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prove that the model has a unique solution and the estimate of the solution is
provided. The threshold values for determining extinction or persistence in mean of
diseases are presented by theoretical analysis and some inequalities techniques.
Furthermore, some results reveal that stochastic disturbances can suppress the
disease outbreak. Because of regime switching, the diseases will be extinct (or
persistent) although they might be persistent (or extinct) in some certain
environments. Then, the model in which incidence rate functions are perturbed by
random environment is also discussed and the values to judge the disease extinction
are obtained. At last, a few examples are set to illustrate these interesting phenomena,
and their simulations have been carried out to verify our theoretical outcomes.
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1 Introduction

The epidemic model plays a significant role in the spread and control of diseases. Owing to
its great importance, it attracts great attention of scholars and has been extensively inves-
tigated. The SIRS model, in which the infective individual loses immunity and returns to
the susceptive one, is one of its extensions. Also, the epidemic model has other extensions
based on different mechanisms and incidence functions. Because life is full of random-
ness and the parameters involved in the models are affected to a greater or lesser extent
by random factors, stochastic models with white noise depicted by Brownian motion have
been extensively studied, see [1-7]. In [1], Cai et al. have proved an interesting fact that
stochastic fluctuations can suppress disease outbreak, which indicates that stochastic per-
turbation has an important influence on the behavior of a system.

Thanks to the richness of the research content, epidemic models have been extensively
studied in terms of extinction, persistence, stability, stationary distribution, and so on, and
a large amount of literature has been published, see [8—14] and the references therein. For
example, Bao and Zhang in [10] studied the extinction, persistence, and stationary dis-
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tribution of stochastic SIRS models with information intervention, and the study showed
that information intervention had a significant influence on the behavior of a disease.

In order to grasp some essential characteristics of life, researchers have studied many
different models to fit the reality better. One of them is to turn one disease into two kinds
of diseases. Such consideration is reasonable, for instance, children are susceptible to in-
fluenza and chickenpox in spring. For this type, epidemic models with two incidence func-
tions have been studied by many researchers, see [13, 15-17] and the references therein.

Owing to the above reasons, Chang et al. in [15] investigated a stochastic SIRS model

with two different incidence rates with the following forms:

S(t) = (A - uS(e) - BLEOL0 _ B3ORW o\ 5R(r)) dt
~ SR dB1(6) - U dB (1),
L(0) = (B30 — [+ dy + n]L () di + 2500 dB, (z), (1)
Iy(t) = (23020 — (11 + dy + ry) (1)) dt + 22020 B, (1),
R() = (nD(®) + rabo(8) - [ + SIR()) dit,

where S(t), I;(¢), I,(¢), R(¢) denote the population sizes of the susceptible, the infected
caused by disease 1, the infected caused by disease 2, and the removed individuals at time
t, respectively. N(¢) = S(¢t) + I (t) + L(¢t) + R(¢) stands for the total population. The mean-
ings of the parameters in model (1) are expressed as follows: A is the recruitment rate
of population, i means the natural mortality rate, 8; and B, are contact rates, § denotes
the rate at which the removed individuals lose their immunity and return to the suscep-

tible population, d; and d, stand for the death rates caused by disease 1 and disease 2,

A1S® () B28()L(t)
aren(y and S0

two incidence rates for two diseases. B;(¢) is the standard Brownian motion with the in-

respectively. r; and r, represent the recovery rates of diseases. are

tensity o;, i = 1,2. The authors obtained two threshold values R} and R which determine
BLA _ oA
pey(prdi+ry)  2p2a (;L+d1 +r1)

the extinction and permanence of two diseases, where R} =

242
* BA 054

27 (uog+A)(urda+ra) ~ 2uon+A)(urdairy)
However, the above stochastic model is investigated in a fixed environment. The real-

ity is that the environment is also changing. Taking the example above into account, the
spread of diseases in children is affected by seasons and temperature, the mechanisms of
the effects of spring and autumn on disease are obviously different. Such changes of the en-
vironment cannot be described by the white noise driven by Brownian motions. Thus, the
model containing both dynamics and discrete events in which the events are modulated
by continuous time Markov chain is reasonable. The epidemic models with Markovian
switching have been investigated by many scholars, see [18—23]. There is a lot of literature
about other systems modulated by Markovian switching, see [24—29]. For more theory
and details about Markovian switching, we refer the readers to [30, 31].

To our best knowledge, there is little literature to study a stochastic SIRS model with

two incidence rates and Markovian switching. In this paper, we first discuss the model as
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follows:
S(8) = (A(A) - p(A)S(p) - AQ05040 _ BULGRD 1 §(A)R()) de
— AT dBa () - 2GR dBy (o),
I(t) = (BL05080 _ [11(A,) + dy (A)) + r1(A)I () dt + 2 M(t O aB,@),  (2)
Iy(t) = (BLL95020 _ [1(A) + dy(Ar) + ra( AL (8) dt + 2E05020 aB, (1),
R(®) = (r (AN () + ra( A)DL(B) = [1(A) + 5(A)IR@)) dt,

where (A;) is a continuous-time Markov chain, taking values in a finite state space A/ =
{1,2,...,N} and with generator Q = (¢;;)n«~, which means that

g;i0 + 0(0) ifi#j,
1+¢g;0 +00) ifi=j,

P(Ato =jlAe=10) =

supposing that 6 | 0. Throughout this paper, we assume that the Q matrix is conservative
and irreducible. Then, according to the theory of Markov chain, we obtain that (A;) has a
unique stationary distribution (r;) satisfying the equations

