Elsayed and Din Advances in Difference Equations (2019) 2019:271 ® Advances in Difference Eq uations
https://doi.org/10.1186/513662-019-2200-7 a SpringerOpen Journal

RESEARCH Open Access

Period-doubling and Neimark-Sacker

Check for
updates

bifurcations of plant-herbivore models

EM. Elsayed'?" and Qamar Din®

“Correspondence:
emmelsayed@yahoo.com
'Department of Mathematics,
Faculty of Science, King Abdulaziz
University, Jeddah, Saudi Arabia
?Department of Mathematics,
Faculty of Science, Mansoura
University, Mansoura, Egypt

Full list of author information is
available at the end of the article

@ Springer

Abstract

The interaction between plants and herbivores plays a vital role for understanding
community dynamics and ecosystem function given that they are the critical link
between primary production and food webs. This paper deals with the qualitative
nature of two discrete-time plant-herbivore models. In both discrete-time models,
function for plant-limitation is of Ricker type, whereas the effect of herbivore on plant
population and herbivore population growth rate are proportional to functional
responses of type-Il and type-Ill. Furthermore, we discuss the existence of equilibria
and parametric conditions of topological classification for these equilibria. Our
analysis shows that positive steady states of both discrete-time plant-herbivore
models undergo flip and Hopf bifurcations. Moreover, we implement a hybrid control
strategy, based on parameter perturbation and state feedback control, for controlling
chaos and bifurcations. Finally, we provide some numerical simulations to illustrate
theoretical discussion.

Keywords: Plant-herbivore model; Local stability; Period-doubling bifurcation;
Neimark—Sacker bifurcation; Chaos control

1 Introduction

The mathematical framework for plant—herbivore models is identical to interaction be-
tween preys and their predators. In other words, such type models are basically modifi-
cations of prey—predator systems [1]. The interaction between plants and herbivores has
been investigated by many researchers both in differential and difference equations. Kartal
[2] investigated the dynamical behavior of a plant—herbivore model including both differ-
ential and difference equations. Kang et al. [3] discussed bistability, bifurcation, and chaos
control in a discrete-time plant—herbivore model. Liu et al. [4] investigated stability, limit
cycle, Hopf bifurcations, and homoclinic bifurcation for a plant—herbivore model with
toxin-determined functional response. Li et al. [5] discussed period-doubling and Hopf
bifurcations for a plant—herbivore model incorporating plant toxicity in the functional re-
sponse of plant—herbivore interactions. Similarly, for some other discussions related to
qualitative behavior of plant—herbivore models, we refer the interested reader to [6—13]
and references therein.

We consider interaction between plants and herbivores by taking into account nonover-
lapping generation. For this, the growth rate for herbivore population is assumed to be pro-
portional to a function of nonlinear type dependent upon their feeding rate [14]. More-
over, we suppose that the growth rate for plant population is inversely proportional to
© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-019-2200-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2200-7&domain=pdf
mailto:emmelsayed@yahoo.com

Elsayed and Din Advances in Difference Equations (2019) 2019:271 Page 2 of 34

population of herbivore, and the feeding rate of herbivore is dependent on plant density
[15]. Furthermore, an intraspecific competition is implemented for controlling the plant
population density in the absence of herbivore [14]. Then the general discrete-time plant—
herbivore interaction is modeled by the following planar system [16]:

urH—l = runf(un)g(vn):
Vi1 = cV,h(U,,),

(1.1)

where U, and V,, represent the population densities of plant and herbivore at generation
n, respectively. Furthermore, f(U,) is used for the growth rate of plant, the effect of herbi-
vore population on the plant growth rate is denoted by the function g(V;,), the saturation
function for plant density is represented by /(U,), and the population growth rates for
plant and herbivore are denoted by r and ¢, respectively.

Arguing as in [16], we can choose f(Ul,,) = e as the Ricker growth function [17],
where larger values for a give stronger density dependence in the growth rate of plant.
Furthermore, we can choose for g(V,,) and h(U,) functional responses of type II as follows:

) = L4

(V)= —
s =gy 5+,

’

where «, 8, ¥, and § are positive parameters. Then we rewrite system (1.1) as follows:

raLI,,e‘“u” _ cy Vnun
B+V, s U,

(1.2)

n+l =

For the dimensionless form of system (1.2), we choose x, = all, and y, = V,,/8. Then it
follows that

kx, e~ oo = PXnYn
n+1 —

Xn+l = (13)

1+y,,’ q+x,,’

where k = %, ¢y =p, ad = g, and x,, and y, are population densities of plant and herbivore

at generation 7, respectively.
Similarly, we can implement functional responses of type-III for g(V,) and h(U,) as fol-
lows:

yilu?
ST+ U

(251
2 27
B+ V;

gV = h(U,) =

Due to implementation of functional responses of type-III, we obtain the following plant—
herbivore model:

rog U,eUn _enVal;,

Un+1 = =
2 5 n+l 2 5
/31 + Vn 81 + Un

(1.4)
Moreover, implementing the transformations x, = all, and y, = V,/f; to system (1.4),
we have the following discrete-time plant—herbivore model:

Ux, e VX, Yn

L+y2 Tpeal

(1.5)

KXn+l =

where w = ra1/p?, cy1 = v, and a7 = 1.
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It is worth pointing out the rationality of considering the two types of models, that is,
functional response of type-II in system (1.3) and functional response of type-III in system
(1.5). For this, note that the functional response of type-III is connected with switching
predators, that is, if there is an option of prey, then the predator prefers the more bumper
prey type. Consequently, the functional response of type-III has been observed in exper-
iments. On the other hand, in real life studies the functional response of type-II is fre-
quently observed [18]. Therefore system (1.3) is associated with real-life plant—herbivore
interaction, and system (1.5) is a good representative for its experimental study.

In further discussion, we study the qualitative behavior for discrete-time plant—
herbivore systems (1.3) and (1.5). The main contributions of this paper are as follows:

e Keeping in view standard techniques for stability analysis of discrete-time systems, we
analyze the local asymptotic behavior of these plant—herbivore models of discrete
nature.

e We investigated that both models undergo flip bifurcation at their positive steady
states by implementing bifurcation theory, normal form theory, and center manifold
theorem.

e We study Hopf bifurcation for these models at their positive steady states with
bifurcation theory of normal forms.

e We introduce a chaos control method based on parameter perturbation and
introduce state feedback methodology for controlling chaotic and fluctuating
behaviors for these models.

e We present numerical simulations for verification of our theoretical discussions.

In Sects. 2 and 3, we discuss the existence of steady states and their linearized stability
for both systems (1.3) and (1.5). In Sect. 4, we investigate period-doubling bifurcations at
positive equilibria of systems (1.3) and (1.5). In Sect. 5, we show that the positive steady
states of both systems (1.3) and (1.5) undergo Neimark—Sacker bifurcations. Moreover, we
implement a hybrid feedback control methodology for controlling chaos and bifurcations
for both systems (1.3) and (1.5) in Sect. 6. Finally, in Sect. 7, we present numerical examples

to support and illustrate theoretical discussion.

