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1 Introduction
In the article, we consider the oscillatory and asymptotic behavior of solutions to a second

order nonlinear advanced differential equation with mixed neutral terms of the form
(r@e)(Z@®)") + g (0 () =0, t=>to, (1.1)

where z(t) = x(t) + p1(£)x(t () + p2(£)x(A(2)). We assume the following conditions hold
throughout this paper.

(H1) o and B are ratios of two positive odd integers;

(H2) r,0 € CY([to,00),(0,00)), r(t) >0, 0 (t) > t, o' (t) > 0, lim;_, o, 0 (£) = 00;

(H3) 1,A € C([tg, 00),R), T(£) < t, AM(t) > t, limy_, oo T(£) = limy_, o0 A(£) = 00;

(H4) p1,p2 € C([to,00),[0,1)), g € C([to, 00), [0,00)), q(¢) is not identically zero in any

interval of [£y, 00).

By a solution of Eq. (1.1) we mean a function x € C[T},00), Ty > Ty, which has the
property r(t)(Z/(¢))* € CY([Ty, 00),R) and satisfies (1.1) on [Ty, o). In this paper we only
consider the nontrivial solution of Eq. (1.1) which satisfies sup{|x(¢)| : t > T} > 0 for all
T > T,. A solution of (1.1) is called oscillatory if it has arbitrarily large zeros on [T}, 00);
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Otherwise, it is said to be nonoscillatory. Equation (1.1) is said to be oscillatory if all its
solutions oscillate.
Following Trench [21], we shall say that Eq. (1.1) is in canonical form if

o 1
f r o (s)ds = oo. (1.2)
to
Conversely, we say that (1.1) is in noncanonical form if
/ r‘é(s)ds<oo. (1.3)
to

Advanced differential equations can find applications in a mass of real world problems
where the evolution rate depends on present and future values of the quantity. Therefore,
taking into account the impact of potential future actions, an advance could be introduced
into the equation, which is available at the present and beneficial in the process of decision
making. For instance, we can find numerous applications in mechanical control engineer-
ing, economical problems, population dynamics, neural networks and the field of time
symmetric electrodynamics; see [14].

The establishment of oscillatory and/or nonoscillatory criteria for differential equations
with deviating arguments, which was first studied by Fite [15] in 1921, has always been a
very active research field. Several reviews and references of known results can be found
in the monographs [3—6]. Up to now, most literature has been devoted to the study of
delay differential equations, but few studies have considered the equations with advanced
arguments. Therefore, recent studies have attempted to improve the already existing os-
cillation criteria.

Dzurina [12] studied the advanced canonical equation of the form

(rt)y @) +q@®y(a(t)) = 0

and established a new comparison principle by using new monotonic properties of
nonoscillatory solutions and iterated exponentiation. Agarwal et al. [7] used an approach
that leads to two independent conditions, eliminating increasing and decreasing positive
solutions, respectively. Baculikovd [9] and Jadlovskd [17] investigated the second order
linear advanced equation

y'(©) +q@)y(c () =0

and gave new oscillation results employing some iterative techniques. Recently, Chatza-
rakis et al. [10] investigated the second order half-linear differential equation with ad-

vanced argument

(r@&) (' ©)*) +qt)y* (c(®) =0 (1.4)

and established new oscillation criteria under the condition (1.3).
Motivated by the above work, we will consider a generalized nonlinear advanced dif-
ferential equations with mixed neutral terms and establish new sufficient conditions for
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oscillation of Eq. (1.1) under the condition (1.3). Our results presented in Sect. 2 improve
and complement those of Refs. [1, 2, 7-10, 12, 16, 17, 19, 20, 23]. Two examples are ad-
dressed to illustrate the efficiency of the main results in Sect. 3 and the conclusions are
given in Sect. 4.

2 Main results
In this section, we present some lemmas and our new sufficient conditions for oscillation
of Eq. (1.1). For the sake of convenience, we use the following notation:

RO= [0 Q0=1-po0) -plo0) oD,
7 () = /t reds, Qo) =1 _Pl(a(t))% -p2(o(®),

where ¢ € [y, 00).

In what follows we need only to consider the eventually positive solutions of Eq. (1.1),
since if x satisfies Eq. (1.1), then — is also its solution. Without loss of generality, we only
give proofs for the positive solutions. We begin with the following lemmas.

