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1 Introduction

Several stochastic dynamical systems not only rely on current and past values but
also include derivatives with delays. Neutral stochastic functional differential equations
(NSFDEs) are employed to express such type of systems. These equations and their ap-
plications in aeroelasticity and chemical engineering were introduced by Kolmanovskii,
Nosov and Myshkis [10, 11]. Thenceforth, the theory of NSFDEs has attracted the at-
tention of many authors [15, 16, 29, 32]. The existence-uniqueness and stability of solu-
tions for neutral stochastic functional differential equations driven by G-Brownian mo-
tion (G-NSFDEs) with Lipschitz and non-Lipschitz conditions was, respectively, studied
by Faiz [4] and Faiz et al. [7]. The pth moment exponential stability for solutions to G-
NSFDEs with Markovian switching [13] and the asymptotic stability of Euler—Maruyama
numerical solutions for G-NSFDEs [14] was given by Li and Yang. The quasi sure expo-
nential stability for solutions to the stated equations was established by Zhu et al. [33].
The mean-square stability of delayed stochastic neural networks driven by G-Brownian
motion and stabilization of SDEs driven by G-Brownian motion can be found in [20, 28].
For the text on stochastic functional differential equations driven by G-Brownian motion
we refer the reader to see [3, 5, 18]. The existence theory and estimates for the differ-
ence between exact and approximate solutions of stochastic differential equations driven
by G-Brownian motion can be found in [2, 8, 9]. Also see [21-26]. Unlike to the above
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briefly discussed literature, this article presents the study of G-NSFDEs with some suit-
able monotone type conditions in the phase space C, defined below. We investigate the
boundedness and convergence of solutions. We derive the convergence of any two solu-
tion maps with distinct initial conditions. Furthermore, the L and exponential estimates
for solutions to G-NSFGEs are determined. Let R” be an n-dimensional Euclidean space
and C((-o00,0];R") be the collection of continuous functions from (-o0,0] to R”. For a
given number g > 0 the phase space with the fading memory C,((—00,0]; R”) is defined by

Cq((—OO, 0]; R”) = {1// € C((—oo, O];R”) : 91_i)r_noO e?(0) exists in R”].

The space C,;((—00,0];R") endowed with the norm |||, = sup_.,_,<o e[ ()| < 00 is
a Banach space of continuous and bounded functions and for any 0 < q; < g2 < 09,
Cq € Cyy 112, 31]. Let B(C,) be the o-algebra generated by C, and C)) = {¢ € C; :
limg_, oo €%’ (9) = 0}. Denote by C*(C,) (resp. C*(CY)) the space of all F-measurable C,-
valued (resp. Cg-valued) stochastic processes ¥ such that E||yr ||31 <o0. Let (2, F,P) bea
complete probability space, B(£) be a n-dimensional G-Brownian motion and F; = o {B(s) :
0 < s < t} be the natural filtration. Let the filtration {F; t > 0} satisfies the usual conditions.
Let P be the collection of all probability measures on (C,, B(C,)) and C,(C,) be the set of
all bounded continuous functionals. Let Ny be the set of probability measures on (-0, 0]
such that, for any p € N, ff)oo 1(d) = 1. For any m > 0 we define N,,, by

0
Nm={M€N03M(m):/

—00

e 1(db) < oo},

where for any k € (0, ko), N, C Nix C Ny [31]. We study the G-NSFDE with infinite delay
d[z(t) - u(zt)] =g(z,) dt + h(z,)d(B,B)(t) + y (z;) dB(t), (1.1)

on t > 0 with the given initial data zg = ¢ € C,((—00,0];R") and z; = {z(t +6) : —00 < 6 < 0}.
The remaining article is divided in three sections. The basic notions and definitions can be
found in Sect. 2. Section 3 includes some useful lemmas, boundedness and convergence
of solutions and solution maps. The LZ and exponential estimates are placed in the last
Sect. 4.