2 Linearized stability of system (1.3)
The equilibria of system (1.3) can be obtained by solving the following algebraic equations:

kxe pxy

:1+y’ y_q+x'

X

We can easily obtain the solutions for aforementioned algebraic system as (0,0), (In(k), 0),
and ( ,%vk exp(— 1%) —1). Thus trivial equilibrium (0, 0) always exists, boundary equilib-
rium (In(k), 0) exists only for k > 1, and a unique positive equilibrium ( 1%, kexp(— 1%) -1)

for system (1.3) exists if and only if p > 1, k> 1, and 0 < g < In(k)(p — 1). For simplicity,

the unique positive equilibrium point of system (1.3) is (u*,ke ™" — 1), where u* := p%l.
Moreover, the Jacobian matrix of system (1.3) evaluated at (x, y) is as follows:
ke *(1-x) ke’xag
_ 1+y (I+y)
J(x,y) = [ iy o } . (2.1)
(q+x)? q+x
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Taking (x,7) = (0,0) in (2.1), we obtain the Jacobian matrix J(0,0) at trivial equilibrium
of system (1.3):

k 0
J(0,0) = (0 0).

Hence, from J(0,0) it easy to see that the trivial equilibrium (0,0) is a sink if and only if
0 <k <1,itis saddle point if k > 1, and (0, 0) is nonhyperbolic at k = 1.

Taking into account the relation between roots and coefficients for a quadratic equation,
the following lemma gives locality of roots with respect to the unit disk (see also [19-24]):

Lemma 2.1 Suppose that P(k) = k* — Ak + B with P(1) > 0 and k, ko are roots of P(k) = 0.
Then, the following results hold: (i) |k1| < 1 and |ky| < 1 if and only if P(-1) > 0 and P(0) < 1;
(ii) k1] < 1 and |ka| > 1, or |k1| > 1 and |Kk3| < 1 if and only if P(-1) < 0; (iii) |«1| > 1 and
lka] > 1 if and only if P(-1) > 0 and P(0) > 1; (iv) k1 = —1 or k3 = =1 if and only if P(-1) = 0;
and (V) k1 and k, are conjugate complex numbers with k1| = 1 and |iy| = 1 if and only if
A% — 4B <0 and P(0) = 1.

Furthermore, we suppose that k > 1. Then the variational matrix J(x, y) at the boundary
equilibrium (x,y) = (In(k), 0) is computed as follows:

(2.2)

1-In(k) -In(k
](ln(k),O) = [ On( ) plI:((k))i| :

g+In(k)

Lemma 2.2 Assume that k > 1. Then the following statements hold:
(i) (In(k),0) is a sink if and only if 1 < k < €* and pIn(k) < q + In(k).
(i) (In(k),0) is a saddle point if and only if 1 < k < €* and pIn(k) > g + In(k), or k > €2
and pln(k) < g + In(k).
(iii) (In(k),0) is a source if and only if k > €* and pIn(k) > q + In(k).
(iv) (In(k),0) is nonhyperbolic if and only if k = €* or pIn(k) = g + In(k).

Moreover, for k € [1,20], p € [0,50], and g = 35, the topological classification of (In(k), 0)
is depicted in Fig. 1.

Figure 1 Topological classification of (In(k), 0) for
ke1,20],p €10,50] and g = 35
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Next, we assume that 0 < g < (p — 1)In(k), k > 1, and p > 1. Then the variational matrix
(2.1) computed at positive steady state (1*, ke™ —1)is given as follows:

X 1 _ u* _ u*]iu

* —u _

J(u* ke™ —1) = (e (1) e (2.3)
pu*

Moreover, the characteristic polynomial for J(u*,ke™" — 1) is computed as follows:

4

q
p-1 1 p-1
F())=2%— y P S PR S S (2.4)
p-1 k p k p-1

It must be noted that, due to the conditions for positivity of (u*, ke™" 1), we have

k= )p-1)

F) kp

0.

Thus we can implement Lemma 2.1 to prove the following results.

Lemma 2.3 Let0< g < (p—1)In(k), k> 1, and p > 1, then the following hold for the topo-
logical classification of equilibrium point (u*,ke™ — 1) of system (1.3):
Q) (u* ke™ —1)is a sink if and only if

a_
er1

k

q
2 T
e B
p-1 kp

1
+ -+
p
and

9 a_
er-1 erl
<
kp k

1
p-1

1
1+ +—+
p

*

(i) (u*, ke ™ —1) is a saddle point if and only if

a_
er1

k

q

1 2 p-1
+—+—q>5+e .
p p-1 kp

(i) (u*, ke ™ —1) is a source if and only if

4 4
er-l 1 2q er-1
+—+ <5+
k p p-1 kp
and
q q
erl  erl 1 q
1+ > +—+ .
kp — k p p-1

(iv) (u* ke™ —1)is nonhyperbolic with roots A1 = =1 or Ay = =1 of (2.4) if and only if

q_
2q er1

a_
er-1

1
3 +;+p—1 +kp'

Page 5 of 34
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Figure 2 Topological classification of (W ke - 1)

T
Source

V) (u*, ke™ —1) is nonhyperbolic such that complex conjugate roots of (2.4) are with
modulus one if and only if

~ e!%(p— 1)?
1-2p+p2-pq
and
9

2 p-1 1 %1
oo 4 ) 482, 4
p-1 kK p kp p-1

For k € [1,100], p € [20,100], and g = 80, the topological classification of (u*,ke’”* -1)
is shown in Fig. 2.

3 Linearized stability of system (1.5)
Suppose that (x, y) is an arbitrary steady state for system (1.5). Then it solves the following

algebraic system:

—X 2

nxe vxy

=1+y2’ y=n+x2'

Simple computation yields the following nonnegative steady states for system (1.5):

0,0,  (In(w),0),  (v,Vue" -1),

/ ﬁ, w>1,v>1,and /5 <In()+/v — 1. Furthermore, the variational matrix

for system (1.5) computed at (x, y) is given as follows:

where v* :=

pe*(1-x) _ 2uxye™

1 2 1 2\2
V) =| o M. (3.1)
o2 +n)? n+a
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Then, at (x,) = (0,0), V(x,y) reduces to

V(0,0) = (‘; (O)) .

Then from V(0,0) it follows that (0,0) is a sink if and only if 0 < < 1, saddle if and only
if © > 1, and nonhyperbolic if and only if = 1. Moreover, assume that ¢ > 1. Then the

variational matrix V(x,y) computed at semitrivial equilibrium (x,y) = (In(x), 0) is given as

follows:
1-1In(w) 0
V(In(w),0) = [ 0 o 1n2() } (3.2)
2
7+In2 ()

Lemma 3.1 Assume that |v > 1. Then the following statements hold:
(i) (In(w),0) is a sink if and only if 1 < p < €* and v(In(w))? < n + (In(w))>.
(i) (In(u),0) is a saddle point if and only if 1 < u < € and v(In(w))? > n + (In(w))?, or
w> e and v(In(w))? < n + (In(w))>2.
(iii) (In(w),0) is a source if and only if i > €* and v(In(w))? > n + (In(w))>.
(iv) (In(),0) is nonhyperbolic if and only if 1 = €* or v(In(w))? = n + (In(w))>.

Moreover, for 1 € [1,20], n € [0,50], and v = 6, the topological classification for (In(w), 0)
is depicted in Fig. 3.

