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1 Introduction

Subdivision schemes (SSs) have become one of the most essential tools for the genera-
tion of curve/surfaces and have been appreciated in many fields such as computer aided
geometric design (CAGD), image processing, animation industry, computer graphics, etc.

Several univariate SSs studied in the literature are stationary. It seems that stationary
SSs cannot generate circles; on the other hand, non-stationary SSs are capable of repro-
ducing conic sections, spirals, trigonometric and hyperbolic functions of great interest in
graphical and engineering applications. The non-stationary SSs were established for the
first time by Dyn and Levin [17] in 1991. In 2002, Jena et al. [23] presented a scheme for
trigonometric spline curves. Later on, in 2003 Jena et al. [24] also proposed a binary four-
point interpolating non-stationary SSs which can generate C' limit curve. In 2007, Beccari
etal. [4, 5] proposed a couple of four-point non-stationary C? SSs with tension control pa-
rameter. For a general treatment of SSs, the readers can refer to [3, 20, 21, 27-29]. Recent
proposals of non-stationary SSs have been presented by Daniel and Shunmugaraj [10-12],
Conti and Romani [8, 9], Siddiqi et al. [30, 31], Bari and Mustafa [2], and Tan et al. [32]
who have constructed new attractive artifacts in the subdivision museum.

The property of shape preservation is of extraordinary significance and usually used in
curve & surface modeling. Several research papers have been published on shape preser-
vation in the last couple of years. In 1994, Méhauté and Utreras [26] introduced a new
technique to solve the problem of shape preservation in interpolating SSs. In 1998, Kuijt
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and Damme [25] constructed local SSs that interpolate functional univariate data preserv-
ing convexity. Dyn et al. [16] examined the convexity preservation properties of 4-point
binary interpolating SSs of Dyn et al. [19] in 1999. In 2009, Cai [6] discussed the con-
vexity preservation of 4-point ternary stationary SSs. Recently, in 2017, Wang and Li [33]
proposed a family of convexity preserving SSs and Akram et al. [1] deduced the shape
preserving properties of binary 4-point non-stationary interpolating SSs.

The main objective of this research is to define a new class of 2m-point binary approx-
imating subdivision schemes by using the Lagrange interpolation method. For simplicity,
we have analyzed and discussed only 2-point and 4-point non-stationary SSs. It is ob-
served that our proposed SSs are asymptotically equivalent to existing famous Chaikin’s
scheme [7] and 4-point binary scheme of Siddiqi et al. [31] and Dyn et al. [15] for different
choices of m, respectively. The results show that the binary approximating schemes de-
veloped by the proposed algorithm have the ability to reproduce or regenerate the conic
sections and trigonometric polynomials as well. Some examples are considered, by choos-
ing an appropriate tension parameter 0 < & < 7, to show the usefulness. We also examine
the shape preserving properties (monotonicity and convexity preservation) of SSs when
applied to functional univariate strictly convex data. Furthermore, motivated by appli-
cations in computer graphics and animation, the curvature and torsion of the obtained
curves are also presented in this paper.

The plan of this paper is as follows: Sect. 2 is for derivation of a new family of 2m-point
approximating non-stationary SSs. Section 3 is devoted for investigation of convergence
and continuity of proposed SSs, and in Sect. 4 we deduce the shape preserving proper-
ties (monotonicity and convexity preservation) of binary 4-point approximating stationary
scheme. Section 5 is devoted to results and discussion. Concluding remarks are presented
in Sect. 6.

2 Binary 2m-point non-stationary schemes
In this section, a procedure for constructing a new family of 2x#-point binary non-
stationary SSs is presented. The following is a general form of one subdivision level of

the non-stationary SS:

n

1 S )

2+i+y = z :a;+yq;+k’ y=0,1i€Z, @
k=0

where the finite set @ = {a), i € Z} is called the mask. The symbol of the scheme is defined
by a(z) = Y,y ai2'.