2 Preliminaries

This section contains some basic notions and results required for our further study in the
subsequent sections of this article [2, 6, 17-19, 27, 30]. Assume a sublinear expectation
space (S, W, &) where W is a space of real mappings defined on a given non-empty set
S. Assume that S denotes the collection of all R”-valued continuous trajectories (z(¢)):>0
with z(0) = 0 endowed with the distance

p(z',2%) = i % (max|zl(t) -2 A 1).

tel0,i
i [0,d]

Let B(t) = B(t, z) = z(t) [18] for any z € S and t > 0, be the canonical process. For a selected
T € [0,00), we define

»CL'p(ST) = {X (B(tl):B(t2)) “ee ¢B(tn)) nz= 17 tl) t27 ey tn € [O: T]: X € Ch‘Lip(Rnxm))};
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where Cp 13, (R”*™) is a space of bounded Lipschitz mappings. For ¢ < T, £;,(S;) € L,(S7)
and L£;,(8) = U2, E,p(S ). Let £%(S) denote the completion of £;,(S) equipped with the
Banach norm K[| - |P] ,p>1and LZ(S;) € L2(ST) S LE(S) for 0 <t < T < 00. Let F; =
o {B(v),0 <v <t} indicate the filtration produced by the stated canonical process and F =
{Fi}eso. Let wr = {to, t1,..., 82+ }, 0 < 6o <t < --- < fz+ < 00 be a partition of [0, T]. For
everyZ'>1,0=ty<ty <---<tz+ =Tandi=0,1,...,Z" -1, define the space MZO([O, T,
p > 1 of simple processes as

Z*t-1

ME((0,T1) = A (@) = 3 &)1y 0,11 (03, (2) € L2(2,) . (2.1)

i=0

The space (2.1) is complete with the norm ||5|| = {fOTIAE[ln(s)V’] ds}'? and is indicated by
ME(0,T), p> 1.

Definition 2.1 Let 7, € M2°(0, T). Then the G-It6 integral, say J (1), is given by
z+-1

Tn) = /0 )86 = 3 6 i) -5 1),

We can continuously extend the mapping J : M2’0(0 T) > LE(Fr) to ] : M%(0,T) —
G(]:T) For n € M2 (0, T) we can still give the G-Ito integral as

T
/O n(s)dB’(5) = J(n).

Definition 2.2 The quadratic variation process {{B’)(t)};>o of G-Brownian motion is

given by
71 .
(39)(t)— lim Z (B°(¢4)) Bg(tiz+))2 =Bt -2 / BY(s)dB’(s).
- 0
The stated process is increasing, (B?)(0) = 0 and for any 0 < s < ¢, (B?)(¢) — (B%)(s) <

oot (£ —5).

Assume that 6,0 € R” be given vectors. The mutual variation process of B’ and B’ is

given by (B’, B’) = 1[(B’ + B’)(t) - (B’ - B)(#)]. A mapping Wy, : M%(0, T) = L%(Fr)
is defined by
T VARSI
Worl) = [ no)dls’)o) = 3 &(8),,,, - [B')e).
i=0

We can continuously extend it to M§(0, T) and for n € ME(0, T) this is still given by

T
/0 0(&) d(B)(s) = Wo.r(n).
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The concept of G-capacity and Lemma 2.3 can be found in [1]. Let B(S) be a Borel o-
algebra of S. Let Q represent the group of all probability measures on (S, B(S). The G-
capacity 1 is given as follows:

D(C) = sup P(C),
PeQ

where set C € B(S). If (C) = 0 then the set C € B(S) is called polar. A characteristic holds
quasi-surely when it holds external of the set C.

Lemma 2.3 Let z € LY. and [|2P < co. Then, for each ¢ > 0, the G-Markov inequality is
given by

\3(|z| > c) <

E[jz”)
=

For the proof of Lemmas 2.4 and 2.5 see [9].

