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1 Introduction

In the recent decades, fractional differential equations have been applied in engineering,
physics, finance, and signal analysis. The researchers focused on the investigation of the
existence, asymptotic stability, and finite-time stability of solutions of fractional linear and
non-linear differential equations of Caputo type, Riemann-Liouville type, and Hadamard
type [1-11].

Recently, the representation of solutions to delay differential equations has been con-
sidered. Klusainov and Shukin [12], Diblik and Klusainov [13, 14] derived the exact ex-
pressions of solutions of linear time invariant continuous and discrete delay equations
by proposing the concepts of delay matrix functions. Next, stability and controllability
problems of linear delay differential equations were studied extensively in [15—17]. For the
literature on the related topic of linear fractional delay equations of Caputo and Riemann—
Liouville type, we refer the reader to [18-25]. However, we find that there exists very lim-
ited work on the representation of solutions of fractional order delay differential equations
of Hadamard type, even for linear case.

Motivated by the above-mentioned works, we try to introduce a new concept on frac-
tional delay matrix function with a logarithmic function and use it to study the following

linear fractional delay differential equations of Hadamard type:

(#D$y)(x) =By(x— 1), BeR",xec(r,T],1>0,
yx) =p), ex)eR",1<x<rt, (1)
(W17*y)(1") =b, beR",
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where D%,y denotes the o order Hadamard derivative, 117y denotes 1 — « order
Hadamard fractional integral, « € (0,1). T = k*t, k* € N* = {1,2,...}, T is a fixed moment.
¢(-) is an arbitrary Hadamard differentiable function, i.e., zDY. ¢ exists.

We use the idea from [19] and introduce a fractional delay matrix function with a log-
arithmic function that is used to seek a representation of solution of (1) by utilizing the

constant variation method.

2 Preliminaries
Let a,b € R, a < b, and C((a,b],R") denotes a Banach space composed of continuous

vector-valued functions. @ denotes zero matrix, I denotes the standard identity matrix.

Definition 2.1 (see [1]) For a function y: (a,b) — R", the o order Hadamard integral of y
is defined by

x a-1 d
(H]IZﬁy)(x):% / (m’f) W%, @e),

Definition 2.2 (see [1]) For a function y: (a,b) — R", the a order Hadamard derivative
of y is defined by

d * o d
(H]D)Z+y)(x) = ﬁ (x%> / (ln ;) y(t)Tt, o e (0, 1)

Now we propose a new concept of fractional delay matrix function with logarithmic
function.

B(Inx)*
0

Definition 2.3 Let @ € (0, 1). Fractional delay matrix function E with logarithmic

function is defined by

O, —co<x <1,
(Inx)*—1
RBnx* _ I @ l<x<r,
o (Inx)*~1 (Inx—Int)2-1
I B
(o) T (2c)
_ (k+1)a—1
+ BH T, ke <x < (k+ 1)1,k € N*.

Lemma 2.4 Forkt <x <(k+1)t,k € N*, one has

x dt
f (Inx —In¢)*(In¢ — Inkz)*+De-l i (Inx — lnkt)k"‘B[l —a,(k+ l)a],
k

where B[£,7] = fol 5711 = s)"" 1 ds is a beta function.

Proof Using the formula of integration by parts, we can obtain

) dt
/ (Inx —In£)™*(Int — In kr)&*De-1 -
k

T

Inx—kt
= / (Inx — z — Inkz) % De-1 g
0



Yang et al. Advances in Difference Equations (2019) 2019:300

Inx—kt . —a
= / (Inx —Inkz)™ (1 _ 7) ka1 7
0

Inx —Inkt

= (Inx - Ink7)*B[1 -, (k + D)ar].
The proof is completed. d

3 Representation of the solutions
In the section, we adopt the general method of solving linear fractional differential equa-
tions to seek the exact solutions by using the notation of EZI")",

We establish the following fundamental result.
Theorem 3.1 IfEEI")" : (kt, (k + 1)t] — R™", k € N* satisfies
(uDEZ) () = BEZG=F", ()

o, . . C g o -1
then IEfS("") is a solution of (yDY., y)(x) = By(x — ) with the initial value Efg“x) =1 %,

l<x<r.