N
7Q=0, Zm:l. (3)

On the other hand, the incidence functions may also be affected in different environ-
ments besides the influence of parameters in the above model. Hence, a new SIRS model
in which the incidence functions vary depending on different environments is proposed

as follows:
. A A
S(t) = (A(Ar) — (A)S(e) - ALASOUO _ BUISEROT 4 5(A)R()) dt
A oy

- AUDSONOL g, (1) - 2ADSOLOT yp, ),
1(t) = (AUA0SORO% _111(A,) + dy(A) + r(ADL(D) dt

+ ASOROT g, (p), 4)
I(t) = (BASOBOT 1114, + dy(Ap) + ra( ADIL() dt

+ 24050l O 1B, (),
R() = (n(ADL () + ra(ADD(E) - [1(Ar) + S(A)IR(E)) dit.

Although there are some epidemic models with two incidence functions or Markovian
switching, and some methods are used to solve different problems, for example, Markov
semigroup theory was used in [23] to obtain the existence of stationary distribution,
the stochastic SIRS model (2), which combines two non-linear incidence functions and
Markov switching, has rarely been proposed and studied. In order to overcome the dif-
ficulties caused by two factors, some new inequality techniques are utilized to study the
asymptotic behavior of diseases. In addition, model (4), in which the incidence functions
are affected by Markov chain, has rarely been studied. The methods and results of these
models can enrich epidemiological theories and help control the spread of diseases.

The rest of the paper is arranged as follows. Section 2 provides some background knowl-
edge and proves that model (2) has a unique positive solution. Section 3 focuses on the
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conditions under which the two diseases will be extinct and presents the threshold values
for judging disease extinction. Section 4 proceeds with the threshold values to determine
the disease persistence. Section 5 studies the influence of Markovian switching upon inci-
dence functions in model (4) and gives the conditions to judge disease extinction. Section 6
presents some examples and their figures to illustrate our theoretical results; and finally,
Sect. 7 gives the conclusions and future research of current work.

2 Background knowledge
In this section, we present a number of definitions, notations, and lemmas which will be
used later in the article.
Let A = max;en A(), A= min;enr A(), fi = max;en Bi(i), and ,él = min;eps B1(i). Simi-
larly, for the parameters [, [, ,52, ,B}, 8, 71, 3, 61, we define them in the same way.
Throughout this paper, let (2, F, {F}:>0,P) be a complete probability space with a fil-
tration {F}>¢ satisfying the usual conditions. Take into account the SDEs of the following
form:

dX(t) =b(X, Ay)dt + 0 (X, Ay) dB(2),

where b:R" x N — R”, 0 : R" x N' — R and B(t) = (B},...,B/")T is m-dimensional
standard Brownian motion defined on the complete probability space. For i € N and any
twice continuous-differentiable function V(X i), define the operator £ by

N
LV(X, i) = Vi(X, )b(X, i) + %tr[aT(X, DVio (X,0]+ > gz V(X )). )
j=1

To proceed, we give the definitions for describing the behavior of the diseases. Let R* =
{x; >0,i=1,2,3,4}, and for an integrable function f, define the notation (f(¢)) by (f(¢)) =

L far.

Definition 2.1
» The disease I(¢) is called extinct if lim;_, o, I() = O;
« The disease I(¢) is called persistent if there exists a positive constant A such that
liminf;_, oo (f(£)) > A.

Lemma 2.1 For any initial value (5(0),1;(0), (0), R(0)) € R, and iy € N, model (2) has a
unique solution (S(t), 11(¢), I,(2), R(¢)) for t > 0, and the solution remains in R* with proba-
bility 1. Moreover, the solution satisfies the inequality

t
N(t) < N(O)e‘fot”(AS)ds + / A(As)e_fst“(A’)d’ ds, a.s., (6)
0

then, obviously,

v

A
<N@©)+—, a.s, (7)
I

v A
N(t) < N(0)e ™™ + —
1

holds.
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Proof The existence and uniqueness of the solution to model (2) can be obtained by the
segment method. Precisely, let 0 =ty <#; <--- <t, <--- be the set of all jumping times of
the Markov chain (A;). Then, for ¢ € [0, 1), A; = iy. The model is simplified as follows:

S(2) = (Alio) - (io)S(®) - ﬁl;gi}lzﬁ;”—ﬂzgglgﬁ +8(io)R(2)) dt
o1(ig)S(¢) 11 (¢) a2(ig)S(t)
- By e) - R dBae),
$(2) = (BLS080 — [14(ig) + di (io) + 11 (i0) )11 (1) i + PLOM0 g, (1), (8)
Iy(t) = (PLS0R0 _ [14(ig) + da(io) + ra(io) 1 Ia(8)) dt + X200 g, (1),
R(2) = (r1(io) 1 (1) + ralio)a(£) — [1a(io) + 8(i0) IR(2)) dlt.