Theorem 1 ([18]) Let S be a convergent non-stationary SS with the mask “lmn then
Yd, =1, y=01L 2)
k=0

Here we reformulated Lagrange interpolation polynomials and presented some basic

identities which key role in this sections. Consider the Lagrange interpolation polynomials
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of degree (2m — 1):

=

L%,m_l()/) - l_[ ,,,://i’ n=—-(m-1),-(m-2),...,(m). (3)
k=—(m-1),n#k

Lemma?2 Ifn=—(m-1),...,(m), then following results holds:
m

1_[ n-k)==1)""m+n-1)(m-n). (4)

k=—(m-1),k#n

Proof We derive this implication individually for each value of n. Now, for n = —(m - 1),

we get
1_[ (n—k)=(-1)(=2)(=3) - - - (=2m + 2)(=2m + 1).
k=—(m-1),k#n
Therefore,
[ t-k=0(-1"""@2m-1).
k=—(m-1),k#n

Since n = —(m — 1), the above identity can be composed as (4).
In the same manner for n = —(m - 2),...,0,...,n, we have (4), completing the proof. O

Lemma 3 IfL>""(x) is a Lagrange interpolation polynomial of degree (2m — 1), obtained
in (3) analogously to the nodes {n}",, ), then we get

Cyama L) (-1)"(4m - 1)(4m - 3)!
V=L (4) T 26m4(1 — 4p)(2m — 2)\(m + n — 1))(m — n)!’ ®)
wheren = —-(m—1),...,(m).

Proof Since

m 2m
[T (5-%)-(5) (@m-sm-n@n-10- G-
k=—(m-1)

X (=4m + 13)(=4m + 9)(—4m + 5)(—4m + 1)},

we get
m n
1 1
]_[ ——k)=— ]_[ (1 - 4n).
om—1(1 _
k=—(m—1),k¢n<4 amil-an) 0o
This leads to
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~ (-1)" ( 3) (4m — 4) (4m - 5) (4m — 6)
RVETTGH -4n){ ") m — 4) (4m - 5) (4m - 6)
(4m - 8) (4m - 9) (4m - 10) (4m —-12)

@m—8) @m=9) @m-10) " "W

8 7 6 4 3 2 2
< (5)(2)(©)a(3) ) G)w(3)e
4\ /5\ /6 (4m —12) (4m — 11)
x (Z) (E) <€)(7) o4m-13) (4m — 12) (4m — 11)
(4m - 10) 4 9 (4 — 8) (4m —7) (4m — 6)
X am—10) """ @m—8) (dm—7) (4m —6)

(4m —4) (4m —3) (4m - 2)
(4m - 4) (4m - 3) (4m - 2)

X (4m —7)

X (4m - 5)

(4m—1)}.

This implies

“ 1 (=1)"(4m — 1)(4m — 3)!
I (Z - k) T 26mr(1 —an)2m -2

k=—(m-1),k#n
Applying (3)-(4) and y = i, we get (5). This completes the proof. O

Given m > 0, the mask of the following 2m-point non-stationary SSs is:

R Iy
2 _Zk:—(m—l) l‘kdnk’ 6)
i+1 m j 4

241 = Zk:—(m—l) K ki19ivko

and also

j sin(# u,v,)

Hie= sin(#um) ’

where 0 <a < Z, U,, = m(4*"~!) while V, is defined in Eq. (5).

2.1 Binary 2-point scheme
For m =1 in (6), the 2-point SS is

j+1

2% = /"Lllqi + M{)q;w @)
qlzﬁl = “](;qi + “]1‘/;41’

where
,u,j _ Sin(y‘_fl) /,Lj _ Sin(%)
0= . ’ 1=
sm(?}%) sm(%)
Remark 2.1

+ For m =1, the proposed SS (6) becomes the two-point non-stationary SS [14].
« The two-point SS constructed in [23] for the generation of the trigonometric spline of

order m, m > 2 also agrees with the proposed SS (6).

