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1 Introduction
Mitrinovic, Pecaric, and Fink proved Montgomery identities for functions defined on the
real line [17] in the following form:

Letf: [a,b] — R be a differentiable function and f” : [4, b] — R be integrable on [, b] €
R, then

b b
=51 / FO)de+ / Pl OF (8) db, (L.1)

where p(x,t) is called Peano kernel, defined in [17]. Some applications of Montgomery
identity in the form of inequalities can be found in [13, 15, 16].
Dragomir et al. extended it for a function of two variables on the real line [12] in the

following form:

1 [t 1[4
f(x,y)Zm/; f(t:y)d”E/C fx,5)ds

1 " b 0% (t,9)
“Gaaa ), | S ||| peonon TS a0

021 (t,)
dtds

where f : I = [a,b] X [c,d] — R is differentiable, the derivative
p(x, t) and g(y, s) are Peano kernels, defined in [12].

is integrable on I,
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In 1988, Hilger, a German mathematician, presented time scales theory which deals with
both discrete and continuous cases simultaneously. Delta and nabla calculus were first two
approaches in the theory of time scales. For introduction to the time scales calculus, the
readers are referred to [9, 10], and some related inequalities can be seenin [1, 3, 5, 6, 8, 11,
14].

Bohner and Matthews proved the following Montgomery identity for functions of one
variable by using delta integrals [7].

Leta,b,s,t € T; a<band f : [a,b] — R be differentiable, then

b b
f)= 5 / SOAss / Pl s)fA(5)As 13)

where

Ss—a, a<s<t,
P(t,S)=
s—b, t<s<b.

Remark 1.1 For nabla integrals, (1.3) can be written as follows:
Leta,b,s,t € T;a<bandf: [a,b] — R be differentiable, then

b b
f@)=; ! . / £7(s)Vs + bia / 2657 ($)Vs, (14)
where
(t5) S—a, a<s<t,
p(ts) =

s—b, t<s<bh.

Ozkan and Yildrim gave the representation of functions depending on two variables in
the form of delta integrals [18]. In 2006, Sheng et al. introduced the combined dynamic
derivative, also called alpha diamond dynamic derivative (« € [0,1]), as a linear convex
combination of the delta and nabla dynamic derivatives on time scales [19]. The aim of
the paper is to extend Montgomery identity by using alpha diamond integrals [2] and to

establish respective Ostrowski type inequality for alpha diamond integrals.

1.1 Preliminaries

1.1.1 Alpha diamond derivative [19]

Definition 1.2 Let T be a time scale and f(¢) be differentiable on ¢ € T in delta and nabla
senses. For ¢ € T, we define the alpha diamond derivative £« (¢) by

) =af )+ A -a)fV(t) Yael0,1]. (1.5)

Note that the alpha diamond derivative reduces to the standard delta derivative for o = 1

and nabla derivative for o = 0.
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Properties of alpha diamond derivative

Theorem 1.3 Let f and g be alpha diamond differentiable functions, then:
The sumf +g: T — R is alpha diamond differentiable at t € T, satisfying

(f+)% () =f(6) + g ().
The product fg : T — R is alpha diamond differentiable at t € T, satisfying
(1) (t) = £ (£).(t) + af " ()g"™ () + (1~ e)f " (1)g " ().

Ifg()g® (t)g”(2) 7!0,];—, : T — R is alpha diamond differentiable at t € T, then

(Jj > Ga ) = SO (g7 ()g" (8) — af (H)g” (£)g™ () — (1 — a)f P (£)g° (t)g" (¢)
g g()g” ()gr (t)

1.1.2 Alpha diamond integration [2]
Definition 1.4 Leta;,a; € Tandf : T — R, thenfora € [0, 1], the alpha diamond integral
of f is defined by

fa l@f (B0u(t) = o f jzf(t)At +(1-a) / 1@ f@OVt,

provided delta and nabla integrals of f exist on T.
Properties of alpha diamond integration

Theorem 1.5 Letf,g: T — R be alpha diamond integrable on [a;, a;]1. Let as € [ay, az]T
with ai < az < a and A € R, then

/ﬂ alf ()t =0;
/a luzf O)Oat = / lag SO Oat + / :2 FOOt;
/ (0.t~ - / f (O0uts

/a jz (f +2)()Cut = /a jz F@)Ou(t) + f ” 2(O)Out;

ai

/ P O0ut =1 f * f0ut.

