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1 Introduction and preliminaries

In the past three decades, the cellular neural networks (CNNs) have gained a lot of popu-
larity due to their local inter-connectivity and practical hardware implementation [1-8].
In terms of application viewpoint, the occurrence of time delays in CNNs is inevitable,
which may lead to oscillations of CNNs as well as instability of the networks. For instance,
when neural networks are implemented to the hardware there is time delay caused by the
finite switching speed of the amplifier circuits [9]. Thus, it is of utmost importance to deal
with delayed CNNs. On the other hand, one encounters to vagueness and lack of certainty
in many real world application problems and the CNNs are not exception in this regard.
The right instrument to deal with such problems is the so-called fuzzy logic theory which
gives mathematical strength to handle uncertainties. Since the 1980s, this approach has
been extensively applied to various engineering problems. However, it was only in 1996
Yang et al. introduced fuzzy cellular neural networks (FCNNS) in the series of papers [10,
11]. Along with pattern recognition and image processing, FCNNs play an essential role in
cognitive science since human cognition involve many uncertainties. For this reason, the
dynamics of FCNNs have been widely studied by many researchers. By means of direct
Lyapunov method, exponential stability of FCNNs with different types of delays, diffusion
and impulsive perturbations were established in many papers including [12—23]. Further-
more, the synchronization of FCNNs was considered in the studies [24—30]. On the other
hand, from an application point of view, one is interested in a periodic or an almost pe-
riodic solution of FCNNs. Thus, the problems concerning the existence and stability of
these solutions attracted many researchers and were investigated in the papers [31-34].
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A model of CNNs introduced by Bouzerdoum and Pinter [35] called shunting inhibitory
cellular neural networks (SICNNs) have been applied in different disciplines including
adaptive pattern recognition, psychophysics, image and signal processing, and cognitive
science amongst others. For instance, the authors in the study [36] show that in addition
to improving the color constancy of images, SICNNs fulfill contrast enhancement. Fur-
thermore, in the study carried out by Arulampalam and Bouzerdoum [37], SICNNs were
applied to medical diagnosis problems. In particular, these networks were used in medical
classification problems such as Wisconsin breast cancer and the Pima Indians diabetes. In
addition to these studies, there is a vast literature devoted to the asymptotic behavior of
SICNN s [38—44]. However, there is no study that deals with the fuzziness of the SICNNs.
Therefore, in the present article we propose to consider fuzzy shunting inhibitory cellular
neural networks (FSICNNSs). This is the main motivation of this paper. We make use of
the continuation theorem of coincidence degree theory and Cauchy—Schwartz inequality
to prove the existence of a periodic solution. Further, we prove that the periodic solution
is globally exponentially stable. We verify our results by means of MATLAB software. It
worth nothing to mention that the results can be validated by software like Maple, Python
or Mathematica. The results of the present paper are highlighted below.

+ Time-dependent coefficients and constant delays are taken into account in the

stability analysis of FSICNNs.

« Sufficient conditions for the existence of periodic solutions to FSICNNS are derived by
means of coincidence degree theory and inequality techniques like Cauchy—Schwartz
inequality.

« Sufficient conditions for the for the global exponential stability of the periodic
solutions to FSICNNSs are derived.

« Numerical simulations which support the theoretical results are given.

In the present paper, we consider the description of the FSICNN in the following form:

xij(t) = —ay()x;(t) - Z C,{;l(t)f(xkl(t))xij(t) + Ly(¢)

CrieN (i)
+ Z Bkl /\ D xklt—tk;))x,,(t)
CrieNr (i) Cri €Ny (i)
\/ Ekl xklt ) xl, /\ Tkl (e)U;(t)
Cri €Ny (i) Cri €Ny (i)
v/ Hi@u), (1)

Cri €Ny (i)

where Cy, i = 1,2,...,m, j = 1,2,...,n, denote the cell at the (i,) position of the lattice,
the r-neighborhood of Cj; is N(i,) = {Cx : max{lk —i|, || - j|} <r, 1 <k <m,1 <] <mn),
x; represent the activity of the cell C;; at time ¢; the positive functions a;(¢) are the pas-
sive decay rate of the cell activity; U;(¢) are the external input whereas L;(t) are the ex-
ternal bias on the (i,)th cell; the nonnegative functions C;;l (1), Dg-l (1), Ef;l(t), Ti]}fl(t), and
Hl.’;l(t) are the connection or coupling strength of the postsynaptic activity, the fuzzy feed-
back MIN template, fuzzy feedback MAX template, fuzzy feed forward MIN template,
and fuzzy feed forward MAX template of the cell Cy transmitted to the cell Cj; at time
t, respectively; /\ is the fuzzy AND operation whereas \/ is the fuzzy OR operation; the
functions f(x4;) represent the measures of activation to the output or firing rate of the
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cell Cy; and 1y correspond to the transmission delay along the axon of the (k,/)th cell
from the (i,/)th cell, f(x) = (fi1(®),.. ., fin®)s .o 1 ), - frm @) T, 1 = {1,2,...,m} and
Fz = {1,2,...,”}.