Proof Ifx € (—00, 1], according to Definition 2.3, we have Efg“")a = O, obviously, (2) holds.
Next, for x € (kt, (k + 1)t], k € N*, we use mathematical induction to prove that the con-
clusion is also valid.

(i) When k =1, t <x < 21, we have

(Inx)*! (Inx —In7)%*-!
r@ T (2a)

y(x) = BB - 3)

According to (3) and Lemma 2.4, we can get

(HDfEZ ) @)

1 d * x\ ¢ dt
i) [ () o
1 d I [*( x\"“ , dt
o (e (g [ (nF) 0nor
B ox\ ! 1 At
+I"(2oz)_/r <ln;) (Int-1Int) 7)
1

d B
= m <xa> (B[l —Ol,Ol] + m(lnx—ln ‘L’)B[l —a,za]>

_ (nx—In 7)ol
B I'(x)

(ii) When k = 2, 27 <x < 37, we have

(Inx)*! (Inx—In7)**  (Inx-In27)%!

— EB(lnx)”‘ =]
o) =B @) ra) T (3a)
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According to (4) and Lemma 2.4, we can get

(1DS. EB (;“ 2 ) (x)

1 d 2T d x 4
B m(xa) (/1 (lnx—lnt)*“y(t)% +/2 (lnx—lnt)“y(t)%)

T

1 AN( I [*( x\", .dt
-7ru-a><"d—x)(m/1 (mz) (o=

B
" I'(2a)

BZ * —o 3a—ldt
+ F(Sa)fz (Inx —Int)*(Inx — In27) 7)

T

* dt
/ (Inx—1nt)*(n¢ —In7)*>*! i
T

(Inx —Ing)*1 B? 1 d /x ) 3019t
B = Inx—Int)*(nx —1n27)3* 122

M@  TGa)I1-a)\"dx 2f(nx ng)(Inx —In20)* —
(Inx-In7)*!  (Inx—In2t7)%"!

I (a) I'(2)

(iii) Assume k = 1, nt <x < (n + 1)7, the following equality holds:

(Inx)*! = (Inx —In7)%*-! B (Inx — Inpr)"@!
+ + oo —_—

o TB(Int)¥ _
(HD1+Er,a )(x)_B I'(a) I'(2a) * I (na)

Fork=n+1,(n+1)t <x <(n+2)t, we can get

y(x) — Ef,((inx)a

_(nx)* o (Inx—Inz)*! o (03 = InGn ¢ 1)) 2! o
R Fnila)ra

According to (5) and Lemma 2.4, we can get

(1DS. EB (;“ o )(x)

! ([ N N
=m<xa><fl (Inx —Int) y(t)7+/r (Inx —Ing) () — +---
+/(x (lnx—lnt)"“y(t)%)

n+l)t
(Inx—1In7)**  (Inx-In27)%! , (Inx —Innt)™1
= + + -+ e —
I'(a) I'(2a) I (na)

1 d
"Tl-a) <xd_x>

Bn+1 x L dt
X|——— (Inx —Int)™ (ll’lx —In(n + 1)_L_)(n+2)o¢ 1at
F((n+Da)+a Jy, ;

_ (nx-Inz)*' o (Inx—In27)>" L gl (Inx — In(n + 1)7)rDe-1
I' () I'(Qa) I'((n+1)a)
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Then, for Vk e N*, kTt <x < (k + 1)z,

(H]Da ]EB (Int)* )(x)

B (Inx —In7)* ! (Inx —In27)%*1 e (Inx — In kt)ke-1
= + 4+ - 4+ S —
I'(a) I'2a) I (ko)
- BEfgnx—lnkr)”‘ )
The proof is completed. g

In what follows, we give the main result of this paper.

