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1 Introduction

Modeling and analysis of within-host human immunodeficiency virus (HIV) dynamics
have received considerable attention from biologists and mathematicians during the last
decades (see, e.g., [1-23]). The main target of the HIV is the CD4* T cell. HIV causes
the deadly disease acquired immunodeficiency syndrome (AIDS). Mathematical models
of HIV dynamics are useful for describing the interaction between the host cells and HIV
[2]. The basic HIV dynamics model which describes the interaction between the HIV (p),
uninfected CD4* T cells (s) and infected CD4* T cells (z) has been proposed by Nowak and
Bangham [1]. Callaway and Perelson [3] have extended the basic HIV dynamics model by
taking into consideration three classes of infected cells: (i) latently infected cells (w) which
cannot generate HIV particles, (ii) short-lived infected cells (z) which live for short time
and generate large numbers of HIV particles, and (iii) long-lived chronically infected cells
() which live for long time and generate small numbers of HIV particles:

§=B—8s—(1-é€)ksp, (1)
w=(1-€kisp— (o + m)w, (2)
z=(1-€)kysp + mw — dz, (3)
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i =(1-€)kssp — au, (4)

P =Nydz+ N,au - cp, (5)

where k = k; +k + ks represents the incidence rate constant. 8 represents the rate at which
new CD4" T cells are created from sources. § is the death rate constant of the uninfected
CD4* T cells. The parameters «, d, a and ¢ denote the death rate constants of the latently
infected cells, short-lived infected cells, long-lived chronically infected cells and free HIV
particles, respectively. The parameters N, and N,, represent the average number of HIV
particles produced in the lifetime of the short-lived infected cells and long-lived chroni-
cally infected cells, respectively. The term mw is the activation rate of the latently infected
cells, and € represents the drug efficacy, where 0 < € < 1. This model has been extended
in [10] by considering time delay. Several authors have devoted their efforts in studying
the global stability of mathematical models in virology (see, e.g., [7, 16—22] and [24-30])
and epidemiology (see, e.g., [31, 32]).

Most of the HIV dynamics models presented in the literature are given by systems
of nonlinear differential equations. Therefore, the exact analytical solutions of these
continuous-time models are unknown. It is important to note that scientists often collect
the data and analyze the results at discrete times. Further, the use of digital computers in
performing numerical simulations of nonlinear systems necessitated the investigation of
the discrete-time models. Consequently, a discretization can be used to obtain a discrete-
time model which is an approximation of the exact solution. However, how to select a
proper discrete method so that the global properties of solutions of the corresponding
continuous-time models can be efficiently preserved is still an open problem [33]. The
mixed Euler method which is a mixture of both forward and backward Euler methods
has been used for within-host virus dynamics governed by ordinary differential equations
(ODEs) in [34, 35], for delayed virus dynamics models governed by delay differential equa-
tions (DDEs) in [36]. The mixed Euler method has been utilized for virus dynamics models
with diffusion governed by partial differential equations (PDEs) in [37] and delayed partial
differential equations (DPDEs) in [38]. It has been proven that the mixed Euler method can
preserve the positivity and boundedness of solutions, moreover, it can preserve the global
stability of equilibria of the corresponding continuous-time system with no restriction on
the space and time step sizes [38].

Mickens [39] has introduced nonstandard finite difference (NSFD) scheme for solving
differential equations. It has been proven that NSFD can preserve the main properties of
several types of continuous-time models. The main advantage of NSFD approach is that
the essential qualitative features of the mathematical model such as equilibria, positivity,
boundedness and global behaviors of solutions are preserved independently of the cho-
sen step-size [40]. On the other hand, even though there exist some general methods for
construction of NSFD schemes for certain systems of ordinary differential equations (see,
e.g., [41, 42]), there is no universal NSFD scheme suitable for every mathematical model.
Therefore every model requires the construction of an individual numerical scheme in
order to obtain the correct qualitative results. NSFD has been widely employed in the
study of different epidemic models (see, e.g., [33] and [43—46]). NSFD has been used for

within-host virus dynamics models governed by



Elaiw and Alshaikh Advances in Difference Equations (2019) 2019:407 Page 3 of 24

« ODEs: Virus dynamics models governed by ODEs have been studied by considering
Holling type-II infection function in [47] and CTL immune response in [40] and [48].

+ DDEs: Delayed virus dynamics models given by DDEs has been studied by [49].

« PDEs: Virus dynamics models with diffusion given by PDEs have been studied by
considering: general infection function [50], both virus-to-cell and cell-to-cell
transmissions in [51] and latently infected cells in [52]. Diffusive HBV infection model
with HBV DNA-containing capsids has been studied in [53].

+ DPDEs: Delayed virus dynamics models with diffusion have been studied by
considering general nonlinear incidence rate in [54]. The HBV model presented in
[53] has been extended by incoporating time delay in [55] and [56].

All the above-mentioned discrete-time virus dynamics models have considered one or
two classes of infected cells. In this paper, our target is to study two discrete time HIV
infection models with three categories of infected cells, latently infected cells, short-lived
infected cells and long-lived chronically infected cells. The first model is obtained by dis-
cretizing system (1)—(5) using NSFD. The second model extends the first one by consider-
ing that the incidence rate of infection as well as the production and removal rates of the
HIV particles and cells are modeled by general nonlinear functions. Positivity and bound-
edness properties of the solutions are proven. Further, global stability of the equilibria is
established by constructing Lyapunov functions and by applying LaSalle’s invariance prin-
ciple.