We consider the network (1) subject to initial data

xij(s) = :Oij(s)! s€ [—‘E,O], (2)

where p;i(s) is the real-valued continuous function and 7 = maxliklg,n{rkl}'

The following notations will be used in the paper: ||x|| = sup_, ., [x(s)| is the norm in
C([-7,0],R), where C(A, B) is a set of continuous mappings from the space A to the space
B, g = maxe[o,0){g(2)}, g = MiNe(o,0] {g®)}, and g = é fowg(t) dt. Further, let C be a normed
vector space then DomC, ImC and Ker C stand for the domain, image and kernel of the
normed vector space C, respectively.

Throughout the paper we will need the following assumptions.

(A1) The functions a;(t), B{;’(t), C{;’(t), Dg’(t), El’.;l(t), Hl.’;l(t), Tf;l(t), Lj(t) and Uj(t) are

continuous w-periodic functions for i,k € I', j,l € I,.
(A2) The function f(-) is Lipschitz continuous on R with Lipschitz constants I/ and
satisfy £(0) = 0, i.e., [f(x) = f(y)| < I/ |x - y].

(A3) There exist constants M and m such that m < |f(x)| < M.

In order to show that there exists at least one periodic solution for the network (1),
we utilize the continuation theorem of coincidence degree theory. Now, let us briefly
summarize the technique introduced by Gaines and Mawhin in [45]. Consider normed
vector spaces X and Z. Suppose that U/ is a linear mapping such that Domi/ C X — Z
and V: X — Z is a continuous mapping. If dimKer/ = CodimIm/ < oo and Im¥ is
closed in Z then U is called a Fredholm mapping with index zero. For this case, there
exist continuous projectors A : X — X and B : Z — Z which satisfy Im.A = Kerl{, and
Ker B = ImU = Im(I — BB). Then one can show that U |pomznker4 : (I — A)X — Imf is in-
vertible. For the convenience of the reader, denote the inverse mapping by N 4. If O is any
open bounded subset of X, then the mapping V is called L-compact on O if BV(O) is
bounded and NA(I - B)V: O — X is compact. Further, one can show that there exists an
isomorphism F : Im B — Kerl/ since Im B is isomorphic to Ker{.

Now, we are in the position to state the following lemma which will be useful in what

follows.

Lemma 1.1 ([45]) Consider two normed spaces X and 7 and let U: DomU C X — Z be a
Fredholm operator with index zero. O is an open bounded subset of X and V: X — Z is a
continuous L-compact operator on O. Suppose that the following conditions hold true.
(i) Ux # uVx foreach n € (0,1), and x € DomU N IO;
(i) BVx #0 for each x € Kerd N 30;
(iii) deg{FBV,Kertd N 0,0} #0;

then the operator equation Ux = Vx has at least one solution in DomU N O.

In the sequel, we will need the following auxiliary lemma. The proof of the lemma is

omitted since it can be easily shown by means of the result obtained by Yang et al. [46].
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Lemma 1.2 Assume that x,y € R are solutions of the network (1). Then the following in-
equalities hold true:

N D@fx - N\ Dkl(t)f,(y)’

Cr€Nr (i) Cri €Ny (i)
< > IDfolli -0
Cri €Ny (i)

and

\/ Elefw- \/ E ’

Ci1 €Ny (i) Cr1 €Ny (i)
= 2 [E0lhi0 -4l
CrieNy (i)

2 Existence and uniqueness of solutions
In the present section, we prove the local existence and uniqueness of solutions to

(1)-(2) by means of Banach fixed point theorem. To this end, set a = max;;ay,
—ki —ki
8 = max;; ch,ezv i Ci * ch,eN ) Dij

ZCkleNr(i,j) Bij u iyt ch,eN,(i,/) ij U jt chleN,(i,j) ,jU ij)'
One can show that a function x(¢) = {x;(¢)} is a solution of the system (1)—(2) if and only

y
+ D Cen( U)EJ;) and y = max;;(L; +

if the following integral equation is satisfied:

x;5(t) = py(0) + /0 (_ﬂij(s)xij(s)_ D CRO) (xua®)xii(s) + Li(s)

CrieNy (i)
Y BYOUs) - N\ DY) (s - Tia))ci(s)
CrieNy (i) Cri€Ny (i)
-V Ef6f (s — ) xg(s)

Ci1 €Ny (i)

/\ Tkl(s)l,[ i(s) + \/ H{;l(s)ui,(s)) ds, t>0.