With regard to model (8), the existence and uniqueness of a positive solution can be
obtained by constructing the Lyapunov function V'(S,;,I5,R) = —1n % —In i—ll —In 2—21 —In f—l,
where the constant /; = max {N(0), %}. For more details, please refer to the literature [15].
Then, for t € [t1, 1), As = Ay, € N, we use the same Lyapunov function above to acquire
the positive solution. Repeating this procedure, we can arrive at the conclusion that the
model has the unique positive solution with the initial value (S(0), /;(0), I2(0), R(0)).

Then we prove inequality (6). Adding up all formulas of (2) yields that

dN(0) = [A(Ar) - W(AIN(E) — dy (AL () - do(AD(0)) dit
<[A(A) - (AIN(®)] dt. 9)

The last equality holds thanks to [;(t) > 0,i = 1, 2. Hence, we can obtain that

T < Al - WAING, 1€ Tt

Using the method of variation of constant, we can get the following formula:

N(2) < N(tx)e™ (A )(t=t1) / A(A)e™ (Ag)(E=5) g

173

" t
= N(tg)e Tt 499 / A(Ay)e s wandr g (10)

tk
By the recursive rule, letting ¢ = t;, we get that
- wagds [ (A d
N(tr) < N(ti_p)e Jua M5 4 / A(Ag)e s A dr g, (11)
tg-1

Inserting (11) into (10) and repeating this calculation yield that

t
N(t) < N(ty_y)e Jaa MA9% / A(A)e s wandr g

t
< N(0)e fon(49ds / A(Ay)e R mandr g
0
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and

t
N(t) §N(0)e_f0t’2d5 +/ Ae s fedr g
0

v

- A
=N(0)e ™™+ —(1- e””)
n
Hence, (6) and (7) are verified. g

3 Extinction of diseases
In this section, we study some sufficient conditions to justify the extinction of the diseases
of model (2). To begin with, we present some lemmas which will be used in the paper.

Lemma 3.1 For the solution of model (2) with any initial value, it holds that

lim sup R(£) < ———2 limsup(Iy (£) + L (6)). (12)

t—00 A+6 t>oo
Proof From the fourth equation of model (2), we deduce that

dfl—(tt) < (7 +7) (L) + L(1)) — (& + $)R().

Then integrating the above formula and letting I(¢) = [, (¢) + I>(t) yield that
AR ¢ P
R(t) < R(0)e™ M9 4 (71 +75) / e I (L () + I(s)) ds
0
P ¢ P
= R(0)e™ Mt 4 (7 + fz)/ eIt — y) du
0
A o o0 A o
< R(0)e™ M 1 (7 + 75) / e U — u) du.
0
By Fatou’s lemma, we can get
AR 00 A A
lim sup R() < limsup R(0)e™ 9% 4+ lim sup(Fy + 75) / eIt — y) du
0

t—00 t—00 t—00

<(71+V2)/ limsupI(t — u)e” A+du gy,

t—00

= (1 + ry) limsup I(z) oA+ g,
t—00 0
7+ 7
- 1 2 lim sup(Il(t) + Iz(t)), .
M+ § t—oo

Lemma 3.2 For the solution of model (2) with any initial value, the following formulas
hold:

1 (1 01(A)S(s) 11 0s(A9)S(s)
i), e P00 g W”’BZ“ "

. 1t 1 0’1( ) (S)[l( )
hr& ) 01(As)S(s) dBy(s) =0, }E‘é‘o ;/0 ar +11(s)

dBl(s) =0, (13)

Page 6 of 20
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dBy(s) =0, a.s.

lim E/t 02(Ag)S(s)I(s) 7!
t—oo t s + S(s)

Proof We only give the proof of the first formula and the fourth one above, the other three

formulas can be proved in a similar way.
Let M(t) = [ 2@4956) dBl( ), A(®) = [* u ds, and p > 2. Making use of the BDG

0 a1+li(s 0 (a1+11(s)
inequality, one can get

(SN}
3

4
2

< Gyt2,

)4 2 2 177
E| sup [M(s)]"] = GE[4®] = E[sup M] ;

0<s<t o<s<t (01 +I1(s))?
where C C (T’”A)p
Let k > 1 be a positive integer and € be an arbitrarily small positive constant. By Cheby-
shev’s inequality, one has

E|M((k + 1)6)”

Pl sup (MO > (k0)"E] < (ke)1+<rh

kO<t<(k+1)6
~ p ~ 4 S A2
B Golk+ 1012 _ C,(2k0)2 _ G22

(koyre+ T (koyteerh T (ko)

~ P
Since Y o (,fg% converges, the Borel-Cantelli lemma yields that, for almost all w € £2,
there exists a positive integer 7y = no(w) such that

sup M) < (k6)*<*%,  when 1> n,.
ko<t<(k+1)d

For k0 <t < (k + 1)0 and n > ng, we have
In|M(1)]” < <1 te +p)1nt a.s.

