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Abstract

This paper is dedicated to neural networks-based adaptive finite-time control design
of switched nonlinear systems in the time-varying domain. More specifically, by
employing the approximation ability of neural networks system, an integrated
adaptive controller is constructed. The main aim is to make sure the closed-loop
system in arbitrary switching signals is semi-global practical finite-time stable (SGPFS).
A backstepping design with a common Lyapunov function is proposed. Unlike some
existing control schemes with actuator failures, the key is dealing with the
time-varying fault-tolerant job for the switched system. It is also proved that all signals
in the system are bounded and the tracking error can converge in a small field of the
origin in finite time. A practical example is presented to illustrate the validity of the
theory.

Keywords: Finite-time tracking; Neural networks (NNs); Unknown actuation failures;
Switched nonlinear systems

1 Introduction

With the quick development of society, there are increasingly complex control problems
[1]. Apart from the characteristics of non-linearity [2], being time-varying and showing
uncertainty, the problems also have the characteristics of complex structure [3], complex
behavior [4] and multi-subsystem integration [5]. Thus, a switched system as a special
class of hybrid control system has been widely investigated in various fields [6], since its
first introduction by Liberzon and Daniel et al. [7]. A switched system is composed of
a set of subsystems and switched strategy, which coordinates the operation of each sub-
system [8]. There are some characteristics of the switched system, for instance, even if
all subsystems are unstable, an appropriate switched function can ensure system glob-
ally asymptotic stability [9]. Assuming subsystems are stable, under the circumstances of
the switched control strategy, is strictly consistent, and the system performance is also
improved [10]. Similarly, all the subsystems are globally exponential stable, the switched
systems are also instable [11]. In a nutshell, in order to solve the existing control problems,
a switched nonlinear system has sparked a heated discussion [12].

There are many means to make the nonlinear switched system stable. Based on the com-
mon Lyapunov function method, switched systems can be made stable under an arbitrary
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switched signal [13—16]. Using the average dwell time method, the locally exponentially
stable of the closed-loop system can be guaranteed in [17, 18]. By an adaptive backstep-
ping control method, the input-to-state stability of the system can be obtained [19, 20].
The finite-time practical control problem was developed for nonlinear switched systems
subjected to nonlinear input [21]. The control design of cascade switched systems with
uncertainties was investigated in [22]. The authors of [23] studied the control and stabi-
lization problem for normal nonlinear switched systems with unknown dynamics. Then,
by a fuzzy logical system (FLS) method a radial basis function (RBF) NNs method is used
for the analysis of the system; see [24—30]. Applying FLS to identify the unknown func-
tions, this technique can ensure all switched signals are bounded [26]. A switched system
has been widely applied in substation switching, traffic control and electromechanical in-
tegration in recent years, which is the driving force for this paper.

Most control schemes are focused on the faultless system, such as the results of [13-30].
As is well known, actuator faults [31-36] occur frequently in techniques. When the sys-
tem encounters actuator failure, it can damage the stability of the system and even crash
the system. Therefore, this emphasizes the importance of designing fault-tolerant control
in practical applications. Furthermore, by using the approximation ability of FLS in [37],
an adaptive controller has been created to deal with the system uncertainty and unknown
actuator failure [31]. Thus, as an effective solution, designing appropriate fault-tolerant
controllers has been widely used in fault handling. An adaptive fault-tolerant controller
was designed for large systems with actuator failures [38]. The developed control scheme
can be used to avoid the problem of “explosion of complexity” [35]. Then several output
feedback control strategies have been developed for nonlinear switched systems with ac-
tuator faults, by using filter observers, adaptive methods and a backstepping technique
[39-43]. For instance, an adaptive compensation controller was constructed by utilizing
the backstepping technique [39]. An adaptive distributed controller was proposed to en-
sure the realization of tracking error [41]. However, the fault-tolerant control strategies in
[32—-43] can guarantee system performances in infinite time.

In practice, fault-tolerant control in a finite time can reduce the defect caused by the
system faults. As a consequence, when faults occur, the tracking error of the nonlinear
system also need to converge to a small domain of the origin in finite time. The practical
finite-time stable of nonlinear systems was discussed in [44]. Adopting the sliding-mode
control method, the closed-loop system reached a small domain of the sliding surface in
finite time [45]. An adaptive controller was designed to ensure the boundedness of the
closed-loop system, while ensuring the state of the system was adjusted to the origin in
finite time [46]. Considering the time-varying actuator failure in this paper, NNs are used
to approximate the unknown function, this adds more difficulty in controller design for
the switched systems. Hence, a new type adaptive NNs under time-varying actuator failure
should be proposed in finite time.