Cri€Ny (i) Cri€Ny (i)

Theorem 2.1 Assume that conditions (A1)—(A3) hold, then the system (1)—(2) has a
unique solution.

Proof In order to prove the local existence and uniqueness we consider all functions x;;(t)
on [-7,0] that satisfy x;(¢) = p;(¢) on [-7,0] and |lx;(f) — p;i(®)|| < K on (0,0]. Let us
introduce a Banach space Cy to be all functions in C([-7,0];R) such that |lx; — p;l| < K.
Define an operator IT on Cj as follows:

pij(t), t<O0,

0i§(0) + 5 (~a(s)x;(s) = X . Ckl (5)f ) (9)

(T (8) = 1 +Lils) + Xcenyip B OUiHS) = Acyyeny iy D 6U Goias = mua) i (5)
=V cuenson B 60 (ua(s = tia))xii(s)

+ Aeyenyip TEHOUS) + Ve eny iy HE S Uy(s)) ds,  £>0.
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We begin by showing that IT maps Cj into itself. Indeed,

|(ITx);i(t) - pyj(0)]

<[ (|ai,»<s>||xi,»<s>|+ S (6 f (o) )

CrieNy (i)
L+ Y B[+ N DY (uls - )| xss)]
CrieNy (i) Cri €Ny (ir))
+ VES O (s — )| |xii6s) |

Cri €Ny (i)

+ N |TH||ue|+ |H§l(s)||ui,-(s)|>ds

Cri€Ny (i) Cri €Ny (i)

5/0<al,1<+ Y C/MK+Lyj+ Y BjUy+ Y. DyMK

CreNy (i) CrEN; (i) CreN (i)

v > EMK+ Y TUy+ Y H,,u,,)ds

Cr1 €Ny (i) Cri €Ny (i) Cri €Ny (i)

<o(aK + MKS$ + y).

We can choose o such that o (aK + MK +y) < K. Thus, the last inequality yields I7(Cy) C
Co.

On the other hand, for any x(¢),y(t) € Cy one can show that the following inequality
hold’s:

|(ITx);1(2) — (ITy);(2)|
5/0 <|aij(s)||xzj(s)_yij(s)|
Y [CHONf (ora®))ii() = f (ra(5)) 95(5)|

Cri €Ny (i)
+ N\ DY (s — 7)) xig(s) = f (uas — 7))y 5) |
Crr €Ny (i)

+ VSO (s — 7)) xig(s) = f (yuas — m))%y(ﬂ!) ds

Ci1€Nr (i)
< / <|Eij(s)||xi]'(5)_yij(s)| > C,,[f x1(8))i7(8) = f (71 (8) ) ()|
0 Ci1 €Ny (i)
Z EZZV(ykl(S))xi;‘(S) —f(yu(9))y3(s)|
Cri €Ny (i)
+ Z Ei;l (oexa(s = aa))acii(s) = f (Vra(s — Taa) )5 s) |
Cri €Ny (i)

w3 By lf (vnals — ) xils) = f (als = 7)) 6)|

Cri €Ny (i)
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Yy Ff,l[f (wra(s = 7)) 2i5(8) = f (ra (s — ) )55 (9) |

Cri €Ny (ir))
Yy lV(ykz — i) )%ii(8) —f (Vaals — rkz))yi;(S)I) ds
CrieNy (i)
t
< / <|EU(S)’ |x,»,»(s) —y[j(S)| + Z CZIM|JC[/‘(S) _yij(s)|
0 CreN(iy)
Z a;lKLf |x,7(s) - yij(s)i + Z BSIM |x,-j(s) - yi,-(s)|
Cr1 €Ny (i) Cri €Ny (ir))
Z Ef;lKLf’xi/(S— i) — (s — Tkl)| + Z E M‘xl, - yi(s )‘
Cri €Ny (i) Cr1 €Ny (i)

