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1 Introduction

Fora,beR,let N, ={a,a+1,a+2,..} and [a,b]n, = {a,a + L,a+2,...,b} withb-a e
N;. In this paper we study the existence of positive solutions for the following fractional
difference system with coupled boundary conditions:

Ay sx@®) =t +v-LxE+v-1),yE+v-1)), tel0,T-1]xn,
Ay y(t)=folt+v—-Lx(t+v-1),yt+v-1)), tel0,T-1]n,
x(v = 3) = [AT_3x(O)]lt=v-a—2=0,  y(v=3) =[AT_3y(®)]lt=v-0-2 =0,
x(T +v-1)=ay& +v), (T +v-1)=bx(n+v),

(1.1)

where v € (2,3], « € (0,1) are two real numbers, A}_;, A% ; are discrete fractional oper-
ators, v —a —2>0,&n€[0,T —2]n,, a,b >0 with ab < r(gfﬁlfmlf!wl) [”?”]2, and the
nonlinearities fi(t,x,y) : [v — 1,T + v — 2]y, , X R* x R* — R* are continuous functions
(i=1,2,R* = [0, +00)).

In recent years, the fractional calculus and fractional differential equations have been

of great interest in the literature, and they have been widely applied in numerous diverse
fields including electrical engineering, chemistry, mathematical biology, control theory,
and the calculus of variations. For example, papers [1, 2] have introduced a fractional order
model for infection of CD4* T cells in HIV, which can be depicted by the system

D*\(T) =s—KVT —dT +bI,
D () = KVT - (b + 8)I,
D*(V) = N8I -cV,
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where D% are fractional derivatives, i = 1,2, 3. Till now, we have noted that by using the
techniques of nonlinear analysis, a large number of results concerning the existence and
multiplicity of solutions (or positive solutions) of nonlinear fractional differential equa-
tions can be found in the literature, we refer the reader to [3—27] and the references cited
therein. In [3], the authors studied the singular fractional p-Laplacian boundary value sys-
tem

DS (@p(DY, w))(8) + AV DF (8, u(t), Dyt u(t), Dy u(t), ..., Dy u(t), v(t)) = 0,

O<t<l,
D, (9p(D),v)(8) + 1@ Vg (t, u(t), Dyt u(t), DR ult), .., D u(t)) = 0,
O<t<l,
(1.2)
u(0) = Dy u(0) = 0, D} u(0) =D} u(0)=0, i=1,2,...,n-2,
Dy u(1) = x [y H(6)Dg; ™ u(t) dA(),

v(0) =Dl v(0)=0, D} v(0)=D)"v(0)=0, i=1,2,...,m-2,
DY v(1) = ¢ f;) a()DYr=v(e) dB(2).

Here, they used the mixed monotone methods to obtain the uniqueness of positive solu-
tions for (1.2) and established an iterative sequence, which can converge uniformly to the
unique solution.

In [4], the authors studied the system of nonlinear fractional differential equations with
coupled integral boundary conditions

D§, u(t) + Af(t,u(t),v(t)) =0, O0<t<l,
D v(t) + ng(t, u(®),v(t)) =0, 0<t<1,
w(©0)=u?©0)=0,  w(1)= [, v(s)dH(s), i=12,...,n-2,
w0)=v(0)=0, V()= [, u(s)dK(s), i=1,2,...,m-2,

(1.3)

where the nonlinear terms f, g are sign-changing nonsingular or singular functions. They
used the Guo—Krasnosel’skii fixed point theorem to obtain the existence of positive solu-
tions for (1.3), and they also presented intervals for parameters A and u for the positive
solutions.

However, as is mentioned by Christopher S. Goodrich in [28], there has been little work
done in fractional difference equations, we only refer to [29-43]. For example, in [29] the
authors studied discrete fractional calculus and offered some important properties of the
fractional sum and the fractional difference operators. Also, they studied the uniqueness
of solutions for the nonlinear fractional difference equation

ANy@t)=f(t+v-1y(t+v-1)), ¢=0,12,...,

(1.4)
AVLy(#)]1-0 = ao.

Christopher S. Goodrich has made a great contribution to the development of the the-
ory for discrete fractional calculus and associated difference equations (see [31, 32, 35-37,
39, 44]), presented and summarized many excellent results in his monograph with A. Pe-
terson [43] in this direction. For example, in [35, 36] the authors studied the following two
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fractional difference equations boundary value problems:

—A"y1(t) =Afilt +vi = Lyt +v1 = 1), 3t + v, - 1)), te[l,b+1],
A2y () = hofo(t +va = Lyi(E+vi— 1), 0t +v2 - 1)), te[l,b+1], (1.5)
y1(v1 =2) =311 + b+ 1) =y2(1 = 2) =y (v2 + b+ 1) = 0,

and

—A"y(t) = Mar(E+vi - DA E+vi = 1), +v, - 1)), te(0,b],
—A"2y,(t) = Aaas(t +vo — 1)o(y1(t+vi = 1), 02(t +v2— 1)), t€[0,b],
v =2)=v101),  y1+b)=d10n),
Y212 =2) =Y2(32),  y2(v2 + D) = $a(y2),

(1.6)

where v1,v; € (1,2]. They used the Guo—Krasnosel’skii fixed point theorem to obtain the
existence of positive solutions for the above two problems, where the nonlinearities in
(1.5) can be sign-changing.

Motivated by works aforementioned and some results from integer-order equations (in-
cluding differential and difference equations, see [45—55]), we study the existence of pos-
itive solutions for the fractional difference systems (1.1). We use the fixed point index
theory to establish our main results based on a priori estimates achieved by utilizing non-
negative matrices (see [10, 54, 55]) that involve some useful inequalities associated with
the Green’s functions for (1.1). Moreover, our nonlinearities f; (i = 1, 2) are allowed to grow
superlinearly and sublinearly about the linear combinations of unknown functions «, y, see
conditions (H1)—(H4) in Sect. 3.

