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1 Introduction
In this paper, we investigate the existence criteria for the solutions of Caputo-type sequen-
tial fractional differential equations and inclusions:

(‘DT + u*DT)x(e) = f (£, %(2), “D*x(2)), £ €[0,1], (1.1)

(‘DT + u DT 1)x(t) € F(t,%(t), D x(t)), t€0,1], (1.2)

supplemented with nonlocal integro-multipoint boundary conditions:

p12(0) + pax(1) = Y1 (o) + Y07 1y ) () dis,
p3x'(0) + par' (1) = 7177 86 (00) + 275 vy fi) %' () ds, (1.3)

0<o1<0p< - <opa<---<Er<m<bh<m< < r<na<l],

where D7, ¢D* denote the Caputo fractional derivatives of order g € (1,2] and « € (0,1),
respectively, u > 0, f isa given continuous function, F : [0, 1] x R x R — P(R) is a multival-
ued map (P(R) is the family of all nonempty subsets of R), p1, 02, 03, pa are real constants
and o;, 8; (i=1,2,...,m—2), 15, y; (j=1,2,...,p — 2) are positive real constants.

The tools of fractional calculus such as fractional order differential and integral oper-
ators are found to be of great utility in developing the mathematical models related to
dynamical systems involving fractals and chaos. The modelers’ interest in such tools is
due to the fact that fractional order operators are nonlocal in nature and can trace the
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hereditary characteristics of many materials and processes involved in the problem. For a
detailed account of the subject, for example, see the books [1-6] and papers [7-10].

Fractional order single- and multivalued boundary value problems involving different
kinds of boundary conditions attracted significant attention during the last two decades.
The literature on this topic is now much enriched and contains a variety of results ranging
from the existence theory to the methods of solution for such problems [11-28].

The present work is motivated by a recent article [29] dealing with a fractional differ-
ential equation: *D9x(t) = f(¢,x(t),DPx(t)), 1 < g < 2,0< B < 1, t € (0,1), equipped with
boundary conditions (1.3).

The rest of the paper is arranged as follows. In Sect. 2, we outline the basic concepts of
fractional calculus and prove an auxiliary lemma. Section 3 contains the main results for
the problem (1.1) and (1.3) and illustrative examples for the obtained results. In Sect. 4,
we prove the existence of solutions for the inclusion problem (1.2) and (1.3) for convex- as
well as nonconvex-valued maps involved in the given problem. The paper concludes with

some interesting observations.

2 Preliminaries

Let us begin this section with some preliminary concepts of fractional calculus [1, 4].

Definition 2.1 Let v be alocally integrable real-valued function on —co <a <t < b < +oo.
The Riemann-Liouville fractional integral /¢ of v of order « € R (« > 0) is defined as

IDv(t) = ﬁ /t (¢ = )% Yu(s) ds,

where I" denotes the Euler gamma function.

Definition 2.2 Let v, " ¢ L'a,b] for —o0o < a <t < b < +00. The Riemann—Liouville

fractional derivative D% of v of order & >0 (m — 1 <@ < m, m € N) is defined as

1 am

dm
Dv(t) = —I" ()= ——— —
M) = gla VO = T am

/t (£ — )" 1%v(s) ds,

while the Caputo fractional derivative D¢ of v of order« e R (m -1 <o <m, m e N) is
defined as

¢y o / (t - ('Z) m— (t - ﬂ)WF1
Dv(t) = D~ [V(t)—v(a)—v(a) T — = D(a)w .
Remark 2.3 If v € C"[a, b], then the Caputo fractional derivative D% of order o € R (m —

1 <a <m, m e N) is defined as

1 t
‘Div(t) = If‘“v(’")(t) = m /a (t - s)" ") (5) ds.

In the present work, we denote the Riemann-Liouville fractional integral IS and the
Caputo fractional derivative °D% with a = 0 by I and D%, respectively.

To define the solution for problem (1.1) and (1.2), we consider the following lemma
dealing with its linear variant.
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Lemma 2.4 Let h € C([0,1],R). Then the integral solution for the sequential fractional
differential equation

(D + DI )x(t) = he), 2.1)

supplemented with the boundary conditions (1.3) is given by

m=2 o
x(t) = Zqﬁi(t) /0 7o) (1971 n(s)) s
+Zw,(t> ( / 409 (11 () dm> s

m=2 .
+821(t) [Za 11 h(or) + Z ¥ / " (1 () ds - p41q_1h(1):|

j=1 j

1 t
+ Qz(t)f e“(s’l)(lq_lh(s)) ds +/ e“(s_t)(lq_lh(s)) ds, (2.2)
0 0
where

1
¢i(t) = A [ne™ (Baoti + uB18) = (1 - €7')(Are; + A18)],

(2.3)
1
O A[ e M (Byr; + uB1y) — (1 - e*)(Aary + nAry)],
1
2:(t) = A [,U«Ble e Al( —6_’“)],
-
1 (2.4)
25(8) = “uA —— (e (pauBy + paBa) — (1 — ) (paptAy + paAs)],
m-2 p-2 r
Ay =p1+ paet — Zaie—ua/ + Z _1(6—1111,' _ e—ué,')’
: —
i=1 j=1
s v (2.5)
— 1, Cup ks
Ay=—p |:;03 +pae =Y ST =N "¢ — e "51)}
i=1 L
1 = i 1
By =— {,02(1 —e) - Za, e o) |:r1‘(77j &)+ — (e - e“&")} },
H i=1 j=1 M
o o2 (2.6)
_ L
By = p3 + pae™" - Zéie““’i +— Z(e"”’/ — ™),
i=1 j=1
with the assumption that
A =A,By—B1A; #0. 2.7)

Proof Applying the integral operator 1971 on both sides of (2.1) and then solving the re-
sulting equation, we get

x(t) = woe ™™ + %(1 —e )+ /Ote“ $= t)< \ i(q 28 ) h(t)dr) ds, (2.8)
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where w; (i = 0, 1) are unknown arbitrary constants. From (2.8), we have

t 2
X (t) = —puwoe™™ + w e —u/o e ( \ (IS"(q )ql) (‘L’)d‘L’) ds

/ (t- T)qzh(r)dt. (2.9)