Lemma 2.1 Ifx(t) is an eventually positive solution of equation (1.1), then the correspond-
ing function z(t) satisfies one of two cases eventually:

Case 1. z(£) > 0, r(t)(Z'(£))* > 0 and (r(t)(Z'(£))*) < 0;

Case 2. z(t) > 0, r(t)(2'(£))* < 0 and (r(£)(Z'(¢))*) <O.

Proof Suppose that x(¢) is an eventually positive solution of equation (1.1). In view of (H3)
and (H4), there exists t; > o such that x(z(¢)) > 0, x(c(£)) > 0, x(A(¢)) > 0 for all £ > ¢£;, then
z(t) = x(t) + p(£)x(z (£)) + x(A(t)) > x(¢) > 0, for all £ > ¢;. From Eq. (1.1) we have

(r®(Z(®)%) = -q)x’ (o)) <0, t=>t,

which means that r(£)(z(¢))* is nonincreasing for all ¢ > #. Then r(£)(z'(¢))* > 0 or
r(¢)(Z (¢))* < 0, and the proof is complete. O

Lemma 2.2 Ifx(t) is a positive solution of equation (1.1) satisfying Case 1 of Lemma 2.1,
then

2(t) = R@E)re (02 (0 1)
and % is nonincreasing for all t > t;. Furthermore,

x(t) = Qu(2)z(2) (2:2)
ont € [ty,00).

Proof From Case 1, z(£) > 0, Z/(¢) > 0. Combining condition (1.2), we see that

z(t) = z(t1) + ftz/(s) ds > /t M ds > R(L‘)ré )7 ()

f n o ra(s
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and

(ﬂ) _ZORO-RW:0) __2(0)=ROre(02(1) _
R@®)) R¥(t) re(ORXNE)

Using the monotonicity of z(t) and 75 , we have

= 2(8) - p1(O)x(t (1)) — p2(Dx(A(0)) = 2(8) - pr(Dz(7 (2)) — p2(£)z(1(2))

R(A (1))

( -p1(t) —pa(t) ——— 0]

) () = Qu(®)z(2). O

Lemma 2.3 Ifx(t) is a positive solution of Eq. (1.1) satisfying Case 2 of Lemma 2.1, then

2(t) =~ (O)re ()2 (0), (2.3)
and 22 W is nondecreasing for all t > t,. Furthermore,
x(2) = Qa(t)z(2) (2.4)

ont € [ty,00).

Proof From Case 2, z(£) > 0, Z/(£) < 0. Using condition (1.3), we have

g (s)z (s)

¢ ra (s)

R~

!
z(l) = z(t)+/ Z(s)ds =z(t) + z(t)+ré(t)z’(t)/ ra(s)ds.

Letting [ — oo, we get

0 <z(t) + T (t)ra (1)Z(¢).
Then

2(t) = - (t)re (02 (),

hence

(ﬁ)’ _ Z () (t) — 7' ()z(¢) _ z(t) + n(t)ré )7 () -0
10 72(t) ra(Om(t)

Using the monotonicity of z(t) and £ » we have

x(t) = z(t) - p1(O)x( (1)) — P2 (A (1)) = 2(2) — p1()z(2 (1)) — p2()z(A(2))

(1 —pilt )”(’(t” pz(t))z(f) = Qu()2(0). (2.5)
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Lemma 2.4 Assume that (1.3) holds and
/ q(s)Q (o (s)) ds = 0. (2.6)
to

Suppose that x(t) is a positive solution of Eq. (1.1) on [t1, 00), where t1 € [ty, 00) is sufficiently
large, then Case 2 of Lemma 2.1 holds.

Proof Suppose that x(¢) is a positive solution of equation (1.1) on ¢ € [t;,00). From
Lemma 2.1, we have Case 1 and Case 2. If Case 1 holds, then there exists #, > #; such
that z/(¢) > 0 on [£,, 00). Combining (1.1) and equation (2.2), we get

(r(Z®)") < -q®)Q} (o) (o (), t= 8. (2.7)

Define the function w by

@)
w(t) := 7zﬁ(a(t)) >0, t>1.