Moreover, we suppose that /7 < In(11)v/v =1, v > 1, and 4 > 1. Then the variational
matrix computed at positive steady state (v*, \/W) is given as follows:

vl 1
1 NI 2 emﬁ ;}.—em
NS - u/v=1
V(e -1) = ‘/T . (3:3)
2 ;L—e\/fl(u—l)y2

—— 1

[ 1
emﬁv

Figure 3 Topological classification of (In(w), 0)

Page 7 of 34
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The characteristic polynomial of V(v*,/ue™" — 1) is given by

N
_2 [y N V4 dei(v-))
F(A) = A (2 m)x +5 Womsla I (3.4)

Then from (3.4) it follows that

1
4(pu —eVv-1)(v-1)
= > 0.
JLv

F(1)

Therefore Lemma 2.1 can be implemented to prove the following results, which give a

topological classification for equilibrium (v*,/pe™" - 1).

Lemma 3.2 Let /i) <In(u)v/'v —1,v > 1,and pu > 1. Then we have the following results for
equilibrium (v¥,\/ue V" — 1) of system (1.5):
(i) (v*,v/ e =1)isasink if and only if

VN
2 2ev-1(v-1
V2 220 -1
Jv=1 v j23%

and

RN
S 4 devv-1(v-1)
—+ .

+
Jv=1 v 73y

4 <

(ii) (v*,v/ e —1) is a saddle point if and only if

N
4 4evr-1(v-1
4> V1l +=+ ( ).

Jv-1 v v

(iii) (v*,+/ e = 1) is a source if and only if

V1
2 2evv-1(v-1
il +—+#<2

Jv-1 v 7y

and

/i
4 4evr-1(v-1
4 > ﬁ + — + ¢ v ).

Jv=1 v 1224

(iv) (v, eV — 1) is nonhyperbolic with roots Ay = =1 or Ay = =1 of (3.4) if and only if

Ji
V1 2 2evWw-1(v-1)
+—F—= =

4.
Jv=1 v ny

Page 8 of 34
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Figure 4 Topological classification of (v*,
Vet =1)

(v) (v*,+/ e —1) is nonhyperbolic such that complex conjugate roots of (3.4) are with
modulus one if and only if

Vi
SN 4 dev-1(v-1)
+——=

4
Jv=1 v J7ay

and

Ji
2 D1 (p —
(2_ V1 ) <4<5 V4 M)

V=1 _\/V—l_;_ J7AY

Taking u € [2,20], n € [1,20], and v = 3, the classification for positive steady state

(v*, /e —1) is depicted in Fig. 4.

4 Period-doubling bifurcation
In this section, we analyze that positive equilibrium points of systems (1.3) and (1.5) un-
dergo period-doubling bifurcation. For this bifurcation theory, normal forms and center
manifold theorem are implemented for the existence and direction of such type of bi-
furcation. Recently, period-doubling bifurcation related to discrete-time models has been
investigated by many authors [19-24].

First, we discuss emergence of flip bifurcation at positive equilibrium point (*, ke ™" —
1) of system (1.3). For this, it follows from part (v) of Lemma 2.3 that (u* ke™ - 1) is
nonhyperbolic with root one of (2.4), say, §; = —1, if the following condition is satisfied:

-1y
S Gp-Dp-1)-2pq’

(5p-1)(p-1)>2pq. (4.1)

Then, the second root for (2.4), say, &,, satisfies |2| # 1 if the following inequalities are
satisfied:

qg#4p-1), q#2p-1). (4.2)
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Moreover, under the assumptions that p > 1 and g > 0, we consider the following set:

&={@4mrk— e p-1y

= (5p_1)(p_1)_2pq,(5p—1)(10—1)>2pq,q7/2(p_1)’4(p_1)}'

Furthermore, let (p, ¢, k) € S;. Then the positive steady-state («*, ke — 1) of system (1.3)
undergoes flip bifurcation such that & is taken as bifurcation parameter, and it varies in a
small neighborhood of k; given by

o ePT(p=1p
YT Gp-Dp-1)-2pq

Moreover, system (1.3) is represented equivalently with the following two-dimensional

kXe X
X 1+Y
<Y) — ( XY ) . (4.3)
q+X
To discuss period-doubling bifurcation for fixed point (u*, ke " —1) of (4.3), we suppose
that (p,q, k1) € S1. Then it follows that

k1X67X
X
<Y> - ;}g ) (4.4)

g+X

map:

We take k* as small perturbation in parameter k;. Then a perturbed map corresponding
to (4.3) is given as follows:

(ky +k*)Xe™X
(X) N 1+1+Ye (4 5)
pXY : :
Y e

Suppose that x = X —a* and y = Y — b* are such that a* = 1% and b* = (k; + k*)e™ - 1.
Then from (4.5) we obtain the following map with fixed point at (0, 0):

X N o o\ [« s filx,y, k%) , (4.6)
y o1 ) \)Y 5(%, 9, k*)
where

f (x,y, k*) = 0138 + QXY + o15)° + X + QXY + agxy” + 219y + ayyk® + arxyk*
+asy’k* + a4y(k*)2 +O((lxl + 1yl + /(*)4),

f2(x,y, k*) = 093%% + CloaXY + 0sX° + Aogx”y + byxk™ + byx’k* + O((|x| + |yl + k*)4),

* *
. a*e” a*—2 (a* —1)e*
app=1-a’, Ap=-—), 13 = ) Ayp=—""-—"—",
ky 2 ky
* * *
a*e* 3—a* e’ (2—a*) e (1-a*)
A5 = —5— aie = ) Q7= —7—", 18—

K 6
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a*e?)a* a*ea* ea*(l _ ﬂ*) Zﬂ*eZa*
o9 = ——soi, a = ——, ay = ————-, a3=———>,
19 k% 1 k% 2 k% 3 k'iz,
4 :_a*e”* o :pq(kle‘“*—l) o pa* o :pq(l—kle‘“*)
4 k:f ) 21 (q+ll*)2 ) 22 q+ﬂ*’ 23 (q+ll*)3
. P1 . PakeT - pq _ pge”
T grar T qra)t T T (qray T (gra)?

_a*

s

(q+a*)?

Under the assumption that (p, g, k1) € Sy, the roots of (2.4) are computed as §; = —1 and

_3p-)-q

Syt
2 o1

To obtain a normal form of (4.6), we consider the following similarity transformation:

- )6
y -1- 11 82 — 11 14

Then implementing similarity transformation (4.7), we obtain the following normal
form:

<u> . <—1 0) (u) . (J;s(m 2 k*)>’ (4.8)
Vv 0 62 14 4(14,1/,/(*)

where
(62 —on1)ae o5 (82 —am)ar; o6
: ,I* — _ 3 _ 2
f?,(u v ) ( 0112(82+1) 82+1 v Ol12(32+1) 52+1 xy

(6 —ani)ans  bok™ + a3 5 . (82 — ar11)at1xy”
0112((32 + 1) 82 +1 0612(82 + 1)

. (62 —on1)(k"ap +01a) g oy bik*x . (82 — an)e10y®
0612(82 + 1) 82 +1 4 52 +1 O{12(82 + 1)

(82 — a11)(k*as + a15)y? . (82 — a11)((k*)*ay + k*ar)y
a12(82 +1) a12(82 +1)

4
+ O((|u| +|v| + ’k !) ),
(1+a)ae o5 \ 5 1 +oa)ar; o ) )
) 1k* =
ﬁl(uv ) (O[12(82+1)+52+1 v 0{12(52+1)+82+1 xy

(1 +ai)aiz . bok* + a3\ 5 (1+a11)aisxy?
0512(52 + 1) 52 +1 (112(82 + 1)

N (1 +a11)(K*ay + a1a) N 024 bik*x . (1 +on1)a10y®
a12(82 + 1) 52 +1 82 +1 Ol12(82 + 1)

(1 +an)(k*as +oas)y* (1 +011)((k*)as + k*ar)y
a12(82 + 1) a12(82 +1)

+O((lul + ] + [&*])*),

Page 11 of 34
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and
x=op(u+v), y=—1+an)u+ (8 —an)v.