Lemma2.4 Let € R", n e M%(0,T), p > 2 and z(t) fo s)dB’(s). Then on someS C S
with v(S¢) = 0 and Vt € [0, T], D(|z(£) — z| #0) = 0 so that

]E[s<ugt|z(v) z(s)|p [7; (/ |77 v)| dv) s

where 0 <K < >0 is a positive constant and z(t) is a modification of z(t)

Lemma 2.5 Let 6,0 € R”, p > 1 and n € M%(0,T). A continuous modification z° (1) of
ae(t fo (s)d(B’ Bg)(s) existsandfor0<s<v<t<T,

0<s<v<t

R . . 1 p . [t
]E[ sup ’29’9(1/) —29'9(5)}1’] < <ZG(H+é)(9‘é)T) (t—s)p_lE/ ‘n(v)‘p dv.

Lemma 2.6 Let ) <2q and j; € Ny, for any i € Z*. Then, for any ¢ € C,4((—o0,0];R"),

(2

q
// |2(s + 0)|? ;L,(d@)ds< ||;|| +/ |2(s)| ds, (2.2)
Zq) t
// ’\s|z(s+0 | ,ul(dé?)ds< ||§|| +ul /e“\z(s)\zds. (2.3)
q 0

Proof Let ¢ € Cy((—00,0];R”) and u; € Ny, for any i € Z*. By using the definition of norm
and the Fubini theorem, we derive

// |z(s+9)| wi(dO)ds
:/ |;/S 4(s+0) |z(s+9)| —246+9) 1, (dB) + /{zs+9 ‘ i d@):|
<iei; [ e / e pa s [ wtas) [ Jeo s,
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by noticing that ff)oo wi(d6) =1 and fio e~ 11,,(d6) = MEZ”I)’ i € Z*, we derive

(2q

t 0 ) w! ) t 5
[ Jetso)Pratasras < 5 e+ [ | as.
0 J-oo 2q 0

The proof of (2.2) is complete. The assertion (2.3) can be proved in a similar fashion as
above. (I

The book [16] is a good reference for the following three lemmas.
Lemma 2.7 Leta,b > 0and e € (0,1). Then

2 2
@+b?<Z 4 b
€

1-¢

Lemma 2.8 Assume p > 2 and €,a,b > 0. Then the following two inequalities hold:
(i) ar-lp < ped P

P pert”
.. _ —2)éal
(i) ap2p? < =28 | 2P
V4 Pz
pé 2

Lemma 2.9 Letaj,a; € Rand § € (0,1). Then forany p > 1
1y ay|?
a1 +asl? < [1+871] l<|a1|p + %)

3 Boundedness and convergence of solutions
Consider that problem (1.1) has a solution z(¢). All through this article we take A < pq for
any p > 1. We assume the following two hypotheses:
(A1) Let y,z € Cy((—00,0];R") and i1, o, i3 € Nog. Then there are positive constants
Ai,i=1,2,...,5so0 that

[2(0) - %(0) - (u(2) - u(»))]" [¢(2) 2]
0
< |2(0) = YO + 1 / 12(0) - y(0) P12 (d6),
[2(0) = %(0) — (u(2) - u(y))]" [h(2) — h(y)]

0
< 2a]2(0) — () + 24 / 12(0) - y(0) *1a(d0),
and
2 0 2
@ -y 0> <is / 12(0)  y(0) 13 d6).

(Ag) Letz e Cy((—00,0];R”) and 4 € Nyy with Mf‘” < 1. Then there is a constant 0 < b <
1 so that

0
w@ <b [ [200) us(as). (3.1)

Page 5of 16
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Letp > 1,z € Cy((—00,0]; R") and 114 € Npg with uﬁf’q) < 1. Thenthereisaconstant0 < b < 1
so that

_ / P 1a(d8). (3.2)

Obviously, if p = 2 and letting b* = b then (3.2) is the same as (3.1). Firstly, we give the

prove of some important lemmas.

