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feedback control. First, the distribution of the roots of the related characteristic
equations is analyzed by the polynomial theorem, the conditions to guarantee the
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1 Introduction

Chaos has attracted considerable attention since the discovery of Lorenz chaotic attrac-
tor. After that, many chaotic systems, such as Rossler system [1], Chua circuit [2], and
Chen system [3], have been widely studied and applied. Chaos, which often causes irreg-
ular behaviors in a practical system, is usually undesirable. Therefore, chaos control is the
amusing and challenging topic of our present work [4—11].

The control of chaos involves eliminating and restraining the chaos phenomenon when
it is unavailable and harmful. It has been noticed that purposeful control of chaos can
be a key issue in many technological applications [12—15]. Generally, the existing chaos
control methods can be divided into two categories, feedback control and non-feedback
control, according to their characteristics. The most representative methods among chaos
control include parameter perturbation control (OGY), delayed feedback control (DFC),
occasional proportional feedback (OPF), adaptive control, chaotic signal synchronization
control, and other methods. It has been confirmed that the DFC method is exceedingly
successful for stabilizing unstable periodic orbits. The DFC method, first introduced by
Pyragas, seems more applicable to stabilizing unstable periodic orbits because it can con-
struct a control force from the current state to the periodic state. Since the DFC is an ef-
fective method for chaos control, it has become a field of increasing interest and has been
applied to some real systems such as biological system, electronic system, communication
system, financial system, chemical system, and so on. As an example, Zhao, Lin, and Dai
investigated the chaos phenomena of three species food chain models using the method
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of delayed feedback control in [16]. Their results show that, when the controlling param-
eter K is some value, taking the delay as the bifurcation parameter, then passing through
a certain critical value, the stability of the equilibrium will be changed from unstable to
stable, chaos will vanish, and a periodic solution will emerge.

The recent findings confirm that systems that appeared in biology also have a chaos
phenomenon. In the sense of biology, chaos is a disadvantageous factor in the virtuous
cycle and development of ecosystems, so we intend to control this chaos phenomenon by
the DFC method. Priyadarshi and Gakkhar [17] proposed a tri-trophic food web model
with Leslie-Gower type generalist predator as follows:

X~ Xg(X) - Yp(X) - Zq: (X, Y),

daT

2 = Y[-r+ p(X)] - Zgo(X, V), (L.1)
az 72

ar = So(2% - Sg+51X+SzY)’

where X represents the density of the bottom prey, Y represents the density of the spe-
cialist predator, and Z represents the density of the generalist predator. r is the death
rate of the specialist predator in absence of the bottom prey, and c¢ is its conversion ef-
ficiency. The two predators get food from the bottom prey, while the generalist predator
also preys on the specialist predator. The bottom prey is growing logistically, the specialist
predator predates on the bottom prey according to Holling type II functional response,
and the Leslie—Gower type dynamics is considered for the generalist predator. Therefore
gX) = ap(1 - %), p(X) = % QX Y) = ﬁ (X, Y) = ﬁ Here, ay is the
intrinsic growth rate of the bottom prey, K is the carrying capacity of the environment. a,
and a3 are the maximum grazing rate of the generalist predator with respect to the bottom
prey and the specialist predator, respectively. b, and b3 represent the coefficients of food
taken by the generalist predator from the bottom prey and the specialist predator, respec-
tively. Sp is the intrinsic growth rate and S3, S, are the respective food preferences of the
generalist predator. Suppose that all the coefficient parameters are positive and the bio-
logical significance are given in [17]. To facilitate the calculation of reduced parameters,
the following non-dimensional variables and constants were introduced:

X ay ay
t=aogT, xX=—, y=—Y, z=—2Z,
K ap ao
ap ay r
w1 = bll(, Wy = bz[(, w3 = —bg, Wy = —C[(, Wg = —,
ay ag ag
as So So S apS,
We = —, w7 = —, wg=—, wg = —K, wWio=—5-
ay a asS3 S3 a,S3

Furthermore, system (1.1) takes the following non-dimensional form:

dx _ Yz

dt — x[l x 1+wix 1+w2x+W3y]’

dy _ .1 wax Wez 1.2
dt _y[ w5 + 1+wix 1+w2x+W3y]’ ( : )
dz _ oy 2 wsz

ar ~ Wiz 1+wox+wigy’

the associated initial conditions are x(0) = xy > 0, y(0) = yo > 0, z(0) = zo > 0. When
wi=14,wy =5ws =8 ws =1,ws =0.16,ws =0.1,w; =0.1,wg = 0.5, wg = 8, wyp = 8§, sys-
tem (1.2) admits a chaotic attractor (see Fig. 1). The aim of this paper is to investigate the
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Figure 1 The trajectories and graphs of system (1.3) with T =0, where w; =14, wy =5 w3 =8, ws =1,
ws =0.16, we = 0.1, w7 = 0.1, wg = 0.5, wg = 8, w; = 8. System (1.3) has a chaotic attractor

dynamics of model by considering the effect of delayed feedback control. Following the
idea of [18], we add time-delayed force ki[x — x(¢ — 7)], ka[y — y(t — 1)), ks[z — z(¢ — ©)] to
system (1.2), then we have

dx _ Y .z —x(t —

dt _x[l —x- 1+wix 1+w2x+W3y] +ki [x x(t T)]’

B _ wax __ wez

dt =yl-ws + Tewix 1+w2x+W3y] +koly - y(t-1)], (1.3)
dz _ 2 W8Z2

%—W7Z —m+k3[z—2(t—f)].