For the implementation of center manifold theorem, we suppose that W¢(0,0,0) repre-
sents the center manifold for (4.8) evaluated at (0,0) in a small neighborhood of k* = 0.

Then W*(0,0,0) is approximated as follows:
W*(0,0,0) = { (1, v, k*) € R? : v = hyud® + houk® + i3 (k*)? + O((jul + |k*])°) ),

where

. <(1 +011)03 L0 ) 2 ((1 +011)04 Lo
L= _
0[12(1—8%) 1—8% 12 Ollz(l—(sg) 1—8%

)(112(1 +ai1)
a15(1 + oq1)?
ap(1-83)

_ bian B (1 +011)’a
1—3% a12(1—8§) ’

hy hs =0.

The map restricted to the center manifold W¢(0, 0, 0) is computed as follows:
Fiu—> —u+s1u> + Squk™ + s3u2k* + s4u(k*)2 +ssu + O((|u| + |k*|)4),

where

(82 —o11)a1s o3 9 (62 —an)oia o
s1 = - ayy — - a1l +an)
Ol12(1+52) 1+52 0512(1+(32) 1+52
(82 —a11)as(1 + oqp)?
a1z(1+6,) ’
o - _b10112 B (82 —a1n)ar(1 + a1)
27 1+82 a12(1+82) ’

(89 —aq1) o byar?
3= 2 2 11)13 _ 23 0[%2 ) — 2W19
(3(12(1 +82) 1+52 1+82

(82 —a11)a1a _ Q24
0612(1 + (32) 1+ 82

B (82 —a11)o1a oo N\ (82 —a11)ay (1+ o)
0112(52 + 1) 1+ 52 1272 1+ 52 1

)%2(52 —on1)hy

biaia (82 — 0111)20115(1 +an)hy (6 —onp)as(l + 0511)2

- 52+1 - (112(1+82) * a12(1+52)
(82 —0411)2611h1
(1 + 83)
_Ga—an)ahy  biennhy (8- ai)aa(l +an)
(X12(1+82) 1 +82 0112(1+82)

’
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((52—0111)0!16 a5 ) 3 <(52—0111)0ll7 a2
S5 = oy —

2
a - 1+
a8 +1) 146, apn(1+8,) 8+ 1)0‘12( o11)

(6 —an)ons o3 W2l 4 (8 — ann)ers(1 + a11)?
0112(1+82) 1+82 12™1 1+82

(82 — ar1)ora oy
0612(1 + 82) 52 +

_ (82 — a11)r14 _ Q24
(Xlz(]. + 82) 52 +

1)01121’11(52 —on1)

1>Ollzh1(1 +a11)

B (82 — o119 (1 + oqp)? B (82 —a11)*ous(1 + 11l
a12(82 + 1) (6 +1)

Next, we define the following two nonzero real numbers:

L R 0
dudks 2 9k 9u? 7

_< 9%, 109F 821-") biayy (82 —ony)ar (1 +ayp)
! (0,0) 1+ 52 0112(1 + 52)

and

Lo (1 BF (198°F\° 4 g 40
=l -+ =s7+s .
P\ T \2012) )y 1

Due to aforementioned computation, we have the following result about period-doubling
bifurcation of system (1.3).

Theorem 4.1 Ifl; #0 and [, # 0, then system (1.3) undergoes period-doubling bifurcation
at the unique positive equilibrium point when parameter k varies in a small neighborhood
of k. Furthermore, if I, > 0, then the period-two orbits that bifurcate from positive equilib-
rium of (1.3) are stable, and if I, < 0, then these orbits are unstable.

At the end of this section, we discuss that the positive equilibrium (v*, /e " — 1) of
system (1.5) undergoes flip bifurcation. For this, we first assume that

2vv =1Q2v -1) > /v (4.9)
and take

EViE
2evv-1 (v — 1)32

SRV TS VoY Sy o

(4.10)

Suppose that (4.9) and (4.10) hold. Then the characteristic polynomial (3.4) has real
roots 71 and 1, with 7; = —1 and |73| # 1 if the following inequalities are satisfied:

M M
Nt Nt #2. (4.11)

Keeping in view (4.9), (4.10), and (4.11), we define the following set:

4,

RO 3
{ 2evv-1(p —1)2
S, =

(s v,m) it = NS T i and (4.9), (4.11) hold}.
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Suppose that (i, v,n) € S,. Then the positive steady-state (v*,/ e " — 1) of system (1.5)
undergoes flip bifurcation when p is taken as bifurcation parameter and varies in a small
neighborhood of 111 defined as

RN
2evv-1 (v - 1)32

B 2«/v—1(2v—1)—ﬁv'

M1t

In the similar fashion as for system (1.3), we construct a perturbed map corresponding to
system (1.5) as follows:

(u+u*)Xe™X
X ~ -
< ) - = . (4.12)
Y vX*Y
n+X2
We consider the translations x = X —v* and y = Y — /(1 + u*)e™" — 1, where v* = /-,

for the conversion of map (4.12) into the following form having (0,0) as its fixed point:

X N Bii B2 X + gi(x, 9, 1*) ) (4.13)
y Bar B y 2(%, 5, 1*)
where

g1(% 9, %) = Bisx® + Praxy + Pisy” + Prex° + Pi7x’y + Prsxy” + Proy’ + cryp*
* * %\ 2 *[\4
+ coxyp” + ez’ it + cay ()" + O((1xl + 1yl + [ *])7),
&%, 1) = Basx® + Boaxy + Posi® + Pasi’y + drxp* + dox® 11

+O((1al + Iyl + 7)),

e’ e -1 V¥
pu=1-v% Pra=- , B1z=—-1,
251 2
2/ e —1(v* -1) vie” (3 — 4e”) 3
Pra = — , Bis=—75—"» Bie = )
e 231 6
2-v)Vpue” -1 e (1-v*)(3u1 —4e”)
Bi7 = — , Bis = 5 ,
e 1251
B W pe” =12 - pie™) vie (uie™ —2)
19 = p , € =——F—
=T e -1
e (e —2)(1-v") vie (8¢ —3pu1)
2= —— — N S
uivpie” =1 251
vie (372" u? — 127" +8) 20(v = 1)2/ e -1
C4=— 3 - 3 ) Bo1 = ) B =1,
dpi(pie” = 1)2 nv
v=1)2w-4)/ e -1 20 (v —1)2
B3 = 5 » Pu=—,
nv nv
P 4 (v =13 = 2)/ e -1 p (v=1)2%(v—4)
25 = - ) = - 5

2
n2v3 nv?
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Ve (v —1)2 P e (v=1)%*v -4)

vy e’ — 1 2T 2nv2y/ eVt -1 '

Moreover, we take

NZ]
'E22=3—
Jv=1

d =

and construct the following similarity transformation:

(5 20
y -1-Bu1 ©-PBu/\v

With the implementation of similarity transformation (4.14), we obtain the following

normal for map (4.13):