Using (2.8) and (2.9) in the boundary conditions (1.2), we obtain
Arwy + Brwy = /1, Arwy + Boywy =, (2.10)

where A; and B; (i = 1,2) are respectively given by (2.5) and (2.6), and

m-2
i :Zai/ elsoi) Iq 1h(s) dS+Zr,/ (/ et =9 Iq 1h(m))dm)d
i=1 0
1
—,02/ e"(s_l)(lq_lh(s)) ds,
0
m-2 o
h=Y 5 [1‘1 Yn(oy) - u / 7o) (1771 u(s)) ds:|
i=1
p-2

nj s
(197 h(s)) ds — ( 1om=9) (191 jy(m)) d )d]
2| [ as [( [ e m)an ) s

j= ]

1
+ m[u /O eV (177 s)) ds—]‘?‘lh(l)}.

Solving system (2.10) for the unknown constants wy, w; yields
1 m=2
{Z(Bzoh + uB13;) / e (17 h(s)) dis
p-2

_ b s
+ ) (Borj+ MBI)’/)f /<f eu(m—s)(lq—lh(m)) a’m) ds
0

j=1 §

1
~(unBr ) [ (1)
m-2
—B1 Y &I h(oy) - Blzy,f (I h(s)) ds — paBi 19 1h(1)}
i=1
m-2
w1 = —{ ZAQO[1+MA 8)/ et 5-0) (Iq 1h(s))
i=1
—Z(Azr, +,uA1y])/ (/ et =9 1‘7 1//z(m)) dm) ds

+A12514 ]h(o)+Alzy,/ (177 (s)) ds — paAr 17 (1)

i=1

+ (paptAs + paAs) / ("1 h(s)) ds},
0
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where A is given by (2.7). Substituting the values of wy and w; into (2.8), together with the
notations (2.3) and (2.4), we get the solution (2.2). The converse follows by direct compu-
tation. This completes the proof. d

3 Main results for the problem (1.1) and (1.3)

Let X = {x|x € C([0,1],R) and °D*x € C([0,1],R)} be a space equipped with the norm
llxllx = sup,cpo,1) [X(E)| + sup,cjo,1) 1D x(8)| = ||x[| + [|°D*x||, where D denotes the standard
Caputo fractional derivative of order 0 < k¥ < 1. As argued in [30], (X, || - |lx) is a Banach
space.

By means of Lemma 2.4, we transform problem (1.1) and (1.3) into a fixed point problem
as x = Hx, where the operator §) : X — X is defined by

m-2 o
($H2)@) = Y ¢i(2) f &) (191 f (5,2(s), “DF x(s)) ) s
i=1 0

+ Zl//](t)/ </ e"(’"_s Iq_lf(m x(m), CD"x(m))) dm) ds

m-2
+21(0) [Z 8,17 (01, %(07), “DF x(07)))

i=1

+Zy/‘ (I97'f (s, %(s), D x (s)))ds—p41’1‘1f(1,x(1),CD"x(1)):|

+ Qz(f)f eV (1771f (s,x(s), “DF x(s)) ) dis
0

t
+/ oHs=0) ([q—lf(s,x(s),CDKx(s))) ds, te][0,1], (3.1)
0
where ¢;, ¥; and £2; (i = 1,2) are respectively given by (2.3) and (2.4). Furthermore, we
have
m-2 o
(H) (1) = Zflbf(t)/ =D (1971 f (s, x(s), “DF x(s)) ) dis
i=1 0
p-2 n s
+ Z wll(t) (/ eﬂ(ﬂ’l—s) (Iq’lf(m,x(m), CDKx(m))) dWl) ds
j=1 & 0

m-2
t) |:Z 8;(I7f (01, %(07), “D* x(07)) )
i=1
p-2 nj
+ Z yj/s (Iq_lf(s,x(s),cD"x(s))) ds — p4lq’1f(1,x(1), CDKx(l))]
j=1 j

1
+925(8) / eV (1771f (5,x(s), “D* x(s)) ) ds
0

- /t ST (1972f (s, x(s), “DF x(s) ) ) s
0

+ 17 (¢,x(2), D (1)),  t€[0,1], (3.2)
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where
/ —e
¢;(t) = A [1(Baat; + uB18)) + Asar; + j1A16;],
/ —e
Vi) =— [1L(Bar; + uB1y)) + Aoty + nA1y),
, e—/l,t
91(t) = A (B + A1,

/ et
£25(t) = T[M(P4MB1 + p2B1) + paptAy + prAs).

Next we fix some quantities as follows:

1
q- 1 e~ 1o _ i)
he uF(q)Z¢’ )+MF(q+1)ZW’ ~E) (=)
.
| (Zaa o) S nt-)]
j=1
2+ 1)(1=e™), 3.3
MF( )( 2+ )( ) (3.3)
- 1
A=h— 1—e™), 3.4
MF(q)( ¢") (34)
M . .
trr%gl]|¢l(t)| = A| ——[1lBaati + uB18i| + (1 = ™) | Ager; + A1 8il],
tm]!lﬂ, t)] = |A|[M|Bzr,+MBn/,I+|(Azr,+MA1y,)|( e™)),
Q= trell[g>1(1|91(t)| |A|[M|Bl|+|A1|(1—€_“)],
N 1
§2y = tlggﬁf]!Qz(t” Al ——[ulpamBy + p2Ba| + (1 — )| paptAy + p2Asl];
12 ) 1 22
A= Plo? (1 e o Ul (n? =) (1 = e
YT ur(g) ,zlqm (=) I (q+1) =) Vi) =) (1)
Q2 . .
+m|}l<; i +|,04|>+ZV; j|
1 2—eH
Q(1—et , 3.5
" ur(g) o )+ r'(q) (3:3)
Ten o 22e" (3.6)
T T '
¢ = tg}gﬁ!@(t)! T LB+ uBabil ¢ |Aset + pArdil]
[01]|1/f(t)| |A|[ w|Borj + uByy;l + [Aarj + pAryl]
Q=m m!ﬂ ®)] = |A|[M|Bl| +1A1l],

Q) = max | $2}(t)| =

1
—— [l papBy + p2Ba| + | paptAy + prAs|].
te[0,1] |A|

Page 6 of 25



Ahmad et al. Advances in Difference Equations (2019) 2019:290 Page 7 of 25

In the following, for brevity, we use the notation

F(x(6)) =£(6,%(6),°D*x(6)). (3.7)

3.1 Existence result via Krasnoselskii’s fixed point theorem
Here we present an existence result for the problem (1.1) and (1.3), which relies on Kras-
noselskii’s fixed point theorem [31].