2 Preliminaries
In this section, we first offer some necessary definitions from discrete fractional calculus.
These materials can be found in some recent papers.

Definition 2.1 (see [43]) We define t*:= T(e+1) for any ¢, v € R for which the right-hand

t+1 v)
side is well-defined. We use the convention thatif £ + 1 — v is a pole of the gamma function

and ¢ + 1 is not a pole, then t~ = 0.

Definition 2.2 (see [43]) For v > 0, the vth fractional sum of a function f is

A~V vl
ALf(®) F()Z —s—1)*1f(s) forteN,,.

We also define the vth fractional difference for v > 0 by
AMF(t) = ANAYNE(E) fort € Nyuno,
where N e Nwith0 <N -1<v<N.

Lemma 2.3 (see [43]) Let N e NwithO<N -1<v <N. Then

AYYAY_Nf(2) =£(2) et vt 4 CytP N forc;eR,1<i<N.
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Lemma 2.4 (see [44, Lemma 4.1]) Forallv € R, we have ASt* = % witha > 0, if t¥,
t*=% are well-defined.

Next, we use Lemmas 2.3 and 2.4 to calculate the Green’s functions associated with (1.1).

For convenience, we let L = [”?;"})] abL E;”:ll))w%””), and
=T hp—s—2)v=1 e 1)\l < _ <T_1-
Glt.s) = 4(“‘} = (t—-s-1)==, 0<s<t-v+1<T-1; @.1)
]"( ) =T hp—g—2)v=1 0<t :
L <t-v+1=<s<T-1

(T+v-1)2=2

The following lemma is as in [40] (for completeness, we present its proof).

Lemma 2.5 Letv e (2,3], 0 € (0,1), and h(t) : [v-1,T +v —2]n,_, = R(i=1,2). Then
the fractional difference system

—AY gx(t)=m(t+v-1), tel0,T-1]n,
—AY gy(t)=ha(t+v—-1), tel0,T-1]xn,

(2.2)
x(v=3) = [AY_3x(O)]|t=v-02=0,  y(v=3)=[A]_39O)]lt=v-0—2 =0,
x(T+v-1)=ay& +v), (T +v-1)=bx(n+v),

has the unique solution, which takes the form
x(t) Zs 0 Hi(t, $)hi(s +v—1) + ZST;OI Ki(t,s)hy(s +v —1) (2.3)
y(¢) Zs 0 H2 ha(s+v—1)+ ZST;OI Kyt s)h(s+v-1))" )
where
b v=lyv-1
Hi(t,s) = G(t,s) + %G(n +1,5),
T Ppelpt (2.4)
Kits) =220 "‘L —G(& +,5),
ab(n + v)r=lg=L
Hy(t,s) = G(¢,s) + 7 G(& +v,s),
(2.5)
b(T+v-1
Ky (t,s) = ( +UL) G(n+vs)
Proof From Lemma 2.3 we have
1 t—v
x(t) = - (t—s—1)"hy(s+v—1) + Cr=L + Cot2=2 + C3t2=3,
F(\)) s=0
(C;eR,i=1,2,3) (2.6)
and
1 t—v
y(t) =— (t-s-1)"Lhy(s+v—1)+ CitL + Cot¥=2 + C5t=3,
I'(v)

I}
(=]

8

(C;eR,i=1,2,3). (2.7)
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Substituting x(v — 3) = y(v — 3) = 0 into (2.6), (2.7), we obtain C3 = C3 = 0. Because of

A% x(t) = Cp A% o 171+ Cy A% 72— Ayt +v - 1)
I(v)p=e=L (v —1)p=e=2

=G I'lv-—o) T2 Ir'v-a-1)
1 t—v+a
- e v—o—1 _
F(v_a)g(t s—1) Ly (s + v —1),

and using the boundary condition [AY_;x(£)]|¢=y—a—2 = 0 to obtain C; = 0. Similarly, we
have C, = 0. By virtue of the conditions x(7 + v — 1) = ay(¢ + v), y(T + v — 1) = bx(n + v),

we respectively obtain

T-1
—mZ(T"'V—S_Z)ﬂI’“(S"'V—1)+C1(T+v_1)ﬁ
5=0
. a E( 1)L, 1) +aCy( =
_—m;§+v—s— o(s+v— ra 1€+1} ’
and
T-1
_mZ(T+u—s—2)ﬂh2(s+v—1)+61(T+v_1)ﬂ
5=0
_ b '7( l)ﬂh( 1) bC( )ﬁ
__m§77+v—s— 1s+v=1)+bCi(n+v :
Note that
(T+v-1=t - —a(g +vp=t
—b(n+v)=t (T+v-1)21
= (T +v = 1)) — ab( + v)=L(p + v)=L
(T +v) > ab'E+v+ 1) (n+v+1)
_< n >_ &+ Dly + 1!
=L>0,
so we have

T-1
Cy = ;[(T+v— 1)”‘1|:Z(T+v—s—2)”_1h1(s+v—l)

LI (v) =
&
—uZ(S +v-s—-1)"h(s+v— 1):|
s=0
T-1
ral+ U)E[Z(T +v—s5-2)" (s +v - 1)
s=0

n
—bZ(n+v—s—l)ﬂhl(s+v—1):|:|,

s=0

Page 5 of 22
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U

Ci= %(U)[(T+v—1)“_1|:—bZ(n+v—s—1)Hh1(s+v—1)

s=0

T-1
+ Z(T+ v—s—2)"n,(s + v—l)]

5s=0

&
+b(n+ v)u|:—a2($ +v-—s—1)"hG+v-1)

s=0

T-1
+ Z(T+v—s—2)”‘1h1(s+v—1):|j|.

s=0
As a result, we have

t—=v

x(t) = —ﬁ ;(t—s— 1) +v-1)

V= T-1
+ Ltp(i,) |:(T+ V- 1)&|:§(T+ Vos— 2 (s+v—1)

&
—aZ(§+v—s—l)uh2(s+v—1):|

s=0
T-1
+a(€ + V)H|:Z(T+ V—s—2) " (s +v-1)
s=0
n
—bZ(n+v—s—1)”_1h1(s+v—1):|:|
s=0
1 t—v
v—1
Z_F(v) ;(t—s—l)fhl(s+v—1)
VLT 4y — 1)L A
+%§(T+v—s—2)ﬁhl(s+v—l)
-l T-1

(T+v-s-2)"h(s+v-1)

S TW)N(T +v—-1)-L .