Page 4 of 19
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« Now for m =1, we derive the normalized SS (corresponding to (7)). Note that

sin(2%)  sin(

2]+1 ) 2/+1)

Sm(zl;l) Sm(zl 1)

1 3a a
() (59
_ 1 95 2a a cos(51)
‘snmgqo{ ““<2ﬂl>°°s<§ﬁT>}"coxy)‘

The corresponding normalized SS is obtained by dividing the stencil of the SS (7) at
the jth refinement level by their sum:

= 1o +

W=+ i =

(8)
2L+1 nlqj + ’70qu+1’
where
77j cos(%) j 77] cos(%) j
—— = ——2—=u.
o COS( 2/+1 ) 0 ! COS( Q;li-l ) !

Lemma 4 Iff is the limit function of the SS (7), then (cos a)f (x) is the limit function of the
proposed normalized SS.

Proof It is clear that

L | . cos(5;)
lim 1_[ . 7= lim 1_[ -
n—0o0 n— 00 -
j=0 Mo+ j= COS(?/“)
cosa

2.2 Binary 4-point scheme

For m = 2 in (6), we get a new four-point symmetric binary approximating SS

2; =M 1‘111 1t Mo‘i + Mlqiﬂ + quin»

)
2l+1 l’“zqi 1t Mlq] + Moq]m e 1qi+2r
where
j SlIl( 2/+1) /,Lj Sln(l;ff pLj Sin(%) and /J,j Sln(_%)
-17 324y’ 0~ .32’ 17 .32 27 T 3%y
sin( 2,,‘{ ) s1n(2j—j sm(zj—f’) (Qj—j

Similarly, the corresponding normalized SS is obtained by dividing the stencil of mask at
the jth refinement level of the SS (9) by their sum:

j+1

2i —)‘11 ;1+A{)qj+kqi+1+k12qi+2,

j+1

(10)
2+l = )“Izqi‘-l + )“llqi + )‘{)qiu + )‘]71 i+22
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W= %, k=-1,0,1,2.

The above normalized SS generates the function g(x) = 1 because Z)Jk =lLk=-m+
1,...,m.

Lemma5 Letj> 0and m >0 be fixed integers. Ifq/l = cos{(2i)5;} then for -1 <i < 2m, we
have

i+ 1 j 3
42i1=cos:<2i+§)%} and qg;il:cos{<2i+§)%}.

Similarly, lfd = sin{(2i)%} then for =1 < i < Yn we have

j+ . 1 j+ ) . 3
q/Zil = sm{(2i+ 5)%} and ‘2/2;1 = s1n{ (21+ 5)%}

Proof Here we prove the first part. Let ¥ = cos(2ia). In the first step of the SS (7), we get

3a in(4
qéi = ’78 cos(2ia) + n? cos((Zi + Z)a) = sin(22a) cos(2ia) + sin(22a) cos((2i + Z)a)
sin(2a — £ sin(£
= M cos(2ia) + — ) cos((2i + Z)a)
sin(2a) sin(2a)

a . . fa\ . .. 1
= cos(—) cos(2ia) — sm(—) sin(2ia) = COS(<2L + —)a).
2 2 2

At the jth step of the SS, we get
j+1 j .a j . a
b = n{)cos<2zg> +17 cos((2z + 2)5>

= S?H(T) cos((2i)i) + Sm(ﬁ) cos <(2i + 2)1)
si 2

H(F) 2 sin(%)
sin(z5 - =%) sin(=%)
=27 P g Zii + —2" cos (2i+2)i
sin(577) 2 sin(577) 2

. 1\a
=cos| (2i+= )= )
Similarly, we can show that

42:41 = cos((Zi + %) %)

The proof of the other part is similar. Analogously, we can prove that SS (9) also generates
functions cos(ax) and sin(ax). O

Page 6 of 19
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3 Convergence analysis

In this section, we use the asymptotic equivalence method to find the smoothness of the

normalized SSs (8) and (10).

Definition 1 ([18]) Two binary SSs, {Se;} and {S s, are asymptotically equivalent if

XN ~ Sgll < 00

where [1Se; oo = max{) ., |agi)|, |agi)+1|}.