Z I(Lf|x,,(s — ) — ¥i(s — i) |) ds

Cri €Ny (i)

(a + 6(M + I(Lf)) sup |x,, - i(s) | = sup ’x,, y,,(s)|

We can further choose o such that o (a + 8(M + KI/)) < 1. Thus, we have ||[Tx — ITy| <
o(a+8(M + KL/))||x - y|| < ||« — y|| yielding the operator IT is contractive. Consequently,
the Banach fixed point theorem implies that the system (1)—(2) has a unique solution. [J

3 Existence of periodic solutions
In the present section, we prove the existence of periodic solutions of the network (1)
by using the continuation theorem described in the previous section. That is, we utilize

Lemma 1.1 to prove the existence of an w-periodic solution.

Theorem 3.1 Suppose that conditions (A1)—(A3) hold true, then the network (1)—(2) has

at least one w-periodic solution.

Proof Set X =7 = {s(t) € C(R,R™),s(¢t + w) = s(t)} equipped with the norm ||s|, =
maxou) ) ;i J s;;(£)]. It can be easily seen that X and Z are Banach spaces with the norm
Is]lw- Now, let us define Us = M = 5, where Dom/ = C}(X,X) and further define pro-
jectors A as Ax = L [“x(t)dt, x € X, and B as Bs = L ["s(¢)dt, s € Z, and the mapping
V:X— Xas

Viyi(t) = —ay()xy(t) — Z Ckl(t)f,,(xkl(t))x,](t)

CrieNy (i)
+Ly(8) + Z Bg'l(t)uij(t)
Cri €Ny (i)

ARG GEEMENG

Cri €Ny (i)

\/ EX (tf, (% (£ = Ta0) )x5(2)

Cri€Nr (i)

+ N\ Touws \ Houe. ®

Cri €Ny (i) Cri €Ny (i)
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One can verify that ImU/ = {s|s€ Z: fo (t)dt = 0} and Kerld = R™". Thus, it follows that
CodimImi/ = dimKerl/ = mn and ImU is closed in Z. Therefore, all these imply that I/
is a Fredholm mapping with index zero. By the choice of projectors .4 and B we have
Im A = Kerl{ and Ker B = Im(I — B) = ImU{. Moreover, one can see that the inverse to U/ is
defined as N4 : Imif — Dom NKer A with N4(s) = [;"s(Ddl - L [ fot s(l)dl dt. Clearly,
both BV and NA(I — B)V are continuous mappings. Finally, by virtue of Ascoli—Arzela
lemma one can easily show that BY(O) and N4 - B)V(O) are relatively compact for
an open and bounded O subset of X. Thus, it follows that for any open and bounded set
O c X the mapping V is L-compact on O.

Now, it remains to find an open and bounded set O subset of X to apply Lemma 1.1.

Thus, for each p € (0,1) the operator equation Ux = 1 Vx yields

Q‘Cij(t) = M[_ﬂtj xz](t Z C f] xkl ))xij(t)

Cri €Ny (ir))

+Lij)+ > B @U)

Cri €Ny (i)
/\ D @)y (% (t = Tra) )3 (2)
Ci1 €Ny (i)
\/ E @)y (% (t — Tra) ) (2)
CrieNyr (i)
+ N\ THoOuw+ \/ %Mwm} (4)
Cri €Ny (ir)) Cri €Ny (i)

Next, after multiplying the system (4) with x;;(f) and integrating over the period, we de-

rive

0= (x () — &, (0)) /Oxi;(t)fcij(t)dt

l\)|'—‘

=M{—/ az,,(t)x (t) dt

L S oy (i) 0) de

Cri€Ny (i)

f I\ DY@ (et - )23 (0) dt

O CleNy G

/ \/ BN (oule - )30 de

Cr €N (ir))

/0 By () Uy(t)xy(2) dt

CrieNr (i)

+ /0 /\ TH () Uy () (2) dit

Cr1€Ny (i)

Page 7 of 19
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/0 Hill(‘l(t)uij(t)xlj(t) dt

CrieNy (i)

+ /0 Li(t)x;(t )dt}. ®)

By means of the condition (A3), and Lemma 1.2 we get the following inequality:

<ﬂi1 >

Ci1€Nr (i)

w
Qf;lm + Q;‘jlm + Eglm> /0 |xfj(t)| dt

< / |Lij(0)||i(2) | dt

Cri €Ny (i)

