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Abstract

By using a solvability method for differential equations, we present an elegant and
straightforward/direct proof of the following slight generalization of a classical result:
Let w > 0 and f be a two times continuously-differentiable function on the closed
non-degenerated interval [g, b] such that f(a) = f(b) =0, f(x) > 0, x € (a,b), and

i)+ w’f(x) >0, xea,b).

Then the following inequality holds b —a > 7 /w, which is strict.
For the case when f is continuous on [g, b] and two times differentiable function on
(a,b), such that f(a) =f(b) =0, f(x) > 0, x € (a,b),and

(PXF () +fx) >0, xel(ab),

where p is a continuous function on [a, b}, differentiable on (g, b), and such that

1
px) > el forx € [a,b),

for some w > 0, we show by using the methods of differential calculus that then it
holds b—a > m/w.

MSC: Primary 34A40; secondary 34A30

Keywords: Estimate of the distance between zeros; Linear differential equation of
second order; Solvability method

1 Introduction

1.1 Some notations

Throughout the paper N denotes the set of all positive integers, [a,b] is a closed non-
degenerated interval of the real line (i.e., a # b), (a,b) is an open interval of the real line,
Cla, b] is the space of all continuous functions on the interval [a,b], C¥[a,b], k € N, is
the space of all k-times continuously-differentiable functions on the interval [a, b], and
DW(a,b), k € N, is the space of all k-times differentiable functions on the interval (a, b).

1.2 A few words on solvability
The solvability of various types of equations (differential, partial differential, difference,
functional, integral, etc.) is a topic of a great popularity for a wide audience (see, e.g.,

© The Author(s) 2019. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13662-019-2237-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-019-2237-7&domain=pdf
mailto:sstevic@ptt.rs

Stevi¢ Advances in Difference Equations (2019) 2019:298 Page 2 of 11

[1-8]). Many mathematicians and scientists like such kind of results, as well as proofs
which use closed-form formulas for solutions to some equations in proving theoretical or
practical results. There has been a renewed interest in solving the equations, especially
in the last few decades, because of the appearance of symbolic algebra programs, which
can help in finding solutions to some equations. We have devoted part of our research
to solving some equations, with a concentration on difference equations and systems of
difference equations (see, i.e., [9-19] and numerous references therein). Out of these pa-
pers on solvable difference equations and systems, some of them are devoted to additive-
type difference equations [9, 13, 16, 18], some to product-type ones [10-12, 14], whereas
some are devoted to various representations of general solutions to difference equations
[15, 17-19]. For some interesting applications of some classes of solvable difference equa-
tions and related topics, see, e.g., [20—26] and the references therein.

Closed-form formulas for solutions to some solvable difference or differential equations
can be used for transforming them to integral-type ones, where for the case of difference
equations the notion of integral essentially refers to a sum, and such transformations are
frequently employed for some additive-type difference equations. It is a frequent situation
that it is easier to deal with integral equations than with the differential ones, so, solvability
methods can be useful. Here we deal with a classical problem for which, due to the additive
form of the differential inequality considered here, this type of transformation will be also
used in presenting a proof of the problem.

1.3 The problem which motivated this research of ours and some history related
to it

During the work on the problems in our papers [25] and [26], in order to transform a linear

difference equation to an “integral”-type form, we have recollected the following problem

which can be found in the known book by Polya and Szeg6 [27] (for the English translation,

see [28, p. 157]).

Problem 1 Letf € C?[a, b] be such that
(@) fla)=f() =0,
(b) f(x) >0 forx e (a,b),
() f"(x)+f(x) >0 forx € (a,b).

Show that b —a > 7.

Book [27] cites article [29] as the original source of the problem. In fact, [29] poses
a problem from geometry concerning convexity of a curve given in polar coordinates,
which implies the statement formulated in Problem 1. Our considerable, but, of course,
not thorough, literature investigation showed an interesting fact that the original prob-
lem attracted considerable attention of some experts of that time. The first answer to the
problem was given by Hadamard in [30], the second one by Poincaré in [31], the third one
by Roux in [32], the fourth one by Duporcq in [33], the fifth one by Le Roux in [34]. The
solution to Problem 1 given in [27] (i.e., in [28, p. 367]) is relatively simple, but it is kind
of a set up one and uses a few tricks. Such tricks can be usually found in many books on
differential equations, which deal with basic Sturm theory, that is, with the results related
to zeros of solutions to ordinary differential equations (see, for example, [35]). Some other
results on differential inequalities and related topics, such as integral inequalities, can be
found in [1] and [36].
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1.4 One of our aims and the main idea for achieving it