I
o

~
—

=L

ﬁ a—
+F(U)(T+v—1)ﬁsz (T+v-s=2)~Mh(s+v-1)

(=]

ab(g +v)=tp=t 1
- T(U);(n+v—s—l)—hl(s+v—l)

T+v— 1)ttt £
_a( +v-1) Z(S+v—s—1)ﬂh2(s+v—1)
s=0

LI (v)
a(g +v)r=te=l o 1
Lfi(l)) ;(T+v—s—2)fh2(s+v—1)

T-1

=Y Gt s)h(s+v-1)

s=0

Page 6 of 22
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abt?=L(& + v)2=L(n + v)r=L -

FO)T +v- 1)L ;<T+v—s—2>ﬂh1(s+u_l)

v=le-1 7
_%Z(Uﬂ)—s—l)ﬁhl““"l)

s=0

v-lp-1 &
_a(T+]1j;(11))) t Z(§+v—s—1)ﬁh2(3+v—1)

s=0

T-1

)
MZ(TH)—S—%ﬂhz(S‘*V—I)
s=0

LI (v)
T-1
ZGtsh1s+v—1)
s=0

abt=L 1f;‘+v

T-
Z G +v,s)(s+v-1)
5=0

a(T +v - 1)r=1p=1 I

ZG$+vs)h2(s+v—l)

L s=0
T-1 vl .
|:G(t S) MG(U + U,S)]hl(s +V— 1)
s=0
T-1 I
+ ; a(T +v Ll) t G(E +v,8)]ha(s + v —1).

Similarly, we can obtain

t—v

— 1 v=1
y(t) = T )Z(t—s— 1) Lhy(s+v—1)

v—1
LI}( )|:(T+v— 1)= 1|: bZ(n+v—s— )= +v-1)

s=0

T-1
+Z(T+v—s—2)uh2(s+u—l):|

s=0
5
+b(n+ v)u|:—a2($ +v-s-1)"h(s+v-1)
s=0
T-1
+Z(T+v—s—2)“_1h1(s+v—1):|j|
s=0
= F(v ; —s—1)=hy(s+v-1)
v-1 _qy-1 I-1
+%Z(T+v—s—2)” vl (s+v—1)

=0
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tv—l T- L
(T+v—5s=2)"hy(s+v-1
F(v) (T +v—-1)xL Zo ( )
t‘) 1 T-1

vl —
+1“(1))(T+v—1)ﬁ;:(T+‘)—S—) hy(s+v—1)

ab(n + vl & 1
- T(v);(g +Vv—8s—1)1=h(s+v-1)

1)l T
_b(T+ZF(1v)) t Z(nW—s—l)ﬂhl(sw—l)

s=0
v=1 -1 T-1
A S =5 =2 s v 1)
s=0
T-1
= Z G(t,8)ha(s +v 1)
s=0
abtﬂ(sw)” RURAD i o PN AR
(V)(T+ V= ) 5=0 2

_ab(n +v)*=t Lv-l

o) Z($+v—s— 1)Ly (s + v —1)

T+v—1)=tp=l
—b( tv- D Z(n+v—s—l)ﬁh1(s+v—1)

LI (v) —
by + V)L (T + v — 1)L A (T v —s -2y
LT () Z (T+v—1) (s +v-1)

T-1
= Z G(t,8)hy(s+v—1)
s=0

abt=1 1r)+v

T-
Z G(E +v,8)ha(s + v —1)
s=0

B(T +v—1)=Lp2=1 X
( Y I ) ZO:G(n+v,s)h1(s+v—1)
T-1 vl b1
- |:G(t 5)+ MG(S+v,s)j|h2(s+v—l)
5=0

G +v,8)hi(s+v-1).

T-1
b(T +v —1)=1pr=1
+
2

s=0

This completes the proof.

Lemma 2.6 (see [40, Theorems 2.2, 2.3 and Remark 2.4]) Let L, =
p(s) = (T +v-s-2)>L fors € [0, T - 1]n,. Then we have
(i) G(ts)>0,for (t,s)ev-1,T+v-2]n,_; X [0,T —1]n,;

T(T+v— 1)

l
L(T+v-2)

and

Page 8 of 22
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(ii) forall(t,s)ev-1,T+v-

(ili) forall(t,s)e[v-1,T+v—

Lemma 2.7 Let p*(¢) = (T +2v —t —

(2019) 2019:249

abLy(§ +v)"=1(n + v)*=1*Lp(s)

LI(v)
< Hy (1 5) < L b+ V)T + v =21 o(s)
LI (v)
aLi(& + v)2=L(n + v)=12=1p(s)
LI (v)

a(T +v—1)=YT + v -2)*=Lp(s)

<Ki(ts) < Ir0)

abLy(§ +v)"=1(n + v)*=1*Lp(s)

’

LI (v)
< Hs(t,s) < [L +ab(n+v)=XT + v —2)=L]p(s)
LI (v)
BL1(€ +v)*=1(n + v)=1 =L p(s)
LI(v)

B(T +v—1)2=YT + v —2)2=Lp(s)

<Ky(t,s) < o)

[0, T — 1]n,, we have the following inequalities:

and

and

and

T+v-2

huyp(s) < D Hit,9)p™ (1) < hyy pls),

t=v-1

T+v-2

ki p(s) < Y Ki(t,8)p*(£) < kiuyp(s),

t=v-1

T+v-2

husp(s) < Y Ho(t,$)p™(8) < hy,p(s),

t=v-1

T+v-2

kuzp(s) < Y Ka(t,)p*(£) < kiuy p(s),

t=v-1

2IN,; X [0, T — 1]y, there holds

’