/ A T80 |00 de

Cr1€Ny (i)

/ \/ Hl{;l(t)||uij(t)||xij(t)|dt

Cri €Ny (ir))

< [Zi,+ >

Cr1€Nr (i)

B Uy + (T, +H,)U l,] / o (0)| dit. ©6)

The Cauchy—Schwarz inequality yields [;” [x;(¢)|dt < o ([ |%;(£)]* 3.
Then we get

(/(;w|xij(t)|2dt)2§G (Lu+ > B} L[,,+(T +H) ,,)f Qjj» (7)

Cri €Ny (i)

where G; = a; + ZCkleNr(i,j) g‘jl(t)m + le(t)m + Ef;l(t)m. Now, let 8 € [0,w] such that
l%;(8)] = mine(o,] [%;(£)]. Then, using (7) and the Cauchy—Schwarz inequality once again,

we get the inequality

|xzi(/3)|w=|xy(ﬁ)|/0 dts/O |x5(8)| dt

< </(; 12 dt) </0 |xi,'(t)|2dt) < \/aQij‘

Hence,

Qz]

(8] < ©)
Using (8) and x;(¢) = x;(B) + f; %;j(¢) dt, we have

0] < <L s / 1y (0 . ©)

Page 8 of 19
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On the other hand, we have
/ﬁ k(1) di < / g (0)| ey 0)] it + / 1L,(0)| e
[T 1ol ) o) d

CrieNy (i)

/ Z |BY (0)|| Uy(2)| it

Cr1€Ny (i)

/ A DS f (oue — a0 0)| e

Cr1eNy (i)

f \/ BN fy (e - ) 0)| e

CreN;(ir))

/ N\ T @) | )| de

CrieNy (i)

/ \/|HE @[y de

CrieNy (i)

< (/w|ai,~(t)|2dt)2 (/w|x,~j(t)|2dt>2 + ol
(/ [fz/ X (t) | dt) (/ |xij(t)|2dt) ’
Ck[EN i) 0

Py Ef,lﬂ(/oww,,(t)ﬁdt)j

Cri€Ny (i)

Ci1€Nr (i)

‘“( I (st — 7)) | dt) < (O dt>
i (X Kl ij
Cr1 €Ny (i) / /

—kl
+ro Yy (T

Crr €Ny (i)
<Vo-a;Q;
volj+vo Y C,MQy+va Y. Bl
Crr €Ny (i) Cri €Ny (i)
—kl =kl =kl =kl
+Vo(Dy +Ej)MQi+o Y. (T +Hy)U;

CrieNy (i)

= V.
Thus, it follows from (9) that

Q
Jo

()| < + Vi =S8y

_”< f Ify (st = 70)) | dt) ( f wyx,,(t)|2dt)2
0

(10)

Page 9 of 19
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Denote P =}, j)Sij + Q where Q > 0 is chosen so that the following inequality is sat-

isfied: m1n1<l<m(a,, Cl(;lm + Dg.lm + Eklm)P > mn max1<,<m(|L,]| + ZCkIGNr |B ||Eij| +
1<]<n 5=

Ccuenrip 1T 1Tl + Lciyen, g 17 1T

If we choose O = {x € R""|||x||,, < P}, then O C X is an open and bounded set. Further,
one can show that O fulfills the condition (i) of Lemma 1.1.

Next, let us verify the condition (ii) of Lemma 1.1. That is, we need to show that BVx # 0.
If x € Kertd N3O then x € R™ is a constant vector and satisfies x|, = [x11]| + - - - + [x1,] +

-+ x| + - - + [%n| = P. Therefore, we have

BVx = —dx; — Z 65%7(xkl)xl7 + zii

Cri €Ny (i)

okiTT. o~
vy Biu- N Diffymg
Cri €Ny (i) Cri €Ny (i)

=k ey
- \/ E;j fiora) i + /\ T; Uy
Cri €Ny (i) Cri €Ny (i)

Xl
V  Hiu;.