2 Discrete-time model
Discretizing system (1)—(5) using the NSFD method [39] we obtain

Sn+1 = Sn = B — 8Sps1 — KSps1Pns (6)
Wis1l = Wy = KiSps1pn — (00 + M)Wy, 1, 7)
Zusl = Zn = KaSps1Pn + MWyi1 — dZpi1, 8)
Ups1 = Up = K3Sp41Pn — Alps1, )
Pus1 = Pn = Nodzp1 + Nyathy1 — i1, (10)

where, k= ky + ky + ks, ki = (1 — €)k;, i = 1,2,3 and n € N = {0,1,2,...}. We consider the
initial conditions:

(0, Wo, 20, o, Po) € Rf = {(s,w,z,u,p) |s>0,w>0,z>0,u>0,p> O}. (11)

2.1 Preliminaries

Let us consider the region
I = {(s,w,z,u,p): 0<s,w,z,u <N7,0 <p<N2},
where N = g, Ny = WNI and &€ = min{6, o, d, a}.

Lemma 1 Any solution (s,, Wy, z,, Uy, pn) of model (6)—(10) with initial conditions (11) is
positive and ultimately bounded.
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Proof From Egs. (6)—(10) we obtain

B+ sy
Spg1=———,
1145+ kp,
w _ Wn kan(ﬂ +58y)
" v a+m A+a+m)1l+8+kp,)
Zn k2pn(ﬂ +5p)
Zpyl1 = +
1+d Q+d) 1+ +kp,)
+ m Wy kan(.B +Sn)
1+d\1l+a+m Q+a+m)(1l+68+kpy,) ’
u _ Uy kSpn(,B"'Sn)
"1 1 va (1+a)(1+5+kp,,)’

_ Pn +de Zn n /<2Pn(l3+3n)
p"+1_1+c l1+c|1+d (1+d)(1+6+kpy)

LM Wn kipn(B + 51)
1+d\1l+a+m (Q+a+m)(l+3+kpy,)
N,a U, kgpn(,B + Sn)

Tl+vc 1+a+(1+a)(1+8+kpn) '

(12)

(13)

(14)

(15)

(16)

Since all parameters in (6)—(10) are positive, by induction we get s, > 0, w, > 0, z, > 0,

u,>0and p, >0forallm e N.
Define a sequence M,;:

M, =58,+wW, +2z,+U,.
Then

My =My + B —088p41 — AWyi1 — dZpy — Aldyy

SMVI + ,3 _";:Mmb

Hence

M
Mn+l§ 5 + IB .
1+& 1+€&

According Lemma 2.2 in [34] we obtain

(i) mor g1 () |
M, <|— ) Myg+—|1- .
1+¢& & 1+&

Consequently, lim,_oosupM, < Nj, lim,,.sups, < Nj, lim,,supw, < Nj,

lim,,—, o SUP 2z, < N, lim,,_, o SUp u,, < N7. We have

Pnsl —Pn = dezn+1 + Nuﬂu;ﬂl — CPu+1

< (N,d +Nua)§ — CPn+1-

Page 4 of 24
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Hence

< Pn + (de"'Nua)ﬁ
P = l1+c¢ 1+c¢)E

_ P, (N.d + N,a)N
l+c l+c¢ )

By induction we get

1\” (N,d + N,a)N; 1\
Pn < Toc) Pot 1- .
+c c l+c

Consequently, lim,_, o sup p,, < Ns. Therefore, the solution (s, w,,, z,, Uy, p,,) converges to

Il as m — oo. O

System (6)—(10) has two equilibria,
(i) HIV-free equilibrium Q°(s°,0,0,0,0) where s° = 8/5.
(i) persistent HIV equilibrium Q*(s*, w*, z*, u*, p*), where

, s W kB
Ro’ " (o + mkR,
B(mky + (a + m)ky)

T dk(a+ m)Ro

S = Bks

ﬂkRo

(RO - 1)7

*

(RO - 1)¢

8
(Ro=1),  p"=7(Ro-1).

Clearly, Q* exists only when R > 1, where R is basic reproduction number and is given

by
R = BN, (mky + (a8+ m)ky) + (o + m)N,k3) _ éy, (17)
c(o + m) )
where
, - (N (mky + (o + m)ky) + (o + m)Nks)

(o + m)

2.2 Global stability
We define the function G(x) > 0 as G(x) = x — Inx — 1. Hence,

Inx <x-1. (18)
Theorem 1 If Ry < 1, then Q° is globally asymptotically stable.
Proof Construct a discrete Lyapunov function:
s
Ln(snr WirZns un:pn) = SOG<S_;) + MWy + 022y + N3y + 774(1 + C) n

where 1; >0, i =1,2,3,4 to be determined below.
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Hence, L, >0 for all s, >0, w,, > 0, z,, > 0, u,, > 0 and p,, > 0. In addition, L, = 0 if and
onlyifs, = s%w,=0,2,=0,u,=0and p, =0. Computing the difference AL, = L,;1 — Ly

Sn+l
SO

ALn = SOG( ) + MWl + N2Zp41 + N3Upe1 + 774(1 + C)pm—l

S
- [SOG(S—Z) + MWy + 122, + N3ty + Na(1 + C)Pn]

Sps1 S s
=S°< - +In— ) + 11 (Wit = W) + 02(2Zne1 — 20)
O s el
+ 773(”n+1 —Uy) + 774(1 + C)(pwrl _pn);
where 7;, i = 1,2, 3,4 will be chosen below. Using inequality (18), we have

Sn

AL, <8441 —Sp + SO< - 1) + 01 (Whi1 — W) + 02(Z0e1 — 20)

Sn+l

+ 03(Upe1 — ty) + na(l + C)(pn+1 _Pn)

0

S

= (1 - >(sn+1 =) + N1 (Wha1 — Wi) + 02(Z0s1 — 20)
Sn+l

+ 103(Upe1 — tn) + na(1 + C)(pn+l _pn)'

From Egs. (6)—(10), we have

0

AL, < (1 - >(,B —88u41 — KSpp1pn) + nl(klsnﬂpn —(a+ m)Wn+1)

Sn+l

+ ’72(k23n+1pn + MWyl — dZyi) + 773(k35n+1pn — ally.1)