ay
The following result can be found in [4] and is used in the proof of next results.
1.1.3 Fubini’s theorem on time scales

Let Ty, T, be two time scales. Suppose that S: T; x T, — R is integrable with re-
spect to both time scales. Define ¢(y,) = le S(y1,y2)Ay; for ae. yo € Ty and Y(y1) =

Page3of 13
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sz S(y1,y2) Ay, fora.e. y; € T;. Then ¢ and ¢ are both differentiable in time scales settings
and

fAyI/ 5()’1yy2)AJ/2:f A)’z/ S, y2) Ay
T, Ty Ty Ty

2 Montgomery identities for function of two variables on time scales
2.1 Montgomery identity |
Lemma 2.1 ([18]) Let my,n; € Ty, ma,ny € Ty, and f € CCrld([ml,nl]ﬂ-1 x [my, myl1,, R),

then ¥(x,y) € [my,nm]r, X [mo, nylt,, we have the representation

1) =2 [ [ Her.on0) 2t
+/n1 /nz q(y,t)%ﬁ)’t)AztAls

s,o t
+/ / AT ))AgtAls
my Jmy AIS

52
+/m1 /;nz px,s)q(y, t) f( AztAls], (2.1)

where p : [my,n1] x [my,n1] = Rand q : [my, ny] X [my, ny] — R are defined as follows:

§—nmy, l:fS € [ml’x]! t—my, %ft € [le,y],
pl,s) = , g0, 1) = A
s—m, ifsexmn], t—ny,  ifte(y,ml,

and k = (m, — my)(ny —my).

Note Throughout the paper, p(x,s), g(y,t), and k are as defined in Lemma 2.1.

2.2 Montgomery identity Il
Lemma 2.2 Let my,n € Ty, my,ny € Ty, and f € CCI([ml,nl]T1 X [my, myl1,, R), then

Y(x,9) € [my, mlT, X [my,na]r,, we have the representation

flxy) [/m /Y;Z 01(8), p2(8)) Vat Ass

+/m1 [nz p(x,S)fAl (s’pz(t))vztAls
+_/;nl1 /r‘n: q(y,t)fvz(oq(s),t)vztAls
+/mll /’;:p(x,S)qo’,t)fval(S,t)VﬂAls]. .

Proof Apply (1.3) to f(-,y) for fixed y € [my, ns]T, to get

fx,y) =

ny ni AL
1—1’1’11/ f(al(s),y)Als+ p— /MI p,s)f°1(s,y) Ass. (2.3)
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Apply (1.4) to f (s, -) for fixed s € [m1, m ]1, to obtain

f(S,y) =

_1m2 / 2f(S, Pz(t))V2t+ - 1m /m; 0, t)fw(s, Vst. (2.4)

np my —

Again apply (1.4) to f21(s, ) for s € [my, n1]1, to get

fA(sy) =

f (S, pz(t))Vzt + L / ’ q(y, t)fVZAl (s, t)Vst. (2.5)
Ny — iy

Ny — My o

Substitute (2.4) and (2.5) in (2.3), then use Fubini’s theorem to obtain

1 ny 1 n
ren= [ [m o | e mo) v
1

Ny — my

+

/ 2 g, O)f 2 (o1(9),2) Vzt] A1s

+

f 1p<x,s)[ L [ 2 (s ma0) Vit
m ny —m

nm —m 2 Jmy

ny
+ / q(y, O)f 221 (s, t)Vzt]Als,
my

Ny — niy

which gives the required result. O
2.3 Montgomery identity Il

Lemma 2.3 Let my,n € T1, my,ny € Ty, and f € CCI([th,nl]Tl X [my, nylr,, R), then
V(x,y) € [m1,m]r, x [ma, nylr,, we have the representation

f(x,y) = /_t|:/m11 ‘/m:f(pl(s),@(t))Athls
+/ 1/ zp(x»S)fvl(S,(fz(t))Aztvls

+

f 002 (01(5),£) Mgt Vi

+

/.
J.