Theorem 3.1 Letf:[0,1] x R x R — R be a continuous function satisfying the conditions:
(A1) Thereexists a constant L > 0 such that |f(t,x1,y1) —f (t, %2, y2)| < L(lx1 —%2| +|y1—2])
forallt €10,1], x5,y € R, i=1,2;
(B1) There exists a function m € C([0, 1], R*) such that |f(t,x,y)| < m(t) for all (t,x,y) €
[0,1] x R x R.
Then the problem (1.1) and (1.3) has at least one solution on [0, 1] provided that

L7y —1 31 (3.8)
( "Te-v% 1>< ’ '

where &, A, are given by (3.4) and (3.6), respectively.

Proof For p > ||m]| (A + ﬁ), we consider the closed ball B, = {x € X : [[x]lx < p} and
introduce the operators A and B on B, as follows:

m-2 o =R
(A= S0 [ e (1 F ) s
i=1

p-2 nj s R
u [ [ e o) dm ) as
j=1 & \Jo
m-2 .
+821(2) |:Z 8:(17f (x(07))

i=1

p-2 nj R R
Y L (I97"f (x(s))) ds — ,041’1_1f(x(1)):|
j=1 Y8

+2,(0) f 1e"(s’1)(1q’1f(x(s)))ds, t € [0,1], (3.9)
0
(Bx)(t) = /0 e (17 F(x(s))) ds, te0,1]. (3.10)

For any x,y € B, it is straightforward to show that

|52y = A% + Bxllx < Iml| <x o K)) <p,

which implies that Ax + By € B,,.. Also, the operator B is completely continuous. Indeed, B
is uniformly bounded on B, as

l—e* 2—e

1Bl £ R+ R r @
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Observe that
| Bx(t;) — Bx(t1)|

/tl [e#(s—tz) _ eu(s—n)](lq—l D”\(x(s)) |) ds + /tz eu(s—zz)(pzﬂ rf\(x(S)) |) ds
0

5]

/tl [eu(s—tz) _ eu(s—n)](lq—l 1) ds + fm eu(s—tz)(lq—l 1) ds
0 t

=

< [|m||

Also
|Bx'(t2) — BX' (t1)]

/t1 [e/t(s—tZ) B eu(s—tl)] (Iq—ll) ds+ /‘tz eu(s—tz) (Iq—l 1) ds
0

t

< mlin

o - 92— 52 ds + / “(o-sirds| >0,
I'g-1) t
and
-
D Ba(t) - D) < [ = IBx (t2) - B (1) ds
| m
<L Be(t) - B (8)| > 0
— —>
ST ’

as t; — t; independent of x. So B is equicontinuous. Using assumption (4;) and condi-
tion (3.8), it is easy to establish that operator A is a contraction. Thus the hypotheses of
Krasnoselskii’s fixed point theorem [31] hold true, and consequently we deduce by its con-
clusion that the problem (1.1) and (1.3) has at least one solution on [0, 1]. This completes

the proof.

3.2 Uniqueness of solutions

Here we establish the uniqueness of solutions for the problem (1.1) and (1.3) by applying

a fixed point theorem due to Banach.

Theorem 3.2 Let assumption (A1) be satisfied and

Al

where A and Ly are given by (3.3) and (3.5), respectively. Then there exists a unique solution

for the problem (1.1) and (1.3) on [0, 1].
Proof Let us define sup,c (o [f(£,0,0)| = M and select

M(A + o q))

1-L(A+ 5 o q))

r>

to show that $B; C B;, where B; = {x € X : | x||x <7} and $) is defined by (3.1).

— 0, ast; — k.

Page 8 of 25
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Using condition (A7), we have

[F(x(©@)] = |f(6,%0),°D*x(9))| = £ (6, %(6),°D*x(6)) - £(6,0,0)| + |£(6,0,0)|
<L(lIxll + |D*%|) + M < L|ixllx + M < L7 + M.

Then, for x € By, we obtain

[®x)] = sup [($x)()]

te[0,1]

< sup {le | / &= (1171 [F(x(s)) ) ds

te[0,1]

*Z“”f‘f"f (/ I (1 (w0m) ) 4 )ds
+20) [Z 18311 (x(07))

* If: 1l /;j (! D?(x(s)) ) ds + | pal 197 ff(x(l)) |:|

t

1
O R O | e Vf(x<s>)|>ds}
0 0

0j
< (L?+M){ & / =) (11711) ds
. 0

p-2 R nj s
+ j/ (/ et =9 (Iq_ll) dm> ds
- & 0

R m-2 p-2 nj
+ 91[ §i(I7'1) + )y / (I'1) ds - p41’1-11}
§

i=1 j=1 j

1 ¢
+ §2 / e“(s_l)(lq_ll) ds + / ettt (Iq_ll) ds}
0 0

< (L¥ + M)

Also we have
m-2 o .
[CRIGIEYTAO] /0 (I (x(s)[) ds
i=1

p-2 nj s
/ w(m=s) (1q-1 d d
-l [ ([ e Fsom) ) s

+ ]2, [MZZ 18:1 (177 [F (x(0)) |)

i=1

Page 9 of 25
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v U ~
S [0 s i o) |
o1 j

1
+ |.Q§(t)|f e“(s’l)(lq’ll?(x(s))b ds

0
+ M/o et (17! [?(x(s)) |)ds+ 177! [7(x(s))|

< (LF + M)A,.