Lemma 3.1 Letp>1,g>0and ¢ € Cy((—00,0];R"). Let condition 3.2 hold. Then

b“4 P8 7 1P 1
Sup 20" = T2 eI + G e els) - ud

where 0 < b < 1.
Proof By using Lemma 2.9 and condition (3.2) for any § > 0, it follows that
|20 = |u(ze) + 2(t) — ulz,) "

1 (BP0
<[L4s7T) 1(3 [0 s+ 200 - u(zt)|p>.
—00
Taking § = ( )P ! and using the definition of norm, we obtain

0
su z(s)”gb/ sup |z(s + 0)[° (d0)+7
0<sgt| | —00 0<s£t| | Ha (1-p)p1

sup |2(s) — u(z,)[”

s 0
= b/ sup e”q(s+9)|z(s + 9)|pe_”q(”9),u4(d9) + b/ sup |z(s + 9)|p,u4(d6)

—oo O<s<t s O<s<t

1 '3
o g O )

—s 0
<be ||k / e 114(d0) + b sup |z(s)|” / wa(do)

—00 O<s<t

1
g e -l

0
§be_pqs||§||§f e P 114(dO) + b sup‘z ‘ f wa(dO)

—00 O<s<t

1
T b e )

1
<bud? PRIl +b sup [0 + g

simplification yields the desired assertion. The proof is complete. d

Lemma 3.2 Let p> 1, q >0 and ¢ € Cy((-00,0];R"). Let condition 3.2 hold. Then there
exists a constant 0 < b < 1 such that

120 = u(@)]” < (L+ by (14 bpd?) I |2

Page 6 of 16
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Proof In view of Lemma 2.9 and condition (3.2), we obtain

|2(0) - w(@)]" < [1+5ﬁ]f’1(|§(0)|p+ Iu(§)|”>

1

1, p [
<[14871) 1(|;(0)|"+ gf |C(9)|pu4(d9)).

Observing |£(0)|” < sup_.,4<o P10 = ||¢ ||Z and substituting § = 47! we have

0
—00

£ -u) =@+ bp it b1+ by [ (e natao)

0
<@+by el + b1+ b / sup & |¢(0)["e P pa(do)

—00 —00<f<0

0
(U P b P [ e alao)

—00

= (L4 by EI + b1+ B g 1 pd”

= (L+ B 1+ bud ) 2|2,
The proof is completed. O
Lemma3.3 Letp>1,q>0and ¢ € Cy((—00,0];R"). Let condition 3.2 hold. Then

(1+bypt

|2(8) = uz) | < (1+ by z(0)]" + -

0
| Jete o) s

where 0 < b < 1.

We omit the proof. It can be proved in a similar procedure to the above last lemma. Now

let us see one of the main results.

Theorem 3.4 Under assumptions Ay and As, if for any { € Cy, Ay, i = 1,2,...,5 satisfy

A > pL(IZq)kz —koAz + kg,u(;q)M + (2k% + kz)u(32q)k5 then there exists )\ € (0, (lb—l(zq))(kl +
+ 1My

kohs — pc(lzq)kg - kzpc(zzq)M — (23 + kz),ugzq)ks) A 2q) such that

]E[ sup |z(s)|2] <C+Ke™,

O<s<t

where C = bsc1, K = (by + bsc)E |12, b1 = 1+ b7, by = bl (1 - b) ™\, by = (1-b) 2, ¢1 =
LLIgO + ko 2 hO) + (ks + k3) LIy ()], €2 = 525 (4(2q ~ 3) + 2001 + 2kydanS? +
(23 + kz)ugzq) +bhi(A+er+ elkg)uffq)), k1, ky are positive constants and €1, €, are sufficiently

small constants such that

1
1—62

)»1 + kz)»g — M(lzq))\,z - kzpb(zzq))\,4 — (2](% + kg)/iézq) )\,5

— (L+b1uS?) (0 + 1+ ke > 0.
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Proof By virtue of the G-It6 formula, for any ¢ € [0, T, it follows that

& |2(t) - u(z,)|”

< [2(0) - ulzo)|” + f t 5 [i]z(s) — u(z)|” + 2] 2(s) — u(zy)| " g(z)] ds
0
+ / & [2)(s) — u(es)| Tz + |y (20)[*] diB, B)
0

+ / t26“|z(s) —ulz,)|" v (z;) dB(s).
0

Applying the G-expectation on both sides, utilizing Lemma 2.5, Lemma 2.4 and Lemma
3.2, there exist k; > 0 and k; > 0 so that