Since in condition (c) in Problem 1, there appears a linear differential inequality with con-
stant coefficients, it is a natural idea to try to find a proof of Problem 1 based on solvabil-
ity of the corresponding linear differential equation with constant coefficients (it is well
known that the differential equations with constant coefficients are solvable [1, 4-7, 35]).
The idea is to regard the differential inequality as a nonhomogeneous differential equation
and employ one of the solvability methods for dealing with such equations. The fact that
the differential equation is of second order is crucial for our consideration, and it facili-
tates the situation considerably. Namely, not only the differential equation is theoretically,
but it is also practically solvable equation since the characteristic polynomial associated
with the equation is solvable by radicals due to the Abel-Ruffini theorem [37]. Hence, one
of our aims is to present a solution to Problem 1 which is interesting to those working on

solvability theory.

2 Main results

Here we give a detailed, elegant, and straightforward/direct proof of a slight generaliza-
tion of the result in Problem 1 by using solvability of the corresponding linear differential
equation. The proof could be known, but we have not managed to find it in the literature
so far, which is one of the reasons for writing this note. The proof is actually a slight mod-
ification of our original solution to Problem 1, which we obtained long time ago, but have
not published it so far. Besides, we could not find in the literature a detailed discussion on
the estimate for the distance between zeros, which is another reason for writing this note.
From the proof of our first theorem it will be seen how the fact that the distance between
the zeros cannot be equal to 7 is naturally explained, whereas for the case when b —a > 7,
we will construct such functions.

We want also to point out that the value of the coefficient at term f(x) in condition (c)
can be replaced by any positive number w, but with the dispense of changing the lower
bound of the distance between the zeros a and b of the function f. Finally, we also show
that the estimate for the distance between the zeros is best possible.

So, we prove the following result.

Theorem 1 Let w > 0 and f € C?[a, b] be such that
(@) fla)=f(b) =0,
(b) f(x) >0 forxe(a,b),
(© f"(x) + @*f(x) >0 for x € (a, b).
Then the following inequality holds:

b-a>Z, )
w

and the lower bound 7. for the distance b — a is best possible.

Proof Assume to the contrary that inequality (1) does not hold, that is, that the following
holds:

b—a<

(2)

JE
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Let

e(®) :=f"(x) + 0*f(x). (3)
Then obviously ¢ € Cla, b], whereas relation (3) can be regarded as a nonhomogeneous
differential equation of second order with constant coefficients. Together with the condi-

tions f(a) =f(b) = 0, the equation becomes a standard boundary value problem.
Since general solution to the corresponding homogeneous differential equation

f(®) + 0*f(x) =0
has the form
fu(x) = c1 sinwx + ¢; cos w,
we can find general solution to nonhomogeneous equation (3) by the Lagrange method of
variation of constants (see [38—40] or any of the books [1, 4-7, 35]).
So, let
fx) =c1(x) sinwx + ca(x) coswx,  x € [a, b]. (4)

Then it must be

¢} (x) sinwx + ¢ (x) coswx = 0,

wc (x) cos wx — wch(x) sinwx = (x),

from which it follows that

&) = g(x) cos wx and  &)(x) = _8(x) Zn a)x’
and consequently
et t * e(t) sinwt
c1lx) =ci(a) + f M dt and c¢y(x) =cy(a) - / S()ﬂ dt. (5)
a (2 a w

By using (5) in (4) we see that the general solution to equation (3) is
. 1 [
fx) =cisinwx + cycos wx + — / e(t)sinw(x — t) dt (6)
w a

(here we simply write ¢; and ¢, instead of ¢;(4) and c;(a)).