Using the above inequality in the definition of Caputo fractional derivative with 0 <« <1,
we get

P(t—s)* L(t—s)

D (52)(0)] 5/0 F(1-K)|(5x)’(s)|S(L”M)Mfo ra-0%

< m(ﬁ + M)A

Hence

|(92) [y = @) + D (5%) | < L7+ M)A +

(Lr + M)Ay < 7,
—K

which clearly shows that Hx € B; for any x € B;. Thus $)B; C B;.
Now, for x,y € X and for each ¢ € [0, 1], we have

|(5%)(8) - (59|

O] [ e (1 Fst9) ~Fo00) s
+Z|w,<t>| [ ([ e Fesom) 7o)y m) s
|91<t>|[2|8| 177 [f (x(09) =f (4(@))])
. Z i | (1 ) T 06) ) s

+ a7 F (x(1) —?(yu))!} + ]2, / D (171 F (x(s)) —F (3(6))|) ds

-~

. / 60 (11 [F(x9) ~T(049)]) s

< Lillx - yllx-
Also
|(53%) () - (559)'(2)]

= S o] e ) 7o)
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p-2

+ Z‘w}/(t” :/' (/05 eu(m—s) (Iq—l Dr‘(x(m)) —f(y(m)) ‘) dm) ds

j=1

+ |21 |:Z_ |5i|(1q_1v(x(oi)) —7(3/(05))|)
i1
P2 nj . ~ . -
+ Z lyil L (I [F (x(9)) = f ((9) |) ds + | pal 1% [f (x(1)) —f(y(l))\:|
-1 j

1 -~ o~
|20 [ 0 Fiets) 7o) s

-~

*“ﬁ;“”%ﬂlvw@»—f@wﬂwk+ﬂlv@sn—fuwﬂ

< Lalx-ylx,

and moreover,

D (Hx)(2) - D (Hy)(1)| < Ly llx = yllx.

r'2-«)

Consequently, we have

A1
- <L[Ax - ,
9=l <2(3+ 5 1=l
which shows that §) is a contraction by condition (3.11). Thus the operator ) has a unique
fixed point by Banach fixed point theorem, which corresponds to a unique solution of the
problem (1.1) and (1.3) on [0, 1]. This completes the proof. a

3.3 An example
Consider the following nonlinear sequential fractional differential equation:

1
(D7/5 + D2/5)x(t) _ T
e’! . 1°DV2x(2)|
+ #4116 (tan (x(t)) + m), te [0, 1], (312)

supplemented with the integro-multipoint boundary conditions:

3 5 ni
p3(0) + (1) = 3 o) + Yy [ sy
i=1 =1 Y5
(3.13)
3 5 "
03x'(0) + pgx'(1) = Z 8% (07) + Z y,/ x'(s) ds.
i=1 =1 Y
Hereq=7/5k =1/2, u =1, m=5,p=7,01 =1/18, 05, =1/9, 03 =1/6, & = 1/5, n; = 1/4,
£, = 3/10, ny = 7/20, £ = 2/5, 03 = 9/20, £ = 1/2, 04 = 11/20, & = 3/5, 15 = 13/20, a; = 1,

oy =1/2,03=1,81=3/4,8,=1,83=3/2,r1=1/3,r=2/3,r3=1,r4,=-1,r5 =2,y = -1/2,
vo=1/2,y3=2,y4=1, 5 =3/2, p1 = 1/2, py = 3/4, p3s = -1, ps = 2. Using the given data,
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we find that A = 4.3972, A = 2.4121, A = 1.6997, A; = 4.1293, A; = 2.2898 (A, A, A, A; and
3:1 are respectively given by (2.7), (3.3), (3.4), (3.5), and (3.6)). Further we have

1 (r +2)et 1 ~ 1 ~
mt) L=—, L[i+——7)~02677<1.
Ir'2-«)

= =+ N
2425 2(t+16) 16

Clearly, the hypothesis of Theorem 3.1 holds true. In consequence, there exists a solution
to the problem (3.12)—(3.13) on [0, 1] by Theorem 3.1. Also

A

L(r+—1—)~04420<1,
r'2-«)

which implies that the problem (3.12)—(3.13) has a unique solution on [0, 1] by Theo-

rem 3.2.

4 The case of inclusions
In this section, we investigate the existence of solutions for the multivalued (inclusion)
boundary value problem (1.2) and (1.3). Our first result deals with the case when the mul-
tivalued map F has convex values, while the second result is concerned with the nonconvex
multivalued maps.

For each x € C([0, 1], R), the set

Sk = {f € Ll([O, 1],R) f(t) e F(t,x(t), ”D"x(t)) fora.e.t €0, 1]}
is known as the set of selections of the multivalued map F.

4.1 The case of upper semicontinuous (convex-valued) maps

Here we present an existence result for the problem (1.2) and (1.3) when the multivalued
map F is convex-valued. We make use of nonlinear alternative for Kakutani maps [32] to
derive the desired result.

Theorem 4.1 Assume that:
(C1) F:[0,1] x R? — P(R) is L'-Carathéodory and has nonempty, compact, and convex
values;
(Cy) There exist a function g € C([0,1], R*) with ||g|| = sup,c(o 1) 1g(¢)| and nondecreasing
function Q : R* — R” such that

||F(t,x,y)||7, = sup{|w| ‘WE F(t,x,y)}
=g®Q(lxll + lyl),  V(tx,y) €[0,1] x R x R;
(C3) There exists a constant K > 0 such that

K
1g1QUEO G + 2y
4 T2

where X, A1 are are given by (3.3) and (3.5), respectively.
Then the problem (1.2)—(1.3) has at least one solution on [0,1].
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Proof We transform the problem (1.2)—(1.3) into a fixed point problem. Consider the mul-
tivalued map: N : X — P(X) defined by

heX:
Z 2pilt) [y o (197 y(s)) ds
Y t)f (fy e v(m)) dm) dis
N(x) = ) - +~(21(t)[2 817 v(0y))
+ Y00y J (17 v(s)) ds = pal? M v(1)]
+ 25(2) [y eV u(s)) ds

+ [y eI y(s)) ds, te[0,1],v € Spa

Itis clear that the fixed points of N are solutions of problem (1.2)—(1.3). Now we proceed to
show that operator N satisfies all the conditions of the nonlinear alternative for Kakutani
maps [32]. The proof is given in several steps.