IAE[ sup €*|z(s) — M(Zs)‘z]

0<s<t
<aBICI+ B [ a2 - a4 20el9) - uta)| ]
0

+ ol / o [2|2(s) - uz,)| h(z,) + |y (z)[ ] ds
0
+ 2/(11@[ f (¢]z09) - u(zs)|T|y<zs>l)2] s
0
<4aR|¢)2+ E/Ote“[MZ(S) —ulz,)|* + 2|2(s) — ulz,)| glz,)] ds
+ 2/(21AE/¢e“| (z )|2ds + l]E(sup " |z(s) - u(z )|2>
! 0 Vigs 2 O<s<t :
+ kgIAE/te“[2|z(s) - u(zs)|Th(zs) + |y(zs)|2] ds. (3.3)
0

By using assumption A; and Lemma 2.8 we derive

2|2(s) — ulz,)| " g(z;) ds

0
< 22(s) - u(z,)|"g(0) = 22 |2(s) | + 2,\2/ |2(s + )| 1 (d0)

1 0
561’2(5)—M(Zs)|2 + g’g(0)|2—2k1‘z(s)‘2 +2k2/ ‘z(s+9)|2,u1(d9), (3.4)
similar arguments give

2|z(s) - u(zs)|rh(zs) ds

<€ |z(s) - u(zs)|2 + é’h(O)‘2 - 2A3|z(s)’2

0 2
+2A4/ |2(s + 0) | pa(db). (3.5)
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In view of assumption A; and Lemma 2.7 we derive

|V(Zs)| < —|)/(0)| |z(s+9 | ws(do).

By substituting (3.4), (3.5) and (3.6) in (3.3) and using Lemma 3.3 we get

I@[ sup €*|z(s) - M(Zs)|2]

0<s<t

t
<8E||¢ ”31 +4[-A — kA3 + A + €1 + elkz]IE/ e)‘s|z(s)|2ds

+cl( +4A21E/ / “‘zs+9 ‘ u1(do)d

+4/(2A4IE// e“|z(s+9)|2,u2(d«9)ds
0 J-o0

)‘-5 R t 0 N 9

) E/ / € s’z(s+9)’ u3(db)ds
1 — €7 —

+2b1 (A + € +61k2)E/ / s+9)| wa(dO) ds,

where ¢ = 2[Z1g(0) + ko 1h(O)* + (ks + k3) |y (0)1] and by

Lemma 2.6, it follows that

+ 2(2k% + ko

IAE[ sup €*|z(s) - M(Zs)|2]

0<s<t

<ci(e -1) + R[] + 2[12)\1 —2kyes + 21 + 2€1 + 261k

A
+ 2)\.2[L1 " 2kzk4u(2q (2kf2 + kz) 1 > u(;q)

t
+ b+ e+ elkz),uffq)]E / & |2(s)| ds,
0

where ¢y =

Next, we use Lemma 3.1 to derive

E[ sup e“|z(s)|2]

O<s<t

< (by + b3r)E|¢ ||; +bsci (€M — 1) — 4bs [)\1 +kayhs — Ml

- (2K + - 16 hs = (14 b2

_(1+k2)(1+b1pb 2q)) ] / €AS|Z(S)|2dS;
0

where b, = b,ufq)

that )\.1 > ,LL(lzq))»z — kg)»g + kg)»4ﬂ(22q) + (2/(% + kz),bb(z

k2PL2 q)M

(1-b)"1, b3 = (1-b)"2 and e*77 < 1. From the assumptions, we notice

q) 1
A dre(0,— 7501 + ks —
s s and h € (0 O ¢ aks

(3.6)

=1+ bL. By virtue of

325 (420 = ) + 201 8? + 2konapnS0 + (K2 + ko)uS? + bk + €1 + k) ).

Page9of 16
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,u,(lzq))Lz - kz,u,(zzq)M — (2K} + kz),ugq) As) A 2q). Choosing €; and ¢, sufficiently small such
that

1

1—62

2 2 2
A+ kz)xg - H(l q))uz - kzpl,(z q))u; - (2/(% + kz)/l,g 9 )L5
(1+b 2a)
- N )(A+1+k2)61>0,
we get the desired result. The proof is completed. d

Next, let us see the convergence of any two solutions of G-NSFDEs with different initial
data.