(- -2
v 0 %) 12 g4(14: v M*)

where

£ <(72—,311)/316 Bas ) 3 ((Tz—ﬁn)ﬁw Bas ) 3
&(uv,u*) = x>+ x

Bra(ta+1) 1w+l Bra(ta+1) 1+l

((Tz - BBz dap* + ﬂ23> 2 (12— ,311),318963/2
+ - Xt —

Pra(ta +1) T +1 Bra(t2 + 1)
((Tz - cr+ Pa)  Poa ) dip*x  (ta = Bu1)Bioy’
+ - Xy — +
Bra(t2 + 1) T +1 T+l Bia(ta + 1)

(12 = Bu)(n*cs + Bis)y? . (12 = Br)((*)*ca + p*er)y
Bra(t2 + 1) Bra(ra +1)

+O((lul + Wl + [ w*])"),
(1,v,17) = ((1 + B11)Pis . Bas >x3 . ((1 + BBz . Bas >x2
salibhp )= Pra(n+1)  1+1 Pra(ra+1) mw+1l )

((1 +P11)P1z  dopu* + /323> o (14 Br1)Bisxy”
+ K% TIPS

ﬁu(l’z + 1) * Ty + 1 ﬂu(l’z + 1)

((1 +p1)(wcr+ Ba)  Pu ) dip*x (1 + Bu)Bioy?
+ xy +

Bra(t2 + 1) +1 +1 Bra(t2 + 1)
(1+ Br)(p*es + Bus)y? . (1+ i) ((w*)*ca + 1)y
Bra(te +1) Bra(t2 + 1)

+ O((|u| + v + |/,L*|)4),
and
x = Pra(u+v), y=—(1+pB)u+ (12— pu)v.

To apply center manifold theorem to map (4.15), we denote by W*(0, 0, 0) the center man-
ifold for (4.15) computed at (0,0) in a small neighborhood of p* = 0. Then this center

Page 15 of 34
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manifold for (4.15) is approximated as
w*(0,0,0) = {(u, v, u*) € R3:v = pru® + poup” +p3(u*)2 + O((|u| + |,u*|)3)},

where

@+ Bu)Bis Ba3 (1+ B11)Bua Baa
(g i (e 1
. Brs(1 + Bu1)°
Br(l-13)’
dify (1+Bu)’c

p = — p =0.
2 1-77 B —Tz) °

),312(1 + B11)

Moreover, the map restricted to the center manifold W*(0,0,0) is computed as follows:
G:u— —u+tu + bup® + tsu 1t + tw(u*)z +tsu® + O((|ul + |,u*|)4),

where

foe ((Tz - Pu)Bis P )ﬂ ((Tz “Pu)Bu Pu
U Bnin) 1+ T U pnin) 14t

. (12 = B11)Bis(1 + B11)?

)ﬂu(l +B1)

P21+ 13)
_ _d1,312 B (r2 — Br)ar(1 + Bur)
? 1+, Br2(1 + 12)

b= 2<(T2 —Bubis P >ﬁ1 dzﬂn

Bo(l+m) 1+1, 1+71,

(- ,311),314 Boa
’ ( Bo(l+1) 1+t )/312(T2 - Bu)p2

Ty — c
) (<(,3212(7iu+)%4 1ﬁ+ z>’3”’”2 - 1 +ﬁn) 2)(1 "o
_difupr 2('52 - Bu)?Bis(L+ Br)pa (12— Br)es(1 + Brr)?
T+ 1 Bi2(1 + 12) Bi2(1 + 12)
(r2 - Bu)*aipr
Bro(l+1)
(- Bu)apr  difup: (12— Pr)ea(l + B1)
Bul+1)  l+1, Bi2(1 + 12)
(2 - /311)/316 Bas (ta - 511),317 Bae
= < Pra(r2 + 1) 1+ T2>ﬁ12 ( Br12(1 + 72) ot 1>'312(1 + Pu)
2((1'2 —Bu)Bis P >,B (12 — B11)Bis(1 + Bi1)?
Bra(1 + o) 1+ 1P 1+1
+ (("-'2 - ,311),314 Boa

Prol+m) 1w+l

<(‘L’2 —Pu)Bu P 1>512p1(1 + Bi1)

ty =

)ﬂlzpl(fz - pBu)

Pral+m) 1w+
B (12 = B11)Bro(1 + B11)? _ 2(1'2 - B11)*Bis(1 + Bu1)pa
Bra(t2 + 1) Bra(ra +1)
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Furthermore, we define the following nonzero real numbers:

. :< & 106G 82G) __dipn _ (m-Buall+pn) 40
(0,0)

duop* 2 0u* ou 1+ Bi2(1 + 12)

and

193G (198°G\° )
mz=\-—=+\|-— =1+t #0.
6 du’ 2 du? ©0.0)

Due to aforementioned computation, we have the following result about period-doubling

bifurcation of system (1.5).

Theorem 4.2 If m; # 0 and m, # 0, then system (1.5) undergoes period-doubling bifur-
cation at the unique positive equilibrium point when the parameter w varies in a small
neighborhood of j11. Furthermore, if my > 0, then the period-two orbits that bifurcate from
positive equilibrium of (1.5) are stable, and if m; < 0, then these orbits are unstable.

5 Neimark-Sacker bifurcation
In this section, we investigate when positive steady-states of systems (1.3) and (1.5) un-
dergo Neimark—Sacker bifurcation. For this bifurcation, theory of normal forms is imple-
mented for the existence and direction of such a type of bifurcation. Recently, Neimark—
Sacker bifurcation related to discrete-time models has been investigated by many authors
[19-27]. Furthermore, in the case of continuous systems, we refer to [28—-32] for some
recent discussions related to Hopf bifurcation.

First, we show that the positive equilibrium (u*, ke™ — 1) of system (1.3) undergoes
Hopf bifurcation such that k is selected as a bifurcation parameter. For this, we see that
the characteristic polynomial (2.4) has complex roots if the following inequality holds:

q_

2 I | 1%1
P S PP O S . ) (5.1)
p-1 k p kp p-1

Furthermore, we suppose that 1; and 7, are complex roots of (2.4). Then these roots

satisfy |n1] = |n2]| = 1 whenever the following conditions hold:

P (p— 1)

_ 2
= o177 (p-1)%>pq. (5.2)

Keeping in view (5.1) and (5.2), we consider the following set:

e%(p— 1)?

S3=1(q k) eR®:p>1,g>0k= —
3 {(pq k)eR:p>1,q> w-17—pa

,pq<(p—1)2}.

Suppose that (p,q, k) € S3. Then the positive equilibrium (u*, ke ™" — 1) of system (1.3)
undergoes Hopf bifurcation whenever & varies in a small neighborhood of &, given as

o P (p— 1)
2T -1 -pq
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Assume that (p, g, k) € S3. Then plant—herbivore model (1.3) is represented equivalently

by the following two-dimensional map:
koXe™X
X Y
(Y) — Rk (5.3)
q+X

Assume that k represents a small perturbation in k,. Then the corresponding perturbed

map for (5.3) is expressed as follows:

(ky+k)Xe X
X 1+Y
(Y) — XY . (5.4)
q+X

To translate the positive fixed point of (5.4) at (0,0), we implement the translations x =

X-u*andy=Y - ((ky + ke —1) with u* = 1%’ Then from (5.4) it follows that

x) (e ) (X)) (%, ) ) (5.5)
y my1  Myy y /’lz(x,}’)
where

4
hy(x, ) = misx® + miaxy + misy* + mygx® + mizx’y + migxy® + mioy® + O((|x| + |y|) ),

o (%,y) = Mosx® + Mgaxy + Mosx® + mgex®y + O((|x| + |y|)4),

my =1 —u¥, mu:—Leui, mi3 = u*—2’ My = M
(ko + k) 2 (ko + k)
ure” 3—u* e (2 - u¥) X (1 — u¥)
mys = m, mie = 6 ' my7 = m: mhg = W
ued pq((ky + K)e™ —1) pu*
T G ey
g = PAL = (R ¢ /?)e‘”*)’ e P4 paet ke - n
(q +u)? (q + u*)? (q+u*)*
Mo = —L.
(q +u)?