Step 1. N(x) is convex for each x € X.

Indeed, if /1, 1y belong to N(x), then there exist v, v, € Sp, such that for each ¢ € [0, 1],
we have

m-2

i (t) = Z(’bl(t) /(;Gi eMs—oi) (Iq_ll/k(s)) ds

i=1

& 0

p-2 j s m—2
+ w/(t)/ (/ =9 (Iq’lvk(m)) dm) ds + £21(¢) |:Z S; (Iq_lvk(oi))
i=1

p—2 nj
+ )/// (I vi(s)) ds — P4Iq1Vk(1):|

=1 Y%

1 ¢
+ .Qz(t)/ et (17 vi(s)) ds + / et (I ve(s)) ds,  k=1,2.
0 0

Let 0 < u < 1. Then for each ¢ € [0, 1], we have

[Mh1 +(1- M)hz](t)

m-2 o
=) ilt) / SN (117 vy (s) + (1 - wva(s)]) ds
i=1 0

+Zlﬁ](t) / ( / =) (17 vy (m) + (1 - u)vz(m)])dm>d

m-2

+$21(2) |:Z 8;(177 [uvi(03) + (1 = wva(oy)])

i=1

+ Zy, / N fan )+ (1w ds
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= pad T vy (1) + (1 - ,U«)Vz(l)]j|

+ 25() /0 s (17 [ (s) + (1 = pvals)]) ds
+ /Ote“(s_') (197 [uvi(s) + (1 = wva(s)]) ds.
Since F has convex values (Sg, is convex),
uhy + (1 — p)hy € N(x).

Step 2. N(x) maps bounded sets (balls) into bounded sets in X.
For a positive number 7, let B, = {x € X : ||x||x < r} be a bounded set in X. Then, for /% €
N(x), x € B,, there exists v € Sg, such that

m-2 o
ht) = Z¢i(t)/ =) (1971 y(s)) ds

i=1 0
p2 nj s m-2

£ Y(0) < / =) (117 y(m)) dm) ds + §:(t) [Z 5:(1" (o))
= 50 i=1
p-2 n

v )/;/ (17 v(s)) ds - P41q_1V(1)}
=1 Y

1 ¢
+ §25(2) / et-D (I7'w(s)) ds + / et (17" w(s)) dis,
0 0

for some v € Sg,,. Then, for ¢ € [0, 1], we have
)| < Z@ [ e ds

p-2 L s
+ ,/ (/ elom=s) (177 [v(m)|) dm) ds
- & 0

p-2

_ [ nj
+ 82 |:Z 5,-(1‘1_1|v(s)|) + yj/ (Iq_1|V(1)|)dS— p4lq_1|v(1)|:|

i=1 =1 Y%

1 t
+ §2/ eV (177 | u(s)|) ds +/ e (197 w(s)|) ds
0 0
m-2

< llgl Q(lxll + |°D*])) {qu f ¢ (19711) ds

pzﬂ: fé} ( /0 Se“(m‘s)(lq_ll)drn)ds

|:Z Iq_ll Zy]/ 1‘7 11 ds — pgIT” 11:|
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1 ¢
+§z/ e”(s_l)(lq_ll)ds+/ e”(s_t)(lq_ll)ds}
0 0
< llglQ(Ilxlx)A,

which, when taking the norm for ¢ € [0, 1], yields || 4| < ||g]|Q(r)A. Also we have
m-2 o;
@] = lgio] [ et ds
P 0
+le<t>| [ ([ et pomyam) as

m-2
+ |21 [Z 18:1 (177 [v(02)])

i=1

p-2 n
+Z|y,|/s (Iq_1|v(s)|)ds+|,o4|1q_1|v(1)|:|
j=1 i

1
+ ‘Qé(t)’/o e“(s_l)(lq_l‘v(s)’)ds

t
+ u,/ et (177 [w(s)]) ds + 1771 [ w(s)|
0

< 1g1Q(lIxlx)A1 < lIgllQ()As.

By definition of Caputo fractional derivative with 0 < k < 1, we get

- -9" |, (- 1
Dh(e)| < /0 s O] < lelQ0i [ s ds < o gl
Hence
M
Vil = ]+ | D*h] < IIgIIQ(r)<A o )) @)

Step 3. N maps bounded sets into equicontinuous sets of X.
Next we show that N maps bounded sets into equicontinuous sets of X. Let £, £, € [0, 1]
with ; < £, and y € B,, where B, is a bounded set of X. Then we obtain

m—-2

Ih(ts) - h(t1|<2\¢, ) ¢lt1|/ e 0= (17 u(s)|) ds

+Z|w,(tz v;(t1) If (/ =) (117 [y(m |)dm)ds

m-2 p-2 nj
+[21(t) - 21(1)| [Z 18017 [v(@d)]) + Y Iyl /E (171 v(s)]) ds
i=1 j=1 J

1
+ |p4|1q1|v<1)|} +|2:(8) - 25(11)| / eV (177 |u(s) ) ds
0
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+

t t
/ 1 [e"(s‘m - e"(s‘“)] (I771|w(s)|) ds + / ’ e"(s‘t”([q‘1 |v(s)|) ds
0

51

m-2 o;
< ||g||Q(V){Z|¢i(t2) —¢i(f1)|/0 =) (11711) ds
i=1
+Z|wj(t2 %(h |/ </ eﬂ«m $) Iq 11)dm> ds
m=2 p-2 nj
+ |-Ql(t2) - 91(t1)| |:Z |51’|(1q_11) + Z |Vj|/ (1‘7—11) ds
i=1 j=1 &
1
+ |P4|Iq_11i| +|2:(82) — 2:(t1)| f 6“(5_1)(1‘7_1)ds
0
+