2]N,; X [0, T — 1]y, there holds

’

3)=Lforte[v-1,T +v—-2],,. Then, forall s €

(2.8)

(2.9)

(2.10)

(2.11)

Page 9 of 22
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where

hltl hMZ
kltl leZ
hus L
k#3 kM
T-1 abLy (£+v)2=L(n+v)=L(+v-1)2=Lp(z) T-1 [L+ab(€ +v)>=L(T+v-2)*=1]p(s)
t=0 LT (v) t=0 LT (v)
T-1 aly(E+v)"=2(n+v)*=L(t+v-1)"=Lp () T-1 a(T+v-1)""YT+v-2)"=Lp(®)
t=0 LT (v) t=0 LI (v)
ZT—I abLi(E+v) =L (n+v)>=L(r+v-1)"=1p(r) T-1 [L+ab(n+v)>=L(T+v-2)"=1]p(r)
t=0 LI (v) t=0 LT (v)
T-1 bL1(E+v)°=L(n+v)=L(r+v-1)2=Lp(2) T-1 b(T+v-1)2=L(T+v-2)2=L)(¢)
t=0 LT (v) t=0 LI (v)

Proof We only prove (2.8). Indeed, for all s € [0, T — 1]n,, from Lemma 2.6(ii) we have

T+v-2 T-1
> Hit,s)p* (t)—ZHl(t—v+1 $)p*(t+v-1)
t=v-1

- Z [L +ab(& +v)=LT + v —2)2=1]p(s)

pft+v-1)
por LI (v)
T-1
[L+ab(§ +v)=YT +v-2)"p(s) .
< ; 70 p(t) = hyuy p(s).
On the other hand, we obtain
T+v-2 T-1
ZHlts)p :Z Et=v+1,8)p (t+v-1)
t=v-1 t=0
T-1 v-1
abLi(& +v)=L(n +v)=LE+v - 1) p(s)
-1
> ; o) pH(E+v-1)
- 0 abLy(E +v)=2(n + v)=L(E + v — 1)=Lp(s) o)
e LI (v)
=hy, p(s).
This completes the proof. O

Let E be the collection of all maps from [v —3,T + v — 2]y, _; to R with the norm ||z|| =
MaXe[v-3,T+v-2x, |z(¢)|. Then (E, || - ||) is a Banach space, and P = {z € E : z(t) > 0,¢ €
[v-3,T+v-2]N, ;}isaconeon E. From Lemma 2.5, we know that the fractional difference
system (1.1) can be expressed in the following form:

(o)

(0
_ (ZST:’OI Hits)fils+v-Las+v—-1),y(s+v-1))+ ZST:’OI K@t s)fas+v-La(s+v—1),y(s+v— 1)))
- ZST;(,] Hy(t,s)fa(s+v—La(s+v—1),y(s+v-1)) + ZST;(,] Ky(t,s)fi(s+v—1x(s+v-1),y(s+v-1))

_ (Ap)(0)
= (Al(x,y)(t)) s Vte[v-3,T+v-2]n, ;. (2.12)
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Then we define an operator A : P x P — P x P as follows:
A p)(0) = (A1, A2)(x)(@), Vie[v=3,T+v -2y, ;.

Then positive solutions for the fractional difference system (1.1) exist if and only if positive
fixed points for A exist, i.e., if there exists (¥,y) € Psuch that A(x,y) = (x,%),and A; (%, y)(t) =
x(t), Az(x, y)(£) = y(t), from (2.12) we have (x,y)(t) is a positive solution for (1.1), for t €
[v-3,T+v-2]n,_,. Now, we turn to study the existence of fixed points for the operator A.
In what follows, we provide two lemmas involving the fixed point index; for more details,
we refer to the book [56].

Lemma 2.8 Let E be a real Banach space and P be a cone on E. Suppose that 2 CE isa
bounded open set and that A : 2 N P — P is a continuous compact operator. If there exists
wo € P\{0} such that

w—-Aw #Awy, YA>0,0€d2NP,
then i(A, 2 N P, P) = 0, where i denotes the fixed point index on P.

Lemma 2.9 Let E be a real Banach space and P be a cone on E. Suppose that 2 C E isa
bounded open set with 0 € 2 and that A : 2 N P — P is a continuous compact operator. If

w—-AMw#0, Yre[0,1],we€d2NP,
then i(A,2 NP,P)=1.

3 Main results
In this section, we first provide some assumptions for our nonlinearities f;, i = 1, 2. Here,
we make an explanation: in P x P, if (;‘21) > (or 5)(5;), we mean that x;(£) > (or <)y(¢),
x(t) = (or <yp(t) forte[v-1,T +v-2]n, -

(H1) There exist a, b1,c1,d; > 0 and [1, 1, > 0 such that

fi(t,x,9) - ax+byy—1
5@xy)) T \ax+diy-1)’
Vt,x,y)elv-1,T+v-2]n, , Xx R" xR,
and

hyar+ ke <l, hy,di + kb < 1,

det hybi+kgdi hygan+ ke -1 =iy >0,
hpadi + kb -1 hyger + kypan

(H2) There exist ay, by, ¢y, dy > 0 and r; > 0 such that

it x,y) - asx + byy
5%,y) ] T \ex+doy ]’