Moreover, the characteristic equation for the variational matrix of system (5.5) computed

at (0,0) is given as follows:

n* — P(k)n + Q(k) = 0, (5.6)
where
pky=2--1,
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and

2 e
er- 1 er- 4

Qk)=2- —— -~ + - .
kh+k P plky+k) p-1

Assume that (p, g, k) € S3. Then the complex roots for (5.6) are computed as follows:

P(k) - iy/4Q(k) — (P(K))?

m=

2
and
) P(k) + iy/ 4Q(k) — (P(k))2
2= .

2

Then it easily follows that

q q_
er-1 1 er-1 q

— - -+ — - .
k+k P plo+k) p-1

N1l =1Im2| =

Also, we have that

(d|'72|> =<d|n1|) 26"%(1+p2—p(2+4))2
dk iz dk 2(p-1)p

Since -2 < P(0) < 2 as (p,q, k) € S3. Moreover, a simple computation yields that P(0) =
2 - 1%, and we suppose that P(0) #0 and P(0) # -1, that is,

#0.

q#2p-1), q#3p-1). (5.7)

Suppose that (5.7) holds and (p, g, k) € S3. Then it follows that P(0) # £2,0, -1, that is,
nyhny #1forallm=1,2,3,4at k = 0. Therefore both roots of (5.6) do not lie in the inter-
section of the unit circle with the coordmate axes when k =

P(0 _ A/4Q0)-(P(0)? )2

Furthermore, we suppose that « = T and . Then to convert (5.5) into

normal form, we take into account the followmg 51m11ar1ty transformation:

X R miy 0 u (5.8)
y K—m;; — 12 ’ ’

Due to implementation of similarity transformation (5.8), we can obtain the following
normal form for (5.5):

u N K - fu,v)
()= 2)0)- )

where

mis 2, miq mis o Phe 3 Mi7 o mig mig
f(u,v)—— +—xy+ — P+ — P+ —xly+ —axyt+ —y°
mia mia mia mia mia mia miy

O((1ul + v)"),
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(K —mu)myz Moy 2 (k —mi)mis Mo
_— x| — |x
miow w

gw,v) = (
miyw w
((K—Wlu)m15> 5 ((K—Wln)mm les) 3
+tl— | —— |
15919 miaw w
((K—Wlu)mn lee) 2 ((K—Wln)mls) )
+t|————— Yyt | — |y
miaw w miaw

R (Mﬂ)r” +O((1ul +v1)"),

miow

x = myau, and y = (k — my1)u — wv. To discuss the direction for Hopf bifurcation, we con-

sider the following first Lyapunov exponent computed as

1-2
L= ([_Re<(ﬂ§20§11>——|§11|2 |§02|2+Re(n2§21)]>_ )

1 k=0

where

a0 = é[fuu ~Fov + 28 + i@ — E — 2 ],
= i[fuu + fov + i@ + &),
o2 = é[ﬁm ~fov = 28w + 1@ — & + 2f)],
o1 = G+ Fo B + o+ i+ G o~

Arguing as in [33—37], we present the following result on the existence and direction of

Neimark—Sacker bifurcation at positive steady state of system (1.3).

Theorem 5.1 Suppose that (5.7) holds and L # 0. Then the positive equilibrium (u*, ke™ —
1) of system (1.3) undergoes Hopf bifurcation as the bifurcation parameter k varies in a

small neighborhood of ky = )

closed curve bifurcates from the equzlzhrmm point for k > ky, and if L > 0, then a repelling

Furthermore, if L <0, then an attracting invariant
invariant closed curve bifurcates from the equilibrium point for k < kj.
Finally, in this section, we discuss when the positive steady state (v*, /e " — 1) of sys-

tem (1.5) undergoes Hopf bifurcation when p is taken as a bifurcation parameter.

Suppose that the following parametric conditions hold:
n<4ynvv-1, 4(v—1)3/2—ﬁv>0. (5.10)
Furthermore, we assume that

v
4evv-1 (v — 1)32
W= m (5.11)

Page 20 of 34
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Then, keeping in view conditions (5.10) and (5.11), we consider the set

RN
4e 1 (v — 1)%2

Sy = ,0,1) Lu,n>0pu=———rr———,
4 {(MV'?) v>1,u,n>0,u M0 —1PP = gy

n<4ynvv—1,40v-1)>"%> nv}.

Moreover, assume that (i, v, 1) € S4. Then the positive steady state (v*, /e " — 1) of sys-
tem (1.5) undergoes Hopf bifurcation as p varies in a small neighborhood of y, given as

M
4eVr1 (v —1)32
Ha:= 4(v-1)32 - /v’

Next, we assume that (i, v, 1) € S4. Then system (1.5) is represented by the following two-

dimensional map:

Xe X
X K“2
( )—> L] (5.12)
Y vX“Y

n+X2

Taking a small perturbation [ in p, corresponding to map (5.12), we have the following

perturbed mapping:
(po+i)Xe™X
X e
< )—> e (5.13)
Y vX 12/
n+X

Furthermore, taking into account the translations x = X — v* and y = Y -

V(1 + u)e =1, where v* = /-1, (5.13) is converted into following map:
X N b11 b12 X + kl(x,y) ) (514)
Yy by b Yy kz(x,y)

where

ki(x,y) = bisx® + buaxy + bisy* + biex® + b17x”y + bigxy” + broy® + O((|x| + |y|)4),

ka(x,y) = 1923962 + byyxy + b25x3 + b26x2y + O((|x| + |y|)4), by =1-v,

2’ /(g + eV — 1 v

by =— p- ) biz=—-1,
Mo+ [ 2

2/ (a + e = 1(v* - 1) vie” (3(ia + i) — 4e”)

bis= o = ) bis = Y ’
eV (uy + 1) (M2 + 1)

3-v* 2-v)y (2 + )e” =1

bis = ) b7 = o P ,
6 e (ug + 1)

e (1-v)(3(ua + i) — 4e”) 4 /(o + e =12 = (ua + )e™)

b18 = ’ b19 = )

(o + 1) e (g + 1)
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2v* (v = 1>/ (g + e -1
by =

) by =1,
nv
(v=1)*(v =4)y/ (2 + e -1 2v*(v - 1)
by3 = 3 , by = ——,
nv nv

4v* (v =1)°(v - 2)y/ (g + e -1 (v-1)°(v-4)
bys = — 73 s bog = —_—

n-v nv

Then the characteristic equation for the variational matrix of (5.14) computed at its equi-

librium (0, 0) is given as follows:

n® - R(i)n + S(jv) =0, (5.15)
where
R()=2— il
v—-1
and
Vi
S()=5- N 4 4e~/ﬁ(\)—1).

