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1 Introduction
In recent years, the study of oscillation of differential equations has become more and
more perfect, including various sufficient conditions, necessary conditions, the existence
of non-oscillatory solutions, and even the zeros distribution of oscillatory solutions.

In 2017, Li et al. [1] studied the distribution of zeros of oscillatory solutions for second-
order nonlinear neutral delay differential equation

(a®)Z @) +q@O)f (x(t-0)) =0, t>t,

and obtained a sufficient condition for oscillation of differential equation.

However, most of references about oscillation of difference equations are concerned
with sufficient or necessary conditions for oscillation; see [2—8]. We will also naturally ask
some questions of difference equations: Are there any bounds for the distance between
adjacent generalized zeros of oscillatory solutions when equations show oscillation? And
how do we estimate these bounds? Therefore, we obtain the oscillation criteria of differ-
ence equations by studying the distribution of zeros.

The distribution of generalized zeros of oscillation solutions for first-order dynamic
equations and second-order non-neutral dynamic equations on time scale can be found
in [9-11]. However, most oscillatory results for second-order neutral dynamic equations
are sufficient conditions for oscillation; see [12—19]. To the best of our knowledge, there
is no paper on the generalized zero distribution of oscillation solutions for second-order

neutral dynamic equations on time scale.
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Motivated by the above papers, we consider the second-order neutral difference equa-
tion of the following form:

A(a(t)Az(t)) + q(t)f(x(t - o)) =0, te€/ty,00)z, (1.1)

where A denotes the forward difference operator Ax(f) = x(¢ + 1) — x(¢), z(t) = x(¢) +
p()x(t — ), Z represents the set of all integers and

Throughout this paper, we assume that the following hypotheses are satisfied:

(H1) a(t),q(t), p(t) € (0,00), where ¢ € [ty, 00)7.

(H2) 7,0 € R*, where R* represents the set of all positive real numbers, and o > 7.

(H3) There exists a positive constant k such that @ >k forall u #0.

(Hy) There exists a function H(¢) which satisfies H(¢) > p(;%_)f)(t) and AH(t) <0,t> 1

for some t; > ty + o, where t € Z.

In this paper, we relate the distance between adjacent generalized zeros of an oscillation
solution of (1.1) to a positivity problem of certain solution for a first-order delay difference
inequality

Ax(t) + P(t)x(t —ry) <0, &€ [ty,00)z, (1.2)
where P(¢) € [0, 1) which define by (2.1), r; is a constant satisfying r; > 2.

2 Preliminaries
In order to prove our main results, we establish some fundamental results in this section.
For convenience, we define a sequence {F,(¢)} € [0,1) by

t-1

~ _ kq(®) 1
Fo(t) = P(t) := T HG 1) S:XT(:) 2G—0) t € [tp, 00)z,
(2.1)
t-1 t
Fyu(t) = Fy_1(2) Z Fy_1(s) H ﬁ’ t€[to+2nr,00)z,n=1,2,...,

s=t—r {=s—r

where T satisfies x(¢) > 0, £ > T when x(¢) is eventually positive solution.

If t,, is a generalized zero of solution of (1.1), then it satisfies x([¢,]) - x([¢,] + 1) <O0. Let
ds(x) be the least upper bound of the distance between adjacent generalized zeros of a
solution x(¢) of Eq. (1.1) on [s, 00).

Lemma 2.1 Assume that x(t) is an eventually positive solution of (1.1), and (H,) ~ (H3)
hold. Then z(t) satisfies z(t) > 0, Az(t) > 0, A(a(t)Az(t)) < 0.