/ p(x,8)g(y, £)f V142 (s, t)Aztvls] (2.6)

Proof It can be proved accordingly, by shuftling the roles of delta and nabla integrals in
Lemma 2.2. a

2.4 Montgomery identity IV
Lemma 2.4 Let my,ny € Ty, my,ny € Ty, and f,g € CClld([ml,nl]Tl x [ma, n3]r,, R), then
Y(x,y) € [m1, mlr, X [my, na]r,, we have the representation

) = %[ [ 11 [ sz(pl(s),/)z(t))vztvls

+/n1 " (yt)af(p1 ), t)Vtvls

my Jmy
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3f(s, m( )
+/ / —— =V tVls
2f(&t)
+/m1 /mz Pl 9)a0 1) SVt Vgtvls]. (2.7)

Proof Tt can be proved with the help of (1.4) and nabla derivatives and integrals with re-
spect to both variables, instead of (1.3), accordingly as Lemma 2.2. O

2.5 Montgomery identity for alpha diamond integrals
Theorem 2.5 Let my,n; € Ty, my,ny € Ty, and f € CCI([ml,nl]T1 x [my, myl1,,R), then

Y(x,y) € [m1,m]1, X [my, nyl1,, we have

kf (x,y) = |:051012 /n: /mn;f(ol(s),og(t))AztAls
+ar(1-ay) /m T /m 22 f(01(5), p2(£)) Vat Ars
+ay(l —al)[ntl /mzzf(pl(s),oz(t))Aztvls
F (1= a1 - ) m | zzf(pl (s),pz(w)vztvls}
+ [az /m il /m ZZ P 8) O (5,09(8)) Aatays
+(1—ay) fm nll /m zz P, s)f o (s, pz(t))vztoals]
+ [al /m jl [m Zz 4, )f 2 (01(5), £) Aoty s
f(1—a) /m fm 40, 0% (p1<s>,t)v2t<>a1s]
+ /m tl fm zz P, 8)q(y, )f C1992 (5, 1)<y <00, 5. (2.8)

Proof Multiply (2.1) by oy, (2.2) by a1 (1 — o3), (2.6) by a2 (1 — 1), and (2.7) by (1 — 1) %
(1 = a), then add the resultants to obtain

kf (x,y) = a0z |:/ ! / Zf(Ul(S),Uz(t))A2tAls
+/m11 /r‘n:p(x,S)fAl(S,O'z(t))AztAls
+/’;‘11 L: q(y;t)fAz(al(S),t)AztAls
' All /m: pls)q0; t)fA1A2 (s, t)AztAls]

+a1(1—a2)[ / 1 /  £(01(5), pa(0)) Vot Aus

Page 6 of 13
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px,8)f 21 (s, p2(2)) Vot Ars

2

.
/m q(, t)f *(01(s), £) Vat Ays
.

+
1

+

1 2

+

T STy

P, 89)q(y, )f 1V (s, t)VZtAIS]

1

ranl —al)[ / / f(pl(s),az(t))Aztvls}

+/m1 /mz plx,s)f V1 (8,02(8)) Aot Vis

2

+ /m V:I /m zz g, 0)f 22 (p1(s),£) Ast Vs
[ 1 [ P00 5,080

ra-a-a)| [° | [ (016 l0) eV
+ /m il /m ZZ P, 8)f V1 (s, p2(2)) Vot Vis
+ /m tl /m ZZ a, O)f > (p1(s), ) Vot Vis
of | Zzp(x,s)q(y, 07750 Vacs |

= [alaz /m il /m Zz f(01(5), 02(8)) Ast Ars
+ar(1-ay) /m; /:f(ol(s),pz(t))vgmls
+aa(l—on) /m il /m :2 F(01(5),02(8)) At Vis
ra=ap-a) [ [, o) vaesis
+ |:a1012 /m il /m ZZ P, )21 (s,02(8)) Agt Ass
+oq(1—ap) /m jl /m Zz PO, 8)f 21 (s, p2(8)) Vat Ass
+ay(1—ay) /m il /m 22 PO, )f V1 (s,05(2)) Ast Vis
+(1=on)(1-a) /ml /n:p(x, )V (s, pz(t))Vztvls]
+ |:a1a2 /: /mzz q(y, O)f 22 (01(5),£) Aot Ays

n ny
+051(1 —Olz) / q(y, t)j’v2(01(s), t)VztAls
nmy my
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+ay(1—ay) fm tl /m Zz a2 (01(5),£) Aot Vis
+(1—a)(1-ay) /m jl /m 22 q(y, t)f v (pl(s),t)Vztvls]
+ |:ot1a2 /}: /mzzp(x,s)q(y, OFA182(s, £) Ayt Ay s
ranti-a) [ [ s 900,07 0 0 tns
+or(l-ay) /m tl /m 22 P, 8)q(, £)f V122 (s, £) At Vs

+(1—an)(1-ay) / 1 / Zp(x,s)q(y,t)fWZ(s,t)vzrvls}

and after simplification one gets the required result.