Theorem 3.5 Let the assumptions of Theorem 3.4 hold. Let y(t) and z(t) be any two solu-
tions of problem (1.1) with the respective initial conditions ¢ and &. Then

& sup [0 -y0)|'] < LN - €126,

0<s<t

where L = by + bscs, by = b,ufq)(l -b)y L, b3=(1-b)?% c3= %[4(24— A) + 2)»214(1251) +

2/(2)»4M(22q) + (ky + Zk%)k5u;2q) +Aby /Lffq)], by =1+ b7\, ky and k, are positive constants.

Proof Define A(t) = z(¢) - y(t), il(t) = u(z,) - u(y,), §(¢) = g(z:) — go), h(®) = h(z) - h(y),
7(t) = y(z) — y (y). By the G-1t6 formula and similar arguments to Theorem 3.4 it follows
that

I@l[ sup e'\S|A(s) - it(s)|2]

0<s<t

t
<8k 52+ 21@[/ &[] Als) — als)|* + 2| Als) — ixls)| " g(s)] ds]
0
t t
+2k2fE[ / 2| Als) - auts)|“hls) + |7 ()] ds] + 4R / Hlpe)ds. (38)
0 0
By virtue of assumptions A;, we have
T 2 0 2
| AGs) ()] T8() < ~2a| AG)[ + 22 / | A(s +0) 11 (d6),

0
|A(s)—£¢(s)|Tiz(s)5_A3|A(s)|2+)\4/ | Als +0)|* ua(do),
2 0 2
7()] SAS/ | A(s +0)| " 113(do).

o0

Substituting this in (3.8) and using Lemma 3.3 we obtain

E[ sup €| A(s) - ﬁ(s)|2]

0<s<t

t
<8¢~ &2 +40. iy —szg)E/ | AGs)|* ds
0

t pO
+ %1@/ f | Als +6)|*111(d6) ds
0 J-o0
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t po
+4k2A4E/f | Als +0)[* uo(d6) ds
0 J-o0
et 0 )
2(k2+2k%))\.5E/ / €| A(s +0)| " ns(d0) ds
0 J-oo
et 0 s
+2kb11Ef / e’\S|A(s+9)} wa(dO) ds,
0 J-o0

where by = 1 + b7, By using Lemma 2.6, it follows that

I@[ sup e“|A(s) - it(s)|2]

0<s<t

= 2 2
< sBlI¢ — 12 - 4[A1 + ks — uP R — koSO

t
— (ko + 2k 1S5 — (14 b)) E /e“|A(s)|2ds,
0

where c3 = Zq%(éL(Zq - )+ 2)»2M(12q) + 2o haunS? + (ky + 2k%))\s,u(32q) + )Lblufq)). By using
Lemma 3.1, we have

E[ rs sup’A }]

0<s<t

< (by + b3c3)ENIC &7 — 4bs[h1 + ks - 1% — kops?

t
— (k2 + Zkf),u(gzq)ks - (1 + blpcffq)))\]E/ eAS|A(s)’2 ds, (3.9)
0

where bz = bu @) (1 b)’1 b3 = (1 — b)2 and e %% < 1. By using the assumptions

)\1 > /Ll )»2 —kg)\g +k2//L )\,4 + (2](% + kg) 24) )»5 and A € ( F(Al +k2)\.3 - My (24) )\2 -

kopiy q))\.4 (2k? + l<2),u3 24) As5) A 2q), we derive the desired assertion. The proof is com-
pleted. 0

The following two theorems show that the solutions maps of G-NSFDEs are bounded
and any two solutions maps with different initial data are convergent, respectively.

Theorem 3.6 Let all the assumptions of Theorem 3.5 hold. Then for any initial data ¢ € C,
]E||Zt|| <Ci+Kie™,
where Cy = bzcy, K1 = (1 + by + b3cy)E||¢ IIfI and by, bs, c1, ¢, are defined in Theorem 3.4.