+ Na(Nzdzy41 + Nyat, 1 — cpui1) + 04C(Pui1 — Po)-
Let n;, i = 1,2, 3,4, be chosen so that
kim +kona + ksnz =k, (a+m)np=mny,  n2=Nea,  n3=Nyla. (19)
The solution of system (19) is given by

mN_ k Nk N,k k
= ) n3 = ) Ng=—, (20)

m=_——— N2 = 3
(a +m)yc yc yc yc

and will be used throughout the paper. Then

0

ALn =< (1 - u >(/3 - 85n+1) + kSOpn — N4CPn
n+1l

-4 02 0

= (Sn+1 —-S ) + (kS - 774C)Pn
Sn+l
-3 k

= (SVI+1 —S0)2 + T]4.C(—ﬂ - 1>pn
Sn+l dnac
-4

2
= (S}’H-l - SO) + 774C(R0 - l)pn (21)
Sn+l

Page 6 of 24
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Hence, for Ry < 1, we have AL, < 0 for all » > 0, hence L, is a non-increasing se-
quence. Then there exists a constant L such that lim, oL, = L which implies that
lim,, 00 AL, = limy— 0o (Lys1 — L,) = 0. From equality (10) and lim,_, o, AL, = 0 we have
lim,— o0 5, = s° and lim,,_, oo (Ry — 1)p,, = 0. For the case R < 1, we have lim,,_, o 5,11 = s° and
lim,—pn, = 0. From Egs. (7)-(10), we obtain lim,,,w, = 0, lim,_, 2z, = 0 and
lim,_. oo #, = 0. For the case R = 1, we have lim,_, o 5.1 = s°. From Egs. (7)-(10), we
obtain lim, . p, = 0, lim,, » u, = 0, lim,_,» 2, = 0 and lim,_, ., w,, = 0. Hence, in the
case Ry < 1, the HIV-free equilibrium Q° is globally asymptotically stable.

(2019) 2019:407

Theorem 2 If' Ry > 1, then Q* is globally asymptotically stable.

Proof Define

N w V4
Un(sm Wi Zys unrpn) = S*G<—n) + mw*G(—n) + UQZ*G(—H>
s* w* z*

+ ngu*G<ﬂ) +(1+ c)mp*G(&)
u* p*

where 71;,i=1,2,3,4 are given by Eq.

Clearly, U, (s, Wy, 2y, U, py) > 0 for all s, wy, z,, U, py > 0 and U, (s*, w*, z*, u*, p*) = 0.

)

Computing AU, = Uy, — Uy,:

+(1+ c)mp*G(p"H)
p

*

(20).

’

Sy wy, Zn U,
- |:S*G(—> + r)lw*G(—) + ngz*G(—> + ngu*G(—)
s* w* z* u*

+(1+ c)mp*G(‘v—Z)]
p

sf Snel  Sm Sn s« Wn+l
=s ——+In +mw
s* s* Susl w¥

«f Zn+l Zy Zy
+ M2z - —+1In
z* z* Znal

s Un+l Uy
+ n3u - —+In

v [o(5) o))

Using inequality (18), we get

Sn+l — Sn Sn

— + - 1)
N Sn+l

* Zn+l — Zn Zy
+ N2 — +
z Zn+1

AU, < s*(

*

" 77417* <pn+l _pn " p_n

P+l

) renerfol(5) -
p*

Uy pn+1 pn pn
" " >+n4p*( ——— +In
u u Upsl p p Pn+1
wf Wnel — Wy Wy
+mw B — + -1
w Whil
1) 77314* Upil — Uy Uy
u* Upil

+1

s w z u
AU, =G Z2 ) + mw*G[ 221 ) + oz G| 222 ) + naurG( 222
s* w* z* U

*

)

Pn

p*

)

Page 7 of 24
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s* w*
= <1 - _>(Sn+1 —Su) + 11 <1 - )(WVI+1 - Wy)
Sn+l Wil
z* u*
+ 12 (1 - )(zn+1 - Zn) + 13 (1 - )(Mn+1 - un)
Zn+1 Upsl
+ n4(1 -2 )(pm —Pn) + cnap’” [G(‘U"f) - G(lj—':)]
P+l p p

From Egs. (6)—(10), we have

3 Sk

s
AU, < (1—

Sn+l

w
)(/3 — 0841 — k5n+1pn) +m (1 -
w

n+l

>(k15n+lpn —(a+ m)wn+1)

z*
+ M2 (1 - Z )(k25n+1pn + MWyl — dzn+1)

n+1

u*
+ 13 (1 - )(k35n+lpn - aun+l)

Unt1

+ 774<1 - P )(dean + Nyaty1 — cpuer)

P+l
v &%) 632}

Since B = §s* + ks*p*,

*

Sn+l

AU, < (1 3 )((Ss* + ks*p* = 8841 — kSps1Pn)

W*
+m (1 - )(klsn+1pn — (@ + M) Wyi1)

Why
z*
+ 12 (1 —
Zn+l
u*
+ 13 (1 -
Upt
*
+ 774(1 — p
Pni1

- (1— § )(SS* —8sn+1) + (1— s )ks*p*
Sn+l Sn+l

*

(k25n+lpn + MWyt — dzyi1)

1
1
pn+1 pn

- — +

p
(N;dzps1 + Nu@ttys1 = Pust) + cliap” [—* = +In —"]
p p Pn+l

)(k3sn+1pn - aun+1)