Differentiating the above formula, we have

_ Bw(t)Z (o (8))o'(2)

B
) <—q@®)Q; (o (1)). (2.8)

w(t) < -q(t)Q} (o (2))

Integrating both sides of (2.8) from £, to ¢ and using (2.6), we obtain

w(t) <w(ty) - /tq(S)Qig (0(s))ds — —00, ast— oo,

ty

which contradicts the fact w(¢) > 0. Thus, Case 1 is impossible and z satisfies Case 2 for

t > t;. The proof is complete. d

Theorem 2.5 Let o > B. Assume that (1.3), (2.6) and
o] 1 t 5 1/
/to (@ /to q(s)Qy (0 (s)) ds) dt = oo, (2.9)

hold. Suppose that Eq. (1.1) has a positive solution x(t) on [t1,00). Then z(t) satisfies Case 2

on [t1,00) and

lim x(¢) = 0. (2.10)

—00

Moreover, there exist positive constants Cy and Cy and a real number t, € [t1,00) such that

. s p 3

C1Qu(t)m (£) < x(t) < Cyexp (‘f 7 (s)rifa(s)

ont € [t,,0).
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Proof Suppose that x(¢) is a positive solution of Eq. (1.1) on [¢;,00). From Lemma 2.4, we
see that z(¢) satisfies Case 2 for ¢ > ¢;.

Since z(t) is nonincreasing and z(¢) > 0, there exists a constant ¢ > 0 such that
lim;_, 50 %(t) = ¢ > 0. We now claim that ¢ = 0. If not, assume that ¢ > 0, combining (1.1),
we have

~(r®(Z®)%) =g’ (o), t=t.

Integrating the above inequality from ¢; to ¢, we get
o o £
HOEO) - @) = [ a6 o6)ds e=n,
t
which implies that
t
AOEO) <- [ a0 o)ds 1z,
i
then

Z(t) < —(% /:: q(s)x" (o (s)) ds) &, t>t. (2.12)

Integrating (2.12) from ¢; to ¢, we obtain

(% /sq(u)xﬂ (a(u)) du) ‘ ds, t=>*t.

t

zm—AM§—/

t

From Lemma 2.3, we have

1
a

<$/ 7()Q3 (0 )=’ (G(M))d”> ds

1

zm—amg—/

t1

< 2% (o(2)) /:1 (% /n q(u)Qh (o(w)) du) ) ds

< x4 (o (1)) ft <% / Sq(u)Qg(o(u))du)ads. (2.13)

51

Letting t — oo in the above inequality, we see that z(¢£) — —oo as t — oo which is a con-
tradiction. Hence, ¢ = 0.

Next, we prove that inequality (2.11) holds. From Lemma 2.3, we see that % is nonde-
creasing for all £ > £;. Thus, there exist C; > 0 and £, > t; such that
zZ(t) = Cym(t), t>t. (2.14)

Using (2.4), we get

x(t) = Qu(t)z(t) = C1 Qe ()7 (2).
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Integrating (1.1) from ¢, to ¢, we have

-r(®)(Z@®)"

=—r(t)(Z (&))" + / q(s)x” (o (s)) ds

ty

> ) (2 ()" + 2 (0 (1) / 462 (o (5)) ds

> ) (2 ()" + 2 (0(0) / 46)Q (0(5)) ds - 2# (o (1)) / "4 (0(5)) ds.

to

In view of (2.10), there exists ¢3 > £, such that

_r(tg)(z/(tg))a s (a(t)) / ’ q(s)Qé3 (a (s)) ds>0, t>ts.

to

Therefore,
—r(t)(Z())" = 2* (o (2)) / q(5)Q5 (0 (s)) ds, t>1ts.

Using Lemma 2.3 in the above inequality, we find

(e ()20 (t) Co
— o " (o(0) /to 4(6)Q (o (s)) ds

z%(2)
e (2)

- (Z(@®)" =

> m

na(a(t))/ q(s)Q’ (o(s))ds,

where m1; > 0 is a constant and z#~%(o (t)) > m1, for t > t3, which implies that

Z@t)  mne@)( [* 5 @
20 < O (/;0 q(s)Q; (o (s)) ds) . (2.15)

Integrating (2.15) from ¢3 to ¢, we get

H = (_ / st (/ "6 () d5> & du>

7 () rt/e (u)

(o w) ([* :
=C2exp<—/;0%</to q(s) g(o(s))ds> du),

where

Cyi= Z(ts)exp(— [ % ( / 162 (5() ds) ’ du) >0,

0

The proof is complete. O
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Theorem 2.6 Assume that (1.3) and (2.6) hold. If

o] 1 t a
/ (— / a(s)Q (o (5)) 7 (0 (5)) ds) dt = 0o, (2.16)
to r(t) to
then Eq. (1.1) is oscillatory.
Proof Suppose that x(¢) is a positive solution of equation (1.1) on [¢1, 00). From Lemma 2.4,

we see that z satisfies Case 2 for ¢ > £;.
From (1.1), (2.4) and (2.14), we obtain