Theorem 6 ([18]) Assume that {So;} is a non-stationary SS and {S s, is a stationary SS. Let
{Se;} and {Sg,} be two asymptotically equivalent SS having finite masks of the same support.
If{Sﬁj} is C"™ and Zf:o 2’”/||Saj = Sg |l <00, then the non-stationary SS {Sq;} is C™.

Some estimates of stencils nf(,k =0,1 and )J,;,k =-1,0,1,2, are required to find the
smoothness of the proposed schemes which are given in the following lemmas.

Lemma 7 The following inequalities hold:

@ Loyl 1

a - - ’

4~ 1_él-cos(?/%)

b) ><i<>
4~ _4cos(2ji_)

Proof We give the proof of (a). Note that

a a
A/_M>2f” :<1)
y :

cos(FAp)sin(zA) T 5 \4
Also
sin(£)
2/ .
j_ cos(g)sin(n) 5 sin(31) sin(2)
1 cos(y“)sm( ) sin 2,+1 sin(=<) ZSin(Q/ )
2/+1 ”- Pl
a a
- J 1 1
T 255 cos(5) T gt cos(zh) 4 cos(5)

This completes the proof of (a). The proof of (b) is obtained similarly.

Now, by Lemma 7, we have the following result.

Lemma 8 The following inequalities hold:

i1 1
(a) )le_zllfcoﬁ’
i 3 1
]
(b) AO_Z‘ECIE’

where Cy and Cy are constants independent of j.

Page 7 of 19



Ghaffar et al. Advances in Difference Equations (2019) 2019:325 Page 8 of 19

Proof We present the proof of (a). By Lemma 7(a), we get

i1 1 [ 1-cos(5%) 1 o a
Y I = <2 S s —
4 4 COS(F) 4COS(F) 2

1 a? 1
S— 75 <G
2cos(5%) 2% 2%
This complete the proof of (a). The proof of (b) is obtained similarly. O

Remark 3.1 The the normalized SS (8) is a non-stationary counterpart of the following
stationary SS [7]:

W1
2i —zq;’rz i1’

11
Y (an
2i+1 7 41i T 47i+1

because the stencils of the normalized SS (8) converge to the stencils of (11): A{) — (%) and
N — (i) as j — 0o. The proof of convergence follows from Lemma 8.

Lemma9 Suppose that the Laurent polynomial a(z) of the stationary SS (16) can be writ-
ten as

1 3 3 1
@-{()+ () () (3}
4 4 4 4
then SS S, corresponding to the Laurent polynomial a(z) is C*.

Proof To find the smoothness of the stationary scheme S, we consider a(z),

a(z) = i(l +3z+32° +2°).

If
4a(z)

c(z) = Qsop (1+2),

then
1 1 11
HESC = EmaX{Z|CZk|rZ|CZk+1|} = maX{i, 5} <1
keZ keZ

Hence by [18, Corollary 4.11], the SS S, is C*. 0

Lemma 10 The Laurent polynomial a/(z) of the jth refinement level of the stationary SS
(10) can be written as a/(z) = (%)b" (z) where

V() =2{N, + (¥ - )z + X;2%}.
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Proof Observe that
a(z) = )»jl + (A{))z + (A{))z2 + (}»jl)z3
It can be easily proved that @/(z) = (1;Z)b’(z). O

Theorem 11 The stationary SSs (8) and (11) are asymptotically equivalent, that is,

Y 1S4 = Salloo < 00.

j=0

Proof From the stationary SSs (8) and (11), we get

; |
My— =+ [N - =t
-3+ b=

4

Znsaj—sanoozz{
j=0

i

From Lemma 8(a), it follows that

oo

2

M——

|
ZCOE<OO'
j=0

Similarly from Lemma 8(b) we obtain

oo

2

j=0

)J—— < 00.

Hence
o0
> 1Sy = Salloo < 00.
j=0

Theorem 12 The non-stationary SS (8) is CL.