Proof If x(t) is an eventually positive solution of Eq. (1.1), then there exists a #; > £y such
that x(t) > 0, x(t — t) > 0 and x(¢ — o) > 0 for all £ > £;. Thus z(¢) = x(¢) + p(t)x(¢t — ) > 0.
From (1.1) and condition (H3), we obtain

f(x(t—a))x

A(a(t)Az(t)) = —q(¢) o) (t-0) < -kq(t)x(t-0) <0, t>t, (2.2)

Page 2 of 15
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so we can conclude a(t)Az(t), t > ¢ is decreasing. It can be seen that there exists a £, > ;
such that Az(£) > 0 or Az(¢) <0 for t > t,. Now, we prove Az(t) >0, t > t,. If not, assume
that Az(t) <0, t > £,, then also a(t) Az(t) < —c < 0 and summing up it from £, to £ — 1, we
have

-1
2(t) - 2(ta) < - Z i) (2.3)

Taking limits of both sides for the above inequality, we have lim;_, o, z(t) = —oo, which is a
contradiction. The proof is completed. d

In the following lemmas, let r = [r;] := max{ala < ry,a € Z}, where r; is the delay argu-
ment of (1.2). And § is a constant satisfying |§| <r.

Lemma 2.2 Let n be a positive integer such that

Z E/s)ds>1, te[to+@2n+1)r,00),n=12,.... (2.4)

s=t-r

If x(t) is a non-increasing function on [T, — 8, Tz which satisfies (1.2) on [T1, Tz, then x(t)
cannot be positive on [Ty, Tz, where T> Ty + Bn+ D)r+(n+1) =68, T1 > to + 2n + 1)r.

Proof Without loss of generality, we assume that x(¢) is positive on [T7, T']z. Summing up
(1.2) from ¢ — r to t — 1, we have

x(t) —x(t-7) ZP(s x(s —r1) te[Ty+rTlyz.
s=t-r

Multiplying this inequality by P(¢) and using (1.2), we get

Ax(t) + t)+ P(t ZP x(s—1r1) <0, te[lT1+r+1-6,T]z, (2.5)

SO

P t-1
[1 - —;(g) <Ax(t) + P()x(t) + P(£) Y Pls)x(s — r1)> =0, te[li+r+1-5Tlz
{=to

s=t—r
Using Ax(t) = x(t + 1) — x(£), we get
t t-1 t

1 1 1
L{ 1 —P(C)x(t+ 1)_;1;!) 1 —P(g)x(t) l_[ 1- P(g)P(t) ZP(s)x(s—rl) <0,

s=t—r

te[Ti+r+1-38,Tls. (2.6)

Let y1(¢) := x(¢ ]_[{ “ip T P@ . Then y1(¢) >0 on [T}, Tz and

t t-1

1 1
Ay (t) = H 1_7me(t +1)— H) —> (é_)x(t). 2.7)
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Using (2.7) in (2.6), we have

t—1 t
Ay () + P(£) ) P(s) <x(s— ] %) <0, te[Ty+r+1-5,Tz
&=ty

s=t-r

ie.

t-1 s—r-1 d
Ayl(t)+P(t)Z<P(S)x -m [ = P H 1—2(;))

s=t-r ¢=to

<0, te[T1+r+1-6,T]z. (2.8)

From the definition of y;(¢) and Ax(¢t) <0,t € [T} +r + 1 -6, T]z we obtain

t

MwhAwﬂII;@ (H )

£

t

t 1 1 t-1 1
i el § ) § by

=11 : (Ax(t) +x(8) - x(0) (1 - P(t)))

(Ax(2) + P(t)x(t))

(Ax(8) + P(t)x(t — 1))

Since Ax(t) + P(t)x(t — r1) <0, we can conclude Ay;(¢) <0,t € [T1 +r+1-6,T]z, and
from (2.8), we have

Ay1(t) + Fi(0)y1(t-r) <0, te[T1+3r+1-6,T]z.

Repeating the above procedure to this inequality, we get
-1
Ayi(8) + F@y1(8) + Fr(8) D Fils)ya(s—r) <0, t€[Ty+4r+1-6,Tlz. (2.9)
s=t-r
Let y,(t) := y1(¢) ]_[{ to+2r TF ) F1 It follows from (2.9) that

