k+1)10+7<k+1)g(z) dz.

Also since
0.7(k+1) 2 07(k+1) 05 2 07(k+1) 15
10+ g(Z): F(l 5)10+ z + F(Z 2) 0+
_ 2 0.5+0.7(k+1) 2 F(ZS) ZO.7(k+1)+1.5
r07(+1)+15) r(22) T07(k+1)+25)
and
2 2 2 I'(1.5) 2 TI'(2.5)
155 (o(g)) = 15405 L5415 _ 2 3
o (¢(0) ras) " T Teye r(s5 I " T@e2 ra
_a, T2
3r(22)

are satisfied, we have

0 =13060) - s [ e z>°52 1 D70 ) g

15)

2y ras) 2 05 1
- 2F(22)t r(1.5) /0 (t—2)"z "Eo722(-2)dz

3
B Mf (t - 2)*°2*°Eg732(~2) dz,
2) Jo

where E, g(x) is the Mittag-Leffler function.
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Figure 1 The error between the exact solution and 0008 /
series-representation solution /

0006 /

0004 /
0002 /

0.2 04 06 08 10

Therefore the solution expression y(x) of the proposed problem is obtained as the above

equation. The error between the exact solution and series-representation solution is

_ras) 2
Y= are2)’ TTas

t
) f (t—2)"°2"°Ey700(-2) dz
0
3 ¢
T2 / (t —2)"°Z*°Eg732(-2) dz.
2) Jo

We can know that the error value is equal to almost zero. The error graph is shown in
Fig. 1.

5 Conclusion

In this paper, we have obtained series-representations for the solution of initial value prob-
lems of linear inhomogeneous fractional differential equations with continuous variable
coefficients and inhomogeneous initial conditions. We have proved that the solution of the
problem is determined by adding the solution of the inhomogeneous differential equations
with the homogeneous initial conditions to the linear combination of the canonical fun-
damental system of solution for the corresponding homogeneous fractional differential
equation and the inhomogeneous initial values. The effectiveness of the proposed the-
ory is illustrated with two examples. The representation of the solution for a multi-term
fractional differential equation under general conditions will be the object of our future
research.
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