Cri €Ny (i)

The last expression yields

1BV, =)

AjjXij + § : Cz;f i (¥k)xis — Ly

()] Cr1 €Ny (i)
- Z Bg'luij + /\ Di;’l.ﬂi(xkl)xij
CkleNr(i,j) CkleNr(i,j)
\/ Ez];{fl](xkl)xl} - /\ Tklu/
Ci1 €Ny (i) Cri€Nr (i)
i
- \/ Hz’j U17

CkléNr(i,j)

=)
i)

— il
a;jxij + Z G fig(ona)xi

Cri €Ny (i)

N Difiwasi+  \/  Effixas;

CleN (i) CreNH (i)
_Z‘L,,+ Y B N TV,
(&) CrieNy (i) CrieNy (i)

—
\/ Hu;
Cri €Ny (i)

o

> m k ki k E ;

1<l1<nm(al, Ciym + Djjm + Ej m) Y %l
1<j<n

- max mn<|Ll,|+ > |B ||yl
1<i<m
1<j<n Cr1 €Ny (i)
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+ Z |T [Tyl + Z |H ||ul,|>

CreN (i) CreNy (i)

>0,

by the choice of P. Thus, for any x € Kerl/ N 80, we have BVx # 0 which validates the
requirement (ii) of Lemma 1.1.

Finally, consider homotopic @ (X11,..., %15+« «» X1 « - » Xy A) = ABVx + (1 — L)Gx, where
L e[0,1]and Gx = (~@11%11, ... —G1pKins - -y —Bom1 %l « - +» —mnXomn) | - Setting F = I one can
easily show that

deg{}'BV(xu, e Kt e Kol - X)L, Ker U N (’),0}

= sgn{(—l)’”"Ziu .. .Ziln .. .Ziml .. Zimn} #0

Thus, the final requirement (iii) of Lemma 1.1 is also verified. As aresult, O fulfills all of the
necessities of Lemma 1.1. Consequently, the operator equation Ux = Vx has at least one
solution in DomZ/ N O which in turn implies that the network (1) has w-periodic solution.
This is the end of the proof. g

4 Stability

This part of the paper is devoted to the uniqueness and stability analysis of the periodic
solutions. That is, we prove that there is a unique w-periodic solution of the network (1)
and further prove that it is globally exponentially stable under a suitable condition. We
assume the following condition holds. y

o
(A4) a; M(ch,eN i) Cij * chleN @ ,) t ch,eN,z (i) E ) Sl}Llj(ZCkleNr(i,j) Gy +
ZCkIGNr(i:f) Dz’/ + chzeNr(i,n E';) >0.

Theorem 4.1 If the conditions (A1)—(A4) are fulfilled, then the network (1) has a unique

globally exponentially stable w-periodic solution.

Proof In the previous section, we have shown that the network (1) has an w-periodic solu-
tion. Let us consider arbitrary two solutions of the network (1) x(¢) = (x11(¢), ..., %1.(2), ...,
X1 (8) « o, Xan (£)) and y(2) = (V11(8)s - Y10 (), -, Vi1 (B) - ., Y (2)) with the initial condi-
tions x(s) = p(s), s € [-7,0], and y(s) = &(s), s € [-7,0], respectively. It is straightfor-
ward that the uniqueness of the solution for the network (1) is followed by global ex-
ponential stability. Hence, we only need to show that x(£) is globally exponentially sta-
ble. By the condition (A4), one can find o > 0 so that the following inequality holds

1
true: o _ﬂ +M ZC;(ZGNV U)Cg + ZCkleN (i) D + ZCkleer} Ek +S L ZCkIEN (i) C +

—ki
ZCklENy (i) D +e” ZCklENr ()] E ) <0.
We design a Lyapunov functional W( ) = Wi(t) + Wh(¢), given by

Wi(t) = 3 lx(®) — yi(t)]e*’, and

Wi(t) = Zsl,< > Dy+ Y Ef;l)

(@) Cri €Ny (i) CrieNy (i)

x / Ifyi (xxa(9)) = fi (7ra(9)) |2+ dis.
=Ty
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Let us calculate upper right Dini derivatives of W7 (£) and W5(t) along the trajectories of

the network (1), respectively:

d+
Wi () < Z[(—aij(t)|xij(t) _yi/'(t)i

dt -
(i)
Y CHOf (aa®)xi ) — £ (a®) 50|
C/dENr(U)
A\ D@ (e - )y (2)
CeNsiy)

—fi (= ) ) (8) |
+ \/ B O - m)xi(t)

Crr €Ny (i)

— St = )i (2) |)e‘” + arlocy; (2) —J’ii(t)|eat}

<e* |:(05 - Ql‘]’) |xij(t) _yi/'(t)|
(i)

>0 T lfy )]0 - 350

Cri €Ny (irf)