Example 2.6 For Ty = h1N, Ty = hyN, hy, hy > 0, (2.8) can be written as follows:

m_ 1" 4
Ty
kf (x,y) = azory Z Zf((l + 1)y, (i + 1)) hihy
R
ror(l-aa) Y Y i+ Dy, (i - Do)y
Ly
i= 71 j= Ty +1

rar(l—ar) Y Y (- Dy, i+ Do) yhy

i=’,:’—11+1j=';—22
n n
hy hy
+(l—a)(l=a) Y > f((i= D, i = k)l

. m .
z:h—11+1/:h—22+1

+(L-er) YD plai+ 1)fo ((i—l)hl,(i+1)h2)h1h2}
i:’,f—lluj:%
R R

+(1 —a2)|:a1 30N pli— 1) (G + i, (- i)y

_M1 i ma
i= T j= Ty +1
n n

+(1-o) Z Z plx,i = 1) ((i = Dy, (i - l)hz)h1h2:|

. m .
1:h—11+11:h—22+1

Page 8 of 13
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m_1m 4
hy "
+ap [az D0 i+ )+ 1k, (i + 1k by
“H R
R B
F(L-w) Y D qi+ )f2 (i + Din, (i - 1)h2)h1h2]
)
1=H1=E+1

72

%
+(1—a1)|: > Zq(y,i-l)jf<>“2((i-1)hl,(i+1)h2)h1h2
= +1= 72

m

n 2
+(1-az) Z Z q(,i = 1)f 2 ((i = D, (i - l)hz)h1h2j|

+11— +1
Z} 1”2 1
taen Y Z P i+ 1)q(y, i+ 1)f1%%2 (i + Dby, (i + Do) by
T
}11 1 }12
+a1(l - o) Z Z (i + Dg(y, i — 1)f 00192 ((l + 1)hy, (i - 1)h2)h hy
o ak
Yll }12
m T
+ap(1—ay) Z Z plx,i— 1g(y,i+ 1)1 (i = Dy, (i + Dha)hihy
i= hl +1/
moom
hl D

r(l-a)l-) Y > plxi-1gi-1)

=" =2
i= T +1j= Ty +1

x [ (i = 1)y, (i — 1)ha) i ha.

Example 2.7 If Ty =g\, Ty = ¢5, 1,42 > 1, and a; = ¢}, b1 = 4", c1 = 5%, and d; = q,,

then for my, my, n1, 1y € N, (2.8) takes the form

(@' - 41" (25> - 457 )f (%)

ni-1 npy-1

=(q1 - 1)(@2—1)|:0l10!2 > A (o Vs

ki=my kp=my

n1—1 ny

1 -
+oa(l—ag) Z Z S k”,le )quk2

k1=m1 ko=mo+1

ny—1

-1 jo+l\ k-1 k
+on(l-a) Z Zf a4

ki=m1+1ko=mo

n ny
rA-a)l-a) Y. > @)

ky=mi+1ko=mo+1

Page9of 13
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ni-1 mnp-1
k+1 i ki+1 _ko+1\ k1 k:
+0lz{011 Z Z (C A | Al U S Vo