Regarding time delay 7 as the bifurcation parameter, when 7 passes through some certain
critical values, the equilibrium will lose its stability and Hopf bifurcation will take place.
By controlling the feedback effect strength &; (i = 1,2, 3), we can implement the control
of chaos phenomena of the system. The existence of branches makes the changing laws
of nature more complicated, which is also in line with objective facts. Branch theory is
increasingly applied in the study of biomathematical model. It plays an important role in
determining whether periodic solutions exist in biological systems [19-21].

The rest of the paper is organized as follows. In Sect. 2, the local stability and the exis-
tence of Hopf bifurcation are determined. In Sect. 3, some explicit formulas determining
the direction and stability of periodic solutions bifurcating from Hopf bifurcations point
are demonstrated by applying the normal form theory and the center manifold theorem.
In Sect. 4, we illustrate a particular example, in which numerical simulations to verify the

theorem analysis are given. Finally, there is the summary and prospect part in Sect. 5.

Page 3 of 23



Chen and Gao Advances in Difference Equations (2019) 2019:315 Page 4 of 23

2 Bifurcation analysis of the chaotic system

In this section, we investigate the existence of Hopf bifurcation occurring at the positive
equilibrium by analyzing the characteristic equation of system (1.3). To ensure the exis-
tence of the positive of system (1.3), we assume that the coefficient of system gratifies the

following conditions:

H; : we(wg — w7) < wowio(ws + we),
Hy : (wg —wry) > wowox™,
Hs : (wg — wiws)x™ > ws.

Obviously, under hypotheses (H;), (H3), (H3), system (1.2) has a unique positive equilib-

rium E, (x*, y*, z*%),

oo -Bi ++ A ” Wg — W7 — WoWox™
=, = ’
24, w7Wig
W4x* * *

. (T — ws)(1+ wax™ + wsy”)
z = ’
We
where

2
A = B} —4A,Cy, Ay = wiwewswio,
By = wiwio(Wa + We) — WeWyWg — wiwswio(Ws + W),

C1 = we(ws — w7) — wywio(Ws + We).
When (H31), (Hs), (Hs) hold, the linearizing system of (1.3) is
it =Au(t) + Bu(t — 1), (2.1)
where

u(t) = (x%,9,2)7, A = (a;)3x3, B = (bj)3xs3,

. y* Z*(1 + wsy™)

a11:1—2x — 2~ 2+k1,
(1T +wix*)? (1 + wox* + way*)
x* wax*z* x*
a = - + ag=-——-"—",
L+wixt (1 +wox* + way*)?’ 1+ wox* + way*
4 wyy* . Wowey* z*
21 =
(1 +wix%)2 (1 + wox* + wyy*)2’
Wax* wez* (1 + wox™)

ax) = —Ws + k2 + — ’
T+wix* (1 + wox* + way*)?

4 wey* g wgwo(z*)?
B=-——"", 31 = )
1+ wox™* + way* (1 + wox* + wygy*)?
Wewio(2*)? . 2wsz*
asy = asz = 2W7Z - + kg,

(1 + wox* + wyy*)?’ 1+ wox* + wigy*
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by = —ki, by = ks, b33 = —ks,
all the others of b;; are 0, the characteristic equation of (2.1) is

23+ @) + aih + ag + (h2A2 + D)+ bo)e_M + (a1 +¢o)e T + de™M =0, (2.2)
where

aj = —djl — a2 —ass,

ay = didg + dxdss t+ d11433 — d12d21 — 413431 — 423432,

ao = d11423432 + A12021433 + A13d22031 — A114224033 — A12423431 — 213221432,
by = ky + ka + ks, by = —ki(az; + as3) — ko(ay + ass) — ks(ay + axn),

by = ki(anass — anazn) + ka(ayass — aizas) + ks(anaxn — anas),

C = klkz + k1k3 + /(2/(3, Cy = —klkzagg - k1k36122 - kzkaflll; d() = klkzkg.
Multiplying e** on the both sides of Eq. (2.2), we get
(A3 +a) X +ah + ao)eM + DA% + bih + by + (h + ¢o)e ™™™ + doe™ = 0. (2.3)

For the sake of investigating the properties of the roots of the transcendental equation, we
introduce the following result from [22].

Lemma 1 Counusider the exponential polynomial

P(h e, ... e7™)
=2 pON T g+ P
[P0 P pPe
F [P g g A P e,
where i > 0 (i = 1,2,...,m) and p’ (i = 0,1,2,...,m;j = 1,2,...,n) are constants. As

(T1, T2, ..., Tm) vary, the sum of the order of the zeros of P(A,e™*™,...,e7*™) on the open

right half plane can change only if a zero appears on or crosses the imaginary axis.