Proof Since S, is C' by Lemma 9 and also the stationary SSs (8) and (11) are asymptotically
equivalent by Theorem 11, by [18, Theorem 8(a)], it is sufficient to prove that
D 218, = Salloo < 00,

j=0

where

1S, = Salloc =max{Zlcék—

keZ keZ

1
M-t
il

2+l T B2j+1 | }

o]

zz{z

Jj=0

)L{)—é +2
4
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Note that
) . .3 1
Mo+ <M =2+ [N - =]
|o+ 1|_ 07 g M 4

Since
> .3 > C1
227)\’(,—[—} <oo and 22/)\’1—1 <00,
j=0 Jj=0

by Lemma 8(a)—(b), it follows that

o0 . .
D 2N+ X -1] < oo
j=0

Hence

[e¢]

> YIS, — Salloo < 00.

j=0 =

Now we discuss the procedure for checking the smoothness of four-point non-stationary
SS (9). The proofs of the following lemmas are similar to those of Lemmas 7 and 8.

Lemma 13 The following inequalities hold:

7 .
- < )J <—-—,
@ - =*1 =715
0) o<t
128 = ¥ 7 128cos(a)
© ke
128 = 7 128cos(a)

5 ; 5
d - —=<i<-—.
@ 128 — "2~ 128

Using Lemma 13, we get following result.

Lemma 14 The following inequalities hold:

: 7 1
] ju— —_——_— JE—
@ ( 128)‘ =Dogsp
. (105 1
by |M,-|— )| <D=,
k)| (128)’_ 122
. (35 1
V- = )| <Dy=,
© |} (128)‘_ 253

; 5 1
)\1 -\ —-—— <D3;—,
2 ( 128)‘_ 322

where Dy, D1, Dy, and D5 are some constants independent of j.

(d)

Page 10 of 19
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Remark 3.2 The four-point stationary SS (9) is a non-stationary counterpart of following
stationary SS [15]:

= 128)qi 1t (igg ql 123)qi+1 +(- 128)qi+2’

(12)
21+1 128)qi 1t (128)41 1(2)2)4141 + (_Eg)qlnz

because the stencils of the normalized SS (9) converge to the stencils of the stationary SS

(12): ¥ — =L, 2 — 18,3 — 35 and 3}, — -3 asj — oo. The proof of these facts

follows from Lemma 14.

Theorem 15 The stationary SSs (9) and (12) are asymptotically equivalent, that is,

D 1S4 = Salloo < 00

j=0
Proof From (9) and (12), we have
7 i 105
Si—=Salloo = | -— Ny— | —
Z””’ ” ]ZO{ B (128)‘+ ’ (128>‘
;o (35 ; (-5
+ M-l = )+ M- = .
128 128

From Lemma 14(a), it follows that

Similarly, from Lemma 14(b)—(d) we obtain
j 105 i 35
M- — V= )| <oc,
128 128

Py = <00
2
128

Hence

< 00,

> 1S4 = Salloo < 00

j=0

Theorem 16 The non-stationary SS (9) is C2.

The proof of above theorem is similar to that of Theorem 12.

4 Shape preservation of binary four-point SS

In this section, we will check what axiom should be applied on the control points so that
the limit curve achieved by binary 4-point subdivision scheme (9) is both monotonicity
and convexity preserving.
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4.1 Monotonicity preservation

Lemma 17 Counsider the control points {q?}iez,

gl <ql < qp<q << gy <y <
Define first order divided difference by Di = qi N qi, taking
D, , 1
=l Q= max{q;, —.}, Vj>0,i,j€Z.
D, i

i i

d-

Furthermore, consider @ <p<LpeR
If% < Q° < p and {p)} is given by the SS (9), then

D,>0, <Q<p Vji=0ijel (13)
Proof To prove Lemma 17, we use mathematical induction on j.
(I) By hypothesis, whenj=0,D? =4%, -¢? >0, % < Q% < p, then (13) is satisfied.
(I) Suppose that (13) is satisfied for some j > 1, then we have to prove that it is true for
j+ 1
We first prove Di >0,Vj>0,i,jeZ.
Assume that Di >0, Vi€ Z, is true for some j > 1. Then Vi € Z, we have

» - "
DJZJ; = 2J;+1 - 2:
1 o o o
= 135" 2(@ = 4) +58(dhs ~ ) = 2(dhr - 00)]
1 , S
) ﬁ[_zDIH +58D; - 2D, ]
D[ -2 4
128 q/i_l
D, [-2
and
» - "
D12;+1 = 24;+2— 2;+1
1 .