Theorem 3.2 For kt <x < (k+1)t, k € N*, the solution y € C(X,R") of (1) can be written
to

y(x) _ Ef,((inx)ab + / EB (Inx—Ins) ( 1+(/))(S)— (6)

where X = (kt,(k+1)T]N(1, (k+1)7t],0< < ﬁ orX = [kt, (k+D]N[L, (k+1)t], 0 > L.

n+l

Proof Assume that Yp(x) = BEB (Un9)% satisfies Theorem 3.1, and the solution of (1) is given
by

(x . a d
y(x) :B]Efgnx) C+/ Ef,(;nx—lns) Z(S):S, o
1

where C € R” is an unknown constant vector, z(-) is an unknown Hadamard differentiable
function. Since Yj(x) is the solution of Equation (1) and IEB (n® _ J % 1<x <r1,thus
we can choose C such that (yI17%y)(1*) = b.

Let x — 1*, by Definition 2.3, we have Eff[;lm’l“)a =0@,1<s<t.Forl<x<rt, we

obtain

b= (uIy)(17) = Tim, (11:) ()
. 1 ¥ . dt
xl_1)I111+(m \/1\ (lnx— lnt) Y()(If)c P )

_ L _ o a-1
= Fi-o) x—>l+</ (Inx —Int)™“(Int) )
lim C=C.

x—1*

It indicates that (7) has the form
B(Inx)® ‘ B(Inx-Ins)® ds
y(x)=BEZ"™ b+ / EZ " z(s)—.
, ) S s
By Definition 2.3, we divide (0, t] into two subintervals, we can get:

(i) For1<s<xand 0 <Inx —Ins < Inx, we have

(Inx —Ins)*~!

]EB(lnx—lns)D‘ =]
o ()
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(ii) Forx<s<tandIlnx—Int <lnx—Ins <0, thenEB ~Int-ns)* — © Thus, for1 <x <,

we have

(Inx)*1

Blnx Ins)*
b f1 EX ()— ®)

By calculating Hadamard type fractional order derivatives on both sides of (8), we can get

px) =1

(uDf:9)(x)

1 d of ,(np)*! (Int—Ins)* ' ds\dt
:r(l—a)<x%)/1 (Inx=In) ( e YO / @) Z(s)?)T
B 1 d N 14t ds
= m(?{f%)‘/l F(o{ (/ (lnx—lnt) (lnt lns) P ) s
:xdi; /_jz(s)% = z(s).

The proof is completed. d

To end this paper, we give an example to illustrate the above theoretical result.
Leta =0.3, T = 1.2, k* = 4. Consider

(uDY2y)(x) = By(x - 1.2), x€(1.2,6],7>0,
y(x) =(0.1,02), 1<x<12, )
I)7y)(17) = b,

Where y(x) = (yl(x))yZ(x))Tx b = (1’2)T, and
B- (2 1) .
3 5

By Theorem 3.2, for every x € (1.2k,1.2(k + 1)], k = {0, 1,2, 3,4}, the solution of (9) can be
represented by

B(Inx)* 12 B(Inx—Ins)03 0.3 ds
yx) =Ey 2 03 b+ Ey503 (HD1'+ §0)(S) P
1

where
0, —co<x <1,
lnx (1 2)T 1<x<1.2
(u lnx) b7 B(lnx—lnl 2)” )(1 2)7, 12<x <24,
mx) 07 (Inx— ]n12) 2 (Inx-In2.4)~01 T
EBn UF BT 506 B 109 )(1’ 2 24<x=36,
1,203 9= (I mx) 07 4+ glnain 1.2)~04 4 g2 (Inx-In2. 4)~0
T(0.6) r(0.9)
1 02
Bz;nx [132)6 )1, 2)T 3.6<x <48,
(Inx)~% (Inx-In1.2)~% 2 (Inx—In2.4)~0
(1 70.3) +B (0 6) + B r(0.9)
0.5
4+ 3 (nx- l(r1132)6) + B3 (lnx;laz)ﬁ) )(1,2)7, 48<x<6.
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