When t =0, then Eq. (2.3) takes the form
)\.3 + (Il2 + bz))\.z + (Ill + bl + Cl))\. +dp + b() +Ct+ d() =0. (24)

According to the Routh—Hurwitz criterion [23], all roots of Eq. (2.4) have negative real
parts provided that the following conditions are satisfied:

A1:6l2+b2>0,

d2+b2 1
Ay =
ﬂ0+b0+C0+d0 6l1+b1+C1
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:(612+b2)(6l1 +b1 +C1)—(ﬂ0+b0+€0+d0)>0,

6l2+b2 1 0
A3=6lo+b0+60+d0 6l1+b1+C1 6l2+b2
0 0 ﬂo+b0+C0+d0

= (ao + bo + co + do) ((az + ba)(ar + by + c1) — (a0 + bo + co + dp)) > 0.
That means Eq. (2.4) satisfies the following condition:
(Hy):az +by>0, (ag+by)(ar +by+c1)>a0+bo+co+do,ao+bo+co+dy>0.
Then the positive equilibrium is locally asymptotically stable when 7 = 0.
Obviously, Eq. (2.3) has a pair of purely imaginary roots +iwg(wo > 0) if and only if wy

satisfies

. 3 2 . iwgT 2 .
(—iwy — arwy + arioy + ag)e " — bywy + byiwg + by

+ (Crimg + ¢g)e ™ 0% + de 40T = (), (2.5)
Separating the real and imaginary parts, we have

M1 COSwoT + My SINwyT + M3 = —dy cos 2wy T,

(2.6)
171 COSwoT + Mo SINwoT + 13 = dj sin 2wy T,
where
_ 2 _ 3 _ b b 2
my = ap — dyw;, + Co, my = Clwy — a1Wo + @y, ms3 = Dy — D2y,
_ 3 _ 2 _ b
ny = a1y — wy + C1wo, Ny = ag — drwy — Co, n3 = b1wog.
It follows from (2.6) that
(m7 + n}) cos® wot + (m3 + m3) sin® woT + 2(mymy + nyny) SiNwHT COS WoT
+2(mym3 + n113) COS T + 2(myms + nanz) sinwet + m3 + nj —ds = 0. (2.7)

In view of sinwyT = ++/1 — cos? wyt and (2.7), we get
4 3 2 —
q1COS woT + g2 COS” WT + g3 COS™ WoT + g4 COSWOT + g5 = O,

where

2 2 2 2\2 2
q = (m1 +n] —m; — nz) + 4(mimy + niny)”,

2, .2 2 .9
q> = 4(m1 +n]—m;, — }’12)(1’1’111’}’13 + n1n3) + 8(mymy + niny) (moms + nynz),

qs = 2(m} + n} —m — m3) (m3 + n3 + m3 + nj — dy) + 4(myms + myns)?

+ 4(mams + mynz)* — 4(mymy + nyimy)?,
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qa = 4(myms + minz)(m; + n3 + m3 + nj — dg)
— 8(mymy + nyny)(mams + nans),

qs = (m5 + 13 + mj + n3 — dy) — 4(mams + nynz)*.

Let coswyT = r and denote

W) =rts By B2 B D5

q1 q1 q1 q1

then
H(r)=4r® + 322 0B, 1
q1 q1 qi1
Set
43 4382 0B, B (2.8)
q1 q1 q1
Let r = z— ;2. Then Eq. (2.8) takes the form
22+ p1z+py=0, (2.9)
T B _pp o, a
where p; = 242 16;12”02 ng 8¢ Al

Define o7 = (2)* + (2)%,07 = _1+T\/§i,0’3 = _I_T‘/g‘ By Eq. (2.9), we obtain

zl=\3/—%+Ja_1+ 3—%—\/0_1,

Z =0y, +JE+03 ———\/0_1,
Zg=0'3 +\/OTI+O‘2 - = 01.

Based on the analysis and calculation above, we can deduce the expression of cos w7, i.e.,
cos woT = f1(wo), (2.10)

where fj(wo) is a function with respect to wy. Substituting (2.10) into (2.7), we can easily

get the expression of sinwyt, i.e.,
sinwot = fo(wo), (2.11)
where f;(wy) is a function with respect to wy. Thus we get

fil@o)® + folwo)? = 1. (2.12)
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Through a series of calculations, we can easily calculate Eq. (2.12). Then it follows from
(2.10) that

1
T = — [arccosﬁ(wo) + 2krr] (k=0,1,2,...). (2.13)

[20)]
Clearly, when 7 = 7 (k=0,1,2,...) Eq. (2.3) has a simple pair of imaginary roots %iwy.
Concluding the above analysis, and according to Lemma 1 and [24], we can obtain the

following Lemma 2.

Lemma 2 Let 1y be defined by (2.13). If (Hy)—(Hy) hold, then we have the following:
(i) When t = w, Eq. (2.3) has a simple pair of imaginary roots Liwo, where wy is the
positive root of Eq. (2.12).
(i) When t € [0, 19), all the roots of Eq. (2.14) have strictly negative real parts.
(i) When t = 1, Eq. (2.3) has a pair of imaginary roots +iw and all other roots have

strictly negative real parts.

Let A(t) = a(t) + iw(t) be the root of the characteristic Eq. (2.2) near t = 7, satisfying
a(tr) =0, w(tx) = wo (k=0,1,2,...). Substituting A(t) into Eq. (2.2) and taking the deriva-

tive with respect to 7, we obtain

[(BA2 + 2das) + ul)e“ + 'L'()\S +a)t v ah+ ao)e’\’ 2000 + by + et

dai
—t(e1h +co)e™*" = 21 doe | e (A2 +ax2? + a1k + ag )€
T

—Merh + co)e ™™ = 2xdoe 2T = 0, (2.14)
hence
|:d_)»]_1 ~ (BA2 + 2a) + a1)e’™ +2by) + by + c1e7*T T
dr | A3+ ar? + a1 + ag)er™ + (c1A + co)AeT + 2dore= BT A
Then

’

dt M, +iM, M2+ M2

T=

Re[d,\}‘l B Re[ N +iN, ] _ MiNi + MyNy
Tk

where

M = 0} (~wf + a1 — 1) cos otk + wo (o + do — A0 Sin Wy T
+ 2dywg Sin 2w T,

M, = 0} (-wf + a1 + 1) sinwo Ty + wo(co — ag + arwf) cos o
+ 2dywgy cos 2w Tk,

N = (al +c1 — Swg) COS W Tk — 2a,wq Sin wo Ty + by,

Nz = (dl —C1 — 360(2)) sin woTi + 2&120)0 COSwo Tk + 2b2w0.