V(t1x;y) € [‘) - 1’ T+v- 2]N\,,1 X [07 rl] X [O) rl])
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and

hy,a0 + ky,co < 1, hy,ds + Ky by < 1,

det 1- hﬂ2ﬂ2 - kMZCZ —hM2b2 - kﬂzdz =iy > 0.
_h;u;CZ —kﬂ4(12 1 _hﬂ«4d2 —kﬂ4b2

(H3) There exist as, b3, c3,ds > 0 and r, > 0 such that
fi(t,x,y) (@t bsy
5(6x9)) ~ \esx+dsy )’
Y, xy) elv-1,T+v-2]N,, X [0,r2] x [0,r2],
and

hyas+k,cs<l, hyads + kb3 < 1,

det h#1b3+kﬂld3 h#1613+kM1C3—1 - K3>O.
hﬂgdg +kﬂ3b3—1 hﬂ363 +kﬂ3d3

(H4) There exist ag, ba, c4,ds > 0 and I3,1, > 0 such that
fi(t,x,y) _[aax by +13
22,9 ] T \eax +dyy + 1y ’
Y, xy)elv-1,T+v-2]n, , Xx R" xR,
and

Myys + Kyyca < 1, Nygda + Kby < 1,

det l—hﬂ2ﬂ4—kH2C4 —hM2b4—kM2d4 — K4>O.
—hM4C4 —kﬂ4614 1 —hﬂ4d4 —kﬂ4b4

Theorem 3.1 Suppose that (H1)—(H2) hold. Then the fractional difference system (1.1)

has at least one positive solution.

Proof Define a set
S = {(x,y) €P x P:(x,9) = Alx,y) + Mo, po) for some 1 > 0},

where ¢y € P is a fixed element. Then we will claim that S; is a bounded set in P x P.
In fact, if (x,y) € S1, we have x(£) = A1(x, y)(£) + Apo(t), y(t) = Ax(x,¥)(¢) + Apo(t) for t €
[v-1,T +v-2]y,_,. Together with (H1), we obtain

(x(t)> - (Al(xyy)(t)>
y®)) = \Aa(x,)(0)
(ZST_OI Hit,s)(ax(s+v =1 +byyls+v—-1)—1) + ZST::)I Ki(t,s)(ax(s+v—1)+dyy(s+v—-1)— 12))
=

ZST:;,I Hy(t,s)(cix(s +v=1) +dyy(s +v—1) - L) + ZT},I Kyt s)ax(s+v—1)+byy(s+v-1)-1)

=
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fort e [v-1,T + v - 2]y, ,. Multiplying both sides of the above inequality by p*(¢) and

summing from v — 1 to T + v — 2, together with (2.8)—(2.11), we obtain

<ZT+U Zx(z) ())

T2yt ©

S o Lt o)
<ZLT+UU 12 ot t)[z%ol
hﬂ-l ZSTO p(s)ayx(s+v—1)+byy(s+v-1)) +k#1 ZT_O p()crx(s+v—1)+dyy(s+v-1)) - (hllzll‘*kule)Z%ol p(s)
" \hug Zs 0 p(s)c1x(s+v—1) +dyy(s+v— 1))+k,,,3 Zs 0 p(s)ara(s+v—1)+byys+v-1))— (ku411 +hu412)23_0 p(s)

x(s+v-1)+byys+v-1)-1) +ZT 1I(1ts(qx(s+u 1) +dyy(s+v-1)—1p)]
(t,8)(c1x(s +v—1)+dyy(s+v-1) - l2)+2% 11(2ts)a1xs+v 1) +byyis+v-1)-11)]

_1 p¥s+v-1 [hﬂl(“lx

( 0, ) (s+v=1)+byy(s+v—1)) +kuq (cxals +v—1) + dyy(s +v - D) = (g Iy + Ky l) XL L p(s)
Zs p*(s+v=1)huz(er

(s+v-1)+dyy(s+v-1)+kpgarals+v—1)+byyls+v-1)]=(kugly +hpuglo) 3o 61 p(s)
(hlll ZTJ;v P¥(O)(ayx(t) + byy(8) +kyy ZT+V 2 P0)

(e1a(e) + d1y(©) ~ Uy Iy + kg ) S LL o(s)
hpg SV 2p (O)(cyx(e) + dyy(®) + kg Y1032 p*(0)a

1200 + b y(©) ~ kgl + g ) Lt o))

This implies that
hulhl + kuldl hulal + k,U-lcl -1 ZtT:v 123/ )
hugdy + Kby =1 By + Ky SV x(t) 0% (8)

iyl + Ky o) S50 0(s)
(Kugly + hyy ) 5 p(s)

Solving this matrix inequality, we have
T 0et (@)
Yy #(6)p*(e)

<! hyser + Kz L—hyyar = kyyer | (((Buyly + Koy bo) Zs o ' (s)
1-hy,di —kybv hy b+ kydh (kuyly + 1) S0 p(s)

Therefore, we have

T+v-2
> ye)et)
t=v-1
T-1
= Kl_l [(hpcgcl + k/Lgdl)(huzll + k/QIZ) + (1 - hulal - k/“ cl)(ku4ll + h/u,lZ)] Zp(s),
s=0
T+v-2
> x(e)p* ()
t=v-1
T-1
=< Kl_l [(1 - h/Lgdl - k/tgbl)(huzll + k/LZIZ) + (h/ubl + k/qdl)(k/qll + h/MlZ)] Z /0(5)
s=0
On the other hand, there exist ¢;,£, € [v— 1, T + v — 2]n,_, such that
T+v-2
x(t)p* () = llxllp*(t) < Y x(0)p*(8),
o (3.1)
T+v-2

Yt)p () = Iyllp*(8) < Y y(&)p*(®).

t=v-1

Page 13 of 22
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Consequently, we have

1
llx]l < m[(l = hysdy = ks br) (Bl + ko)

T-1

+ (M by + ki d) Ky by + 1y, 1) Z 0(8),

s=0

Iyl < [(Brser + Kugan) (s by + Ky o)

K10*(t2)
T-1
+ (1= Iy ar = Ky er) kil + By 1))~ p(s).

s=0

This proves that S; is bounded in P x P. Then we can choose a positive number R1 >r,
Ry > Y tl)[(l hyadi — K b))y b+ Ky bo) + (B by + Ky da) (kb + 1y, 00)] ZS 0 p(s)
and Ry > (hyzer +kysan) b+ kb)) + (1= hygan — kg e) (K b+ 1y, 1) Zs o ! p(s)
such that