~(r)(Z®)) = a0’ (o))
> q()Q (0 (1)2* (o (1))
> Clqt)QS (o)’ (o(t), t=t>th. (2.17)

Integrating (2.17) from £, to £, we have
t
0(0)" = ¢] [ a0 (o) (o) s 218)
ty
that is,

Bla
—Z(t) > G (

- rl/ot (t)

f q(s)Q (0(9)7?(a(s)) ds) a.

2

Integrating the above inequality from ¢, to ¢, we get

t Cﬂ/a
2(8) < 2(ty) - / rl/l—(u)(

which contradicts the condition (2.16). The proof is complete. O

1
o

/qu(S)Qg (0(9)7?(a(s)) ds) du — —o0,

2

Theorem 2.7 Let o« < . Assume that (1.3), (2.6) and

]tl 90 (09) P (0(6)) ds = o0 (2.19)
hold. If

112 igpnﬂ(a(t)) /t tq(s)Qf (0(s))ds>1 whena=8 (2.20)
and

lim; gpnﬂ(o(t)) /t tq(s)Qg (0(s))ds>0 whena<p, (2.21)

then Eq. (1.1) is oscillatory.



Shi and Bai Advances in Difference Equations (2019) 2019:468 Page 9 of 18

Proof Suppose that x(t) is a positive solution of equation (1.1) on [¢;, 00). From Lemma 2.4,
we see that z(¢) satisfies Case 2 for ¢ > t;. Combining (2.18) and (2.19), we have

lim (—r(t) (z’(t))a) = 00. (2.22)

t—00

Integrating (1.1) from #; to ¢ and using (2.4) and the fact that z(£) is nonincreasing, we get

—r(t) (z’(t))a = —r(tl)(z/(tl))a + / q(s)x? (o (s)) ds

t
t

> 2 (o (1)) f a(s)Q5 (o (s)) ds. (2.23)
Noting (2.3) and o (£) > ¢, we obtain

W () = -r()(Z ()" = e (o(®) (z/(a(t)))ﬂn‘s(a(t)) / q)Q (o(s))ds

t1

= (-r(c(®)(< (a(t)))“) g P (o) /t q(s)Qg (o(s))ds

31

= (-0 0)°) 7 (00) [ a0 (o) ds

f

Q=

=W (t)rrﬂ(o(t))/ qQ (o(s)) ds.

t

Hence,

W0 =2 (00) [ a0l (o) ds

2]

Taking lim sup of both sides of the above inequality as ¢ — oo, we arrive at a contradiction
to (2.20) when « = 8 and (2.21) when « < 8. The proof is complete. O

By attaching a condition, the dependence on the initial constant ¢; can be easily elimi-
nated.

Corollary 2.8 Let o« < B. Assume that (1.3), (2.6), (2.9) and (2.19) hold. If

limsup 7 (o (2)) /tq(s)QZ’g (0(s))ds>1 whena=p

t—00 to

and

limsup 7 (o (2)) /t q(s)Qg (0(s)ds>0 whena<p,

t—00 to

then Eq. (1.1) is oscillatory.

Proof As in the proof of Theorem 2.7, we conclude that (2.23) holds. In view of (2.10),
then there exists £, > ¢; such that

—r(t)(Z(®)" -2 (0 (1)) / q(s)Q} (o (s)) ds > 0.

to
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It is clear that

() (2 ()" = -r(t) (2 (tr))" + / q(s)x” (o (s)) ds - / 1 q(s)x” (o (s)) ds

to to
t
> 2P (o (2)) / qs)Q (o(s))ds, t>t. (2.24)
to
The rest of the proof is similar to that of Theorem 2.7 and hence we omit it. O

In order to prove a main theorem of this paper, we review an auxiliary result obtained
by Wu et al. [22, Lemma 2.3].

Lemma 2.9 Let ¢(u) = Au—B(u— C) V' where a > 0 is a quotient of two odd positive in-
tegers, A and C € R, and B > 0. Then ¢(u) attains its maximum value on u* = C + (%)“,

and

P Aa+1

(o + 1)@+l B (225

Teziﬂéup(u) =¢(u*)=AC+

The proof of the above lemma is simple and can be obtained directly by the change of

the variable. We omit it.