Page 8 of 23
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Lemma 3 Let t = 1, and suppose condition (Hs) : Mi1Ny + MyN, # 0 holds, then the fol-
lowing transversality condition

dRe[A(T)]

0 2.15
dr T=T) # ( )

is satisfied.

On the basis of previous analysis and the results of [25] and [26], we can easily obtain
the following theorem.

Theorem 1 If conditions (Hy)—(Hs) hold, ty is defined by (2.13). Then the positive equi-
librium of system (1.3) is asymptotically stable for T € [0, 79) and system (1.3) undergoes a
Hopf bifurcation at the positive equilibrium when t = 7, (k=0,1,2,...).

3 Direction and stability of Hopf bifurcation period solution
In this section, we investigate the direction of Hopf bifurcation and the stability of the
bifurcating periodic solutions based on the normal form theory and center manifold the-
orem introduced by [27]. We assume that system (1.2) always undergoes Hopf bifurcation
at the positive equilibrium E, for 7 = r,{ (k=1,2and;j=0,1,2,...) and the characteristic
Eq. (2.3) has a pair of purely imaginary roots at the positive equilibrium E,.

Let x; = x — %o, X2 = ¥ — Yo, X3 = 2 — 2o, &; = %;(tT), T = T + W, dropping the bars for

simplification of notations, and let p(x) = l+lex’ q1(x,y) = M‘ngj’, qa(x,y) = m,
R(x,y) = m Then the nonlinear system (1.3) can be transformed into a functional
differential equation (FDE) system in C € C([-1,0],R®) as

®(2) = Ly () +f (1, %), (3.1)

where x(£) = (x1(£), x2(8), x3(t))T € R® and L, : C — R®,f : R x C — R® are given respec-
tively by

an an a3\ {010
Lip)=(n+7)|an an an||¢0)
a1 as  as) \@3(0)

bu 0 O o1(-1)

+(u+t)| 0 by O @a(-1) (3.2)
0 0 b3/ \gs(-1)

and

f
S =(n+w) | L], (3.3)
3

where

fi = =119} 0) = L1291(0)92(0) — 11391 (0)3(0) — L1492(0)3(0)
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— Li597(0)¢2(0) — 69} (0) — 17693 (0)p2(0) — L1505 (0)
— L1093 (0) — L1093 (0)3(0) + - - -,
fo = 119} (0) + b1 (0)92(0) + b33 (0) + Laagp () (0)
+ b5} (0)92(0) — b1 (0)3(0) — L7 2(0)23(0) — oo (0)¢p3(0)
— bo3(0)93(0) — 11095 (0) — 21195 (0)93(0) — l212997 (0)995(0)
= b13¢1(0)¢3(0) + - -,
s = 15193(0) = 157 (0) = 13303 (0) = L3491 (0)2(0) — L3501 (0)¢p3(0)
— I3692(0)@3(0) — L3795 (0) — L3593 (0) — L3091 (0)2(0)03(0)
— L3107 (0)92(0) — 31105 (0)¢21 (0) — I31201(0)93(0)

— I313¢2(0)93(0) — 131497 (0)93(0) — L3150>(0)93(0) + - - ,

and

9(0) = (91(6), 92(60), 03(0))" € R,

1 i X k 1 i * * * * k k
=1+ ip/ (x )+ Eq’l(x )z"s hy=p'(x ) acarac )z ,
/ / 1 // 3 1 s 7
b hesab) s 6 L)t

1 7 1 m 1 17 1 m *
e = R4 (x)y* + e (x%)z", hy = 4 (%) + teh ¥ ()41 (")=",
1 1 1

hg = Eq/l'(y*)z*, ho = gq;”(y )2", hio = Eq/ll(y*)’
w. SIS /! *
Iy = 741’ (x )y - 76‘12( )

Iy = wyp' (x*) — W (x*)q/2 (y*)z*,
123 — %p/// (x*)y* _6q/2//( )

W /1! * "
ba= 20" () - 2y () 4507)2",

// W 1 /
b = 71’ (%) - 76612(’6*)‘12(31*)Z*»

by = w6q/2(x*), by = W661/2(y*)’ b = 76‘1/2/( ) by = %qg(y*)’

We We We ,

b1 = < % %)z, b = 7 D ") 1o = 42( N,y (v*)z",

b3 = —612( Ny (v, I31 = w7 — wgR(x%,5"),

132 _ _R//( )(Z*)Z, 133 _ _R//( * y*) (Z*)Z’
ba=ws(R (x,9)) ()" s = 2wsR,(x" ") 2",
lsg = 2wgR (x*,y")2", l37 = —RW( 9 (= )2

6
lsg = ZRW( * y*)(z*)z, Lo = 2w8R;(x*,y*)R;(x*,y*)z*,
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b= SR )R () )

bt = SR )R () (),

l31p = wsR, (x%,5"), l313 = WSR/y(x*»y*), l314 = wgR} (x*,y")2",

1315 = WgR;/v, (x*,y*)z*.