* *
+ks*p, —m KiSps1pn + 1o + m)w
n+1
* * *
. u
n+1Fn — n+ -
kaSps1Pn — N2aMWyi1 + ndz" — 13
Zn+l Zn+1 Up+l

k
- k3Spi1pn + N3aU

*

V4
— 14

n+l

(dezn+1 + Nuﬂuwrl) + C774P* + C774P* (_p_: + 111 p” )
p P+l

Using the conditions of Q*

kis*p* = (@ + m)w*,

kos*p* + mw* = dz*,



Elaiw and Alshaikh Advances in Difference Equations

kss*p* = au®,

N,dz* + N,au* = cp*,

we get

and

ks*p* = nadz" + nzau*

(2019) 2019:407

= nacp”,

(kiny + kayna)s™p* = npdz”,

- 2 s* . 5 Sni1lPaW* * %
ALI,,g—(s,Hl—s) +11- ks*p* —mkis*p **—+n1k1sp
Sn+l Sn+l TP " Wni1
Spi1Pnz* "W Spi1Pnlh*
% x°on+lPn [ n+ « « x°on+lfn
- 7']2/(25 I 771/(15 p " + T]de - 7’]3](35 P P
S Zn+1 Zn+1W N Unl
Pz Pruni P
n+ n+ n
—12dz* ” au* — +cnap” +cnap™In
Pn+12 Pn1ld Pn+1
) 2 s*
* ko k
= —(sm1—s%) +(1- (mky + naky + n3ks)s*p
Sn+l Sp+l
Spr1PuW* Sni1Pnz” Z'w
*_ xontlpPn * % x_x Ontlpen * %
—mkis' P ———— + mkis'p" — ks’ ———— —mkis P ——
TP Wyl TP Zns1 z,
Spr1Pnlh”
* % * % x x°nt+tlpn * %
+mkis'p" + nakas"p" — n3kss pt——— + n3kss™p
S* P* Uy,
Pz Pz Prunn
*_ % n+ *_ % n+ *_ % n+ * %
- nikis'p ~ —Mkas'p - —3kss'p - +mkis'p
n+1 n+1 pn+lu

+ akas*p* + n3kss*p* + (mkis*p* + makas™p* + n3kss*p*) In

)

= —(sp1 -5’
Sn+l
s ks’ <4 s SuapaWt ZWe PPz 1 2 )
1K1 - - - -
Sn+l S*p*wn+1 Zr1+1W>)< pn+lz>‘< Pn+1
+ ks p* (3 S _SwaPuZ’ Pmi g P )
2K2 -———— —
Susl  S*P*Zne1 PunrZ’ Pl
+ n3kss*p* <3 S Swabull’ Unal” +1n 22 )
3K3 -— - - —
Spsl S*PFUn UPRa Pn+1
)
= —(sp1 -5’
Sn+l
mk s*p*<G< al ) + G(S"“p"w*) + G(W"”Z*) + G(
- 1K1 —_—
Sn+l S*P*Wn+1 W*Zpi1
— nakos*p* (G( s ) + G(Lﬂlhf‘) + G(Zn”p* ))
Snil S*P*Znia Z*Ppi1
nsk s*p*(G< s ) + G(S"+lp"u*> + G(u,,+1p*>>
— 13K3 -— — ).
Sn+l 5*p*un+l u*erl

DPn

n+l

Zpp*

Z*pn+1

+ nzau’

)
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Thus, U, is a non-increasing sequence and there exists a constant U/ such thatlim,,_, . U, =
U. Therefore, lim, .. AU, = 0, which implies lim,_ s, = s*, lim,,.w, = w

lim,,—s 0 2, = 2%, lim,,_, oo 4, = u* and lim,,_, » py, = p*. O

3 General model
In this section, we propose a general nonlinear HIV model:

=7(s) = kf (s, p); (22)
w=kif (s,p) — (o + m)gi(w), (23)
2 =kyf (s, p) + mgi(w) — dgs(2), (24)
it = kaf (s, p) — ags(u), (25)
P =N.dg>(2) + Nuags(u) - cga(p), (26)

where, fandg;,i=1,...,4 are general functions and are assumed to satisfy the following
conditions [24]:
(A1) (i) there exists s such that 7 (s°) = 0, 7 (s) > 0 for s € [0, s°),
(ii) 7'(s) <O foralls>0,
(iii) there are b>0and b > 0 such that 77 (s) < b — bs for all s > 0.
(A2) (i) f(s,p)>0,and f(0,p) =f(s,0)=0foralls>0,p >0,
(ii) ﬂ”’ df;p >0, af(so >0foralls>0,p>0,
(iii) (<"st )>0foralls> o
)
)
)

(A3) (i g,(,o)>0forp>0 g(0)=0,j=1,...,4,

(ii g](p)>0for,o>0] 1,2, Bandg4(,0)>0for,o>0

(iii) there are v; >0,/ =1,...,4 such that gi(p) > vjp for p > 0.
(A4) {gf:—’(g is decreasing with respect to p for all p > 0.
Using the NSFD method we get

Sn1 = Sn = T (Sns1) = Kf (Sus1, n)> (27)
Wis1 = Wy = Kif (Sus1, Pn) — (@ + m)g1(Wii1), (28)
Zue1 = Zn = Kof (Sn1, Pn) + ML (Wii1) — dga(2s1), (29)
U1 — Uy = Kaf (Spe1, Pn) — ag3 (1), (30)
Pt = Pn = Npdgo(2n11) + Nuags (1) — cga(pui1)- (31)

3.1 Preliminaries

Let us consider the region

= {(s,w,z,u,p): 0<s,w,zu<Ny,0 <p<N2},

N — (N dgy(N1)+Nyag3(N1))

where Nj = 5, N, s and o = min{b, xvy, dv,, avs}.

Lemma 2 Any solution (S,, Wy, 2y, Un, pu) of model (27)—(31) with initial conditions (11) is
positive and ultimately bounded.
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Proof When n = 0 we prove that (s;, w;,z1,u1,p1) exists and is positive. From Eq. (27) we
have

81— 8o — (1) + kf (s1,po) = 0.
Let ¢1(s) be defined by
@1(8) = s — 0 — 7 (5) + kf (5, po) = 0.
According to (A1)—(A2) ¢, is a strictly increasing function of s. In addition

¢1(0) = —so —7(0) <0,

lim ¢ (s) = co.

Hence, there exists a unique s; € (0, 00) such that ¢;(s;) = 0.