K1p* tz)[

(x,y) £ A%, 9) + Al@o, o), for (x,y) € 9Bg, N (P x P),A > 0. (3.2)
As aresult, Lemma 2.8 implies
i(A,Bg, N (P x P),P x P) =0. (3.3)
In what follows, we prove that
(x,y) # LA(x,y), for (x,y) € B, N (P x P), 1 €[0,1], (3.4)

where ry is defined by (H2). Argument by contrary, there exist (x,y) € dB,, N (P x P),
Ao € [0,1] such that (x,y) = AoA(x, y), and thus from (H2) we obtain

(x(t)) B <A1<x.y><t>)
@) ~ \Aa(x,9)(0)
(Zjol Hi(t,s)(ax(s +v—1)+ byy(s +v—1)) + ZST:_OI Ki(t,8)(cax(s+v—1) + doy(s + v — 1)))
Zf},l Hy(t,s)(cox(s +v = 1) + doy(s + v — 1)) + Z_;ngl Ky(t,8)(axx(s +v —1) + byy(s +v—-1)) )

Multiplying both sides of the above inequality by p*(¢) and summing fromv—-1to 7T +v -2,
together with (2.8)—(2.11), we obtain

( %:+V 2x(2 (ﬂ)
+v— 2

A A I O)

IA

(ZTJ;V 12 Pp*( t)z Hl t,8)(agx(s + v —1) + byy(s +v —1)) + ZT;” 12 p*(t) Z; 11<1 (&, 8)(cox(s + v —1) +doy(s+v - 1)))
1

0.
>i *1'1”12,0* t)zsr 1H2 (t8)(cax(s +v 1) +dpy(s +v-1) + L,V 2 p%( 0y Ka(t.s)(agx(s +v=1) + boy(s +v -1))
hMZZ 0 p(s(azx(s+v 1)+ byy(s+v—1)) +kM2 ZT() p(s)(cox(s +v—1) +doy(s+v—1))
hMZ -0 L p(s)(coxls + v —1) +doy(s +v — 1»*"/1425 —0 P©)agx(s+v—1)+byy(s +v-1)
hMZ ZT pE(s+v-1)(agx(s +v—1)+byy(s+v - 1>)+kﬂ2 ZT (s+v—1)(c2x(s+v—1)+d2y(s+v—l))
hp,4 Zs 0P Fs+v— D(cox(s +v—1) +dy(s +v — 1))+I<H4 Zs 0P (s+v—1)(a2x(s+v—1)+b2y(s+v—1))

_(a ZT:“ fp*(: (ag(t) + bay(®) + Ky 2{“’ 2 p*(£)(cax(t) + doy(1)
hll4 Zt i l p*(t (cox(t) + doy(t)) +kM4 Zt +UV 12 p* () (agx(t) + byy(t)) :
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Solving this matrix inequality, we have
L= hpas = kipes  ~hupby —kuydy \ (L0520 @) _ (0
~hyuaCr — ka1 =hyydy — kyybs Lt y®pr @) ~\o
Consequently, we have
o X000 _ 1 (L hadr=kuby by v Kipds ) (0) (0
Ztnvv 12y ®p*@)) ~ * By co + ky,an 1-hy,as —kyyco) \O 0

Note that p*(¢) #0fort € [v-1,T + v —2]n,_,, whence x(¢) =y(t) =0fort e [v-1,T +
v —2]N,_,, and this contradicts (x,y) € dB,; N (P x P) with r; > 0. As a result, (3.4) holds,

and from Lemma 2.9 we have
i(A,B,, N (P x P),P x P) =1. (3.5)

Up to now, (3.3) and (3.5) enabled us to obtain i(A, (Bz,\B,,) N (P x P),P x P) = -1 #0.
Hence the operator A has at least one fixed point on (Bg,\B,,) N (P x P), and therefore

(1.1) has at least one positive solution. This completes the proof. g

Theorem 3.2 Suppose that (H3)—(H4) hold. Then the fractional difference system (1.1)

has at least one positive solution.

Proof We first prove that
(®,y) # A% 9) + AMe1, 1), for (x,y) € 0B, N (P x P),A =0, (3.6)

where ¢; € P is a given element, and r, is defined by (H3). Suppose the contrary. Then
there exist (x,y) € dB,, N (P x P) and Ay > 0 such that

(x,9) = A, ) + Aolo1, 01).

Associated with condition (H3), this means that

(o)
¥(6)

v

(Al(xvy)(t)>

Aa(x,9)()
ZST:},l Hy(t,s)(asx(s + v —1) + byy(s + v —1)) + ZST;]I Ki(8,s)(csx(s + v —1) + d3y(s + v — 1))
S Hy (8 5)esx(s + v — 1) + day(s +v = 1) + YL Ko, s)(asx(s + v — 1) + bay(s + v —1)) )

\%
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Multiplying both sides of the above inequality by p*(¢) and summing fromv—-1to T +v -2,
together with (2.8)—(2.11), we obtain

T+u 2
®)p*(2)
< zfﬂ) 2x )

PN B OYAI0)

;*\'J" 12 P*( t)[ZT 1 H1 s)agx(s+v—1)+bgy(s+v-1)+ 27;61 Ky (t,s)(cga(s +v —1) +dgy(s + v —1))]
Z - 2 p* )f)[Z:éIv_1 ,8)(c3a(s+v—1)+d3y(s+v-1)+ Y :_1 Ky (t,s)(agx(s +v —1) + b3y(s + v —1))]

h#l Z 0 p(s (azx(s +v =1) +b3y(s + v —1)) + kuy ZTO p(s)(c3x(s +v—1) +d3y(s +v—1))
“ \hpg Zs 0 L o(s)(cgals +v—1) +d3y(s +v — 1) +kug Es 0 PB)@zx(s+v—1)+b3y(s+v-1)