Since function f must satisfy the conditions in (), we have that it must be

c1Sinwa + ¢y coswa = 0,

1 [b
c1Sinwb + ¢y coswhb = —— / e(t)sinw(b —t) dt.
w a
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There are two cases to be considered:

(1) b—a:z and (2) b—ae(O,z).

w w

Caseb—-a="7.Since b =a + 7, from the second equality in (7), we have

@

. b4 v/ 4 1 [“% . b4
asinola+ — ) +cycosw|a+— ) =—— e(t)sinw|a+— —t)dt,
w 10) o J, w

from which, along with some calculation and the first equality in (7), it follows that

1 a+% T
0=— sina)a—czcosa)az——/ s(t)sina)<a+——t) dt. (8)
o J, 1)

However, since the integrand in (8) is positive on the interval (a,a + 7) (see (c)), we have

1 a+Z T
——/ e(t)sina)<a+——t)dt<0,
w J, 1)

which contradicts (8).
Case b - a € (0, 7). By solving linear system (7), we obtain

b
0 = — 8% [ (sinwlb - b dt, )
wsinw(a-b) J,
p— 1 b
soa () sinw(b — £) dt. (10)

= ————
wsinw(a-b) J,

Note that since 0 < b —a < %, we have
sinw(a — b) #0,

so that the values of constants ¢; and ¢, in (9) and (10) are well defined, in this case.
Employing (9) and (10) in (6), we obtain

sinw(x—a) [°

flx)= é(/xe(t) sinw(x — t) dt + &(t) sina)(b—t)dt). (11)

sinw(a - b) J,

Since f € Cla, b], it is also integrable. Hence, by integrating (11) over the interval [a, D],

using condition () and a well-known theorem, we have

b b px
0</f(x)dx:$/‘ / e(t)sinw(x — t) dt dx

b b .
—é / () sinw(b — t)dt / sinot-a) | (12)

sinw(b—a)

From inequality (12), by using the Fubini theorem (see, for example, [41, 42]), some stan-
dard algebraic and integral calculations and use of some trigonometric addition formulas,
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we have
.
é(/ / £(¢) sinw(x — £) dt dx - /s(t)sinw(h—t)dt/a %m)
b
=$</ g(t)/t sinw(x—t)dxdt—/a e(t)sinw(b—t)dt%)
_ i( / o)~ COS;”(Z’ mLPAS (la:;ssw"()l()b__;)’) ) / ’ e sinolb— ) dt)
) % abg(t)sina)(b—a)(l—cosw(bs—irli)z)(—bs_inac;)(b—t)(l—cosa)(b—a)) "

b
= m f (8)(sinw(b - a) - sinw(b - t) - sinw(t - a)) dt

~ 1 b . . wb-a) w(b +a - 2t)
—m/a 8(t)<smw(b—a)—2s1n 5 cos 5 )

~ 2 /bs(t)sin w(b-a) (cos w(b—a) cos a)(b+a—2t))
- w?sinw(b-a) J, 2 2 2

b
4(b . / £(®)sin w(bz— a) sin a)(bz— t) . sin a)(t2 a)

=TT o =i dgp- (13)
w?sinw
However, since all the functions under the sign of the last integral are positive on the
interval (a,b) and b —a € (0, 7), it follows that

1, <0,

which contradicts the inequality in (13). Hence, assumption (2) is not possible, implying
that inequality (1) must hold, as claimed.

Now we show that the lower bound 7 /w is best possible. To do this we will construct
a one-parameter family of functions f;, where § is a small positive number such that, for
fixed 8, f; satisfies conditions (@)—(c) and that b—a =7 + 5. Let § € (0, ),

) 1)
d=a-—, and b= a+z+—
2 o 2

Then clearly b -7 = 4.
We choose f; in the following form:

f3(x) = sin(cx + d),

and choose constants ¢ and d such that f;(a) = f;;(/b\) =0.
A simple calculation shows that

It is clear that

fsx)>0, xe€ @, b). (14)
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We also have

2
() +a)2f§(x) = sin(ncfz)(s <x+ % —a))(a)2 _ <n6:7;8) )
2
:ﬁs(x)w2<1 _ (n fws) ) -

Using the fact that —=~ € (0, 1) and inequality (14) in (15), it follows that

T+wd

o~

@)+ o¥sx) >0, x€(@b),

which means that condition (c) holds.

Hence, the function f; satisfies conditions (@)—(c) on the interval [a,’E], whose length is
” +4.Since § is an arbitrary number, we see that the length of the interval can be arbitrarily
close to 7, which means that the lower bound in (1) is really best possible, finishing the

proof of the theorem. 0

If we omit the condition that the second derivative of the function f is continuous on
the interval [a, b], then the above proof cannot be applied, since then the function &(x)
defined in (3) need not be integrable. Hence, in this case another method has to be used,
which might be less constructive than the one given in the proof of Theorem 1.