From Egs. (28) we have
wi + (o + m)g1(w1) — wo — kif (s1,po) = 0.
Let ¢,(w) be defined:
@2(w) = w + (o + m)gi(w) — wo — kif (51, po) = 0.

Based on (A1)—-(A3) ¢, is a strictly increasing function of w

©2(0) = —wo — ki f(s1, po) <0,

lim ¢ (w) = 0.
w—00

Hence, there exists a unique w; € (0, 00) such that ¢,(w;) = 0.
From Egs. (29) we have

z1 + dg(z1) — 20 — kof (51, p0) — mg1(w1) = 0.
Let ¢3(z) be defined by
©3(2) = z + dgs(2) — z0 — kof (1, po) — mg1(w1) = 0.

Based on (A1)—(A3) @3 is a strictly increasing function of z

©3(0) = —z9 — kof (s1, po) — mg1(w1) < 0,

lim @3(z) = oo.
w— 00

Hence, there exists a unique z; € (0, 00) such that ¢3(z1) = 0.
Similarly, one can easily show from Egs. (30)—(31) that u#; € (0,00) and p; € (0, 00).
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Therefore, by using the induction, we obtain s, >0, w,, >0, z, > 0, &, >0 and p, > 0 for
all > 0.
Define a sequence M,;:
M, =58, +w, +2z,+u,.

Then

My =My, + 7(Sy41) — agl(WnJrl) - ng(an) - ﬂg3(un+1),

My <My + b —bsy — Wy — dUazZpeg — AVsUy <My +b— oMy,

Hence

According Lemma 2.2 in [34] we obtain

() wor g1 (255) ]
M, < Mo+ —|1- .
l+o o l+o

Consequently, lim,_ o supM, < N1y, limys oo sups, < Ny, limys oo supw, < Ny,

lim,—, oo SUP 2, < Ny, lim,—, oo SUp 4, < N;. Moreover,

Pnil —Pn = degZ(an) + Nu“gs(unﬂ) - Cg4(Pn+1)
< (N.dg>(N1) + Nyags(Ny)) — cusppsr.

Hence

- pn_JM@M®+MmMMD
Pra1 = 1+ cus 1+cus )

By induction we get

Pn5< 1 >"p0+(degz(N1)+Nuags(N1)) |:1_< 1 )n]

1+ cus cus 1+cus

Consequently, lim,,_, » supp, < N. Therefore, the solution (s, Wy, 2y, ty, Pn) converges to
I as n — oo. ([

Lemma 3 For model (27)—(31) let (A1)—(A3) hold true, then there exists a threshold pa-
rameter Ry > 0 such that

() if Ro <1, then there exists only an HIV-free equilibrium Q°,

(ii) if Ro > 1, then there exist two equilibria, Q° and a persistent HIV equilibrium Q.

Proof Let Q(s,w, z,u,p) be any equilibrium of model (27)—(31) satisfying

7(s)—kf(s,p) =0, (32)
kif(s,p) — (o + m)g1(w) =0, (33)
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kaf (s, p) + mgi(w) — dg,(z) = 0, (34)
ksf (s, p) — ags3(u) = 0, (35)
N,dg,(z) + N,ags(u) — cga(p) = 0. (36)

From Egs. (32)—(36) we have

_1< ki (s) ) .- _1(ﬂ(S)(mk1+(a+M)kz))
) = &2 )

] k(o + m) dk(a + m)
(37)
(k) (vl
Uu=g ak ) P=8 )
Let us define
w=0(s), z=Y(s), u=puls),  p=4L0s). (38)

Obviously, 0(s), ¥(s), u(s), £(s) > 0 for s € [0,5°) and 6(s°) = ¥ (s°) = u(s°) = £(s°) = 0. From
Egs. (32), (37) and (38) we obtain

)/f(s,Z(s)) —g4(£(S)) =0.

Equation (38) admits a solution s = s° which yields the HIV-free equilibrium Q°(s%, 0,0,
0,0). Let

w(s) = yf (s, £(s)) - ga(£(s)) = 0.

From Assumptions (A2) and (A3) ¥ (0) = —g4(£(0)) < 0 and ¥ (s°) = 0. Moreover,

v) =y L2 ) LD g0 ),

We note from Assumption (A2) that %:’0) =0. Then

1(OY — p/ (0 Laf(so,O)
V)=t )g‘*(o)<g4<0) o 1)'

From Eq. (38), we get

w'(s0) = VJT’(SO)( vy 9f(s°,0) ~ 1>‘

k \g) dp
Therefore, from Assumption (A1), we have 7/(s°) < 0. Therefore, if g’;ZO) %;’O) > 1, then
4
¥’(s°) < 0 and there exists s* € (0,s°) such that ¥(s*) = 0. Assumptions (A1)—(A3) imply

that

wk = 9(s*) >0, Z¥ = w(s*) >0, u* = M(s*) >0, p'= E(s*) > 0. (39)

Page 13 of 24
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It means that a persistent-HIV equilibrium Q*(s*, w*,z*, u*, p*) exists when 70
4
wo |y
p
Hence, we can define the basic reproduction number of system (27)—(31):

_ v (0
AN

This shows that if Ry > 1, then there exists a persistent-HIV equilibrium Q*(s*, w*,z*,
u*, p*). d

3.2 Global stability
Theorem 3 Suppose that Ry < 1, then Q° of system (27)—(31) is globally asymptotically
stable.

Proof Define

_ o [ [P
L,=s,—-5s — lim At + MWy + M2z, + N3ty + Napy + Nacga(By)-
o p—0* f(T,p)

Hence, L, > 0 for all s,,, Wy, 2y, U, pn >0 and L, = 0 if and only if s, = s°, w,, = 0, z, = 0,
u, =0 and p, = 0. Computing the difference AL, = L,,;1 — L,:

Sn+l . f(Spr)
AL, =8y —8° - / lim AT + M Wit + N2Zns + N3l
o =0t f(z,p)

+ N4Pp+1 + 774Cg4(pn+1)