Mlz p *(s+v—1)(agx(s+v—1)+bgy(s +v— 1))+kIL12T *(s+v—1)(cgals + v —1) +dgy(s +v 1))
#325 0P *(s+v—1)(cgx(s+v—1) +dgyls+v - 1))+kﬂ325_0 p*(s+v—1)(agx(s +v—1)+bgys +v-1))

_( ZT;V 22 ¥ (O)agx(e) + bay(®) +kyuy Z;W ]22 o* (1) (c3x(8) + d3y(£))
hll3 Zt U 2,0 (t)(c3x(8) + d3y(t)) +kll3 Zt +UV Pl *(t)(a 3x(t) + b3y(t)) :

This leads us to obtain
Ny b3 + ky, ds hy,as + ke — ZtT:v 12y(t )p*(2) < 0
hysds + kuybs =1 hyycs+ ku3613 T2 x(t) 0% (2) 0

Solving this matrix inequality, we have

Zg,‘i_lzy(t)ﬁ*(t) < K_l hug c3 + k;t3a3 1- h/q a3z — le C3 0
ST 2x)p(t)) = 1 \1=hyads —kuybs  hyuybs +kuds ) \O
Hence, we find
Yo @ _ (o
S a)ete)) \o
Note that p*(£) #0fort € [v-1,T + v —2]n,_,, whence x(¢) =y(t) =0fort e [v -1, T +

v —2]n,_,, and this contradicts (x,y) € 3B,, N (P x P) with r, > 0. Consequently, (3.6) is
satisfied, and Lemma 2.8 implies that

i(A,B,, N (P x P),P x P) =0. (3.7)
On the other hand, we claim that the set
Sy = {(x,y) € P x P:(x,9) = AM(x,y) for some A € [O,l]}
is bounded in P x P. If there exists (x,y) € Sy, then from (H4) we have
()
¥ (@)
A;(x,y)(0)
= (Azoc,y)(t))

Zg 0 L Hy(t,s)(aax(s + v — 1) + byy(s +v — 1) + I3) + Zg 0 Ky (t,s)(cax(s + v — 1) + dyy(s + v —1) + 1)
ZS o L Hy(t,s)(cax(s + v — 1) + dyy(s + v — 1) + 1) + Zs o VKo (t,s)(agx(s + v —1) + byy(s + v —1) + 1)
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fort e [v-1,T + v - 2]y, ,. Multiplying both sides of the above inequality by p*(¢) and
summing from v —1to T + v — 2, together with (2.8)—(2.11), we obtain

T2 a00* 0
yl f’yr)p ®
ZT‘;” 12,0* t)[Z; 1 Hl( SNagals +v—1)+bay(s+v—-1)+13) + Y L2 1(1 t,8)(cqn(s +v—1) + dgy(s + v —1) +1y)]
“\X "1')” 12 p*( O, 1 t,s)(can(s+v—1) +dgy(s+v—1)+1g) + ZS:O Ko (t,5)(agx(s + v —1) + bay(s + v —1) +I3)]
_ (s z p(s (agac(s +v = 1) + bayls + v —1) + kg Ll p(s)ean(s +v = 1) + day(s +v = 1) + Uiy I3 + Ky la) X I51 p(5)
T\, Zs 0 p(s (cax(s+v—1)+dgy(s +v—-1)) +kug ZS 01 p(s)agx(s + v —1) +bay(s +v - 1)) + (kuy I3 + h/L4l4)Zs:Bl p(s)
s 0 p¥(s+v - 1)[1’1/L4_(C4X(S+ v—1)+dgy(s+v—1)) +kﬂ_4(a4x(s+ v=1)+bgy(s+v—-1))]+ (k,;_413 +h,14l4)zx:’01 p(s)

_(uy ZT;V 22 0¥ (Oagx(t) + bay(e) + kg S LEVT2 p* (0)(can(t) + day(e)) + (g I3 + kg la) Ll p(s)

( SIS 0% (s v = Dl (@gas + v =1) + bay(s + v = 1)) + Ky (can(s +v = 1) + dgy(s + v = D)] + (hyu I3 + Ky L) 151 p(s))
(cq.
g zt V22 0¥ (Ocax(t) + day(®) + kyy Y] +U" 12 ¥ (O)aax() + bay(®) + (g I3 + g ) Y15 069)

Solving this matrix inequality, we have

1—hyyan—Kuyca  —huyby —kyydy 2 x(t) ()
—hyyca—kyyas 1 —hy,ds—ky,bs tTt;v 123’ &)p*(2)

(yuyls + Ky la) 30 0 ' o(s)
(kyuyls + 1y la) Zs 0 ,o(s)

This indicates that

S V2 x(t) p* ()
S () et ()

! 1—hy,dy—kubs  Hyuyby +kyydy (Ml + Koy L) ZSTBI o(s)
hy,ca+ ky aa 1-hy,as—ky,ca) \(ky,ls + hy,ls) ZS o p(s)

Consequently, we have

T+v-2
D7 x(6)p* (1) < g [(1 = Huyda — Koy ba) Uy s + Koy la)
t=v-1
T-1
+ (g + Ky da) Ky ls + 1y, 1a)] D p(s),
s=0
T+v-2
D y00*(0) < sy [Ungea + Kyuy@a) Byiy b + Kiyyla)
t=v-1
T-1

(L= Hpyas = Kuyea) Kyl + 1y 1) Y p(s).

s=0
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Similarly, using (3.1) we have

[lx|| < - [(1 —hy,da — K, ba)(hyyls + Ky, la)

1
4p*(t)
T-1

+ (hyyba + Ky da) (K ls + T, 12)] Y~ p(s),

s=0

Iyl = [(Bugca + Kyuyaa) (s b + Koy la)

1
Kk4p*(t2)
T-1
(1= By = Kyyea) Kyl + iy 1)) Y~ p(s).

s=0

Then we can choose a positive number R2 > 1y, Ry > s [( — Ny, da — Ky ba)(hy,ls +
Kupla) + (hpuy by + kyyda) (ks + 1y, la)] Zs o p(s) and Ry > —~ [(hH4C4 +ky,as)(hy,ls +
Kuyla) + (1= hyya — kyyca)(Kuyls + By, la)] Zs 0 p(s) such that
(x,9) # MA(x,y), for (x,y) € 0Bg, N (P x P), . € [0,1]. (3.8)
As aresult, Lemma 2.9 implies
i(A,Bg, N (P x P),P x P) =1. (3.9)
Now, (3.7) and (3.9) enable us to obtain i(4, (Bg, \Ez) N (P x P),P x P) =1 #0. Hence

the operator A has at least one fixed point on (Bg, \Ez) N (P x P), and therefore (1.1) has
at least one positive solution. This completes the proof.