There is also a result related to Theorem 1, which does not request the continuity of
derivatives on the closed interval [a, b]. It can be found, for example, in [43]. The following
relative of Theorem 1 can be proved by using a modification of the proof presented therein.

Theorem 2 Let f € Cla,b] N D®(a, b) be such that
(a) fla)=f(b)=0,
(b) f(x) >0 forx e (a,b),
(c) the following inequality holds:

(p(x)f’(x))/ +f(x)>0
for every x € (a, b) and for some p € Cla, b] N D(a, b) such that
px) > iz forx € a,b], (16)
w

for some w > 0.
Then the following inequality holds:

b-a>". (17)
1)
Proof Let g(x) = Inf(x). From conditions (z) and f € C|a, b] it follows that
li =l = —00.
xiglog(x) xJ)II}EOg(x) o0
Further, we have
limsupg’(x) = +co and limbinofg/(x) = —00. (18)
x—>a+0 X—>0—
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Indeed, assume that limsup, _, ,,,g'(x) < +00. Then

sup g'(x) =:L < +oo0.
xe(a,#]

Let L; := max{1,L}.
By using the Lagrange mean value theorem, we have

2(x) = g(x0) + (x —x0)g’(¢) (19)

for every xo,x € (a,b) and some ¢ inside the interval with endpoints x; and x. Hence, for

Xo = % and every x € (a, %), we would have

g(x) > g(xo) — (x0 —x)L1 > glxo) — (%o — @)Ly > —00,

which would be a contradiction with the fact lim,_, ;¢ g(x) = —o0.
On the other hand, if it were liminf,_, ,_¢ g’(x) > —00, then we would have

inf  g'(x) =M > —o0.

b
xel 452 ,p)

Let M; = min{-1, M}, then from (19) with x, = % and every x € (xo, b), we would have

g(x) = g(xo) + (x —xo) My > g(xo) + (b — x0)M; > —00,

which would be a contradiction with the fact lim,_, ,_¢ g(x) = —o0.
From (18) along with the continuity of function p and condition (16), we have

limsup p(x)g’(x) = +oo and lim binof px)g (x) = —00. (20)

x—>a+0

Further, by some calculation and use of conditions () and (c), we have

o e W) (g @)
(P @) =70 ()

2

> -1 - (wp(x)g'(x))

for x € (a, b).
Let

F(x) = i arctan(wp(x)g’ (x)). (21)

Then, by employing the Lagrange mean value theorem to function (21) on an interval
[t,s] C(a,b), t #s, we get

(Pg)'(¢) 2(t—s)<s—t<b—zz. (22)

FO=FO) = o))

By letting £ — a — 0 and s — b — 0, in the inequality in (22), using (20) and that o > 0, it
follows that

T limsup F(¢) — liminf F(s) < b —a,

w t—>a-0 s—>b-0

from which inequality (17) follows, finishing the proof of the theorem. O
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From Theorem 2 we obtain the following corollary.
Corollary 1 Let w >0 and f € Cla,b] N D (a, b) be such that
(@) fla)=f(b) =0,
(b) f(x) >0 forx e (a,b),
(©) f"(x) + @*f(x) > 0 for x € (a, b).
Then inequality (17) holds and the lower bound 7, for the distance b — a is best possible.

Proof The first part of the corollary follows directly by choosing in Theorem 2 p(x) = ﬁ
That the estimate in (17) is best possible can be shown as in the proof of Theorem 1. [

Remark 1 If condition (c) in Corollary 1 is replaced by the following one:
f"(%) + w*f(x) >0 forx e (a,b),
then it is easy to see that the function
f(x) =sinw(x —a)
satisfies also conditions (@), (b) on the interval [a,a + 7], so that the lower bound 7 is

achieved in this case.
However, if

f(®) + 0*f(x) >0
for x € (a,a + 7)), it is not clear if the lower bound 7 in Corollary 1 is achieved.