Page 11 of 23

By the Riesz representation theorem, there exists a function 7(6, 1) of bounded variation

for 6 € [-1,0]. If we choose

ain 41z 413
nO,u)=(u+t) | an axn axs|3s0)

a3l d3y a3z

by O 0
—(u+m)| 0 by 0 |8(6+1),
0 0 b33

where §(-) is a Dirac delta function and 6 € [-1,0], then

0
L(g) = / dn(0,1)p(6) forp e C.
-1
For ¢ € C([-1,0],R%), define

dg(0) _
A(n)g = ‘éf) ’ 0 €[-1,0),
f,l d’l(llos)(ﬂ(s)» 0= 0,

and

0, 9 € [_1) 0),

R(w)p =
f(/"x @), 6=0.

For convenience, we can write system (3.1) into an operate
®(2) = A()xe + R(1)xe,

where x:(0) = x(¢ + 0),6 € [-1,0]. For ¥ € C([0, 1], (R®)*), define

ay(s)
- s s€(0,1],
A" (s) = ds (©.1]

[% dnT(t,0)y(-t), s=0,

and a bilinear inner product

0

(4
{¥(s),0(0) = ¥(0)9(0) —/ V(€ -0)dn©)e() dt,

-1J¢=0

(3.4)

(3.5)

(3.6)

(3.7)
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where 1(0) = n(0,0). Obviously A* and A(0) are adjoint operators. By the discussion in
Sect. 2, we know that +iw,7 are eigenvalues of A(0). Thus they are also eigenvalues of
A*. We need to calculate the eigenvectors of A* and A(0) corresponding to —iwgtx and
iwo Tk, respectively. Let g(0) = (1,a, B)Te®“0% be the eigenvector of A(0), in other words,
A(0)q(0) = iwgtiq(0). Then we have

—iwo Tk

iwy —an +kie —ai —ai3
Tk —ao1 iwg — dg + kgefiwork —as3 ’
—as; —asy iwg — ass + /(3€7iwork
0
q(0)=10
0

Then it is easy to obtain

13021 — A11d93 + ida3wo + dazk e 0T

) . . ’
12093 — A13d9y + id1300 + A13koe 0

4(0) = (L, B)T = (1

) i T
12431 — 411432 + idA300 + A3k €™ 0
d13dsy — d1adss + id12Wo + d1akse 0T

Similarly, we suppose that g*(s) = D(1, a*, B*)e*®k%  From the definition of A*, we have

12431 — A11a32 + iA30) + Azpk e 0

q*(s) = D(l

) N - )
a21a3y — Axnds) — iz wo + az kye 0%

— i —iwo Tk
13021 — A11d93 + ida3wo + dozkie iswp Tk

. ) ’
A23a31 — A21433 — A2 Wo + do1kse=@0Tk

where D is a constant such that (g*(s), g(9)) = 1, and according to (3.7), we get
(a*(s),q(0)) =D(1,a*, B*)(1L,a, B)"

0 ro
_/ / D(La"*,g*)e—i(é—e)work dr](@)(l,a,,B)Teif‘“Ofk d%
-1J&=0

0
D|:1 + oo+ /3'*13 _ / (La'*,lg*)eeiework dn(@)(l,a,ﬂ)T]
1
=D[1 +a*a + *B — (ki + koar*or + ks p* B) Toe 0% ]. (3.8)

Therefore, we can choose D as

1

D= - - - - —,
1+a*a + B*B — (ki + koo* o + k3 B8 B) Tpe 0%

Following the ideas in [27] and using the same notation as in [28] to compute the coordi-
nates describing the center manifold Cj at u = 0, let x; be the solution of Eq. (3.1) when

n=0.
Define

() = (q*, %), W (£,0) = x,(0) - 2Re{z(t)q(0)}. (3.9)
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On the center manifold Cy, we get

W (t,0) = W(z(2),z(2),6), (3.10)
where
z? z? Z3
W(z(t),fz(t),@) = WQ()(Q)E + WH(O)zZ: + WQZ(@)E + Wgo(@)g o (311)

and z and z are local coordinates for the center manifold Cj in the direction of g* and g*.
Noting that W is also real if x; € Cy, since u = 0, we have

2= (q"(), 1)

=(q*(s), A(0)x; + R(0)x¢) = (q*(5), A(0)xe) + (g (), R(O)xe)
= (A*q*(s), %) + 7*(O)R(0)x; —/ / q*(& —0)dn(9)A(0)R(0)x,(§) d§
“1Je=0

= (iwoTq” (5), %) + 4*(0)f (0,,(6))

= iwoTrz(t) + q*(0)fo (2(2), 2(2)).