<0, te[T1+4r+1-6,T]z,

Aya(t) + Fy () Z Fy()ya(s —7) ]_[

s=t-r

o Fi( s) -
where Ay,(¢) <0 for t € [T} +4r +2 -8, T]z and hence

Ays(t) + Fo(t)yo(t —7r) <0, te[Ti+6r+2-65,T]z.
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Repeating this argument # times, we obtain
Ay, (t) + F,(t)y,(t—r) <0, te[T1+3nr+n-46,Tlz (2.10)

where Ay, (¢) <O0for ¢ € [T1 +(3n—-2)r+n-3§, T]z. Now, summing up (2.10) from ¢ — r to
t-1e[T1+@Bn+1)r+n-35,T]z, we have

t-1

In() = yu(t =)+ Y Fuls)yuls — 1) < 0.

s=t—r
Since y(¢) is decreasing, we obtain

t-1

Yu(t) +yn(t—r)|:z F,(s) — 1:| <0, te [T1 +Bn+1r+m+1)-34, T]Z,

s=t—r
which is a contradiction with hypothesis (2.4). The proof of Lemma 2.2 is complete. [

Lemma 2.3 Assume that Zi;f_r P(s) > B for 0 < B < 1 and there exist Ty >ty +r, T >
To+(Q+nr-38n=1,2,...and a function x(t) satisfying inequality (1.2) on [T, Tz with

Ax(t) <0 fort € [Ty -8, Tz. If x(t) is positive on [T, Tz, then

x(t—r)
x(t)

>fu(B)>0, te[Tr+(1+mr-5,T], (2.11)

for some integer n > 0, where f,(B) is defined by

B =L KB =——) ()= — PP

1-p’ r—BhB) - B+ G

Proof Since x(¢) is non-increasing on [T — 8, Tz, we find

ME-7) >fB)=1, telTy+r-8Tlx. (2.12)
x(t)

Summing inequality (1.2) from ¢ —r + 1 to t — 1, where ¢ € [T, + 2r — §, T|z, we obtain

t-1
x(t—r)=x(t)+ Y Plo)x(s—ri) > x(e) + Balt — 7). (2.13)

s=t-r+1
Therefore

x(t—r) - 1

x(t) m

:fl(ﬂ)>01 te[Ty+2r-46,T]z.

On the other hand, dividing inequality (1.2) by x(¢),

Ax(t) x(t—r1)
0 - P00

)
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because of Ax(t) <0,

x(t+1) x(t — r)
o = PO

Multiplying from s —rtot —r—1 wheres € [t —r + 1,t — 1]z, we find

t-r-1

x(s—r) 1
> ——, te[Ty+3r-6,T]z.
x(t—r) _ul:[ 1- P(u) ) T o=l

According to (2.12), this yields

t-r-1

1
> —————, tellh+3r-6,Tls
[ T BPG) ) z

Uu=s—r

x(s—7)
x(t-r) ~

We can easily obtain

S—

1 1
A (‘M [T —fo(ﬁ)P(u))>

u=t-r

s

1 =
) u:H(l —fo(B)P(w)) = ul:t[r(l — fo(B)P(w))
s—1
- fo(ﬂ)( —fo(B)P(s) - )ul:t[,(l —fo(B)P())
s—1
=26 [] (1-(p)P0w).

Combining (2.14), (2.15) with (2.13), and because of the fact

n ayt+ax+---+ay .
— <Ymay a, < ————, a;>0,i=1,2,...,n,
S e = n
ai a an
we have
- x(s—r)
x(t—r)—x(t) = x(t—r) Y Ps)
s=t-r+l x(t - r)

t-1 t—-r-1 1
= 2 P“’(“ W)

s=t—-r+1 u=s—r

t-1 s—1 1 s—1
x(t—7) Z P(s) (Ml;[r 1= h(APG) Ml;[r 1 —fo(ﬁ)P(u))

s=t—-r+1

’ t-1 s—1
> x(t - r)m S=§:+1P(S) (uUr(l —fO(ﬂ)P(M))>

’ t-1 s—-1
w2 (m“ f°<ﬁ”’”))

s=t-r+1 u=t-r

(2.14)

(2.15)

Page 6 of 15
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t-1
= x(t - r_/%(ﬁ)< 5 U (1~ fo(B)P(u)
fo(ﬂ H (1-fo(B)P( u))
r B _r-1 —lgfo(ﬂ)>
= ﬁfo(ﬂ)fo(ﬁ i L hOR ’”(1 -1

N _ﬁ)(ﬁ))(_r—l—ﬁﬁ)(ﬁ)>
=l ’)r—ﬁfowwm(l )\

B _fo(ﬂ))
=4 ”r—ﬁﬁ(ﬁ)(l B

Thus

Me-r) _ r=ph(p)
M) T r—BR(B) -

) =f(B)>1, te[T,+3r-6Tlz.