Remark 2 Theorem 1 can be obtained from the statement in Problem 1. Indeed, if the
statement is proved, then instead of the function f, the function

it = (2)

can be taken into consideration on the interval [wa, wb].
From f(a) = f(b) = 0, we have

fl/w(wﬂ) =f1/w(0)b) =0.
From f(x) > 0, x € (a,b), we have
fiiwx) >0  forx € (wa, wb).

Finally, if /" (x) + w*f(x) > O for x € (a, b), then we have

(o) @) + fro) = L@+ O Sir@ g

w?

for x € (wa, wb). Hence, Theorem 1 follows from the statement in Problem 1.



Stevi¢ Advances in Difference Equations (2019) 2019:298 Page 10 of 11

Acknowledgements
The study in the paper is a part of the investigations in the projects Il 41025 and Il 44006 by the Serbian Ministry of
Education and Science.

Funding
Not applicable.

Availability of data and materials
Not applicable.

Competing interests
The author declares that he has no competing interests.

Authors’ contributions
The author has contributed solely to the writing of this paper. He read and approved the manuscript.

Author details

"Mathematical Institute of the Serbian Academy of Sciences, Beograd, Serbia. ?Department of Medical Research, China
Medical University Hospital, China Medical University, Taichung, Taiwan, Republic of China. >Department of Computer
Science and Information Engineering, Asia University, Taichung, Taiwan, Republic of China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 6 June 2019 Accepted: 11 July 2019 Published online: 22 July 2019

References
1. Bertolino, M.: Differential Equations. Nau¢na Knjiga, Beograd (1980) (in Serbian)
2. Fort, T.: Finite Differences and Difference Equations in the Real Domain. Oxford University Press, London (1948)
3. Jordan, C.: Calculus of Finite Differences. Chelsea, New York (1956)
4. Kamke, E. Differentialgleichungen-Lésungsmethoden und Losungen. Akademische Verlagsgesellschaft, Leipzig
(1959) (in German)
. Kamke, E.: Spravochnik po Obyknovennym Differentsial’'nym Uravneniyam. Nauka, Moscow (1965) (in Russian)
. Mitrinovi¢, D.S.: Lectures on Differential Equations. Gradjevinska Knjiga, Beograd (1989) (in Serbian)
7. Mitrinovi¢, D.S.: Differential Equations, a Collection of Exercises and Problems, 4th edn. Nau¢na Knjiga, Beograd (1990)
(in Serbian)
8. Mitrinovi¢, D.S,, Kecki¢, J.D.: Methods for Calculating Finite Sums. Nau¢na Knjiga, Beograd (1984) (in Serbian)
9. Stevi¢, S On the system Xo.1 = YoXn-k/ Vnks1(@n + OnYnXn-i)), Vi1 = XnYnk!/ Kn-gs1 (Cn + dnXnYnk)). Appl. Math. Comput.
219,4526-4534 (2013)
10. Stevi¢, S.: First-order product-type systems of difference equations solvable in closed form. Electron. J. Differ. Equ.
2015, Article ID 308 (2015)
11. Stevi¢, S Product-type system of difference equations of second-order solvable in closed form. Electron. J. Qual.
Theory Differ. Equ. 2015, Article ID 56 (2015)
12. Stevi¢, S New solvable class of product-type systems of difference equations on the complex domain and a new
method for proving the solvability. Electron. J. Qual. Theory Differ. Equ. 2016, Article ID 120 (2016)
13. Stevi¢, S.: New class of solvable systems of difference equations. Appl. Math. Lett. 63, 137-144 (2017)
14. Stevi¢, S.: Solvable product-type system of difference equations whose associated polynomial is of the fourth order.
Electron. J. Qual. Theory Differ. Equ. 2017, Article ID 13 (2017)
15. Stevi¢, S Representations of solutions to linear and bilinear difference equations and systems of bilinear difference
equations. Adv. Differ. Equ. 2018, Article ID 474 (2018)
16. Stevi¢, S, Diblik, J,, Iricanin, B, Smarda, Z.: On the difference equation x, = d,X,_/(b, + CoXn-1 - - - Xpt). Abstr. Appl. Anal.
2012, Article ID 409237 (2012)
17. Stevi¢, S, Iricanin, B, Kosmala, W, Smarda, Z.: Note on the bilinear difference equation with a delay. Math. Methods
Appl. Sci. 41, 9349-9360 (2018)
18. Stevi¢, S, Iricanin, B, Kosmala, W, Smarda, Z.: Representation of solutions of a solvable nonlinear difference equation
of second order. Electron. J. Qual. Theory Differ. Equ. 2018, Article ID 95 (2018)
19. Stevi¢, S, Iricanin, B, Smarda, Z.: On a symmetric bilinear system of difference equations. Appl. Math. Lett. 89, 15-21
(2019)
20. Berezansky, L., Braverman, E.: On impulsive Beverton-Holt difference equations and their applications. J. Differ. Equ.
Appl. 10(9), 851-868 (2004)
21. Iricanin, B, Stevi¢, S.: Eventually constant solutions of a rational difference equation. Appl. Math. Comput. 215,
854-856 (2009)
22. Levy, H, Lessman, F: Finite Difference Equations. Dover, New York (1992)
23. Papaschinopoulos, G, Stefanidou, G.: Asymptotic behavior of the solutions of a class of rational difference equations.
Int. J. Difference Equ. 5(2), 233-249 (2010)
24. Stevi¢, S Bounded and periodic solutions to the linear first-order difference equation on the integer domain. Adv.
Differ. Equ. 2017, Article ID 283 (2017)
25. Stevi¢, S Bounded solutions to nonhomogeneous linear second-order difference equations. Symmetry 9, Article ID
227 (2017)
26. Stevig, S.: Existence of a unique bounded solution to a linear second order difference equation and the linear first
order difference equation. Adv. Differ. Equ. 2017, Article ID 169 (2017)