On the basis of the above analysis and by comparing with existing achievements on
adaptive control for nonlinear systems, this paper is committed to cope with the adaptive
finite-time tracking control problem of nonlinear systems under time-varying actuator
failure. The main contributions of this paper are as follows:

(1) In this paper, unknown actuator failure leads to time-varying control gains, which
is more general than those currently known. Besides, unknown functions are approxi-
mated by the RBF NNS. (2) All the signals in the closed-loop system are proved to show
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boundedness under arbitrary switching and designed controllers can guarantee stability
of switched nonlinear systems in finite time. (3) The system considered includes strict-
feedback switched nonlinear systems (when g = 1), so the system is more comprehensive
and universal.

The rest of this paper is organized as follows: Sect. 2 gives the problem formulation and
preliminaries. One introduces the RBF NNs and gets the main results in Sect. 3. Section 4
provides an example to illustrate the proposed results, and the conclusion is presented in
Sect. 5.

2 Problem formulation and preliminary knowledge

Consider a class of strict-feedback switching nonlinear systems described as

5Cj =ﬁ,,,(t)(5cj) +g,(5¢;)x,-+b ] =12,...,n-1,
Fn = (o) (®) + a (%)t (), 1)

yleﬁ

where % = [x1,%2,...,%]7 €R,j=1,...,n—1.x= [x1,%,...,%,]7 € R" denotes a state vec-
tor, u,y € R and y € R denote the system input and output, respectively. 7(t) : [0,00) —
D ={1,...,.} stands for a piecewise continuous switching signal, ¢ is the subsystem number,
1n(¢) = m (m € D) when the mth subsystem is active, f; ,(¥;) are unknown smooth nonlinear
functions of the mth subsystem, gj(¥;) are the known smooth nonlinear functions.

One supposes u,( has encounter actuator faults. And the actuator failure model is de-
scribed as follows:

Um = pm(t: tp)am + I/lh(t, tb)¢ (2)

where p,,(t,t,) € [0,1] stands for an actuation effectiveness, a,, represents the actual in-
put signal of the mth subsystem, u;(z, t,) denotes an uncontrollable time-varying additive
actuation fault, ¢, reveals a time instant at which the loss of actuation effectiveness fault
occurs, and £, shows the moment when there is the additive actuation fault.

Remark 1 The scheme of control and stabilization was presented for nonlinear switched
systems without the time-varying actuation fault [22, 23]. In research on existing finite-
time control for switched nonlinear systems in [30, 47], it was supposed that time-
invariance or u,, = a,, was founded on healthy actuation. Nonetheless, unknown actu-
ator failure causes the control gain time-varying in application, and the actuation element
may encounter failure or faults, which let us consider both effectiveness and the additive
actuation fault simultaneously.

Thence, compared with the methods in [22, 23, 30, 47], in the above paper, efficiency loss
and additional actuator failure cannot occur simultaneously, the developed fault model (2)
can remedy this weakness. It means that two kinds of faults may occur at the same time,
expanding the range of application.

Next, some definitions and lemmas which are essential in our subsequent development
are given.
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Definition 1 ([48]) For the nonlinear system g = f(g, b), if for all p(¢) = o, there exist
a >0 and T(a, o) < 00, such that ||p(f)|| < a, for all £ > £, + T, then the solution is semi-
global practical finite-time stable (SGPFS), where g, b are the state vector and input vector,

respectively.

Lemma 1 ([49]) Suppose V(x) is a C* smooth positive-definite function (defined on U C
R") and V(x) + \V*(x) is a negative semi-definite function on U C R" for o € (0,1) and
A € R, then there exists an area Uy C R" such that any V(x) which starts from Uy C R"
can reach V(x) = 0 in finite time. Moreover, if Tyeach is the time needed to reach V(x) =0,
then

V(o)

Treach < ~————2,
reach = )\(I—Ol)

where V (x) is the initial value of V (x).

Lemma 2 ([29]) Counsider the nonlinear system ¢ = f(p,u), for smooth positive-definite
function V(p), suppose that there exist scalars A >0,0 <« < 1, and 0 < n < 00 such that

V(p) <-AV(p) +n,
therefore, the nonlinear system & = f (¢, u) is SGPFS.

Lemma 3 ([50]) For V(x,y) € R%, the Young inequality is xy < %pHxHP + q%lly”q, where
a>0,p>1,g>1,and (p-1)(g-1) =1.