Repeating this argument, it follows by induction that

x(t—r)
x(t)

>f(B)>0, te [Tz +(n+ l)r—S,T]Z.

The proof is complete. d

Remark 1t can easily be seen that either f,(8) satisfies lim;_, o f,(8) = 1 or f,(8) is non-
decreasing and lim;_.« f,(8) = 00 or f,(8) — oo after finite number of terms or f,(B) is

negative.

Lemma 2.4 Assume that Y\~
a function x(t) satisfying inequality (1.2) on [T, T + Nr + 1]z, for some positive integer N
such that Ax(t) <0on [Ty -6, Ty + Nr + 1]z where Ty > ty + r. If x(¢) is positive on [T, Ty +
Nr + 1]z, then

P(s) > B, t >ty holds for some 0 < B < 1 and there exists

s=t—r

x(t—=r)

x(t)

<gw(B), te [T2+2r—8, Ty + (N —m)r+ l]Z, (2.16)

where m is a positive integer, N > m + 2 — %, and g,,(B) is defined by

2(1-B) 20-8- o)

1(/3) = /3 ) gm+1(ﬁ) = ,32

, m=1,2,....

Proof From Z P(s) > B, t > ty, we see that Z”r 'p(s) > Bfort > To. Summing both

sides of (1.2) from ¢ to £ + r — 1, we obtain

s=t—r

t+r-1

x(t) —x(t+7r) > Z P(s)x(s—ry), te [Tz +7r,To+(N-1)r+ I]Z. (2.17)
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Since To+r<t<s<t+r-1,itfollows T <t-r <s-r <t-1. Again, summing (1.2)

from s — r to t yields

t-1

= Z P(u)x(u — ry).

u=s—r

x(s—r) —x(t)

It is clear that x(x — 1) is non-increasingon [s—7,t + 1]z C [To +r =6, To + (N — 1)r + 1]7.
Thus,

t-1

x(s—r) > x(t) + Z P(u)x(u —ry)

u=s—r
t-1

> x(t) +ax(t—r) Y P(u)

Uu=s—r

= x(t) + x(t — r)|:ZP(u ZP :|

U=s—r

> x(t) + x(t - ) [/3 - ZP(u)i|.

u=t
In view of the last inequality and (2.17), we obtain

t+r—1

x(t) > x(t+7r) + Z P(s)x(s — 1)

s=t

t+r-1 s
> x(t+1) + ZP(S)|: t)+x(t—r)< —Zp(u)ﬂ

s=t

t+r—1
> x(t+ 1) + Ba(t) + PPx(t —r) —x(t —1) > Pls) <ZP(u)) (2.18)
s=t u=t
forallt € [Ty +2r -6, Ty + (N — 1)r + 1]z. As is well known, we have the identity
t+r-1 s t+r—1t+r-1 t+r—1t+r-1
2 2 (POPW) =2 2 (PuP©) =2 (P
s=t u=t u=t s=u
Consequently,
t+r-1 s 1 t+r—-1t+r-1 1 t+r-1 2 132
>0 (Ps)P(w) > 5 (P(s)P(w)) = E(Z P(s)) >
s=t u=t s=t u=t s=t
Substituting into (2.18),
,32
x(t) = x(t +7) + Bx(t) + 7x(t—r), €[Ty+2r-8,Ty+(N-1Dr+1],. (2.19)
Since x(t +r) >0o0n [Ty +2r — 8, Ty + (N — 1)r]z, we get
t— 2(1 -
Me-n 21-5) ~i(B), te[Tr+2r—8,To+ (N-Dr+1],. (2.20)

Xt ~ p?