[o )N, ]



Stevi¢ Advances in Difference Equations (2019) 2019:298 Page 11 of 11

27.
28.
29.
30.
. Poincareé, H.: Interméd. des Math., 1, 141-144 (1894) (in French)
32.
33.
34,
35.
36.
37.

38.
39.
40.
41.

42.
43.

Polya, G, Szegd, G.: Aufgaben und Lehrsétze aus der Analysis, Il. Springer, Berlin (1964) (in German)
Polya, G., Szegd, G.: Problems and Theorems in Analysis II. Springer, Berlin (1976)

Dellac, H.: Interméd. des Math., 1, 69-70 (1894) (in French)

Hadamard, J.: Interméd. des Math., 1, 127 (1894) (in French)

Roux, J.: Interméd. des Math., 1, 172-173 (1894) (in French)

Duporcq, E.: Interméd. des Math., 1,216-217 (1894) (in French)

Le Roux, J.: Interméd. des Math., 2, 212-213 (1895) (in French)

Hartman, P: Ordinary Differential Equations. Wiley, New York (1964)

Mitrinovi¢, D.S,, Pecari¢, J.E.: Differential and Integral Inequalities. Nau¢na Knjiga, Beograd (1988) (in Serbian)
Abel, N.H.: Mémoire sur les équations algébriques, ou l'on démontre I'impossibilité de la résolution de Iéquation
générale du cinquieme degré. In: Sylow, L., Lie, S. (eds.) Oeuvres Completes de Niels Henrik Abel, Vol. I, 2nd edn.,
pp. 28-33. Grondahl & Son, Oslo (1881) (1824, in French)

Lagrange, J-L: Oeuvres de Lagrange, Vol. VI, pp. 713-768. Gauthier-Villars, Paris (1873) (in French)

Lagrange, J-L.: Oeuvres de Lagrange, Vol. VI, pp. 771-805. Gauthier-Villars, Paris (1873) (in French)

Lagrange, J-L.: Oeuvres de Lagrange, Vol. VI, pp. 809-816. Gauthier-Villars, Paris (1873) (in French)

Rudin, W.: Principles of Mathematical Analysis, 3rd edn. International Series in Pure and Applied Mathematics.
McGraw-Hill, London (1976)

Rudin, W.: Real and Complex Analysis, 3rd edn. Higher Mathematics Series. McGraw-Hill, London (1976)
Dugosija, D, Mrievi¢, M.: A Collection of Solved Problems in Mathematical Analysis I. Gradjevinska Knjiga, Beograd
(1977) (in Serbian)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Note on some consequences of a problem by Dellac
	Abstract
	MSC
	Keywords

	Introduction
	Some notations
	A few words on solvability
	The problem which motivated this research of ours and some history related to it
	One of our aims and the main idea for achieving it

	Main results
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