k1=my ko=my

n ny-1
tA-a) Y Y pleay ) (e lqu}

ki=m1+1ko=my

n1—-1 ny

+(1- 062){0512 DG VA C s Vi i

ky=m1 ko=ma+1

+(1-a) Z Z VA U Ve }

ki=mi+1 ko=mp+1

- u k ki+l k k
+1 +1 +1 k:
+ 1) 0 Z Z J” 2 f<>a2( U )61115122

ky=my ka=m

n1-1 ny
k: o k k: k1 _k:
(=) Y D g (e ) }

ki=m1 ky=mo+1

ny—1

+(1- al){az Z > g e (a a a  g

ky=m1+1ko=mo

(1-a) Z Z e T U )qf"lq?'l}

ki=m1+1 koy=my+1

n-1 ny-1

k1+1 k2+1 Sa1Oan (L Ki+l _ko+1\ ki ko
+ 010 Z Z x,q1 ), q )f 1 2(‘]1 "o )ql 9>

ky=my ky=m3

ni—-1 ny

+or(l—ay) Z Z x’qlflﬁ-l y, )f<>a1<>ot2 (q/{ﬁl’qzz )qlqule—l

ki=m1 ko=ma+1

ny—1

/<2+1 a1 k ko+1\ _ki-1 ko
+a(l—ay) Z Z X, q ¥, q )f 1 az(qll »%2 )%1 q>

ki=m1+1 ky=my

+(1—o)(1-oay) Z Z x,ql )/, k2 )f<>011<>012(qk1 ’q/2<z—l):|'

ky=mi+1ko=mo+1
Remark 2.8 For T; =T, =R, (2.8) coincides with (1.2).

Corollary 2.9 Inaddition to the conditions of Theorem 2.5, if the function is monotonically
increasing, then we have the following inequality:

Flxy) <= |:,/m1 /mz 01(8), 02()) Gy £y 8
s /m | /m 2 P, )0 (5,02(8)) Sy <Py 8
[ oo

N ‘/”:1 /r‘n": p(x’s)q(yr t)f<>a2 Qaq (S, t)<>oz2 t<>a1 S:| . (29)

Page 10 0of 13
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on the right-hand side of (2.8), one gets the required result. O

Proof Since f is increasing, p;(t;) < t; < 0,(t;), V¢; € T}, therefore by replacing p; with o,

3 Ostrowski type inequality
Theorem 3.1 Let my,n; € Ty, ma,ny € Ty, f € CCI([V}’Il,}’ll]Tl X [my, nyl1,, R), further

assume f(-,-) is an increasing function with respect to both parameters, then V(x,y) €
[mllnl]Tl X [WZZ’ n2]T21 onegets

rn=3 [ [ e m0)0ntons

my Jmy
1

< #Ml[l’;z(x»ml) _1’2\2(7@”1)] + M

= (m —my)

Mz[l’;z(% my) — 1’;2()/, ”2)]
+ %Ms[};z(x, my) - ]’;2(96, "11)] [ﬁfz(y, my) - hAz()’, 1’12)],

where

ﬁz(x,ml):/ (s — m1) oy S ﬁz(x,n1)=/ (s = 11)< S5

1 ni

~ y R y
Tnbnma) = [ (E=m)outs  Falyims) = / (£ = 1)t

my ny

Proof Inequality (2.9) can be written as
1 ni ny
-1 [ [ Foros0)0nmtouns
mi my
ny pny
[ ] psirs (s.0x0)0untns

my Jmy

n ny
’ / aQ, ) %2 (01(5), £) Gy £, 8

mi )
ni n
' / / P8)q(, O)f 215, £)<a, t<>als}'
mi ny

By taking absolute value on both sides, one gets
1 n ny

fon -1 [ [ 01000)0ut0us
my Jmy

n ny
/ / P(%,8) 00y £, S
my Jmy

nmo pny
f / px,8)q(y, t)<>a2t<>a13
i my

<1M
=%l

+M2

I

nm pny
/ / 11(% t)<>a2 AV
my Jmy

+M3

where

My, = Sup [fo"l (S,O'g(t)) , M, = Sup [f<>“2 (ol(s),t)’ and

my<s<ny my<t<ny

Ms = Sup  [fCua(s, 1),

m<s<ny,mp<t<ny
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which gives

}/(x’y) - % /”:1 /an(Gl(S)rGZ(t))<>a2t<>a15

my

1 ni n
<- |:M1(n2 - mz)/ P(%,8)0, s + Ma(ny — nn)/ q(y, )Ouyt
my

\S my

ni n
+M3/ p(x,s)oals/ q(y, t)<>a2t]

m1 my

= li [l’;z(x,ml) - ]’Zz(x,nl)] +

(nz—iln«z)Mz (s, m2) = a3, m2)]

+ %Mg[h}(x, my) = ha (6, m0) | [a(y, 1) = ha (9, m2)],

which is the required result. d
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