Theorem 2.10 Let o > B. Assume that (1.3) and (2.6) hold. If there exists a function p €
C([ty, 00), (0, 00)) such that

o t B @y / o+l
liin sup(jlro (ffl;) / ,o(s)q(s)Qg (a(s)) (éﬁg”) - (:O[ +41(;Z ffz;apar((:)) ds) >1, (2.26)

for any positive constants Cy > 0 and ty > ty, then Eq. (1.1) is oscillatory.

Proof Suppose that x(t) is a positive solution of equation (1.1) on [#;, 00). From Lemma 2.4,

we see that z(¢) satisfies Case 2 for ¢ > ¢;. Define the generalized Riccati substitution w(z)

by
e 1
w(t) := p(t)( 70 n“(t))’ t>1f. (2.27)
By virtue of (2.3), we have w(t) > 0 for ¢ > ¢;. Differentiating on both sides of (2.27), we
obtain
o P'(@) (r@®(Z@©)*)  Bp@)r@)(Z(£))*Z (t) ap(t)
B T R 7)) P (0 (0

a+l

P(t) rOE @) B~ LE) T ap)
T R T SN PP T P TR e o

(2.28)

. B
where C, > 0 is a constant and such that z'~« (£) < C, for £ > #;.
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Combining (1.1), o (¢) > t and Lemma 2.3, we have

(o (2))

B
B
<0 ) (o) (229)

(HOE®)) <-aOQ () (0(0) < -q)Q! (o(t))(

for t > t,, where t, € [t;,00) is large enough. Substituting (2.29) into (2.28), it follows that

Jf(tf(t))>’j p'(2) w(t)

0 ) o)

B <W(t)_ p(t))“a” ap(t)
Cilp O @) @) e

w(t) < —pt)g)Q (o (2)) (

(2.30)

Using (2.25) with

_r@ . B p(?)

=, = Ci=——,
A="0 BT Ghnrme ()

we obtain

JT(U(t)))'S p'(£)
7 (t) (t)

QCLp ) 'r) | _ap(t)
@+ D0 r O ()

B ’
s—p(t)q(t)Qg(o(t))(”("(t”) R ( "“’)). 2:31)

7 (t) o (t

W (t) < —p)g)Q (o (2)) (

Integrating (2.31) from ¢, to £, we have

! 8 7)) o CLp'(s)2 r(s) o) p(t2)
ftz P(S)Q(S)Qz(a(s))( iy ) GO g 2, 2

< w(ty) — w(t).

In view of (2.27), we see that

. B ace( a+1
[rodon(te) o,

r(t)(Z'(£2))* r(E) (2 (£)*
< p(ta) 7() - p(t) 70

(2.32)

On the other hand, from (2.3), we have

r(t)(z'(£)*
ZA(t)

_p@)
7o (t)

< p(®) =<0. (2.33)

Substituting (2.33) into (2.32), we obtain

t B Qo o+
/q(s)Qg(a(s))<n(o(S))) a®Cq(p'()**'r(s) gs< PO (2.34)

w(s) ) (a+ 1) 1Bepe(s) T~ me(2)
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Multiplying both sides of (2.34) by % and taking lim sup on both sides of the resulting
inequality as t — 00, we obtain a contradiction to (2.26). The proof is complete. g

Since p(t) can be taken appropriately, Theorem 2.10 is more flexible in studying the
oscillation of (1.1). When p(£) = 7%(t), p(t) = wP(¢), p(t) = 1, respectively, the following

results are obtained.

Corollary 2.11 Assume that o > 8, (1.3) and (2.6) hold. If

t o o 200+1
lim sup (/ q(s)Qg (a (s))nﬂ(o (s))n"“ﬁ (s) Cia ) ds) >1,

00 ) - /30‘(01 + 1)a+lrl/a
for any positive constants Cy > 0 and t, > ty, then Eq. (1.1) is oscillatory.
Corollary 2.12 Assume that o > 8, (1.3) and (2.6) hold. If

Cea
d. 1,
(Ol + 1)a+1r1/a(s)na—ﬂ+l(s) S) >

imsup (70 [ 4904 (0(6) 7 09) -

t—00

for any positive constants Cy > 0 and t, > ty, then Eq. (1.1) is oscillatory.