=1 v (ua+ v

Assume that (1, v,7) € Sy. Then the complex roots for (5.17) are computed as follows:

R(i) = in/4S(11) = (R(i))?

m= )
and
o = R(j) + ir/4S(ft) - (R([L))Z.

2

Moreover, it follows that

= |5 ML _Z_“Z- V7
il = 2] So1 v (g + L)V
Similarly, a simple computation yields that

Ji

(dlnz|> z(dlml) e V(v -4 - 1)°?)
i i

= 0:
i ).o \di )i 8(v—1)2v 7

Furthermore, according to the existence condition for bifurcation, we have that -2 < R(0) <

2. Next, it follows that R(0) = 2 — \/% Moreover, we suppose that R(0) # 0 and R(0) # -1,
that is,

VT#2v=1,  Ji#3/v-L (5.16)
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Assume that (u,v,n) € Sy and (5.16) holds. Then it follows that R(0) # £2,0,-1, and
due to these restrictions, we have that n}", 7}’ # 1 forall m = 1,2, 3,4 at i = 0. Therefore, at
[t = 0, the roots of (5.14) do not lie in the intersection of the unit circle with the coordinate

axes.
/ _ 2
Furthermore, we take o = @ and 8 = w. Then, to obtain the normal form for

(5.14) at i = 0, we consider the following similarity transformation:

b= 5)C)
y a—-by B \v

Due to implementation of similarity transformation (5.17), we obtain the following nor-
mal form for (5.14):

-6 A0-()
v B« v k(u,v)

where

= b b b b b, byg b1g
h(u,v) = b—zxz + b—zxy+ b—iyz + bisz o L2y 4 L b—uxy + b—y +O((lul + W),

ka,v) = (w_@)ﬁ (M_bi>x
o biop B bnp B

+ ((Ol - b11)b15) 2, ((Ol —b11)bis _ @)xg
bop )’ buf B

+ ((Ol - b11)byy _ %)xz + ((Ol —bn)bm)x 2
bop B )T\ g )7

(5P o )

bi2p

x = b1pu, and y = (o — b11)u — Bv. To discuss the direction for Hopf bifurcation, we consider

the following first Lyapunov exponent computed as

1
Tz([“"(%f é“H)—-|¢u|2 |§02|2+Re(772§21):|> :

n=0

where
| R R
o0 = g[huu - hw + Zkuv + l(kuu - kvv - 2huv)]r
I
é‘ll = E[huu + hvv + l(kuu + kvv)]:
1.~ - - ~ ~ ~
o2 = 8 [P = oy = 2k + ik = Ko + 2h00)],
1
§21 = _[ wuu t huvv + kuuv + kvvv + l(kmm + kuvv uuv - hvvv)]

Next, due to aforementioned computation, we state the following theorem, which gives
conditions for the existence and direction of Hopf bifurcation for positive equilibrium of
system (1.5).
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Theorem 5.2 Suppose that (5.16) holds and T # 0. Then the positive equilibrium
(v*, v/ e = 1) of system (1.5) undergoes Hopf bifurcation as the bifurcation parameter
n

RN
S (1,_1\3/2 .
= 4&4%1)135‘2’73% . Furthermore, if ¥ < 0, then an at-

tracting invariant closed curve bifurcates from the equilibrium point for w > o, and if

W varies in a small neighborhood of 1,

T > 0, then a repelling invariant closed curve bifurcates from the equilibrium point for
< .

6 Chaos control

For controlling random irregular and fluctuating behavior in a biological system, chaos
control is considered to be a practical tool for avoiding this chaotic and complex behavior.
For further details related to biological meanings of chaos control and its practical use in
the real world, we refer to [38].

In this section we implement a simple chaos control technique for both systems (1.3)
and (1.5). Moreover, there are various chaos control methods for discrete-time dynamical
systems. For further details related to these techniques, we refer to [39-61].

Here we implement a hybrid control method (also see [24, 47]). The hybrid control tech-
nique is based on parameter perturbation and a state feedback control method. First, we
implement this methodology to system (1.3) as follows:

kx, e *n
Xn+1 :O[< ‘ ) +(1_Of)xn;
1+y,

X
Yn+l = a(%) + (1 _a)yn;

where 0 < @ < 1 is a control parameter. Similarly, implementation of a hybrid control strat-
egy to system (1.5) yields:

Ux,exn
Kn+l = ﬂ( 1 +y2 ) + (1 _ﬂ)xn;
n

) (6.2)
VXY
Yo = ﬁ(—2) (- By

n + %2
where 0 < 8 < 1 is a control parameter for a hybrid control strategy. Next, system (6.1) is
controllable as long as its steady state (*,ke™" — 1) is locally asymptotically stable. Then
for particular choice of control parameter «, we can obtain the desired interval for control-
ling chaos and bifurcation. Furthermore, the variational matrix for the controlled system
(6.1) at its positive equilibrium (u1*, ke — 1) is computed as follows:

aurel”

1 —* au* B

alke™ -1)(p-1) 1 :
pu*

Then the characteristic polynomial for the aforementioned variational matrix is given
by

(6.3)
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Figure 5 Controllable region for system (6.1) 10F
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Lemma 6.1 Assume that 0 < q < (p—1)In(k), k > 1, and p > 1. Then the positive steady
state (u*,ke™" — 1) of the controlled system (6.1) is a sink if and only if

a a
qo , erla? o erlg?

2.
p-1 k p kp <

For0<a <1, p€[1,1000], k = 60, and g = 50, the controllable region for system (6.1) is
depicted in Fig. 5 in the po-plane.

Furthermore, we suppose that /7 < ln(u)m, u>1,and v > 1. Then controlled sys-
tem (6.2) has a unique positive steady-state (v*, m), which is similar to the positive
equilibrium point of (1.5). Moreover, the variational matrix for controlled system (6.2) is

computed as follows:

[ /1 / N/
1 BT 28 eVv-1 /q\ p—evv-1
- v-1 - n/v-1

=

[
28 ;L—e*/ﬁ(v—l)y2

e 1

ﬂ
Vemﬁu

Furthermore, the characteristic polynomial for the aforementioned variational matrix

is given by

(6.4)

i
BV >n+l— By +4ﬂ2(u—em)(v—1).

_ 2 _
Pn)=n (2 V-1 V-1 122%

Lemma 6.2 Suppose that /1 <In(u)v/'v -1, u > 1, and v > 1. Then the positive steady
state (v*, /e — 1) of system (6.2) is locally asymptotically stable if the following condi-

tion is satisfied:

i
B, BV 4B —e v -1
Jv—1 V-1 ja% '

2
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Figure 6 Controllable region for system (6.2) 1.0F
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Figure 7 Bifurcation diagram and MLE for system (1.3) with p =20.1, g =45.1, k € [5,20], and
(x0,y0) = (2.36,3.17)

For 0< B8 <1, v €[1,100], n = 30, and p = 40, the controllable region for system (6.2) is
depicted in Fig. 6 in the vB-plane.

7 Numerical simulation and discussion

Example 7.1 First, we choose p =20.1, g =45.1, and k € [5,20]. Then system (1.3) under-
goes flip bifurcation as bifurcation parameter k varies in the interval [5, 20]. Moreover, the
bifurcation diagram for plant population density x, is depicted in Fig. 7a, and the corre-

sponding maximum Lyapunov exponents (MLE) are depicted in Fig. 7b.