Because € is arbitrary, letting € — 0, we can obtain

. In |M(t)| 1 1
limsup—— < -+ —, as.
t—>00 Int 2 4

Then, for a sufficiently small constant € (e < 5 - —) there exists a constant N(w), for
t > N(w), one has

1 1
ln‘M(t)‘f —+—+¢€)In¢, as.
2 p

Thus,
M)
lim sup <limsup =0, as.
t—00 t—00 t

The first formula of (13) has been established.

Page 7 of 20
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Next, we prove that the fourth formula holds. We use the strong law of large numbers
to prove it.
Assume that M, (¢) = f ! % dB;(s), then one has

a1+ (s

My, M 1 [t /GN(0) + AN
limsup¥ §limsup—/ (1—”)dt<oo, a.s.
0

t—00 t—00 (651

Thus, we get that limsup,_, Mlt(t) =0. O

Lemma 3.3 (Strong ergodicity theorem, cf. [31]) Assume that (X;, A;) is positive recurrent
and 7 is the stationary distribution of (X, A;), then for any bounded measurable function
f defined on R, x N, it holds

lim = / [ Ag)ds =" / i) (dx, i).

ieN

After introducing several lemmas above, we provide a sufficient condition to judge the
extinction of diseases.

Theorem 3.1 If

1 2
A2 2 Zie]\/ 7By (&)
O S (D) + di (D) + 1) (14)
and
1 82(;
&22 S 2 ZieN ;B (i) (15)

o il (@) + da (i) + r2(0)

then the two diseases of model (2) will be extinct almost surely, i.e.,
lim [;(¢) =0, i=1,2, as.
t—00

Proof Applying Itd's formula to V7 (£) = In/; () and the chain rule to the second equation
of model (2) yields that

dInly(¢) = LV, (2) dt + ‘Zl(f—f((: dB,(t), (16)
where £V3(6) = 2950 _ (11(A,) + di(A)) + ri(A9)] - FHA00 Thus,
ﬂ1< )S(®) 525%(t)
LVi(t) < ———— Lo - [u (At)+d1(/1t)+7’1(/1t)]—m
(S D\ BUA
. "21(“1 g ) B [ s a4 s )
2
<P L di(a) +m(al].

— A~ 2
207
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Integrating from O to ¢ for (16) and dividing both sides by ¢, one has

InL(t) 1 [*(BA)
nTl = ;/0 ( 126'12 - [M(As)+d1(As) +r1(As)]) ds

1 [* 01(4956) In3(0)
/ .

; dB(s) +

oy +1i(s)

Letting t — o0, using Lemmas 3.2 and 3.3, we get that

timsup 10 < 5 (’31(” 1)+l + )] ).

t—00
ieM

Under the condition of (14), we can obtain that lim;_, », I;(¢) = 0,a.s. The proof of (15) is
the same as that of the first one, we omit it here to avoid repetition.

From conditions (14) and (15), we can see that when the intensities of white noise in each
environment are sufficiently large, the two diseases will go to extinction almost surely as
time goes on. This reveals the effect of white noise on diseases. Next, we will consider
the situation of small intensities of white noise and provide the sufficient condition for
extinction of diseases. O

Theorem 3.2 For the solution S(t),1,(t),I(t),R(t) to model (2) with the initial value

S(0),11(0), (0), RO) € R}, if 727 < minien {245, - A < minie (% S and

A= ZiENﬂ(l)ﬂl(l)m . (17)

Y ien TOL() + di(0) + 11 (0) + % <2z>A22]

Yien TP o~
Az = @t 2(();{2 < 1, (18)
. B . . o051
ZiENﬂ(l)[M(l) +dy (i) + ra (i) + m]
then
lim I(t) =0, i=12, as, (19)

which means that the two diseases will go to extinction.

Also,
Em R(t)=0, a.s. (20)
lim = / w(A)S(s)ds =y T()AG), a.s. (21)

ieN

Proof Applying It0’s formula to V7 = In/;(¢), one has

dInL(t) = LV, dt + w dB, (1), (22)
1

+ Il(t)

o2(A)S2(2)

where £V, = B850 — [1(A) + di(A) + ri(A)] - 3E555.

a1+ (¢
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Let x(¢) = then x(t) < 1 (N (0)e™ + A) and LV; can be regarded as a combina-
tion of N quadratlc functions. Each function is increasing in the interval [0, ﬁ ! A‘ ] There-

0t+1

A ) B1@)
fore, when oA S min;ear{ 20 }, it holds

MO Aﬂ) ~[a(A) + di(A) + 1 (AD)]

LV] < ,31(Az)(

(251

oA N(o)e*f“+ A2
2 (05} C\llﬁ

. I
<P Ay s di(ag + ag] - LY (i) + ce
o1 2 aifd

for a certain constant c. Substituting it into (22), integrating for the both sides from 0 to ¢
and dividing by ¢, we can obtain that

t 2
Inh (&) = % / {131(11;)14 ['U“(As) +di(Ag) + Vl(As)] (ZAS) ( =
0

t
1t N M(t InZ;(0
+—/ce”“ds+—()+ nhf ).
tJo t ¢

N——"

[\

=
&

This, along with Lemmas 3.2 and 3.3, yields

o 2 . ~ 2
umsup@szn(i)[ﬁl(‘)f‘ [0 + da(i) + ra(0)] - 2(‘)(“%) ]

o
t—00 ieN 1M

where we use the result that

1 [t .
lim sup — / ce ™ ds = limsup — (1 —-e ) =0.
t—>o00 0 t—00 M
Under the assumption of condition (17), we can get that the disease I (¢) will go to extinc-
tion.