Page 8 of 15
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On the other hand, when t € [Ty + 2r =8, To + (N = 2)r + 1]z, we have T, + 2r - § <t <
t+r<Ty+ (N —-1)r. So (2.20) leads to

1
g1(B)

x(t+7r)> x(t), te [T1+2r—8,T1+(N—2)r+1]Z.

Since x(t) is non-increasing on [T, — 8, T + Nr + 1], it follows that

1 () > 1
gi(B) T &(B)

x(t+r)>

x(8), te[Ty+2r-8To+(N-2r+1],.
From this inequality and (2.19), we obtain

gl(lﬁ)x(t) + Bxlt) + ﬂ;x(t —1), te[L+2r=8Ty+(N-2)r+1],.

x(t) >

Rearranging,

x(t—r) . 2(1—,53—@)
x(t) B>

=&(f), te [Tz +2r=8,To+(N-2)r + I]Z.

Repeating the above procedure, we get

—r) 20-B- )
x(;(t)r)< ﬁzg'“(“) —gu(B), te[Tr+2r—8Ts+(N-mr+1],.

The proof of Lemma 2.4 is complete. g

Remark Wu and Xu [18] proved that g,,(8) is decreasing. They found also that g,,,1(8) >
% form=1,2,....Sowhen0< g8 < /2 -1, there exists a function g(8) = 2(1%;1’%’”) such
that limy,—, oo g (B) = g(B).

Lemma 2.5 Assume that Z;f_r P(s) > B holds for some B > V2-1and x(t) isa function
satisfying inequality (1.2) on [T, Tz with Ax(t) <0 for [Ty -8, Tz, T = To + (kg + 1)r -6,
T, >ty + r and kg is defined by

1: ,321;
kg =
min{e, y}, J2-1 <B<1,

2.21
a= min {n+m|f,(B) = gu(B)}, (221

n>1,m>1

y =1+min{nlf,(B) <0 or fr.1(B) = 00}.
Then x(t) is positive on [Ty, Tz.

Proof Suppose, for the sake of contradiction, that x(¢) is positive on [T, T]. We consider

two cases:
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Case 1: $ > 1. In this case kg = 1 and T > T5 + 2r — 8. Since Ax(t) <0 on [T, -8, Tz,
we obtain

x(t)>x(Ty+r=268), te[Ty—-8Tr+r—46]z.

Summing both sides of (1.2) from T, +r—§ to T, + 2r —§ — 1 and using the above inequality,

we obtain
Ty+2r—8-1
X(Ty +2r—8) <w(Ty +1r-3)— Z P(s)x(s—7)
s=Tr+r-6§
Ty+2r-6-1
<x(Ty+r—=38)—x(Ty +r-135) Z P(s)
s=Tr+r-§
To+2r—6-1
= x(Ty + r—8)|:1 -y P(s):| <0,
s=Ty+r-4
which is a contradiction.
Case2:/2-1<B< 1. If kg = n* + m*, then
S (B) = g (B). (2.22)
From Lemma 2.3, it follows that
M0 r B te[Tos (' +1)r=s5,T],. (2.23)
x(t) ~ z
On the other hand, by Lemma 2.4 we find
x(t - r) *
B <gw(B), te[Tr+2r-58,T,+(N-n'r)+1],. (2.24)
x

So, when t = Ty + (n* + 1)r — § in (2.23) and (2.24), it follows that

x(To + n*r—3)
x(Ty + (m* + 1)r — §)

S (B) = <& (B),

which contradicts (2.22). If
kg =1+ rg{l{n[ﬂq+1(/3) <0or f,1(B) = 00},
then Lemma 2.3 implies a contradiction and the proof is complete. d
3 Main results
In this section, we obtain sufficient oscillation conditions for Eq. (1.1) about the distribu-

tion of generalized zeros.