Example 7.2 Next, we choose p = 7.3, g = 4.6, k € [5,55], and initial values (xo,yo) =
(0.73,5.49). Then system (1.3) undergoes Hopf bifurcation as the bifurcation parame-
ter k varies in a small neighborhood of k = 13.48167321833215. If we choose (p,q,k) =
(7.3,4.6,13.482), then the positive steady state for system (1.3) is given by (0.730159,

5.49591). Furthermore, the characteristic equation for the variational matrix is given by

n* — 1.269841269841277 + 1 = 0. (7.1)
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Figure 8 Bifurcation diagrams and MLE for system (1.3) with p=7.3,g=4.6, k € [5,55], and
(x0,y0) = (0.73,5.49)

The complex conjugate roots for (7.1) are n; = 0.634921 + 0.772577i and 1y = 0.634921 —
0.772577i with 1] = 12| = 1. Thus, we have (p, g, k) = (7.3,4.6,13.48167321833215) € S.
Moreover, bifurcation diagrams and MLE are depicted in Fig. 8. Taking g = 4.6, p = 7.3, and
k =13.46,13.48167,13.6,14,16,19.5, phase portraits for system (1.3) are depicted in Fig. 9.
To apply a hybrid control strategy, we choose (p,q,k) = (7.3,4.6,19.5). Then controlled
system (6.1) takes the following form:

19.5x,e™*n
Xppp =0 ———— )+ (1 —a)xy,
1+,

7.3%
Yn+1 =a<46:in> +(1 _a)yn-

(7.2)

Then system (7.2) has a positive fixed point (0.730159, 8.39573). Furthermore, the char-
acteristic equation for the variational matrix of (7.2) is computed as follows:

n? —(2-0.730159)n + 1 — 0.730159% + 0.771162c% = 0. (7.3)

Due to the Jury condition, the equilibrium point (0.730159, 8.39573) is a sink if and only
if 0 < o < 0.946829. Choosing « = 0.945, plots for the controlled system (7.2) are shown in
Fig. 10.

Example 7.3 Now we consider system (1.5) for the numerical verification of flip bifurca-
tion. For this, we choose u € [2,22], v = 8.5, n = 55.8, and the initial conditions (xg, yo) =
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Figure 9 Phase portraits of system (1.3) for p=7.3, g =4.6, xo = 0.73, yp = 549 with different values of k

(2.72,0.83). Then the population density of plants x, undergoes flip bifurcation. We can
see the bifurcation diagram for x, and corresponding MLE in Fig. 11.

Example 7.4 At the end of this section, we verify the existence of Hopf bifurcation for
system (1.5) by taking into account some particular parametric values. For such verifi-
cation, we choose v =4.1, n = 1.5, i € [2,8], and (x0,y0) = (0.6956,0.5465). Then system
(1.5) undergoes Hopf bifurcation as the parameter p varies in a small neighborhood of a
particular value p = 2.603801522628164. Furthermore, if we choose the parametric val-
ues (1 = 2.603801522628164, v = 4.1, and n = 1.5, then the unique positive fixed point for
system (1.5) is (0.695608,0.546535). At (0.695608,0.546535) the characteristic equation
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Figure 10 Plots of the controlled system (7.2) with e = 0.945 and (x, yo) = (0.73,8.3957)
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Figure 11 Bifurcation diagram and MLE for system (1.5) with v =85, n =55.8, u € [2,22], and
(x0,y0) = (2.72,0.83)
for system (1.5) is
n* — 1.3043916563597475n + 1 = 0. (7.4)

Furthermore, n; = 0.652196 + 0.758051i and 7, = 0.652196 — 0.758051: are the roots of
(7.4) with modulus |1] = |2| = 1. Therefore it follows that (i, v, ) = (2.603801522628164,
4.1,1.5) € Sy, and bifurcation diagrams and MLE are depicted in Fig. 12. Moreover, for
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Figure 12 Bifurcation diagrams and MLE for system (1.5) with v=4.1,n =15, u € [2,8], and
(X0, Y0) = (0.6956,0.5465)

various values of u, the phase portraits for system (1.5) are shown in Fig. 13. Lastly, we
check the effectiveness of hybrid control strategy for system (1.5). For this purpose, we
choose (u,v,1) = (8,4.1,1.5). Then due to this choice, controlled system (6.2) is given by

Xpi1 =P <8x,,ezn ) + (1= B)xn,
Y

1+y2

4.1x%y,
Yu+1 = ﬂ(ﬂ> + (1 - ﬁ)yn

1.5 +x2

Then system (7.5) has a unique positive equilibrium point (0.695608,1.72921), and the
characteristic equation of the Jacobian matrix of (7.5) evaluated at (0.695608, 1.72921) is

n% — (2 - 0.6956088)n + 1 — 0.6956088 + 2.266438> = 0. (7.6)

Now, according to the Jury condition, the roots of (7.6) lie inside the open unit disk if
and only if

12 — 0.6956088] < 2 — 0.6956088 + 2.2664382 < 2.
Or, equivalently,

4-1.391228 + 2.2664382 > 0, 2266438 < 0.695608.
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From aforementioned inequalities it follows that 0 < 8 < 0.306918. Thus the unique posi-
tive equilibrium point (0.695608, 1.72921) of the controlled system (7.5) is locally asymp-
totically stable if and only if 0 < 8 < 0.306918. The plots of the controlled system (7.5) are

shown in Fig. 14 for g = 0.304.

8 Concluding remarks

This paper is concerned with qualitative behavior of two discrete-time plant—herbivore
models in exponential forms. The models are proposed by taking into account that the
function for plant limitation is of Ricker type, whereas the effect of herbivore on plant

Page 31 of 34



Elsayed and Din Advances in Difference Equations (2019) 2019:271 Page 32 of 34

0 2000 4000 6000 8000 10000 : 0 2000 4000 6000 8000 10000
n n

(a) Plot of x,, for (7.5) (b) Plot of y, for (7.5)

1.7294

1.7294
1.7293
17203 . -
1.7202F
o5 17202}
1.7291
1.7201

1.729

1.729

1

7289
0.6955 0.6955 0.6956 0.6956 0.6956 0.6956 0.6956 0.6957 0.6957 0.6957

X
n

(c) Phase portrait for (7.5)

Figure 14 Plots for the controlled system (7.5) with 8 = 0.304 and (x, yo) = (0.6956, 1.729)

population and herbivore population growth rate are proportional to functional responses
of type-1II and type-III, respectively. The parametric conditions for local asymptotic sta-
bility of equilibria of both systems are investigated. Due to implementation of bifurcation
theory and center manifold theorem, we obtained that both models undergo Neimark—
Sacker bifurcation and period-doubling bifurcation at their positive steady states. Our re-
sults show that parameters related to growth rates of plants have strong stability effects or
vice versa. To control chaotic behaviors of the systems, a hybrid control strategy is imple-
mented. The effectiveness of this control strategy is illustrated through numerical simula-
tions. Moreover, complex dynamics for both models is exhibited through periodic orbits,
quasi-periodic orbits, and chaotic sets and windows. Furthermore, in present discussion
of qualitative analysis for plant—herbivore interaction, Holling type-II and III functional
responses are implemented with Ricker-type function for plant self-limitation. It is inter-
esting to implement some other choice of plant self-limitation function. In future, we will

apply a Beverton—Holt-type function for plant self-limitation.
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