Applying Itd’s formula to V5 = Inl,(£), one has

Ap)S(t
dindy(e) = £Vt + 2250 4 ) (23)
oy + S(t)
where £V, = 24050 _ [14(A,) + dy(Ar) + ra(A)] - B0,
According to the similar calculation above, and using the inequality - < -“= for

a,b,x > 0, we get that, for some constant ¢,

N(0)e ™ + 4
—"> - [;/.(At) +do(Ap) + Vz(At)]
oy + N(0)e# + 4

LV, < ,BZ(At)(

oftay( MOy
2 ay + N(0)e it + %

2 > 2
LA (At>+d2(A)+r2(At)]—"2(Af)( A ) 4yt
oez,u,+A 2 aafl + A

Page 10 of 20
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and

L) _1 [*[BA(4)A 03 (A)A? }
= {amg (1) v () s )] - PEE L

1 [t N M (¢t InZ,(0
+—/ ce””ds+—1()+ n b ).
tJo ¢ ¢

Therefore, we can obtain that

N 2/ %2
lim sup In5o(?) < n(i)[ ﬁZ(l)AV - [u(i) +d (i) + Vg(i)] R (l)AV :|
t—00 z ieN 052,& +A 2(0[2/1 +A)2

Owing to assumption (18), one has lim;_, o, I(¢) = 0, a.s. These complete the proof of
(19).
Thanks to (19), we have limsup,_, . (Z1(t) + I(t)) = 0, a.s. Then, by Lemma 3.1, (20) holds.

As a result of (9), one has

1 [t 1 [t
; /0 p(A)S(6)ds = fo [A(A) - ((A) + di (AN (S) - j(AIRS)] ds

1 [t N(t)-N(O
-2 /O (1(Ay) + dy( A ) ds - M

This, together with (19), (20), and Lemma 3.3, implies that conclusion (21) holds.
The proof is completed. d

4 Persistence of diseases
In this section, we proceed to studying the conditions for persistence of diseases. Because

there are two kinds of disease, we will discuss them respectively.

Theorem 4.1 Let (S(¢), [1(2), I>(t), R(2)) be the solution of model (2).
o Casel.If ﬂ%((i.))}, Ay <1, and
9 13

0.

A .
-~ < min;,
wftd = Le./\/{

2ien (DA
K1Y jen T D) + di (@) + () +

As = 1, (24)

af(i)AZ] g
20742
where k1 = o maxiEN{%}, then the infected individuals I, caused by disease 1, or the
disease Iy for short, will be persistent in mean and the infected individuals I caused by
disease 2, or the disease I, for short, will go to extinction.

A ’31(’))}, A1 <1,and

012 (i

i .
o Case 2. If 7 < minjenr{

Ayi= Lien TOAG) 51, (25)

02 3 T + dali) + o) + 202
2 LiieN 2 2 2(apfi+A)2

where Ky = ‘MT+A max;en{ f‘g((?) }, then the disease I will go to extinction and disease I,

will be persistent in mean.
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o Case3.If As > 1 and Ay > 1, then the diseases I, I, will be persistent in mean.

Moreover,

liminf({1,(6)) + {2(0))) = %(Nl +N>),

o2 ()A?

(26)

where Ny = e (AW = k1 (1) + i () + ra0) + S5i)], No = Tinr mDIAG) -

o3 (i)A*

e2(u(0) + da(i) +r2(0) + 525 )]

Proof Case 1: We have proved the former part in Theorem 3.2, i.e., lim;_, o, I5(£) = 0. Then,

for ¢ sufficiently large and arbitrarily small €, () < €. We just need to prove the second

half, that is, % fot I;(s)ds >0, when Az > 1.
First, we prove that, for sufficiently large constant Cj,

FU,S,0) = [(Kl ) ﬁl(i)l - M(i):|S +ClI>0

o] +
and

- ,u(i)]S + Gl >0,

where k7 = oy max;e A { L2}, iy = fag+A max;en {2921, 1,S € [0,N(0) + %],ie N.

AL e p

) Ba(i)
Obviously, £(0, S, ) = [y 22 — 1u(§)]S and

B1(i)

(g +1)?

(k1 =1)

g_[_ Al
al | ap+l

>C - [ﬁ +K1'B—;i| (N(O) + é)
o a3 I

]S+C1

(27)

For ki = a1 maxie/\/{%} and large constant Cy, f(0,S,i) > 0, and % > 0. Hence, according
to the continuity and monotonicity of f, f(I,S,i) > 0 for I € [0,1,],S € [0,N(0) + %],i eN.
We move forward to proving that f(I,S,i) > 0 when I € [Ip, N(0) + %]. From (27), we

obtain that, for a sufficiently large constant Cj,

v

Br()I

fW,S,i) > Cil - [
o] +
We have proved that (27) holds.
The proof of g(I, S, i) > 0 is similar to that of f. We omit it here.
Let C = max {C;, C,}, then, for constant C, both f > 0 and g > 0 hold.