Wi

Example 3.3 Consider equation (1.1) with v = %, T=4a= %, E=1,n=2,a-=
b = %. Then we need to calculate the following values: L = (”?;")))2 - “br(fg:f)!l()rﬁ(g;'”*l)
r(13> 281G F(“) ~ v-1 ~ ~ v-1 A
(=) - 98.9 >0, L1 = gty ~ 0007, I'(v) & 1.33, (£ + v)*=t ~
582 (n + v)=L —(T+u— 2L~ 872, (T +v - 1)L x 12, 30 p(t) =Y 0 (T +v -t -

2)r=1 2 19.19, Zto(t‘”)_ 1)=Lp( t)—zto(t+v—1) YT +v—-t-2)-1~61.84. Then

we have
hm huz
kll-l kll-z
hMS h/ML
Kus Ky
T-1 abLi(E+v)*=L(n+v) =L(r+v-1)2=1p(z) T-1 [L+ab(€ +v)>=L(T+v-2)"=1]p(r)
£=0 LT (v) =0 LT (v)
T-1 aly(E+v)>=L(n+v) =L(t+v-1)2=Lp(z) T-1 a(T+v-1)"=L(T+v-2)*=Lp(r)
_ t=0 LT (v) t=0 LF(U)
- T-1 abLy (E+v)*=L(n+v) =L(t+v-1)"=1p(r) ZT—I [L+ab(n+v)2=L(T+v-2)2=1] p(¢)
t=0 LI (v) t=0 LI (v)
T-1 bLi(E+v) =L(n+v)2=L(t+v-1)2=Lp(¢) T-1 b(T+v-1)2=L(T+v-2)=1)(¢)
t=0 LT (v) t=0 LI(v)
0.15 21
011 10.35
0.15 24.23

023 20.7
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Letﬂlzﬂ3:3,b1=b3:2,61:C3=4.5,d1=d3=3,d2=ﬂ4:5—(1)0,b2=b4=ﬁ,62264:

ﬁ, dy=dy= ﬁ and fi(¢,x,y) = Bx + 29)"1, fo(t, x,y) = (4.5x + 3y)"2, for (¢,x,y) € [v -1, T +

v-2]n,.; X R* x R*. Then we can calculate:

hy a1+ ke =hyas+k,c3=015x3+011x45<1,

hyadi + Kby = hypds + kuybs =015 x 3+ 023 x 2<1,

and
Ky = K = hp.lbl + ky_ldl ]’l,,_lﬂl + kmcl -1 _ 0.63 -0.055 ~0.86>0.
hl‘-sdl + kp.gbl -1 hM?,Cl + kMSal -0.09 1.365
Moreover,
1 1
Nyyas + Kyyco = hyyaa + kyyca =21 X 00 +10.35 x 310 <1,
1 1
h/l,4d2 + kM4b2 = hu4d4 + ku4b4, =24.23 x % +20.7 x EO < 1,
and
Ky = Ky = 1- l’luzﬂz — kMZCZ _h/tzbZ - kll-zd2 _ 0.91 -0.071 —0.81>0.
—hu_462 —k/Mtlz 1 —hlt4d2 _k/44b2 -0.16 0.90
Case 1. When y; > 1, i = 1,2. Then we have
t,x, . 3x + 2y
liminf M = liminf M = ,
aix+b1y—+00 A1 X + bly ajx+b1y—+00 3x + 2_)/
uniformlyonte [v-1,T+v-2]N, ;»
and
t,x, L. 4.5x + 3y)r2
liminf M = liminf M = +09,

c1x+d1y—+00 C1X + dly c1x+dyy—+oo  4.5x + 3_)/

uniformlyonte[v-1,T+v -2, ;.

On the other hand, we also have

3 2 71
Ga+2)"

t) b .
lim sup M = limsu - 5 X

ayx+byy—0+ A2X + bzy ayx+bry—0* 50p t 220

uniformlyonte[v-1,T +v -2]N, ;»

and

(4.5x +3y)"

t7x7 .
lim sup M = lim sup — = 0,
x4 Y

cox+dyy—0+ C2X + dZy caxtdyy—0* 310 T 500

uniformlyonte[v-1,T+v-2]x, ;.

As aresult, (H1)-(H2) hold.
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Case 2. When y; € (0,1), i = 1,2. Then we have

t; ’ . 3 2 "
liminf M = liminf M = +00,
azx+bzy—0% dszx + b3y azx+b3y—0t  3x + 2_)1
uniformlyonte[v-1,T+v-2]N, ,»
and
t’ ol . 4-5 3 VZ
liminf M = limin M = +00,
c3x+d3y—0" C3X + d3y c3x+d3y—0+  4.5x + By
uniformlyonte[v-1,T+v-2]x, ;-
On the other hand, we also have
t,x, . 3x + 2y
limsup u = limsup (x—y) =0,

J
agx+bgy—+o0 A4X + b4y agx+bgy—+o0 50p t 120

uniformlyonte[v-1,T +v-2]N, ;,

and

t,x, . 4.5x + 3y)r2
lim sup M = limsup % =0,
cax+dyy—+oo C4X + d4y cax+dgy—+00 210 T 500

uniformlyonte[v—1,T +v -2y, ;-

As a result, (H3)—(H4) hold.
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