Assumption 1 Unknown time-varying functions p,,(t,¢,), us(Z,t,) are bounded. That
is, there exist some positive constants ppin and u,, such that pmin < pu(t£,) < 1 and
lup(t, tp)| < .

Assumption 2 y, and its first nth-order time derivatives yg) (i=1,...,n) are smooth and
bounded.

Remark?2 As Assumption 1 claimed, the control gain p,,(t, t,) and uncontrollable additive
actuation fault (¢, £) are assumed to be unknown, which makes the previous finite-time
stability criterion unavailable. For the subsequent stability analysis, one has Assumption 2,

which is used in tracking control of nonlinear systems (see [31, 40]).

3 RBF NNs and the main results
Under the following design, the RBF NNs will be utilized to approximate the unknown
function f(z ). The basis function S;(z) are the Gaussian functions with the form

i=12,...,k,

Si(w) = exp|:— (o - Ji)T(lU - Ji)i|’

e
where J; = [Ji1, Jias - -+ Jic )T and £; are the centers and the widths of NN, respectively, « > 1

is the NNs node number.
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As mentioned in [27], for the continuous nonlinear function f (=) defined on any com-
pact set £2,, C R", there exist NNs H*7 S(zr) and arbitrary & > 0, such that

sup |H*TS(ar) —f(w)| <e,

wEeRy

where @ € R”, H* € R“ are the input variable and the ideal constant weight vec-
tor, respectively. And the smooth basis vector of RBF NNs is S(w), where S(w) =
[Si(@),..., S (@)]".

On account of the universal approximation theory of RBF NN, for an unknown function
f (@), it can be approximated as

flw)=H"S(@) + e(w),

where ¢() is named the approximation error, and is supposed to be bounded by &, thus
g(w) <ewithe >0, forall w € 2.

For the system (1), our aim is to design an adaptive controller in finite time. Next, one
defines P; = |H}||?, i = 1,2,...,n, where H} is the weight vector of NNs. Let P; be esti-
mated as lsi, the estimation error be expressed by 131 =P, - ﬁi. Then we have the common
coordinate transformation

&1 =%1—Ya, 3)

stJQH—Oq_b j::2,n.,n,

where y4, a;_; express the reference signal and virtual controller to be designed later, re-
spectively.
Step 1: For the system (1) and &; = x; — y,4, the differential of &; is

§1 =@ (F)% +fin () + €], —

=1 (®)x%y + HY | S1(21) + €5, = Yas (4)

where S1(z1), z1 = %1 are the RBF and input vector of NN, respectively, &7, is the approx-
imate error.

Then, by the Lyapunov function and Lemma 3, one gets

1 1.
Vl = 5%‘12 + EP%,
*T 1 1 2 T
SIHL,I(t)Sl(Zl) = 5 + 5511)151 (21)S1(z1),
1 1_

518T,n < 5512 + Ee%
From the above analysis, the first-order derivative of V; is

Vi =& (@1 (F)xn + Hiz;sl (z1) + €5, —ya) - b Py

<& (gl(ﬁ_ﬁ)fz +g@1(x1)on + %§1P151T(21)51(21) + %51 —j’d)

1 1, -3
— +—82-PP,. 5
to o P (5)
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We design the virtual controller «; and adaptive law 131 as

= gl(la'cl) [_%(1 + ,31)’51 +j’d - |€1|C - %511315{(21)51(21)],

1 N
= 55125{(21)51(21) - y1Py,

where B; > 0 is a constant.

Then (5) can be rewritten as
. _ 1, . 1 1
Vi =g1x1)é16 - Eﬂlgl +y1P1 Py + Jht s

By Lemma 3, one knows

Y1

)/1P1P1 = ——P2 n

2
Pl,

then V; can be further expressed as

B ~ _ y 1. 1
Vi< ——151 IP% +g1(x1)6152 + 711)% AR

Stepj(j=2,...,n—1). Based on & = x; — a;_1, one gets

éj = g(®)xj1 + fine (%) — i

- T .
= gi(x)wj + Hiyy Si(2)) + €7, — &1,

where z; = [xy,... ,xj]T is the input vector of NNs, and

j-1 j-1
&g = Z[(Baj_l)/aa/](ﬂ,n +gixi1) + Z[(By )]y (i+D)
i1 =0

j-1
+ 3 [(0ey1)/0P)P
i=1

Applying Lemma 3 again, one has

1o 1z
V}-:Vj_1+§§l + =P

27
1
S;H,TWT Si(z) < 3t EstPjS}T(Zj)Sj(Zj)y
1, 1,
578;;7 = 551’ + 2"