+ u(i)]S > Cily - (B +A)<N(0) + é) > 0.
I ©“

Next, from the first formula of (2) and utilizing the fact that R(t) > 0 and I,(¢) < €, we

get that

BAISOL()

das(t) = (A(At) = u(A)S(2) VAT

ﬁ;e) dt — c(t) dB(¢)

Kk1B1(A)S(t)

- (A(At) B o] + ]1(t)

— CL(t) - foe +f(I1, S, At)> dt — c(t) dB(t)

Page 12 of 20
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Kk1P1(A)S(t)

= (A(At) - o +1,(0)

—CL(t) - Bze) dt — c(t)dB(t), (28)

where c(t) dB(t) = ¢1(£) dB(£) + ¢3(£) dBa(2), 1 (¢) = A0 ¢, () = 2L2050L0,

As a result of (22) and utilizing the result (28), one has

t S
d(Kl lnll(t)) = Kl,CVl dt + Klo;fﬁil)l((tt)) dBl(t)

> (A(A) - CL(t) - Bae ~ Kl[M(At) +di(Ag) + Vl(At)]) dt —ds(t)

2(A,)A? X A)S(t
- M dt - cse it 4 1OADSO e 0 aBw) (29)
20312 o1 +11(2)

for a certain constant cs.
Integrating for both sides of (29) from 0 to ¢ and dividing by ¢, we can obtain that

1 [t o2(A)A?
Clh(t) = 7 /0 {A(As) — K1 [M(As) +di(Ag) +r1(Ag) + ;O‘T} } ds

s afyetds S(H)-50)  Ink(f)~In(0)

— Bre - -k
B2 ; p 1 ;

+ %/0 (Kl_ll(s))MdBl(s)—%/o c2(s) dBy(s).

oy + Il(S)

Taking the inferior limit of the above formula and taking Lemma 3.2, Lemma 3.3, and
(7) into account, one has

. 1 Npw L otARNT]
hmlnf([l(t)) > — Zn(z) A() — k1| w@) +di1() +ri()) + =—— ) | = Bae.
t—00 C : 20[211,2
ieN 1
Letting € — 0 and with the help of (24), thus, the conclusion that I;(¢) is persistent is
available.
Case 2: To proceed, we refer to the above methods and procedures to obtain that

das(t) > (A(At) — u(Ap)S(2) - %g?t];(t) - C46) dt — c(t) dB(t)
= (A(Ar) - %;)(f)(t) — Colo(t) - cae + g(I5, S, At)> et
- (A(Af) _ b5 Coh(t) - c4e) dt — c(t) dB(2), (30)
oy + S(2)
where ¢ = ﬂl(L?)j;‘)

From the result of (23) and exploiting (30), we get that

d(Kz In Iz(t))

oLVt 410, 2050 p
oy + S(t)

Kzazz(At)Az] 5

> [A(A:) = Coby(t) — ko[ ju(Ap) + da(Ap) + 12(A)] - anfi A
2

Page 13 of 20
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02(A0)S(2)

—csedt —cse M dt —dS(t) — c1 () dBi (D) + (k2 — L(2)) %150

dBs(t)

for some constant cs.
Then integrating from O to ¢ and dividing by ¢ for both sides yield

ff%(As)%2 ] } s
2(0[2/2 + A)2
csfoe™ds S(t)-S0)  Inb(t)-Ink(0)

— Cy€ — — K2
t t t
1 [t 1 [t (Ag)S(s)
-2 /O e1(5)dBy(5) + /0 (12 —Ig(s))ﬁ dB(s).

Taking the inferior limit of the above formula, along with the result of (6), Lemma 3.2,
Lemma 3.3, deduces that

lmint{1(6) = LG(i)[A(i)_K (140 a0+ a0+ M)} Y
o0 U TG ieN \* ’ ’ 2(“2/}«+A)2 v

Due to the arbitrariness of € and the assumption of (25), we can obtain that
liminf,_, % fot I)(s)ds > 0, i.e., the disease I, is persistent in mean.

Case 3: At last, we discuss the situation of A3 >1and Ay >1.Dueto A3 >1and Az > 1,
we have N; >0, N, > 0. From the first formula of (2), we have

BL(A)SL Ba(A)SD
oy + 11 Oy + S

as> <A(At) =2u(AL)S - ) dt — c(t) dB(t)

K1P1(A)S  Kk2pa(Al)S
oy + 11 O + S

_ <A( a,)- _Ch() - Clz(t)> dt

+[fU1,S, A) + g1, S, Ay)] dt — c(t) dB(2)

K1P1(A)S  Kk2pa(A))S
o] + 11 Oy + S

> (A(At) - —C + 12)) dt — c(t) dB(?).

Then applying It6’s formula to V(¢) = k1 In1;(¢) + k2 InIx(2) yields

2 42
Ch + h)dt = {lA(At) —kKi [M(At) +di(Ay) +r1(Ag) + GI(#A)A] } dt
2 2007 12

o} (A)A? “ u

. {lA(At) ks [M(At) dy(A) +ra(Al) + '
2 2(aaft + A)?