+ ij(xkl(t)) —ﬁi(ykl(t))Hykl(t)D
(¥ 7+ ¥ 5
CrieNy (i) CrieNy (i)

x (| (ot = )| |25 (8) = 35(2)
+ |fi (e = ) —f (7wt = ) | b’kl(t)|)i|

< eat |:((¥ — 5_{[]) |xl1(t) _yz}(t)‘
(i)

> T (M]xy(0) - yy(0)]

Crr €Ny (i)
+ |fi (% () = f5 (v (@) [S5)
—kl —kl
* ( > Dy+ ) EJZ)
CrieNy (i) Cri €Ny (i)

x (Mla(t) - yy(8)|

+ |fi (et = 7)) = £ et = 7)) ‘Sij)]
< e |:(Ot—6_lij+M( Z d;l
CrieN(

(&) ij)

Z D * Z Ekl)>|xu ~i(t)]

Cr €Ny (i) CrieNy (i)
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+Sl}( Z Cl]|xk1(t) ykl(t)| < Z Bi;l

Cri €N (i) Cri €Ny (i)
Ekl
+ Z i ) Ifij (o2 (€ = T0)) = fi5 (Vra & = 7)) |)]
Cri €Ny (i)
d*W(2) —ki —l
vy 3 3 %)
(&) Cri €Ny (i) Cri €Ny (i)

x [|fi (@) = fi (ra(2)) | €
= Ifis(oera (€ = 7)) = fis (e = 7)) |-

Thus, by means of the above inequalities one can easily obtain

AW _d W) | dWa)

e dt dt
<et [(a_ﬂij
)
(¥ G ¥ b X))
CrEN (i) Cri €Ny (i) CrEN (i)

x Jx(0) ~y(0)] + 5 (Lf S g0

Cri €Ny (i)

+( Y B Y Ef/)

Cri€Ny (i) CrieNy (i)

x [fi(x(8)) = fis (e (2) |e°”kl>]
coxeasl E 40

(&) Cri€Ny (i) Cri €Ny (i)

f
2 E{;I)J”S"/'L"f< > G

CrieNy (i) CrieNy (i)
e —K 4 7
+ € Z Dtj + € Z |xz/(t) yz;(t)|
Cri €Ny (i) Cri €Ny (i)
<0.

The above inequality yields W (¢) < W(0) for £ > 0, which in turn implies that

> lxii(e) — y(0)] e < W(2) < W(0)
(&)

=Z[‘xl] )’u( )‘+Stj< Z Ei;l

(&) Cri €Ny (i)

ki 0 o (s+Tx7)
X E) [ ) A bue e o

Cri €Ny (ir))
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(&) Cri €Ny (i)

+ kl) / |xka(8) = ya(s) |+ di ]

Cri ENr(L])

< (1 +tn(E +D)e‘”) ||

where E = maxj{max, f{;l}, D = maxj{max D } and n = max(i,,»){Siij} are con-
stants. Further, set £2 = 1 + Tn(E + D)e*". Then the last inequality implies that

2@ = y@ | < (1 + tn(E + D)e™) | p(s) - £(s) | e = 2] p(s) = £(s)||e™**, fort>0.

Therefore, the network (1) has a unique w-periodic solution which is globally exponen-
tially stable. O

Remark 4.1 Due to its practical applications in learning theory periodic solutions of
FCNNs have been widely investigated by many researchers. By constructing suitable
Lyapunov—Krasovskii functionals and employing the linear matrix inequality the authors
in [31] considered existence and exponential stability of FCNNs. By means of M-matrix
theory and differential inequality techniques Bao studied the existence and stability of a
periodic solutions to BAM fuzzy Cohen—Grossberg neural networks with mixed delays.
Xu and Li investigated global exponential stability of periodic solution for fuzzy cellular
neural networks with distributed delays and variable coefficients [32]. It worth mentioning
that it is the first time the existence of a periodic solutions has been considered for FSIC-
NNs. The model of FSICNN was investigated in its general from, i.e., with time-varying
coefficients and constant delays.