Proof By virtue of the definition of norm || - || and observing that 2 > A we have

. . 2,
EllztllzlE[ sup eq9|z(t+9)|] fE[ sup ew|z(t+9)|2]

—00<0<0 —00<H<0

SE[ sup e 9| z(s)| ]+]E[SUP e 2(s)| ]

—00<s<0 O<s<t

consequently,

Bzl < e ™Blg I + e-“E[ sup ¢*|2(s)| ] (3.10)

0<s<t

Page 11 0of 16
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But from (3.7) we have

I@[ sup e“|z(s)|2]

O<s<t
< (by + b3cr)E| ¢ ||; +bscy (BM - 1) —4b3 |:)\1 +kohs — /i(lzq))»z - kzl/v(zzq))u;

1
— €

— (2K2 + k) u§? T (1+ by u?) 5

t
~(+k)(1+ bluffq))el]E / ¢ |2(s)| ds,
0
using the assumptions of Theorem 3.5, it gives

]]:][ sup e’\3|z(s)|2] < (by + b3 E||C ||(2I +c1bs (e - 1). (3.11)

O<s<t

By substituting (3.11) in (3.10), we derive
Bllzell < bser + (1 + by + bse)El|¢ |27,
which yields the desired assertion. The proof is completed. O

Theorem 3.7 Under the assumptions of Theorem 3.5, different solution maps z, and y; of
problem (1.1) with respective different initial data ¢ and & converge, i.e.,

Bllz - y.] < Lilig - &2,
where Ly = (1 + by + bscs) and by, bs, cs are defined in Theorem 3.5.

Proof Using similar arguments of Theorem 3.6 we derive

Ez:(¢) - ye(®)] < e™Rlig -2+ m@( sup ¢**|z(s) _y(s),z), (3.12)

O<s<t

But from (3.9), using the assertion of Theorem 3.5, we derive

B8] sup &2(s) - y6)|'] = s + bacs) Bl - 12,

0<s<t

which on substituting in (3.12) yields the desired assertion. The proof is completed. O

4 Exponential estimate

For the purpose of exponential estimate one needs to assume that problem (1.1) admits
a unique solution z(¢) on ¢ > 0. In the following theorem, we give the L and exponential
estimates for the solutions of neutral stochastic functional differential equation driven by
G-Brownian motion.

Theorem 4.1 Let problem (1.1) has a unique solution z(t) on t > 0 and I@H{ ||; < 00. As-
sume that A, and A, are satisfied. Then the following results hold:

B sup [26)]"] = e, ez 0, (4.1)

—00<S<t



Faizullah Advances in Difference Equations (2019) 2019:289

where Cy = 2b3[4q + M%q + kz)uméq + As(ky + 2/(%)#;61 +(1+k)(1+ b_l)ﬂiq]%ﬁ'”g ”Z +(1+
bz)]ﬁ:”{”; + bgc*, K2 = 4b3(—)\.1 - kz)\.g + )\.2 + )\4/(2 + )\5(/(2 + 2/(%) + (2 + /(2)(1 + bil)), b2 =

bufq)(l —b)™! and bs = (1 — b)~? are positive constants. Furthermore,
. 1
lim sup — log‘z(t)‘ <M, (4.2)
t—o00 t

where M = 2b3(—h1 — kohs + Ay + Aaky + As(ky + 2k3) + (2 + ko) (1 + b71)).