—dV(t) —dS(t) — cze ™ dt — cse M dt
02(A)S(t)

01(4)S() dBi(t) + (12 — L (£)) ———= dBs(t).

+ (o -ho) w0 + S0

Integrating on both sides, dividing by ¢, and taking the inferior limit, then (26) can be
obtained.

Next, we will compare the values given in Theorem 3.2 and Theorem 4.1 to show that
the conclusions are compatible, that is to say, there is no contradiction between the con-

clusions. O
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Theorem 4.2 Forthe Ay, Ay, Az, Ay presented in Theorem 3.2 and Theorem 4.1, A1 > As
and Ay > Ay hold. Especially, Ay = A is established if and only if A = A, [i = [i, f1 = f1,
i.e., A(D), u(@), B1(i), i € N are fixed constants. Also, Ay = Ay holds if and only lsz\ = A,
=L, B = Po, ie., Ai), ju(i), B2 (i), i € N are fixed constants.

Proof From (17) and (24), one has

A1 iy TiB1(0)% maxien {45

AS - Zie/\f ﬂlA(l)
_ ZieN niﬂl (l) maxie/\/{% ﬂll(i)}
Pien ()
Zie/\/ni(w)
= i Z 1
ien Ti(T)

It is obvious that A; = A3 holds when A = 4, [t = fi, B1 = B1. Next, we demonstrate that
the converse is true. From the result of (31), we can see if A; = A3, then (i) = ﬂAl and
A() = A, ie N, thatis, B1(i) = B1, A(i) = A. Consequently, it holds max;car{(i)} = &1,
which means p(i) = u.

The proof of A; > A, resembles that of the above. We omit it to avoid duplication. O

Remark 4.1
1. We say that Theorem 3.2 and Theorem 4.1 are compatible when A; > Aj holds, i.e.,
if A1 <1, then Az <1 and the disease I; will be extinct by Theorem 3.2. If Az > 1,
then A; > 1 and the disease ; will be extinct according to Theorem 4.1. The situation
of I, when Ay > A4 holds is similar to .

2. Suppose that there is no switching, i.e., N = 1, then

B1A Api
o pag+A
Ay=Az= = Ay=Ay= oyY)
+di+n+ 55— +dy+1ry+ 1
K 1 1 2a%u2 K 2 2 2(aypu+A)?

Obviously, A; > 1 is equivalent to R} > 1 and A, > 1 is equivalent to R} > 1, where R,
R can be seen in [15]. Our results are consistent with theirs. Therefore, we

generalize the model with multiple environments and obtain more general results.

5 Influence of Markovian switching upon incidence rate functions
This section proceeds to studying the influence of Markovian switching upon incidence
functions in model (4) and gives the conditions to judge disease extinction.

Lemma 5.1 Forany initial value (S(0),1,(0), 15(0), R(0)) € R*, and iy € N, there is a unique
solution (S(t),[1(¢), I(¢), R(¢)) for t > 0 to model (4), and the solution lies in R* with proba-
bility 1. Furthermore, the solution satisfies the inequality

v

A
<NO)+ =, as (32)
i

™ e

N(t) < N(0)e ™™ +

The proof is similar to that of Lemma 2.1. We omit here.
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Theorem 5.1 For the solution S(t),I;(t),1,(t),R(t) to model (4) with the initial value
S(O);II(O))IZ(O)yR(O) € R%; %f

Yien TDBDE)
S SENETG TG EPAr ) (33)
Y i DB (D) (2
B Y PO 1 ) D] -
then
t]_i)lgloli(t) =0, i=1,2, as (35)
Proof We prove the first equality. Let V3(¢) = In[;(¢), then one has
_ Bua)sL! o2 (A)SH
LV3(t) = Tt [M(At) +d1(Ag) + Vl(At)] - W
At
< BUANOT 1Ay v () + n(a)]
o] + 11
N . i
<3 PO w0+ i)+ )]
i=1
X BN (©)e + 4
< Z o ale T Lia,-y — [1(AL) + di(A) +r1(A)]
i=1
N B()(A) )
= 30 B L e A0 + (40 + (4]
i=1
A)(A)a .
= w + e = [u(Ay) + di(Ag) +r1(A)]
for a constant ¢g. Then
dInl,(¢) < LV3(0) + 1(AJSIA dB,(t). (36)
a1 + 11

With the help of Lemma 3.2 and (33), we arrive at the conclusion lim;_, o, I;(£) = 0. The
proof of the second equality resembles that of the first one.
The proof is completed. d

6 Examples and simulations
In this section, we present some examples and numerical simulations to reveal some dif-
ferent phenomena which are not available without switching.

Let (A;)s=0 be a continuous time Markov chain with state space A/ = {1,2}, and its Q-

matrix is

Q1=("” p).
9 -9

Hence, its stationary distribution 7 = (771, m5) = (=L, -£-).

p+q’ p+q
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Figure 1 The trajectory of stochastic SIRS model (2) with parameters in Example 3 and the initial value
S(0)=12,1(0)=0.7,(0)=0.5,R(0)=0.8

Example 1 In order to prove the result of Theorem 3.1, weassume thatp =1, =2,0; = 1,

and «, = 1. The values of other parameters are presented as follows:

A(1)=0.3 w(1)=0.1 di(1)=0.3 r1(1) = 0.4 37
A(2) =04, w(2) = 0.08, di1(2)=0.2, r1(2) = 0.5,
Bi(1) =0.15 Bo(1) = 0.84
p1(2) =0.3, B2(2) = 0.57,

(38)
0'1(1) =1 0'2(1) =0.8
0'1(2) =0.7, 02(2) =1.