5 An example
Finally, we take into account an example with simulations of a neural system consisting of

two FSICNN:S. To this end, we consider the following network:

Ki(t) = —ay(£)xy(t) — Z Ckl(t)fz/ (e (8)) x5 (2) + Ly (2)

Cri €Ny (i,))
+ Y BYoUt - N\ DI (st - Tia))i(£)
Cri €Ny (i) Cri €Ny (i)
-V EfOfy (- )x(0)
CrieNyr (i)
+ N\ TROUw+ \/  HY U, (11)
Cri €Ny (i) Cr1 €Ny (i)

where r = 1, i,j = 1,2, and the functions a;(t), C;;(£), L;(£), B;(t), U;(t), Dyj(t), Ej(t), Ty(2),
and Hj(t) are given by

ﬂll(t) ﬂlz(t) _ 436 138
an() an®) \ 6 937)
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0.3
0.28 -
0.26 -
0.24 3-

0.22F

0.2

x11(t)

0.18

0.16 ]

0.14

0.12

0.1

Figure 1 The state trajectory xq; (t) of the network (11) with the initial conditions
x11(t) =0.1,0.15,0.2,0.25,and 0.3 for t € [-1,0]. It is seen that the FSICNN (11) has a globally exponentially
stable 5T -periodic solution

Cu(2)
Ca(2)

Itis easy to see that the above functions are 7 -periodic and satisfy the condition (A1). On
the other hand, one can verify that ZCMENI Chl(t) 1.1 + 0.2sin(2t), ZChleNl(i,j) Bf.}’.l(t) =

ki l ki
1 7 /\CkIENr ll D (t) - 0 1 \/CklENy z,] l] (t) = 0'77 /\CkIENr(iyj) Tl] (t) B 0.09,

Cn()\ 0.6 0.5 sin?(2¢)
Cao(2) 0.5cos(2t) 0.2sin(2¢) )’

Lip(@®)\ [ sin(22) cos(2t)
Loo(2) 0.5 cos(2¢) 2 )’

Bi(t) 0.8 + cos(2£) 0.5 —sin(2¢)

By () 0.3 +sin(2t) 0.1 -cos(2t))’

Ui (t) 0.3sin?(2£)  0.5cos(2¢)

Uy (1) 0.6sin(2¢)  0.3cos?(2t)

Dp(t)\ [ 0.8+sin*(2t) 0.1
Dy(8)]  \0.1+0.05c082(2f) 0.3 + cos?(2¢)
Ep()\ (0.3 -sin*(2f) 0.5+ 0.04cos*(2f)
Exn(t)) 0.7 0.5c08(2t) )’
T1o(¢) 0.09 5 + cos(2t)

T (2) —sin(2¢) 0.1 + sin®(2¢)

Hpp(t)\ [ 02cos*(2t) 0.5+ 0.4sin(2t)
Hy(t)]  \0.006 — cos(2¢) 1.01 ‘

l
\/CkIENr (%) l] (t) = 1.01.

We consider the FSICNN (11) with f;(x)
Ty = 7. One can verify that the function t(-) satisfy the condition (A1) and the nonlinear
function f(-) satisfy the conditions (A2)—(A3). Therefore, the dynamics of the network (11)
has a unique globally exponentially stable 7 -periodic solution according to Theorem 3.1.

= tanhx and t1; = 0.5, 71 = /5, 731 = 2, and
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1
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x
Ar
15F
V
-2 = = L = =
0 5 10 15 20 25 30
t
Figure 2 The state trajectory x;(t) of the network (11) with the initial conditions
x12(t) =-0.8,-0.5,-0.1,0.3,and 0.4for t € [-1,0]. It is seen that the FSICNN (11) has a globally exponentially
stable 7r-periodic solution

0.4

03F

0.2

0.1

Xy (t)

0 5 10 15 20 25 30

Figure 3 The state trajectory x»; (t) of the network (11) with the initial conditions
x21(t) =-04,-0.2,0.1,0.2,and 0.3for t € [-1,0]. It is seen that the FSICNN (11) has a globally exponentially
stable 7 -periodic solution

Finally, the numerical simulations in Figure 1, Figure 2, Figure 3 and Figure 4 validate our

theoretical results.

6 Conclusion

In this paper, we established sufficient conditions for the existence of periodic solutions
of FSICNNs by means of Gaines and Mawhin’s coincidence degree of index zero. We con-
sidered FSICNNs with time-varying coefficients and delays. Further, by constructing Lya-
punov functional we obtained sufficient condition for the exponential stability of the peri-
odic solutions. This study can be extended further by considering FSICNNs with different

type of delays such as continuously distributed delays or involving leakage term.
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0.35 . . . .
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0 5 10 15 20 25 30
t
Figure 4 The state trajectory x;(t) of the network (11) with the initial conditions
x22(t) =0.15,0.2,0.25,0.3,and 0.35for t € [-1,0]. It is seen that the FSICNN (11) has a globally exponentially
stable 7r-periodic solution
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