Theorem 3.1 Let (H1)—(H,) and (2.4) establish for some positive integer n withr; = o —t.
Then the equation (1.1) oscillates and dy(x) < 20 +3n(c — 1), where t = t; + (2n +1)(0 - 7).
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Proof If Eq. (1.1) has a non-oscillatory solution x(£), and —x(¢) is also the solution of
Eq. (1.1), so we only consider the situation of the solution of (1.1) is eventually positive.
We assume x(t) > 0 on [Ty, Tz for some integer Ty > t where T > Ty + 20 + 3n(o — 7).
Since z(£) = x(¢t) + p(£)x(t — 7) for t € [To + 7, T], z(¢) > 0 on [T + T, T']z. From inequality
(2.2), we have

A (a(t) Az(t))
<-kq(t)z(t — o)+ kqt)p(t —o)x(t -t —0), te[To+o+1,T]z. (3.1)
Also from (2.2), we obtain x(¢ — 7 — ) < —2@ENALED) 4 70 4 5 4+ 1, T)y. Then in-

kq(t-1)
equality (3.1) can be rewritten as

A(a(t)Az(t))
Ala(t - t)Az(t - 1))

< —kq(t)2(t - o) - kq(Op(t - o)

kq(t - )
= —kq(t)2(t - o) = plt - ‘”q(f(f)f) Alalt-1)Az(t-7)), telTp+o,Tlz
ie.
Aa(®)A(0)) + plt - o) q(j:l (_t)T) Aalt - ) Azt - 1)) + kq(t)z(t — o)

<0, tel[Ty+o0,T]yz.
We can conclude from condition (H4) and A(a(t) Az(¢)) < 0,

A(a(t)Az(t)) + H(t)A(a(t -T7)Az(t - r)) + kq(t)z(t — o)

<0, tel[To+0o,T]z. (3.2)

Let
w(t) = a(t)Az(t) + H(t)(a(t - 1) Az(t - 7)), te[To+o+7,Tlz. (3.3)

So
w(t) < (1+H(®))(alt - 1) Az(t - 1)). (3.4)

Differentiating both sides of (3.3), and because of (3.2), and A(a(t)Az(¢)) < 0, we obtain

Aw(t) < AH(t)(a(t — 7 + 1) Az(t - 7 + 1)) — kq(t)z(¢ - o)

<AH(@t)(a(t - ) Az(t - 7)) - kq(t)z(t —0), te[To+0,T]z. (3.5)

From (3.4), we get

w(t+1—0)

Az(t-o0)=Azlt+T1 -0 -17) > at-o)1+H(t+t-0))

te[Ty+20,T]yz.
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Summing up the above form from 7 to ¢ — 1, we have

t-1

He-0)-lly-)= 3 T
therefore
ZT fg::i) )a(sl-a)‘ (3.6)
Let
¥6) = 7 L”Z)(t) 50, telTo+o+1,Tla (3.7)
Then

Ay(d) = Aw(t)((11++ ]f(iti) I_);gt-)p-Al—ﬁt;H D Ty + o+, (3.8)

Adding (3.3) and (3.5) to (3.8), we have

kq(t)z(t — o)

MO T HED

<0, te[Tp+o+71,T]z (3.9

From (3.6), (3.7) and the decreasing of y(£), we get

t-1

1
Z(t-o0)> E Y(s+T—0)=yt+71 -
s=T0a(S_U)

, telTo+o+71,Tz.

Substituting the above inequality into (3.9), we obtain

kq@)y(t+ 1 - o) tzl: 1

Ay(t) + <0, tel[lTy+o+71,T]y. 3.10
YO H G+ D) e als—o) - L (3.10)
Setri=0 -1, T =Ty +0 +71 and P(¢) = 1+1;3 31) Zi ITO a(slg), we conclude

Ay(t) + P(t)y(t —r1) <0, te[T1,Tz.

What is more, (2.1) holds and y(¢) is decreasing. Then we can conclude from Lemma 2.2
that y(¢) cannot be positive on [T7, T]z when r; = o — t, where T > T} + 3n(o — t). This is
a contradiction with (3.7). The proof is completed. d

Assume the following Condition holds:

(Hs) Y, 1+HS+1) PO Ty a=a) = Bt = b2 for some £, > fo + 20 — 7.

Then we can obtain some further conclusions by means of Theorem 3.1.

Corollary 3.1 Suppose conditions (H,)—(Hs) hold and a sequence {B,} is defined by

:30=:3>Or ﬂnzlgOrHIy n=0,1,2,....
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Ifthere is some positive constant ng € N such that 1 < 8 < r, then Eq. (1.1) is oscillatory and
d; <20 +3ng(o — 1), where t = t; + (2no + 1)(o — 7).