That is,

Z(t) = iwotrz + (2, 2), (3.12)
where

8(z,2) = ¢*(0)fo(2,2) =g20§ +g1125+g022—22 +g212272 oo (3.13)
Noticing

x4(0) = (%1:(0), %21(0),x3,(0)) " = W(£,6) + zq(6) + 23(6),
4(9) = (1: o, ﬂ)Teia)o@,

we have
 wOmZ s D
x1:(0) =z + z+ Wy, (0) 5 + W17 (0)zz + W, (0) 5 +oee,

2
_ z _
x2:(0) = z + @z + Wz%)(o)3 + W2(0)zz + W2(0)

__ 22 _ z
%3:(0) = Bz + Bz + ng)(O)E + W(0)zz + ng)(O)E T

we get

222 = 7(0)fo(z,2) = £(0, %) = Dre (1%, B*) (0, £, )"

= D[ + a0 + 0]
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= D[~ (~1%7,(0) — L121,(0)x2:(0) — L13%1£(0)x3, (0)
— 114%2:(0)x3(0) — llgxi(O)xZ,(O) - ll6xi(0) - ll7xi(0)x2t(0)
— Lgx5,(0) — Liox3,(0) — L110%5,(0)x3,(0) + - - - ) + *(In147,(0)
+ lox1:(0)x2:(0) + lz3x?t(0) + 124xi(0)x2t(()) + lzgx%t(O)xzt(O)
— lr6x1:(0)x3:(0) — lo7%9:(0)x3:(0) — lzgxi(O)xgt(O)
— 1o93,(0)03,(0) — 121063, (0) — o113, (0)3,(0)
- lgnx%t(O)x%t(O) - lZlgxlt(O)xgt(O) +e)+ /3_*(131x§t(0)
— I39x2,(0) — I33%3,(0) — 134%1,(0)x2,(0) — l35%1,(0)x3,(0)
— I3622:(0)x3:(0) — 137xi(0) - lggxgt(()) — I39214(0)x2 (0)x3:(0)
= 131077, (0)2¢(0) = L1153, (0)1,(0) ~ Lao1,(0)3,(0)

— I313%2:(0)x3,(0) — 3147, (0)3(0) — L315%7 (0)3,(0) + - - - )],
where

&0 = 2Dt [ (=l + hoa + D3P+ Laaf + g + o (I + Dt
— B — lyyap) + p* (131/32 — I3y — lgg0® — Igq0 — I35 — 13601;6)],
11 = 2D (=20 + halo + @) + Li3(B + B) + hala B + aB) + 2hs(ad))
+ 0% (2D + o (0 + @) — be(B + B) — by (@B +@P)) + B* (2131 8B
=213y = 2306 — lsa(a + @) = I35(B + B) — lss(a B +@P))],
g2 = 2Dtk[(—lu +1oa@ + L3P + Laa B + 118(1_2)
+ a* (21 + lya — e — by B)
+ B* (131 % — Isp — I330° — L3at — Igs f — l362 ) ],
@1 = 2D {[(his(e + @) + lig + hoo®@) — 111 (2W1(0) + W33 (0))
+ o (W2(0) + 2W40) (0) + W7 (0) + 26 Wig (0)) + Liz (WY (0)
£2W5(0) + BWT(0) + 2BWS(0)) + Lis (2 W2 (0) + 42 W2 (0))]
+ (x*[lgg + bos(a + @) — Lg(B + B) - 129(,3_012 +aaf - lmoﬁzﬁ)
+ 11 (2W(0) + 4 Wi (0)) + Lo (W(0) + 2W20) (0) + W1 (0)
+2a Wiy (0)) = s (W (0) + 2W43 (0) + BW(0) + 28 Wiy (0))
~ Ly (@W3(0) + 2a W4y (0) + BWLT(0) + 28 W,7(0))]
+ B*[~ls7 — lasa®a@ — lzo(@BapB + aB) — l310(B + B)
= l11 (o + 200@) = I312(B* + 2BB) — lz13(B*@ + 2B Bcr)
— L1a(B +2B) — 15 (B + 20@B) + L1 (BW(0) + 28 W4 (0))
— L (W (0) + 2Wag) (0)) + L33 (a W2 (0) + 2a W2 (0))

— La(W(0) + 2W42 (0) + a WP(0) + 2& Wiy (0))

Page 14 of 23
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— s (W3 (0) + 2W43 (0) + BWLY (0) + 28 W4y (0))
~ s (@WP(0) + 25 W33 (0) + BWT (0) + 28 W53 (0))]}.

Since W11(0), Wy (0)) in go1 are unknown, we still need to compute them. By (3.6) and

(3.8), we can derive

o 1AV - ZRC{LI_*(O)J%‘I(@}» 010 4 4, H(z,%,0), (3.14)
AW —2Re{q*(0)foq(0)} +fo, 6=0

where
z? z?

H(Z,Z, 9) = Hzo(@)g + HH(@)ZE + Hoz(e)g tee (315)
Notice that near the origin on the center manifold Cy, we have

W =W,z + Wz (3.16)
From (3.14), (3.15), and (3.16), comparing the coefficients, we get

(A = 2iwotid) Wag(0) = —Ha0(0), (3.17)

AW11(0) = —H11(0). (3.18)
According to (3.14), we know that, for 6 € [-1,0),

H(z,2,0) = ~q*(0)foq(6) ~ ¢"(0)/04(6) = ~g(2.2)4(6) - £(2,2)4(6). (3.19)
Comparing the coefficients with (3.15), we obtain

Hyo(0) = —g209(0) — 029(0), (3.20)

H11(0) = —g119(0) — g119(9). (3.21)
By (3.17), (3.20), and the definition of A4, it follows that

Wao(6) = itk Wao(6) + £204(6) + §024(6)- (322)

Substituting ¢(0) = (1, «, B)Te*0% into the equation, we can obtain the solution of it,

which reads

ig20

wo Tk

Wao(0) =

q(o)eiQwork + 1802 é(o)e—iQwork +E162i9w0rk’ (323)
3CUO"-V(

where E; = (E, E?, E?)T ¢ B3 is a constant vector.