[ e ey as [ ey as
0

i

m-2 o
W (&) -H ()| < IIgIIQ(r){Z|¢£(tz) —¢£(f1)|/0 =0 (11711) ds
i=1
+Z|w(t2) w(t1)|f (/ (1 11)dm>ds
m-2 p-2 nj
+ |91<t2>—91(t1)|[2|8i|<ﬂ11) + Z|y,'|/s (1'1) ds
i=1 j=1 j
1
+ |p4|1q11] + |.Q§(t2) - .Qé(tl)‘ / eH-D (Iq’ll) ds
0

+

/tl [e“(HZ) elts—t) ](1’1—11) ds + [tz e"(s_[z)(l”_ll) ds
0

3]

t1

! [(t2 =977 = (t1 —5)T %] ds + /tz (t, - )% ds
0 ¢

|

and

D) D] < [ ) - e ds

or(l

1 / /
=< r2—x) ’h ()= h (t1)|~

Obviously, the right-hand sides of the above inequalities tend to zero independently of
x € By ast; —t; — 0. As N satisfies the above assumptions, it follows by the Arzeld—Ascoli
theorem that N : X — X is completely continuous.

By virtue of Proposition 1.2 in [33], it is enough to establish that operator N : X — X
has a closed graph, which will imply that N is u.s.c. as it is already shown to be completely
continuous. This is done in our next step.

Step 4. N has a closed graph.
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Let x, — x., i, € N(x,), and &, — h,. We need to show that %, € N(x.). Now 4, € N(x,)
implies that there exists v, € Sg, such that for each ¢ € [0, 1],

m-2 o
)= Y0 [ e @t o) ds
i=1 0

0

p-2 nj s
+ U0 ( / (17, (m)) dm) ds
j=1 5

p-2
+ (¢t |:Z<S 1’1_ Vi a, + Zy,/ Iq 1V,,(s)) ds — pa 1™ 1v,,(l)i|
j=1 /

1 ¢
+ Qg(t)/ e"(s_l)(lq_lvn(s)) ds +/ e“(s‘t)(lq_lv,,(s)) ds
0

0

We must show that there exists v, € Sg,, such that for each ¢ € [0, 1],
-2 o;
= Z(bi(t)/ e"(s"”')(lq’lv*(s)) ds
- 0
p-2 ) s m-2
+ Z wj(t)/ (/ =9 (Iq’lv*(m)) dm) ds + £21(¢) |:Z 8i(1q’1v*(oi))
j=1 § \JO i=1
p—2 r]j
+ Z yj/ (Iq‘lv*(s)) ds — p41q‘1v*(1):|
=1 U
1 ¢
+ Qz(t)/ e““‘”(["_lv*(s)) ds+/ st (I"'v,(s)) ds
0 0
Consider the continuous linear operator @ : L1([0, 1],R) — C([0, 1], R) given by
m-2 o
vie OW)() = Y ¢ilt) f e~ (1171 (s)) dis
i=1 0
p-2 nj s
£ () ( f "= (197 y(m) ) dm) ds
j=1 § \JO
m-2
+21(t) [Z 8:(I° v(0)) Z Y / (1971 (s)) ds — pal®™ (1)}
i=1 j

1
+ .Qz(t)/ e“(s_l)(lq_lv(s)) ds +/ e"(s_t)(lq_lv(s)) ds.
0

0

Since ||/, — hi||x — 0 as n — 00, it follows from a closed graph result obtained in [34] that
O o Sg, is a closed graph operator. Moreover, we have %, € ©(Sg,, ). Since x, — x,, we

obtain

-2 o;
= Z () / e"(s_"")(lq_lv*(s)) ds
~ 0



Ahmad et al. Advances in Difference Equations (2019) 2019:290 Page 18 of 25

p—2 nj s
) u(m=s) (rg-1 » d d
+ lézl %(t)fs,v (/0 e (17t (m)) m) 5

m-2 p-2 nj
+ $21(t) [Z (17 va(on) + ) V;/ (17 vu(s)) ds - ,041"'11/*(1)]
i-1 j= §

1 ¢
+825(8) / el (I"'v.(s)) ds + / st (I19'v,(s)) ds,
0 0

for some v, € Sg,
Step 5. We show there exists an open set U € C(J,R) with x ¢ ON(x) for any 0 € (0,1)
and all x € dU.
Let 6 € (0,1) and x € ON(x). Then there exists v € L!([0, 1], R) with v € S¢, such that, for
t €], we have

m-2 o
X(t) =0 ¢i(t) / e (1171 (s)) s
i=1 0

m-2

p-2 i s
+0Y () n ( / ") (117 y(m)) dm) ds + 082 (t) [Z 8:(I17'v(0y))
§

Jj=1 0 i=1
p-2 nj
+ Z yj/ (I"‘lv(s)) ds — p41q_1v(1)j|
=1 Y

1 ¢
+082,() / et-D (I7'w(s)) ds + / et (1771 w(s)) dis.
0 0

As in the first step, we can find that

lllx
g1 QUIxIL) G + F55) ~

(4.2)

By condition (Cj), there does not exist any solution x such that ||| x # K. Let us introduce
aset W ={xeX:|x|x < K}. The operator N : W — X is continuous and completely
continuous. From the choice of W, there is no w € dW such that w = 6N(w) for some
0 € (0,1). In consequence, we deduce by the nonlinear alternative for Kakutani maps [32]
that operator N has a fixed point w € W which is a solution of the problem (1.2) and (1.3).
The proof is completed. d

4.2 The case of Lipschitz maps
Now we prove the existence of solutions for the boundary value problem (1.2) and (1.3)
with a nonconvex valued right-hand side by applying a fixed point theorem for multivalued
maps due to Covitz and Nadler [35].