0 o fs%p)
— |80 —5 - lim AT + MWy + 022, + N3ty + NaPp + Nacga(py)
0 p=0* f(T,p)

Sn+l . f(SO’p)
= Sp4l — Sp — / lim dt + mi(Wpe1 — Wp) + 12(Zne1 — Zn) + 03(Uns1 — Up)
s p=0" f(T,p)

+ Na(Pns1 = Pu) + 774C(g4(pn+1) _g4([9n))~

Using Lemma 2.1 [35], we get

f%p) sl f(s%p) . f%p)
pgg f($us1,0) (Sns1 = 5) = /s pli% f(z,p) dr = pli%l+ Fsmp)

(Sns1 — Sn)-

Hence

0
AL, < (1— lim £€0P)

)(Sn+1 =) + N1 (Wi — W) + 012(Zne1 — 2n) + 03 (U1 — Un)
1’_>0+f(5n+1’]7)

+ Na(Pns1 — pu) + r/4€(g4(pn+1) —g4(10n)).

From Egs. (27)—(31), we have

0
AL, < (1— lim 2P

p—>0*f(Sn+1:P)) (ﬂ(an) - kf(Sn+1,pn))

+ nl(klf(sn+lrpn) - (05 + m)gl(wn+l))

Page 14 of 24
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+ 7’2(k2f(sn+l»pn) + mgl(wn+1) - ng(zn+1)) + WS(k?zf(SnJrl»pn) - agB(urHl))
+ 774(N dg>(zns1) + Nyags(un.1) — Cg4(pn+l)) + 774C(g4(pn+1) _g4(pn))

£ p) o S6%p)
(1 _1’1—>0+f(5n+1’}7)> () + p—0 f Sn+1,P) /<f(sﬂ+1’pﬂ) - ’74Cg4(1”n)'

Using 7 (s°) = 0, we obtain

af(s°,0)/0
AL = (o) () (1- 20 )
f(,0/0p
3f ($1+1,0)/9p

) oy (1~ L60dp.
= (7T(Sn+1) - JT(S )) <1 B 8f(sn+1,0)/319>

( 3f(50’0)/3l9 kf(sm—l’pn)
8f(5n+1»0)/8p g4(Pn)

Kf (S1415 Pn) — Nacga(pn)

- W4C)g4(10n)'

From Assumption (A4) we have

S (Sne1,Pn) < Lim S(Sue1,P) _ 9f (s441,0)/0p
alpy) Tro0r glp) 2.(0)

Then we get

af(s°,0)/dp af(s°,0)/ap
ALy = ((ona) = ( (1 Bf(sn+1,0)/8p>+(kw_n4c>g4(p")

af (s°,0)/dp Y 9f(s°,0)
-t @)1 ) e e
3f (s°,0)/9
= (7 (1) =71 ( (1 af{sj+1,0)/§p)+n4c(R°_1)g4(p”)'

From Assumptions (A1) and (A2) we have

. 3f (s°,0)/0p
(7 (sne1) = 7 (5%)) (1 - 8f(sn+1—,0)/8p) =0

Hence, for Ry < 1, we have AL, <0 for all n > 0, hence L, is a non-increasing sequence.
Then there exists a constant L such that lim, o0 L, = L, and then lim,,_, oo AL,, = 0 which
implies that lim,,_, o 5, = s° and lim,,_, o (Ry — 1)p, = 0. We discuss two cases:
o If Rp <1, then lim,_, o py, = 0, then we get from Egs. (28)—(30) lim,,—, oo W, =0,
lim,,_, s 2z, = 0 and lim,,_, o, u,, = 0.
+ If Ro = 1. By using lim,,_, « s, = s° and from Eq. (27), we obtain f(s°, p,,) = 0. Because
s° >0, we have f(s% p,.) > £(0,p,) = 0 (use Assumption (Al)). Thus, lim,_, s p, = 0.
By the aforementioned discussion, we deduce that the largest compact invariant set in
{(12 Wiis 2y thy pu) |(AL,) = 0} is the just the singleton Q°.
Therefore, Q° is globally asymptotically stable by the LaSalle invariance principle [57
58]. O
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Remark 1 Assumptions (A2)—(A4) imply that

(M f (S’P*’)(ﬂs,p) ~f(sp") <0,

ap)  alp)
which yields
f(sp) B 2(p) )( _f(S:P*))
R A AT 40

Theorem 4 Suppose that Ry > 1, then Q* of system (27)—(31) is globally asymptotically
stable.

Proof Consider

U,y (1> Wis Zus Uy P)
« [T ( . /W" a(w") )
=5,—S§ T+ Wy — W — dt
. T ) " v &)
+n2(zn—z*—f " &z )dt) +n3<un—u*—/ Rl )dr)
z* g2(7:) u* gB(T)

ok P g4(p* ) (g‘L(p;«))
+n4<pn P /p g4()dr + nacga(p*)G @)

Clearly, U,,($y, Wi» Zys U py) > 0 for all s, wy,z,, uy,py, > 0 and U, (s*, w*, z*,u*, p*) = 0.
Computing AU, = U,y — Uy,:

Sn+l * % Wn+l *
AU, =8, -5 —/ GO dt +m (wml —w* —/ aw) dr)
s* f(T:P*) w* gl(f)

Fnil * Un+l *
2 <Zn+l -z —/ M d‘L’) +13 (un+1 -u —/ ) dt)
= &) wo o g(7)

pn+l *
+ 14 <Pn+1 -p - /p* ggt(i)) dr) +1nacga(p*) G (g:;([(?;;l )

* snf(S*:P*) * n gl(w )
- [sn T Fap) s m(wn v /w a(r) dr>
+772<Zn_2*—/jn‘222((2*))df>+n3(u"_u _/* a(u *) )
[T ae) ) <g4(Pn >:|
+ 104 <Pn p /r:* () dv ) + macga(p g(p*)
. o Suel f(s*, p*) ( Vel gy (w ) >
= Sp1 — Sn /s; f(f,p ) dt +m| Wpe —w, — \/wn gl(f)
+ 1 <Zn+l —Zy —/ " ggZZ((Z:)) d‘L’) + 13 <un+1 — Uy _/ . il((bj)) dt)

o P”*1g4(p*) ) *( <g4(pn+1))_(g4( n)))
+774<pn+1 Pn /pn () dt +774Cg4(]9) G ) @) .