Proof According to condition (Hs), we have Z Fy(s) > B. In addition, from the itera-
tive sequence {F,(t)}, we get

s=t—r

Z s)—ZFos)ZFos)H F(g“

s=t—, s=t—r Vv=s—r ;‘vr

= ) Fols) ) Fols)
th:r ’ v;r ’ {Ur 1- FO(C) l_[ 1- FO(C)
’ t-1 s—1
> Z Fo(s) Z Fo(s
- ’B s=t-r v=s-r
" a2 o g2
= > .
i zh
In the same way, continuing the calculation # times, we obtain Y.‘_}_ F,(s) > B, for n =
2,3,.... Therefore, by mathematical induction, we have
-1

> Fu(s)= By, forallneN.

s=t—r

Let n = ny. According to Theorem 3.1, the proof is completed. 0

Theorem 3.2 Let (H,)-(Hs) hold. Then Eq. (1.1) oscillates and dy,(x) < 20 + kg(o — 1),
where kg is defined by (2.21).

Proof As usual, we assume (1.1) has a solution x(¢) > 0 on [Ty, T'lz where T > T + 20 +
kg(o —1)and Ty > t,. Proceed as in the proof of Theorem 3.1, when T} = Tj + 20 . It follows
that

Ay(@t)+p)y(t+t-0)<0, tel[T,Tlz
where

y(#)>0, te[T1-20-1),T],
Also from (3.10) we obtain

Ay(t) <0, te [T1 — (o -1), T]Z.

Since (Hs) holds, we conclude from Lemma 2.5 with § = ¢ — 7 that y(¢) cannot be positive

on [Ty, T]z, where T > T + kg(o — 7). This contradiction completes the proof. O



Feng and Han Advances in Difference Equations (2019) 2019:282 Page 14 of 15

4 Example

In this section, we will present an example to illustrate main results.

Example 4.1 We consider the delay difference equation

7
A(A(x(t t-1 ——x(t-2)=0, t>1. 4.1
(A ((8) + x( )))+48(t_2)x( ) (4.1)
Compared with (1.1), we denote a(t) = 1 wherec > £t -1, p(£) = 1, g(¢t) = m, t=1,0=3,

r=o0—-1t=2,f(u) =u for u #0. It is easy to verify that conditions (H;) and (H;). Since
f(u) = u, we get f(T") = 1. (H3) holds. Now take H(t) = 1 which satisfies (H,). According to

: _ _kq® t-1 1 _ 7 t-11 _ 7 1 _ 24
(2.1), we obtain Fo(t) = T+ H(i+1) Zs=To aG-0) = 2x48(-2) 2sal=5,t>1and 1TF@) — 177

SO

t-1 t
1

Fi(8) = Fo(t) ) Fols) [ | 1-Fo(¢)

s=t—r {=s—r

7 7 (24\° 7 7 [(24\*
- (Z) s () ~o0815 t>6.
2424\ 17 2424\ 17

Therefore, Z;l_z Fi(s)ds > 1 forall ¢t > 6. Here, all conditions of Theorem 3.1 are satisfied
with 7 = 1, then we derive that (4.1) shows oscillatory and d;(x) < 20 + 3n(o — 7) = 12,
wheref=t; + 2u+1)(c —1)=t; +6and t; >ty + o = 4.

5 Conclusion

In this paper, two theorems on the distribution of oscillation zeros for second-order non-
linear neutral delay difference equations are obtained by means of inequality techniques,
specific function sequences and non-increasing solutions for corresponding first-order
difference inequality. Comparing with the corresponding differential equation, it is more
complex to deal with the lower bound of summation. Function ﬁ ]_[ﬁj(l + a(s)) is in-
variant after derivation in difference equation, which is equivalent to ¢* in differential
equation. That is the difficulty we address and the innovation of this paper. We study a
second-order equation under the canonical form, and it is also of great significance for
the study of non-canonical forms. Moreover, this paper can be extended to the dynamic

equation on time scale.
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