Corollary 2.13 Assume that « > B, (1.3) and (2.6) hold. If

t B
limsup(n“(t)/ q(s)Qg (G(S))(n(G(S))) ds) >1,

t—00 7T(S)

for any ty > ty, then Eq. (1.1) is oscillatory.

Remark When o = 8, we can choose C4 = 1 in Theorem 2.10, Corollary 2.11, Corol-
lary 2.12, respectively.

Lemma 2.14 Let o < 8. Assume that (1.3) and (2.6) hold. Suppose that equation (1.1) has
a positive solution x(t) on [t1,00) and that y and § are constants satisfying
0<y+d<1, (2.35)

0<y < Lgt)Q (o (®)’ (o () m(B)r= (1), (2.36)

B

where L > 0 is a constant and such that (r(¢)(Z'(¢))*) @ > Lfort>t, and

1
t @
0<8<mn(o() ( / 4(s)Q} (o (s)) ds) : (2.37)
5]
where my > 0 is a constant and such that zP~%(o (t)) > my. Then there exists t, € [t;,00)
such that
z

ml-r
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is nondecreasing and

z

oy
is nonincreasing on [t,, 00).

Proof From Lemma 2.4, we see that z(¢) satisfies Case 2. Using (1.1), (2.3), (2.4) and (2.36),

we obtain

(—r@)(Z () 7" (1))

v e ™ O
-~ (OE®)) 7O+ o) T

w7l (e)
rllo‘(t)

> —q(®)QL (o ()7 ()" (o(8)) (2 (o (1)) 7* (o(2)

= g0 (o ()" (@) + yr(8) (2 ()"

« TV 7H(2)

+yr(t)( (1)) )

B

> —q()Q5 (o (6)) 7 (Or@®) (2 (1) (r(o(©) ( (¢ 1)) « 7P (o (2))

o« TV 7H(2)
rl/a(t)

> —q(t)Q} (o ()77 Or() (2 () “ L (o (1))

o« TV 7H(E)
rl/a(t)

+yr(t)(Z (1))

+yr(®)(Z ()

=—r(t)(Z (1)) 7" (t) [Lq(t)Qg (o (®)mf(a(8)) - - (t); - (t)] >0, (2.38)

o

where L > 0 is a constant and such that (r(¢)(z/(£))%) b > L for t > t;. Thus, —r(t)(Z'(£))* x
77 (¢) is nondecreasing eventually, that is, there exists a £, € [t1,00) such that —r(¢)(z/(£))* x

7”7 (¢) is nondecreasing for ¢ > ;. So, we have

o L1/a
z(t) = —/ Mz/(s)ds

rie(s)v (s)

24WMHmﬂmf TRl (2:39)
In view of
oo 1 ()
/: e ()77 (5) ds = 1=y , (2.40)
we get
1/« / T[(t)
Z(t) = —-r"* ()7 () —— (2.41)

1-y°
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Hence,

7

( 2(t) ) (62 ()1 +2()
t)

= >
Tl ( A =py)rtet)ym>r(t) —

)

: z(t)
that is, TG

Next, we prove that % is nonincreasing. Proceeding as in the proof of Theorem 2.5, we
obtain (2.15), that is,

is nondecreasing.

I

_i Lo (4y,/ (2) ( ' B )
z(t) < o r'(t)z (t)n(o(t)) /;0 q(s)Q; (G (s)) ds) , (2.42)

where 1, > 0 is a constant and such that z8~(o (t)) > m;. On the other hand, we see

78(¢) _na(t) 7T8+1(t)r1/a(t)'

< z(t) >/ _Z() 8z(t)

Using the inequality (2.42), we obtain

zt) \' _ 2@ 87/ (¢) ! ) ~a
(,,a(t)) =70 mmOr o) (/ %) ds)
_ 20 b t 5 -1
=0 (1 ) ( /t ) q(5)Q; (o' (s)) ds) ) <o. (2.43)
Thus, NZS(—Z) is nonincreasing. The proof is complete. 0

Theorem 2.15 Let o < B. Assume that (1.3) and (2.6) hold. Suppose that y and & are
constants satisfying (2.35)—(2.37). Also, there exists a constant M > 0 such that ftg q(t)ds <
M forallt > ty. If

limsupr” (&)~ (o (1)) /t % (o(s))q(s)Qg (o(9)ds>1-y)

t—00 t

whena = f8 (2.44)

and

limsupr” (&)~ (o (1)) ft 7% (o(s))q(s) g(a (s)) ds = 00

t—>00

when o < B, (2.45)

forany t, > t, then Eq. (1.1) is oscillatory.