Similarly, in view of (3.18), (3.21), and the definition of A, we can obtain

Wi1(0) = 2119(0) + 3114(60), (3.24)
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i ) ig )
W1 (0) = -8 g(0)eieom 4 1L z(g)eiteon 4, ) (3.25)
wo Tk wo Tk

where E, = (E), E?,E)T € R3 is a constant vector.
Next, we shall seek appropriate E;, E;, respectively. In the light of the definition of 4,
combined with (3.23) and (3.25), we have

0
Wao(9) =/ dn(0)Wao(0) = 2iwoti Wao(0) — Hao(0) (3.26)
-1
and
. 0
Wis0) = [ dn@Wa(©) - -H10), (3:27)
-1
where 1(6) = 7(0,60). From (3.17) and (3.18), we get

H0(0) = —g204(0) — g024(0)

_lll + 11201 + 113/3 + 1140[,3 + 113(12
+ 27 bo1 + by = s — Ly ) (3.28)

131/32 — I3 - 13302 — lzaet — I35 8 — 36

and

H11(0) = —g119(0) — g114(0) + 27¢

=2l + oo + @) + Li3(B + B) + halaf + aB) + 2ls(ad)
X 21 + (o + @) — bos(B + B) — by (@B + @P) . (3.29)
231 BB — 23y — 23308 — La(ex + @) — I35(B + B) — lzs(aB + @)

For iwy 1y is the eigenvalues of A and ¢(0) is the corresponding eigenvector, we obtain

0
(ia)om— f 00T dn(9)>q(0) =0, (3.30)

1

0
(—iworkl— / g 00Tk dn(9)>q(0) =0. (3.31)

1

Substituting (3.23), (3.28) into (3.26), we obtain

0
(Zia)orkl—/ gXPo0Tk dn(@))El

1

—111 + llzol + 113/3 + 114,0[,3 + llgOl2
=271y Iy + o — e — braf

I318% — I3y — l330* — lsacx — U35 — L6t
That is,

2iwg — an + ke 10Tk —aiy —a13
—an 2iwg — doy + koe 0%k —an3

—as —aszy 2iwg — assz + k3€_iwork
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1 —dip —di3
Ei=|-an o0 -—axs|E

—az1  —as 03

—111 + 1120[ + 113,3 + 1140[,3 + 118012 Nl
=2 lo1 + lypat — lye B — lyya =2 R
131 8% — I3 — l330® — lgacx — U358 — Iz6tB N3
It follows that
A A A
Eﬁl) _ J’ Egz) _ i, E§3) _ j’
Ay A1 Aq
where
Q1 —ai2 —di3
Ay =|-an Q2 —ad3 |,

—a31  —as 03

Ny —ap -—ai
A =21y 0y —a|,

N3 -azx 03

o1 N1 —a
Ap=2|-an Ry -—axy|,

-az;1 N3 03
o1 —an N

Apz=2]-ay 02 RNy.
—az —az N3

Similarly, substituting (3.24), (3.29) into (3.27), we have

—an + Kk —ai2 —a13
—d1 —agn +ky —as3 E,
—as —az —-as + k3

=2l + lpo + @) + hi3(B + B) + halaf + aB) + 2hg(a)
=2 20y +122(Ol+5¢)—126(,3+5)—127(05ﬁ+5lﬂ)

231 BB — 2133 — 23300 — lsalo + @) — l35(B + B) — lag(aB + @P)
h

=21 hy

h3

It follows that

A A A
E - 2 £ _ An B _ A5
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where
—an +k —a12 —ai13
Ay=| -ay  —an+ky  —axn |
—as) —aszp —az3 + k3
h —a12 —ai3
AZI =2 hz —ay + /(2 —a3 )
h3 —az —azz + k3
—-ai + /(1 Fll —ai13
A22 =2 —as] Flz —a3 )
—as3; hs —as3+ks
—-ai + /(1 —aiy hl
Azg =2 —as1 —ady) + k2 hz .
—das3 —asy h3

Consequently, we can determine W5 (0) and W1;(0) from (3.24), (3.26). Furthermore,
based on the above calculation, we can compute g»;. Therefore, all g;; are determined by
the parameters and delay in (3.1). After that, we can easily compute the following values:

i 1
C(0) = Ey— (gugzo ~2)gii* - §|g02|2) + %,

Re{C1(0)}

K2 = ReV ()Y’

(3.32)
B> =2Re{C1(0)},

- _Im{C1(0)} + o Im{A' (z)}

wo Tk
Thus, we have the main results of this section.

Theorem 2 For (3.32), we have
(i) The sign of i determines the direction of the Hopf bifurcation, if iy > 0(uo < 0),

then the Hopf bifurcation is supercritical (subcritical) and the bifurcating period
solutions exist for T > 1 (T < t¢);

(i) The sign of By determines the stability of the bifurcating period solutions, if
B2 < 0(B, > 0), then the bifurcation period solutions are orbital stable (unstable);

(iii) The sign of T, determines the period of the bifurcating period solutions, if
T, > 0(T5 < 0), then the period increases (decreases).