- 2 [-5D], +37D]+ 37D, - 5D),,]

. o
= Ll - 374374 - 5%14
L g,

D[ 1 1\ ;
= -5~ +37+(37-5-)q,
1281 p 0

M1 1
>—L|-5—+37+(37-5=|p
128 p 0
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D
= 37p%+32p-5]>0, 15
12Sp[ P 0 =5] (15)

which implies that D’;l >0,VieZ.
Therefore, by induction, D’l >0,Vj>0,i€Z,jeZ.
(III) We now prove that % <Q<pVj=>0,jeZ
Since

Dt 1—218[—£l +37 +37q, - 54, 4]

= ; ’

0

- j+1 i
Dl LA [ +68~24]
' [_; +37+37(/Lﬁ—5«/;+14;]—p[0/‘~2 +68—24)]
i = (5% + 68 —24)] ’ (16)

9i1

5 4374374 —5q.,,q + 2 —68p +2pq,

qj-—p= i-1 i1 ,
“ =2+ 68-24

i-1

qgi_p:

’

ol=

and as the denominator in (16) is positive, i.e., D > 0, the numerator satisfies:

5 . . . 2 i
N <——— +37+374 - 54,1+ — — 68p + 2pq

i-1 i-1

-5 ; 5 1
=(—+37+2p|g,+37 - — +2p— —68p
0

i-1 i-1

(20% - 31p* +34p - 5)

—_ X |-

<=(p-1)(2p*-29p +5) <0.

k)

Therefore, q/m <p.
Similarly, we can get g);,; < p, q% < p and =*— < p, which implies % <Q* <p.
2i 2i+1
Therefore, by induction, we have % <@ <p,Vj>0,j € Z, completing the proof. O

A direct consequence of Lemma 17 is Theorem 18.

Theorem 18 Suppose the control points {q°}icz, with q° = (x2,f°) are strictly monotone

decreasing (strictly monotone increasing). Denote

0 0 0 0
X:on—X: X: 1 —X; 1
X° = max ’:')2 “(')1 , 0”1 o [ Q° = max q?, 1
i X — X X — X i N
i+1 i i+2 i+1 i

Then, for % <X°<pand % < Q° < p, we have

29 -4/801

<p<l, eR,
) <=p= P

Page 13 0of 19
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and the limit functions obtained by the SS (9) are strictly monotone decreasing (strictly
monotone increasing).

4.2 Convexity preservation

0

9,4°) are strictly convex, where

Definition 2 Consider that data points {¢"};cz with ¢ = (x
{x)};ez are equidistant. For convenience, we let Ax) =%, —x? = 1. By SS (9), we have

Ax/li“:xj”—x/:“:%Ax]li:

i+1 i

1
o+l

Definition 3 Let di =2 (6]’;_1 - 2q§ + qi ,1) denote the 2nd order divided differences. In the
following, we will prove d? > 0, Vj > 0,j,i € Z. The SS (9) can thus be written in terms of
2nd order divided differences as follows:

a1 , . .
dy = E[_Sdé—l +34d; + 3d, ],

dyiyy = = [3d] +34d),, - 5d£+2]'

|
32
Theorem 19 Counsider the control points {q}}icz, g7 = (xY,40), which are strictly convex,

ie,d®>0,VieZ. Let I'V = max;{r, %}, where 1 = dl:; ,Vi>0,jeZ.

Furthermore, consider 177@ <Xt <1,xeR. Then for /IT <TI%<, we get

i

d’ >0, >IV<), Vj>0,ieZ,jel. (17)

1

> =

In particular, the limit functions generated by the four-point binary approximating station-
ary SS defined in (9) preserve convexity.