Let (X,d) be a metric space induced from the normed space (X;|| - ||). Consider H; :
P(X) x P(X) - R U {oo} given by

Hy(U,V) = max{sup d(u, V),supd(U, v)},
uel veV

where d(U,v) = inf,c;; d(u;v) and d(u, V) = inf ey d(u;v). Then (P ,(X), Hy) is a metric
space (see [36]), where P ,(X) = {) € P(X): )Y is closed and bounded}.
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Definition 4.2 A multivalued operator N : X — P, (X) is called (a) 8-Lipschitz if and
only if there exists 6 > 0 such that H;(N(x), N(y)) < 6d(x,y) for each x,y € X; and (b) a

contraction if and only if it is #-Lipschitz with 0 < 1.

Lemma 4.3 ([35]) Let (X,d) be a complete metric space and Py(X) = {Y € PX) :
Yisclosed}. If N : X — Py(X) is a contraction, then Fix N # (.

Theorem 4.4 Assume that the following conditions hold:
(K1) F:[0,1]xR?> — Pep(R) is such that F(-,x,y) : [0,1] = P, (R) is measurable for each
x,y€eR;
(K2) Ha(E(t,x,9),E(t,x,5) <m(t)(|x—x| + |y—y|) for almost all t € [0,1] and x,%,y,y € R
with m € C([0,1],R*) and d(0, F(¢,0,0)) < m(t) for almost all t € [0, 1].
Then the inclusion problem (1.2) and (1.3) has at least one solution on [0,1] if

Al
(|7 ]| <)¥ + m) <1, (4.3)

where X, Ay are given by (3.3) and (3.5), respectively.

Proof In order to show that the operator N : C([0,1],R) — P(C([0,1],R)) (introduced in
the beginning of the proof of Theorem 4.1) satisfies the assumptions of Lemma 4.3, we
proceed as follows.

Step 1. N(x) is nonempty and closed for every v € Sg.,.
Notice that Sg, # ¥ for each x by assumption (K3), and thus we can find a measurable
selection for F (see [37, Theorem IIL.6]). In order to show that N(x) € P (X) for each
x € X, let {u,},>0 € N(x) be such that u#,, - u (n — 00) in X. Then u € C(J,R) and there

exists v, € S, such that, for each ¢ € [0, 1], we have

m-2 o
)= Y 00) [ e (1, 6) s
i=1 0

m-2

p-2 nj s
+ Z ¥ () / (/ =9 (Iq_lvn(m)) dm) ds + §21(¢) |:Z S; (Iq_lv,,(ai))
j=1 § 0

i=1

p-2 n
+ Z VI/ (Iqilvn(s)) ds— /O4Iqlvn(1):|
j=1

§
1 ¢
+ .Qz(t)/ e”(s_l)(lq_lv,,(s)) ds +/ e“(s_t)(l”_lvn(s)) ds.
0 0

Since F has compact values, one can pass onto a subsequence (if necessary) to find that v,
converges to v in L!([0,1],R). Thus v € S¢, and for each ¢ € [0, 1], we have

m—2 o
un(t) > u(t) = Y ¢i(t) / =0 (1171 y(s)) ds
i=1 0

p=2 nj s
RGN ( /0 e*“’”-”(lq-lv(m»dm) ds

j=1 §
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m-2 p-2 nj
+ §21(¢) |:Z 3i(1q’lv(oi)) + Z 7/,/ (Iq_lv(s)) ds — ,041‘1’11/(1)]
i=1

=1 Y%

1 ¢
+ .Qz(t)/ e”(s_l)(lq_lv(s)) ds + / et (I97'v(s)) ds,
0 0

which implies that u € N(x).
Step II. There exists 6 <1 (6 is given by (4.3)) such that

Hy(N(x),N(®)) <0llx—xllx foreachxx e C([0,1],R).

Let x,x € X and /; € N(x). Then we can find v;(¢) € F(¢,x(£), y(¢)) such that, for each ¢ €
[0,1],

m—2 o
@)=Y oue) [ e (o) ds
i=1 0

p-2 nj s m=2
. Z 0 ] (/ U m=5) (Iq—lvl(m)) dm) ds + $2:(¢) |:Z 514(]'1*11/1(0,»))
j=1 § 0 i=1

p—2 ni
+ Z J/j/ ](Iq_lvl(s)) ds — ,041‘7_1V1(1):|
j=1 Y5
1 t
+ Qz(t)/ e“(s_l)(lq_lvl(s)) a’s+/ st (197" v1(s)) ds.
0 0
By (K3), we have

Hy(F(t,%,9), F(t,%,5) < m()(|»(t) - %(2)| + |y(&) - (2)]).

So there exists w(t) € F(t, x(t), ¥(¢)) such that

lvi(6) = w| < m(®)(|x(6) - x(0)| + [y@®) - 5(®)]), te[0,1].

Define V: [0,1] — P(R) by
V(t) = {weR:|vi(t) - w| <m@)(|x@) - x@)| + |y@®) - ¥(0)]) }.