4 Application to control of chaos

In this section, extensive numerical simulations are carried out to verify the analytical
results of the tri-trophic food web system for a Leslie-Gower type generalist predator
model. Consider the following set of data for system (1.2):

w1 = 1.4, Wy = 5, w3 = 8, Wy = 1, W5 = 0.16, We = 0.1,

w7 = 01, wg = 05, Wg = 8, Wi = 8.

Page 18 of 23
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Now, we give numerical simulations to confirm our theoretical analysis. According to the

above related parameters, we can obtain

a2 2
dt _x[l X Tldx 1+5x+8y

% =y[-0.16 + 7, - 1+%i38y] +kaly - y(t - 17)], (4.1)

2
% -0.12° - 135718},) +ks[z —z(t - 1)],

]+ ki[x —x(t - 1)],

which has a positive equilibrium E, = (f5—7330, %, %833 ). The linearized system of system (4.1)

near E, takes the form

-0.0573 0.1229 -0.0759 -k 0 O
uit)=1] 01060 0.0209 -0.0047 |u@®)+| 0 -ky, O |u(t-r1), (4.2)
0.8252  0.8252 0 0 0 -k

where u(t) = (x(¢), y(t),z(t))T. The characteristic equation of system (4.2) is

(A + a32% + afh +ao)e™ + by)* + bih + by + (cih + ¢ )e ™™ +dye T =0, (4.3)
a;=00364,  af=00523, a}=0006, b=k +k+ks,
b} =-0.0209k; + 0.0573k, + 0.0364k3, b§ = 0.0039k; + 0.0626k; — 0.0142ks,

CT = klkz + k]kg + k2k3, CS = —00209[(1/(3 + 00573/(2/(3, dg = k1k2k3.
When 7 =0 or ky = k» = k3 = 0, then (4.3) becomes
23 +0.036312 + 0.0523 + 0.006 = 0. (4.4)

It is clear that the positive equilibrium E, is unstable. System (4.1) has a chaotic attractor
(see Fig. 1).
When t #0 or ky #0,ky #0, k3 #0, then Eq. (4.3) becomes

(A% +0.03642% + 0.05231 + 0.006)e™™ + (ky + ky + k3)A>
+ (0.0364k; + 0.0573ky — 0.0209k1)A + (0.0039k; + 0.0626k, — 0.0142ks)
+ ((kiky + kiks + kaks) A + (0.0573kzks — 0.0209k: k3))e ™

+ (k1/(2k3)€72AT =0.

Set ki = ky = k3 = —0.02, we can obtain wg ~ 0.20298, 7y =~ 7.739, then Re C;(0) = 1.5562.
When t passes through the critical values tx, the positive equilibrium E, loses its stability
and a Hopf bifurcation occurs. Numerical simulation shows the bifurcation diagrams of
system (4.1) (see Fig. 2). Figure 3 shows the positive equilibrium E, is still chaotic when
7 = 4. And the positive equilibrium is asymptotically stable (see Fig. 4). Notice that 3 <0
and B, > 0, the Hopf bifurcation is subcritical and the bifurcating periodic solutions from
the equilibrium E, are unstable (see Fig. 5).

From the numerical simulation, it can be seen that when the delay feedback is incorpo-

rated in a Leslie—-Gower type generalist predator model in a tri-trophic food web system,
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Figure 2 The bifurcation diagram of system (4.1), where wy =14, w, =5, w3 =8, wa =1, ws = 0.16, we = 0.1,
Wy = 0.1, Wg = 045, Wq = 8, Wio = 8, k1 =-0.02, kz = —0.02, k3 =-0.02
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Figure 3 The trajectories and graphs of system (4.1) with T = 4. The positive equilibrium £* still has a chaotic
attractor

rich and colorful dynamical behaviors can occur by adjusting the appropriate feedback
strength k and time delay t. Especially when the time delay reaches a certain value, the
chaotic attractor vanishes. In this sense, delayed feedback successfully implements chaos
control.



Chen and Gao Advances in Difference Equations

(2019) 2019:315

4000

0.6 T T T T T T T 1.2 T T T T T T T
0.5 b 1F q
0.4 b 0.8 1
* 03 I 1 >os —
0.2 b 0.4 q
0.1 1 0.2 I 4
0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500
t t

5 T T T T T T T
4.5 b

4 i
3.5 b

N g i

25 b

R i
15 b

1

0 500 1000 1500 2000 2500 3000 3500 4000
t
Figure 4 The trajectories and graphs of system (4.1) with T = 12. The positive equilibrium £ is asymptotically
stable
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Figure 5 The trajectories and graphs of system (4.1) with T = 16. The positive equilibrium E* is unstable, and
a stable periodic solution from E*
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5 Conclusions

This paper provides stability and bifurcation analysis in a tri-trophic food web model with
Leslie—Gower type generalist predator with delay feedback. Some conditions are given to
ensure the existence of Hopf bifurcation occurring at the positive equilibrium by inves-
tigating the associated characteristic equation. The properties of Hopf bifurcations, such
as the direction and stability of periodic solutions, are investigated based on the normal
form theory and center manifold theorem. With the help of some numerical simulation,
we show the exact value where chaos appears or vanishes. Our results show that if we
choose some appropriate parameters, the oscillation can be controlled to a stable equilib-
rium or a stable periodic orbit. That is to say, we can achieve the three species coexistence
by adjusting the capture (or release) level. Moreover, the control method used in this paper

can be applicable to other chaotic systems.
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