Proof To verify Theorem 19, we use mathematical induction on j.
(I) By hypothesis, (17) holds true for j = 0, as is easily seen to be true: dio >0,
$<TI%<x
(IT) Suppose that if (17) true for some j > 1. It must then be shown that (17) holds true
for j + 1. To achieve this, we first prove that di: >0,Vj>0,i,j € Z. From the
assumption that df >0, Vi € Z, it follows Vi € Z that

il 1 . . .
dy; = 5[—5d§_1 +34d, + 3d,,, |

ar d
= —l[—5 i1 +34+3’—+1.1]

2074 i
d 1 ;
=—Lt|-5— +34+37,
321 7/
i-1
d
> —L[-5A% + 344 + 3]
321
>0,
and
1 1 . . .
d12-;+1 = 5 [3di + 34d;+1 - 5d£+2]

Page 14 of 19
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Iﬁa.

=2 [3 (34— 51)7]

4
L2 + 34]
20

>0,

which implies that df“ >0,VielZ.
Therefore, by mathematical induction, we have &, > 0, Vj > 0,i,j € Z.
(II) Now we prove that 1 > I*! <, >0, i€ Z,j € Z.

Since
&
j+1 dlzﬁl _ 53 +347] - 5’1’{+1] 3+ 34/ - 577,
2i T vl T dl e 1

dy,; i[_5/:__1+34+3,ﬂ 5'{_1 +34+37§

we get
3+ 347, — 577, + 511 — 341 — 307
s o
2i = 1
—5/— +34+3/

Since d’; > 0, the numerator of the above expression satisfies:
, . 1 ,
Numerator < 3 + 347, — 577, | + 5A— — 5 — 3A7/
i-1

1 : 1
=(34-5--31 )/, +3+50— —34x
A v,

i-1

1
= (34—5X—3A)A+3+5A2—34A

=222-2
=20 -1 +1)

=0,

therefore ’jzl <A

Similarly, we get 7}/ < A, which implies > I/*1 < 1.

z+1 /H

Therefore, by mathematical induction, we have 1 = J <A, Vj > 0,j € Z, completing the

proof.

5 Results and discussion

Now, we compare the proposed SSs (8) and (10) with some known existing ASS [4, 12—14,
22, 23] and illustrate through their smooth curves helix, curvature, and torsion plots. The
curves in the figures of this section are drawn after the fifth subdivision level.
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Figure 1 Limit curves obtained after the fifth iteration (left), the corresponding curvature (center) and torsion
(right)

In Fig. 1, we first compare the helix, curvature and torsion plots of the 3-point schemes
[11, 13, 23] and the 2-point proposed scheme (8). Similarly, in Fig. 2, we compare the helix,
curvature and torsion plots of the 4-point schemes [14, 22] and the proposed scheme (10).

The limit curves generated by existing SSs [4, 12—14, 22, 23] and proposed schemes (8)

and (10), along with their curvature plots, are illustrated in Fig. 3.
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Figure 2 Limit curves obtained after the fifth iteration, the corresponding curvature (center) and torsion
(right)

6 Conclusion

In this paper, we have constructed a simple and efficient algorithm to generate binary 2m-
point approximating non-stationary SS for any integer m > 2. The proposed 2-point (8)
and 4-point (10) SSs have been assumed as non-stationary counterparts of the stationary
SSs [7] and [15, 31], respectively. The constructions of the SSs (8) and (10) have been as-
sociated with trigonometric polynomials that reproduce the functions. It has been proved
that our schemes have the ability to reconstruct the conics, especially circles. The asymp-
totic equivalence method is applied to investigate the smoothness of our SSs. A com-
parison of our SSs with the existing non-stationary SSs has been depicted by their he-
lix, curvature and torsion plots. It is clear that the proposed SSs give better approxima-
tion and are more effective with the control polygons. Also the shape preserving proper-
ties of the binary 4-point ASS (9) generating C2-continuous limit curves have been de-

rived.
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Figure 3 Comparison of the existing [4, 12-14, 22, 23] and proposed schemes (8) and (10) when five initial
control points are sampled from a circle
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