S
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From Lemma 2.1 [35], we have

(1 _f(S*’p*)>(Sn+l - Sn) = Sus1 — Sn — /sn+1f(S*’p*) dT

S (50, 0%) . SfTp)
S(s*p%)
= (1 _f(Sn+1,P*)>(Sn+1 =)
B gi(,O*)) B [ gileY) p ( _ &(p") ) B
(1 gl(pn) (IOVH—I pn) < Pn+1 Pn /;n gi(f) T < 1 gi(pn+1) (pm—l pn)
Then
S(s*p") a(w)
AU, < (1 _f(Sn+1,p*)>(sn+1 —Sy)+Mm (1 - g1(Wn+1))(Wn+l - W)
+ 12 (1 - gZ(Z*) )(Zn+1 - Zn)
g2(2n+1)
gu") g(p")
+ 13 (1 - gg(lfinﬂ))(unﬂ —Uy) + 7/4(1 - g4(pn+1)>(pn+l _pn)

« g4(pn+1 g4(pn g4(pn >
In
' 774Cg4(19 )< g(p*) g4(p* ’ 8(Pus1)

From Egs. (27)—(31), we have

AU, < (1 - ffs(slpp))) (2 5net) K 5m11,0)

aw)
+ 771( X klf Sn+lsPn) — (@ +m)g1(Wn+1))

gZ (Zn+1
( S
g3( n+1

+ 774(1 - &) )(degZ(erl) + Nyags(un.) - Cg4(pn+l))

< g2 *) > ka(SnerPn +ng1(Wn+1) ng(an))
) /(3f(s,,+1,pn) - agS(urHl))

g4(pn+l)
+ 774C(g4(pn+1) —g4([9n) +g4(p*) ]H%)

_ fs*p*) * * fs%p")

- (1 _f(sml,p*))(n(sm) ~r() s )<1 _f(sml,p*))
;{(i))f ) = g‘i( K Genop) + e+ i (w')
G gfz(;ﬂl)k?f(swrltpn) g z(j+))gl(wn+1) + T)ngz(z*)

-3 10 k3f(5n+1,pn) + 773tlg3( ) N4 ") N.dg>(zu:1)
g?’( Uyl ) g4(pn+l)

— N4 &) Nuags (1) + 1acga(p") = nacga(p) + nacga(p”) In &)
g4(pn+1)

g4(pn+1) '
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Using the conditions of Q*

we get

and

(s°) =K (s"0"),

Kf (s*,p*) = n2dgs (2*) + n3ags (u*) = nacga(p®),
(mki +mko)f (s*,p") = madgs (2),

f(Sn+1,P*)
f(sn+17pn)
f(Sn+1;P*)

* ok f(5n+lrpn)g1(w*)
—mkyf (s5p )]m
ST ) 1)
f(S*’P*)gz(zml)
2(2")g1(Wni1) o
g Tk mk)f (55p7)

f(Sn+1rpn)g3(u*)
f(S*rP*)gB»(Mml)

+kf (s",p7)

+ mk]f(s*,p*)
_ nzkyf(S*,p*)
_ Thklf(S*,P*)

_ nskaf(S*»P*)

- w o ZaP)g(zni1)
+ n3kaf (s, %) — (mky + mako)f (s*,p )m
gz(un+1)g4(lﬂ*)
23(u*)ga(pus1)

) -k () 2

_ anJ(S*)p*)

g4(pn)
44 (Pre1)

+kf (s*,p*) In

= (1 S )(n(sn+1)—77(5*))

_f(Sn+1,P*)

Al < (1 _ f(s*,p") )(H(S,Hl) B JT(S*)) + kf(S*,p*) (1 _f]éis*;p;l))

s oale  S6P) flsn,pa)g (W)
Fmkf (s )[5 Fmrr?)  fs5p)g )
_e@)a W) a0En)  gwn)f (unp”) | gap)
£z )a (W) @n)@(z)  a@*)f (S, pPn) 8a(pni1)

f5p")  f(Sne1, Pn)g(2¥)
k *’ * _ _
+makef (.p )[4 TG0 f%p)g2Gne1)
_ g4(p*)g2(zn+l) _ g4(pn)f(5n+l’p*)
2Pu)2(z*) g )f (Sni1sPn)

)
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g4(pn * % f(S*’p*)
g4(pn+1)] +akaf (", )[4_f(sn+1,p*)

_f(Sn+1’pn)g3(M*) _ gs(Mn+1)g4(P*)

f(s*,p*)g3 (1) ©3W*)ga(Pri1)

_g4(pn)f(5n+1’p*) +1Il g4(pn) :|

g4(p*)f(sn+1:pn) g4(pn+1)

g4(pn)f(5n+1rp*) f(5n+lrpn) g4(pn):|

k _

’ f( )|: g (p*f SVH—I:pn) +f(3n+17p*) g4(P*)
(S5 L . f(s*,p%)
‘(1 f(sm,p*))(n(S””) 7 () = mk (s )[G (sml,p*))

f(Sn+1,Pn)g1 (W*)> (gz(Z*)gl(Wml)) (g4(p*)gz(zn+1))

Gl ———— G G

Q(s*,p*)gl(wml) "N oema) ) T\ apae)

G<g4(Pn)f(Sn+lrp*)>]

g4(P*)f(5n+1yPn)

_ - f(S*J?*)) 6(5n+1,17n)g2(2*)>

mkaf (s".p )[G o)) T O\ p g

2:(p*)g2(z41) > (g4 Bu)f (Sn11,2%) ) ]