Proof Suppose that x(¢) is a positive solution of Eq. (1.1) on [£;,00). From Lemma 2.4, we

see that z satisfies Case 2 for ¢ > t;.
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Integrating from ¢; to ¢ and combining Lemma 2.14, we have

W () := —r(2) (z’(t))a = —r(tl)(z’(tl))a + / q(s)x” (O’(S)) ds

t

TECIORY

B pt

1-y B pt
(0 ot

1-y-6 B pt
- (Wn—(t()a(t))> | 7060 (o) (240

4]
Clearly, one can see that the function W(¢t) is bounded due to Eq. (1.1) and condition
ftg q(t)ds < M. Using (2.41) in the above inequality, we obtain

B pt
/ 7% (0 () () Q5 (0 (5)) dis,

3}

—y-8
W) > w/ﬁ(;)(M)

1-y

that is,

Wlfé(t)(t) > <—ny(t)nl_y_5(a(t)))ﬁ

t Bﬂ ﬂ
1—y / 7% (0 (s))q(s)Q; (o (s)) ds.

t1

Taking lim sup on both sides of this inequality, we arrive at a contradiction to (2.44) when
a = B and (2.45) when « < 8. The proof is complete. d

3 Examples

In this section, we present two examples to illustrate our main results.

Example 3.1 Consider the following second order differential equation:

[t4(x(t) + %x(%)) } 55338 =0, t>1. (3.1)

Clearly,
4 1 6
=1,  pml=5 pO=0 q0)=0
t 5
T(t)zi, U(t)=3t, 0{=1, ,Bzg

By #(t) = ftoo r‘é(s) ds, we have m(t) = %t‘B, and condition (1.3) holds. Notice that
1.3t\-3
@) _ 3037 _
70w = 1y - Sand

RO\ [8)3
Q)= (1—P1(U(t))—pz(0(t))ﬁ> = (5) :

Page 150f 18
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B 5
Q0= (1-re0) 0D o)) - (5) -

Letting ¢; = £p = 1, we have

t 8 %
lim sup/ s® <—> ds = 00,
t—>00 1 9

and condition (2.6) is satisfied. To verify conditions (2.19) and (2.21), we find

/:: 4(5)Q5 (0 ()P (o (s)) ds = /;ts6<%> ’ <%) ’ (3s) > ds =00

and

limsup7? (o (2)) /t a5 (o(s)) ds =1lim sup(%) ’ (35)7° /tsﬁ (%) ’ ds >0,
1

t—>00 t t—>00

which show that (2.19) and (2.21) hold. Hence, by Theorem 2.7, Eq. (3.1) is oscillatory.

Example 3.2 Consider the following second order differential equation:

|:t4 (x(t) + %x(%))/] +£5x3 Bt)=0, t>1. (3.2)

It is easy to find that

W=t p=5  mO=0,  q0=£,

t 1
t)=—-, t) =3t, =1, =—.
(=5 o 2 B=3

From 7 (t) = ftoo r‘é(s) ds, we have m(t) = %t’3 and condition (1.3) holds. In view of

1.3t\-3
r(re®) _ 3(5)7° _ i
o) = 1agT = 8, we obtain

R(o(2) 9

AN
Q0= (1-m(e0) " TED (o)) - (5)

Y
Q0= (1-m(o0) ~pafo0) e D) - (3],

Letting ¢; = £y = 1, we see that

t 8 %
limsup/ 56(—> ds = 0o
t—>00 1 9
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and condition (2.6) is satisfied. Setting p(¢) = 1, we have

t B
limsup(n“(t)/ q(s)Qﬁ(a(s))(M) ds)

t—00 7T(S)

1

1 ¢ 1\31
:limsup—t‘?’/ s6<—> —ds>1.

t—00 3 1 9 3

Now, all conditions of Corollary 2.13 hold. Hence, Eq. (3.2) is oscillatory.

4 Conclusions

In this paper, we have obtained several new oscillation criteria for a second order nonlinear
advanced differential equation with mixed neutral terms. Our results improve and com-
plement some well-known results which were published recently in the literature. Two
examples are given to illustrate the efficiency of our results. We believe that the proof
method and the obtained results may be generalized to the differential equations, such as
those in [11, 13, 18].
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