Then (14) and (15) are satisfied, the diseases ; and I, will die out according to results of

Theorem 3.1. Its simulation can be seen in Fig. 1(a).

Example 2 Next, we explain the results of Theorem 3.2. Assume that p = 1, g = 3, let
01(1) =0.1, 01(2) = 0.2, 02(1) = 0.3, and 02(2) = 0.2, and other values of parameters are the
same as those in (38). Then, by formulas 1 and (17), we obtain that ()R} = 0.5062 < 1 in
subsystem 1, ()R} = 1.2821 > 1 in subsystem 2, and A; = 0.9585 < 1, which means that the
disease I; in subsystem 1 goes to extinction and the disease /; in subsystem 2 is persistent,
while owing to Markovian switching, the overall behavior of /; in model (2) will die out.
Let dy(1) = 0.2, d»(2) = 0.35, r2(1) = 0.25, r2(2) = 0.4, thus, by simple calculation, we get
that ()R; = 1.0994 > 1 in subsystem 1, )R} = 0.5556 < 1 in subsystem 2, and Ay = 0.9345 <
1, which means that the disease I, in subsystem 1 is persistent and the disease I, in sub-
system 2 goes to extinction, while due to Markovian switching, the overall behavior of I,

in model (2) will die out. Its trajectory can be seen in Fig. 1(b).

Page 17 of 20
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Figure 2 The trajectory of stochastic SIRS model (2) 4
with parameters in Example 3 and the initial value S(0) asl
=1.2,1(0)=0.7,1,(0)=0.5,R0)=08 ’ —

0 50 100 150 200 250 300

Example 3 To proceed, we give an example to illustrate the results of Case 1 in Theo-

rem 4.1. Assume p = 8, g = 1. Let the values of parameters be given in the following form:

A(1)=03 (1) =0.1 di(1) = 0.15
A(2) =04, w(2) = 0.08, di(2) =0.1,
(39)
r1(1)=0.3 dy(1) = 0.2
r1(2) = 0.15, dy(2) = 0.35,
r5(1) = 0.25 B1(1) = 0.2
2(2) = 0.4, B1(2) =0.1,
(40)
Ba(1) = 0.84 o1(1) = 0.12 02(1) = 0.3
Ba(2) = 0.57, 01(2) = 0.1, 02(2) = 0.2.

Then, by formula (24), we can obtain that ()R} = 0.9731 < 1, )R} = 1.1364 > 1, A3 =
1.0011 > 1, 1)Ry = 1.0994 > 1, R} = 0.5556 < 1, and A, = 0.6137 < 1. These values indi-
cate that the disease of I; will become extinct in subsystem 1 and be persistent in subsys-
tem 2, while the overall behavior of 1, taking advantage of the results of Theorem 4.1, will
be persistent. For the disease of I, it will continue in subsystem 1 and go to extinction
in subsystem 2, and the whole behavior, under the effect of Markovian switching, will die
out. Its simulation can be seen in Fig. 2.

Case 2 and Case 3 can be verified similarly.

Example 4 At last, we verify the results in Theorem 5.1. Assume p = 2, g = 1. Take the

values of parameters as follows:

A(1)=0.3 (1) =02 di(1) = 0.05
A(2) = 0.25, w(2) =0.15, d1(2) = 0.03,
(41)
r1(1) =0.3 dy(1) = 0.1
1(2) = 0.4, d»(2) = 0.05,
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Figure 3 The trajectory of stochastic SIRS model (4) 4
with parameters in Example 4 and the initial value S(0)
=1.2,1(0)=0.7,1,(0)=0.5,R0)=08

o o
ra(1) = 0.4 Bi(1) = 0.4
7(2) = 0.5, Bi(2)=0.1,
(42)
B>(1) =0.45 o1(1)=0.12 05(1)=0.3
B2(2) = 0.13, 01(2) = 0.1, 05(2) = 0.2.

Then (33) and (34) are satisfied. According to the result of Theorem 5.1, (35) holds. We
can see its simulation in Fig. 3.

7 Conclusions and future research

In this paper, we have studied a stochastic SIRS model with two incidence rates and Marko-
vian switching. We obtain that when the intensities of stochastic perturbation are large
enough, the diseases will be extinct. Then the thresholds for judging the extinction or per-
sistence of diseases are established by adopting appropriate inequality techniques when
the intensities are small. We also prove that our conclusions are compatible. At last, we
present some examples and simulations to verify our analytical results.

In addition, some other issues deserve to be further investigated. In this paper, the model
with saturated incidence rates is studied, we can change the specific incidence functions
into general ones in the future. Moreover, the models with state-dependent Markovian
switching instead of state-independent regime switching in this paper can be further dis-
cussed. We leave these questions for our future work.
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