In view of the fact that the multivalued operator V(£) N F(¢,%(¢), () is measurable (see
[37, Proposition 111.4]), we can find a function v,(¢) which is a measurable selection for
V and such that v,(¢) € F(¢,x(t), y(t)). Then, for each ¢ € [0,1], we have |v;(¢) — v2(£)| <
m(t)(|x(¢) — x(2)| + |y(£) — ¥(¢)]). For each ¢ € [0, 1], we define

m—2 o
o) = Y o) [ e (11 ) ds
i=1 0

m-2

P—2 r]j s
+ Z 1/f/(t)/ (/ =9 (Iq_lvz(m)) dm) ds + £2:(¢) |:Z Si(lq‘lvz(a,»))
j=1 & 0

i=1
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p-2 nj
+ Z Vif (177 o (s)) ds - ,041q_lV2(1)i|

j=1 §

1 ¢
+ §25(2) / e“(s_l)(lq‘lvz(s)) ds + / eHs=? (I vy (s)) ds
0 0

Thus,
m-2 o
(0= ha(0)] < 3|9 / 570 (197 ,(s) = w1 (5)]) ds
] 0

+Z|1//;(t)|/ </ e =9 (1 1|1/2(W1)—1/1(m)|)dm)d

m-2

+|£21(9)] |:Z 18:1 (177 [va(0) = v1(0))

i=1
p-2 y
+ Y 1yl /s (197 va(s) = vi(s)|) ds — pal T |va(1) — V1(1)I}
j=1 j
1
+ ’Qz(t)|/ el (Iq_1|1/2(s) - Vl(S)’)dS
0

+/ (197 vy (s) —vi(s)|) ds
0

m—2 o
< (3/ e"(s_”")(lq_ll) ds
2]

p-2 . ;i s
+Zl/fj/ /</ e“('"_s)(lq_ll) dm) ds
j=1 § 0
m-2
+§1[Z5i(ﬂ ) Zy/ (1711) ds — pal®” 11}
i=1 j

1 t
+2, / e"V(11711) ds + / e (19711) ds} 172l l|o¢ — ]|
0

0

< Alm]lllx - x| x.

Hence ||h1 — ha|| < A|lm||||x — %] x. In a similar manner, we obtain

m—2 o
’hll(t) - h’z(t)| < iz‘(pl’(t” / eu(s—ai) (]q—ll) ds
i=1 0

m-2

p-2
+Z|1ﬁl/ <A eu(m—s (Iq—ll)dm) ds + |.Q t)’|:Z|8 | ]q 11)
1

j= i=1

p-2 nj 1
Y 1yl /(1‘7‘11) ds + |p4|1q-11} +|825(8)] / e V(11711) ds
0

j=1 §

Page 21 of 25
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t
+ p,/ e 0(11711) ds +1q-11} |72l — %]l x
0
< Mm% = x| x,

and

<D Iy (6) =Dy / L 6) 0] ds < ol s

Illus
ny | x m A (2 K) X Xl x

Analogously, interchanging the roles of x and X, we obtain

Ha(N(),N®) < [lm] (A ' ﬁ) Il = lx.

From the foregoing arguments, we deduce that N is a contraction. Thus it follows by
Lemma 4.3 that N has a fixed point x which is a solution of (1.2) and (1.3). This completes
the proof. d

4.3 Examples
Consider the sequential fractional differential inclusion

(°D7 + D*P)x(t) € F(t,x(t), °D'*x(®)), t€[0,1], (4.4)

equipped with conditions (3.13).
In order to illustrate Theorem 4.1, we take

1 1 |cD1/2x(t)| 1
F(t,x(6), 'D"x(8)) = | et | 3 8in(a(0) + 5 i + 5
(t,x(t) x(t)) [\/m(3 sin(x(2)) + 21+ |"D2x(0)]) 2)
1 1 4 1 1
2 o0 L D Gin(CDY2x(t )L 4.5
—(t+15)(16e +551n( x( ))+2):| (4.5)
It is easy to find that g(¢) = «/ﬁ with ||g|l = 1/12, £2(K) = (K + 3)/3. By condition (C3),

we find that K > 0.7333. Thus all the assumptions of Theorem 4.1 hold, and consequently
the inclusion (4.4) equipped with boundary conditions (3.13) and F given by (4.5) has a
solution on [0, 1].

For illustrating Theorem 4.4, we consider the following multivalued map:

E(t,%(t),"D"*x(t)) = [t +110x(t) * 3 i B cos(D"2x(t)),

tan”! (x(£)) + ——D"*x(t) + 9181| (4.6)

£2+25 +49

By condition (D,), we get m(t) = 1/(¢t + 10) with ||m|| = 1/10. Moreover,

Al

lml|{ A+ ——— ) ~0.70715< 1
r'2-«)
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(the values of A and A; are taken from Sect. 3.1). Clearly, all the hypotheses of Theorem 4.4
are satisfied. Therefore there exists at least one solution on [0, 1] for the inclusion (4.4) with

F given by (4.6), equipped with boundary conditions (3.13).

5 Conclusions
In this paper, we have addressed new problems of sequential fractional differential equa-
tions and inclusions supplemented with nonlocal integro-multipoint boundary condi-
tions. The single- and multivalued maps involved in the given problems depend on the
unknown function, together with its lower-order fractional derivative. Our results are not
only new in the given configuration but also yield several new results as special cases by
fixing the parameters appearing in the problems. Some of these results are mentioned
below.

+ Our results correspond to purely nonlocal multipoint and multistrip boundary

conditions if we take p; =0 (i = 1,2, 3,4) in the given problems.
« For p; = p3 =0, py = ps = 1, we obtain the results for terminal nonlocal multipoint and

multistrip conditions:

m-2 p-2 m—2 p-2

x(1) = Zaix(m) + er /;ix(s) ds, x'(1) = Z(Six/(%’) + Vj/gnj /() ds.
— . .

j=1 i=1 j=1

«+ The results for sequential fractional differential equations and inclusions equipped
with periodic/antiperiodic type boundary conditions of the form: x(0) = —(p2/01)x(1),
%'(0) = —(pa/ p3)x'(1) follow by fixing r; = yj = aj = §; = 0, j = 1,..., p. Further, the results
for antiperiodic boundary conditions can be recorded by taking p2/p1 = 1 = pa/ps.

« The results associated with nonseparated nonlocal multipoint and multistrip
conditions can be obtained by letting r;=0=1y;,j=1,...,panda; =0=4;,j=1,...,p,
respectively.

In the context of sequential fractional differential equations and inclusions together with
nonlocal integro-multipoint boundary conditions, the present work is quite versatile in
nature and significantly contributes to the existing literature on the topic. Moreover, sev-

eral new results follow as special cases of the present ones.
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