Proof To prove (4.1) in a similar fashion to Theorem 3.5 we derive

I@[ sup |z(s) - u(zs)|2]

0<s<t

<aB|g ) + 21@/0 |2(s) - u(z)|"glz) ds + %E[ sup |2(s) - u(s)|2]

0<s<t

+ kgI@J/Ot[2|z(s) - u(zs)’Th(zs) + ’y(zs)yz] ds + 2kf sup I@J/Ot y(zs)ds,

0<s<t

which yields

R

t
< 8Bl + 48 [ o) - uted)| gtz ds
0

t t
+ 2k / [2]2(s) - u(z,)|" h(z,)] ds +2(ky + 2K2) j |y (z0)|” ds. (4.3)
0 0
By using assumption A; and the basic inequality 24,4, < Zle a? we derive
T
2|z(s) — u(z)| g(z)
0
<2|z(s) - u(z)|g(0) - 21, \z(s)!2 + 2A2/ |2(s + 0)|2u1(d9)
2 2 2 0 2
<|als) — ulzy)|” +[g(0)|” = 221|2(s)|” + ZAZ/ |z(s +0)| 11 (db). (4.4)

Similar arguments to above give the following:

2|2(s) — u(zy)| " hilzy) < |2(s) — ulzy)| + [1(0)]* - 243]2(s)|*

0
+ 20 / |2(s + 0) | 112(d6). (4.5)
—00
In view of assumption A; and the basic inequality | 7, a;|> < Y7, |a;|?, we obtain

0
@) < 2|y ) + 22 / 265 + 0)*u5(d6). (4.6)
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Substituting (4.4), (4.5) and (4.6) in (4.3) and using Lemma 3.3 we have

£ sup [2(s) - utz.) ']

0<s<t

t
<BEIZ+c" +4(1+ky — 2y —kzkg)E/ |z(s)|2ds
0
ot o0 ) et o0 )
+4A2E/ f |z(s+0)| ul(dQ)ds+4A4k2]E/ f ‘z(s+0)| ua(do)ds
0 J-o0 0 J-o0
t 0
2\ 2
+4A5(k2+2k1)E/ / |z(s+9)| u3(de)ds
0 J-o0o
et o0 )
+2(1+k2)b1E/ / |z(s+9)| uq(d6)ds,
0 J-o0
where ¢* = 2(|g(0)|? + k2|h(0)|? + 2(ky + 2k3)|y (0)|?) T By using Lemma 2.6, it follows that

IF:[ sup [2(s) - M(Zs)|2]

0<s<t

1~
<2[4q + 3" + kphaps® + s (ky + 243 3" + (1 + kz)bmiq]gEHCH; +ct

t
FA(=hy — ks + A + daky + As(ky + 2K2) + (2 + ko)by) / ] sup [2(5)[*] ds.

0 0<s<t

By using Lemma 3.1, we derive

I@l[ sup |z(s)|2]

O<s<t

1x
< 2b3[dq + 137 + kohapis? + hs(ky + 2k2) 3T + (1 + ko)br 3] 5Eng [
+ bz]E||§' ||Z + bgC* + 4b3(—)\.1 - kz)xg + )\,2 + )x4,k2 + )»5 (k2 + 2/(%)

ree(1™) [ [ sup o] s @)
0

0<s<t

where by = bu$? (1 - b)Y, by = (1-b)> and ™ < 1. Noticing that E[sup__,_, |z(s)[?] <
k| 17+ I@I[supwsst |z(s)|?] and using the Gronwall inequality, we get the desired assertion.
The proof is complete.

To prove (4.2) by the Gronwall inequality from (4.7) we have

]E[ sup !z(s)!z] < e, (4.8)

0<s<t

where « = 2bs[4q + /L%q + kz)um%q + Aslky + 2kf)u§q + (1 + k)1 + b‘l)uiq]%EHé‘H; +
boR|IZ|I2 + bsc* and B = 4b3(~A1 — kahs + ho + Aaky + As(ky + 2K2) + (2 + ko)(1 + b71)). By
virtue of the above result (4.8), for each k =1,2,3,..., we have

]]?J[ sup |z(t)|2]§ae’3m.
k-1<t<k
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For any € > 0, by using Lemma 2.3 we get

S 2
) < E[supk_lftfk |Z(t)| ]

s 2 Bk
v(rS. sup |z(8)|" > e ok <

k-1<t<k

But, for almost all § € £2, the Borel-Cantelli lemma shows that there is ky = ko(§) so that

2
sup ’z(t)| < e#*9% whenever k > ko,
k-1<t<k

and consequently we derive the desired assertion. The proof is completed. O
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