G| ——— Gl ————

<g4(pn+1)gz(2*) "\ @) e 1)

x % f(S*;P*)
- n3/<3f(S P )[GQW)

f(sn+l’pn)g3(u*)) (gS(un+1)g4(p*))
G(/(S*»P*)gs(uml) o mwmonn ) 6

g4(pn f Sn+lL P

f(sn+lrpn)

<g4(Pn)f(5n+1’P*) ) i|
g4(p* )f(SrHl»pn)

+ kf (S*rP*)[

g (p* f(SVthn) f(Sn+1;P )

Assumptions (A1), (A2) and (A4) imply that

(1- L)
f(SVH-l!p*)

Based on the Remark 1, we have

)(n(s,,+1) -7(s*)) <0.

g4(pn)i|
ap) |

1+ g4(19n)f(5n+1;P ) f Sn+1;19n) g4(pn)
84(p*)f (Sn+1,n) f(Sn+1,p )
_ (1 _f(5n+1:p )> G(Srﬁlrpn) _ g4(pn))
f(5n+1,19n) (5n+1’p*) g4(19*)
<0.
Thus, U, is a non-increasing sequence and there exists a constant U such that
lim, . U, = a. Therefore, lim,_., AU, = 0, which implies lim,_ s, = s%
lim,,—s 0o Wy, = W*, limy,, o 2, = 2%, lim,, oo U, = u* and lim,,_, o p,, = p*. O

3.3 Numerical simulations

We perform our simulation by choosing the functions

sp

n(s)=p-0ds,  flsp)=

1+As+6p

gi(p) = p,

j=1,..,4
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where A >0 and 6 > 0. Therefore, system (27)—(31) becomes

k5n+1pn

Suil = Sp =P - 081 — —— i, 41
n+l n ,B n+l 1+ )\,Sn+1 : epn ( )
kys
Wit = Wy = — P (ot g, (42)
1+ Asy41 +0py
kas
Zn+l —Zn = Llpn + MWy — dzn+1; (43)
1+ Asye1 +6py
k3S8,141Pn
Upyl — Uy = ——————— — Alyy1, 44
n+1 n 1+ )\S;/H.l n 9[9;1 n+l ( )
Pni1 —Pn = dezn+1 + Nuﬂu;ﬂl — CPu+l1- (45)

For this system, the basic reproduction number is given by

_ v vB
1+As° §+A8°

Ro

We verify the assumptions (A1)—(A4). Clearly, 7 (0) = 8 >0, 7 (s°) =0 and 7/(s) = =8 < 0. It
follows that, 77 (s) > 0 for all s € [0,5°). Moreover, (A1)(iii) is satisfied with b = g and b = 5.
Thus, (A1) is satisfied. We also have

_ vl
J(s.p) = 1+As+6p g

(s,p)  (1+6pp
ds  (1+Ars+0p)?
af (s, p) 1+ As)s

3 :(1 ; 9)2>0 forall s> 0,and p > 0,
p +As+0p

0, and f(0,p)=f(s,0)=0 foralls>0,p>0,

>0 foralls>0,and p >0,

M=L>o, forall s >0,

p 1+2As

d (8f(s,0 1

a (30 _ >0, foralls>O0.
ds ap (1+)\‘S)2

Therefore, Assumption (A2) is satisfied. Moreover, we have gj(0) = p > 0 for all p >0 and
g0)=0,j=1,...,4. We also have,gj’(,o) =1>0,j=1,2,3forall p >0andg(p)=1>0 for
p=0.

Then Assumption (A3) is satisfied, where v; = 1, j = 1,2, 3. Finally, we have

3 (fGs, -0
_(f(SP)>: 5 <0, foralls>0,andp>0.
ap\ alp) (1+As+0p)?

Therefore, Assumption (A4) holds true and hence Theorems 3 and 4 are applicable.

The numerical simulations for system (41)—(45) will be conducted using the following
data: $=10,8 =001, =01, m=02,d=02,a=01,¢c=6,1=1,60 =1 and k; = 0.02
(i = 1,2,3). The other parameters will be chosen below.

Let us consider the initial values

IV1: 5(0) = 900, w(0) = 7, z(0) = 15, u(0) = 20, p(0) = 60,

IV2: 5(0) = 700, w(0) = 4, z(0) = 10, u(0) = 12, p(0) = 45,
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Figure 1 The simulation of trajectories of system (41)-(45) for Case (1)

V3
Cas
We

()

(i)

: 5(0) =500, w(0) =2, z(0) = 5, u(0) = 6, p(0) = 30.

e (1) Effect of N,, N,, of stability of equilibria:

choose € =0 and N,, N, are varied:

N, =100, N,, = 50. This yields R = 0.7215 < 1. Figure 1 shows that, the
concentration of uninfected cells increases and tends to the value s° = 1000. In
addition, the concentrations of latent infected cells, long-lived infected cells,
short-lived infected cells and free HIV particles decrease and tend to zero for the
initial values IV1-IV3. This shows that Q° is globally asymptotically stable and
Theorem 3 is valid.

N, =200, N, = 100. With these values we obtain R = 1.4430 > 1. Figure 1 shows
that for the initial values IV1-1V3, the solutions of the system tend to the
equilibrium Q* = (352.8108,7.1910,17.9775,21.5730, 155.8047). Therefore, Q*

exists and it is globally asymptotically stable. This validates the result of Theorem 4.

Case(2) Effect of the drug efficacy € on the HIV dynamics:

For this case, we take IV2 and choose the values N, = 200, N, = 100 and ¢ is varied.
Figure 2 shows the effect of drug efficacy € on the stability of the system. We observe

Page 21 of 24
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Figure 2 The simulation of trajectories of system (41)—(45) for Case (2)

that, as € is increased, the infection rate is decreased, and then, the concentration of the
uninfected cells are increased, while the concentrations of the latent infected cells, long-

lived infected cells, short-lived infected cells and free HIV particles are decreased.
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