IA
|
o
I
(%)
|
]
(SR
-3
+
]
m|*<

12 + %'1 (g;(x;)é;u +g/(x})

i=1 i=1 i=1

1 1. i1, =z
+ E%}Pij(Zj)Sj(Zj) + E%} - C(]'_l + gj—l) + E + Z E 12 —Pjpj.

i=1

Page 6 of 16

)

(10)
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The virtual controller and the adaptive law are designed thus

1
o = ( —(1+ ﬂ})%‘/ + 05} 1 5} 1 |§/ é] ST(Zj)S (Z/)) (11)
g,( %)

A 1 N

P}' = EstS]T(Zj)Sj(Z/) - )/]P] (12)
Consider the following fact:

ybb =-Ip - Yp Upr < Ve, Upn
27 2 2 2 2
Then (10) can be replaced by
(13)

Step n: By Lemma 3, one obtains
Ly lxp L =2
V=V + Egn + Epn + Zuh’
T 1 2 T
gnH S (Zn) =z + ";: P S (Zn)S (Zn)
S nn —_ 2§ + "

By (13), one knows

L <-— Zlgzgz Z%PQ

Performing in the same way as in Step j, from the above analysis, the time derivative of

(14)

-1 -1
L I
i=1 i=1

V,is
Vn = Vn 1t er(gn(x)pn(t: tp)an +gn(x)ub(t: tb) + an;sn(zn) + &

- an—l) - i)nj)n - Uplp
b=1
n-1 ,3 n-1 y n-1 Vi
[ i %0 z
=- Eél - ol +; 5 +§n<gn(x):0n(t tp)ay

L n
~ A - i N 1_
—P,P, — Z Upltp + B + ’ 58? (15)
b=1 i=1
The actual fault-tolerant controller and adaptive laws are developed as
(16)

1 1 Lo
m( —(1+ Bn)&n+ b1 — &yt — SnPnS,, (2n)Su(zn) — Mb>
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A

~ 1
Py =-y,P, + Esgsz(zn)sn(zn): (17)

Iftb = —Aplhp + &, (18)

Then, by putting (16)—(18) into (15), one has
. S Bia Vi Vi N P
Vi < —; Eéi - ; EP,- + ; EP,- + & (up — 1) - Eﬂnén + YuPnPy
oY i e 3 L (19)
b=1 2 T2

From (19) and Lemma 3, one obtains

= A = Y
Vnpnpnf—?Pn*'EnPiy
L L A'b
Z)»bubub = Z 7(—”13 + i),
b=1 b=1
1

1 _
Epup < 553 + Eulw

Then one gets

< B 1 y A Vig N
. i 0 2 =) b~o i 52
os-) Q8 gD SR ) i) SRy
i=1 i=1 b=1 i=1
n L
1 A 1
+ —552 + —bﬁi + —ﬁi. (20)
2 2 2
i=1 b=1

Hitherto, one gets the following theorem to summarize the main result of this paper.

Theorem 1 For the switched nonlinear strict-feedback system (1) affected by actuator fail-
ure (2), RBF NNs are developed to approximate the nonlinear system, the designed virtual
controllers (11), the subsystems controllers (16), and the adaptive laws (17), it is guaranteed
that all the signals in a closed-loop system are bounded and SGPFS, i.e., the output y can
track the given signal y4 in finite-time.

Proof Consider Lyapunov function as follows:

V:vn:§%53+;%i)§+;ag. (21)
Together with (20), if 8, > 1, then
V <-aV +d, (22)
where

a=min{f;, B, - 1L,y Ap,i=1,...,n-1,j=1,...,n,b €1},
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For (22), the integral of inequality from O to ¢, the following inequality can be obtained:
—at d
V() e V0) + —. (23)

From (21) and (23), one has &, P, i = 1,...,n and i, b € ¢ are bounded for initial con-
ditions. Moreover, based on P; = P; — IA)i, thus f’i is bounded because of the boundedness
of P;. Similarly, 7, is also bounded. Therefore, all the signals in the closed-loop system are
bounded under arbitrary switching signals.

Next, denote |1~3i| < Py and |itp| < upp.

Step I: In this section, from the Lyapunov function

1
€1 = 5512 (24)

By (6), one has

- 1 Loz 11
Ver = ‘5/31512 + 5512P1H1T(21)H1(Z1) —&lE + 66+ S +o8

1 1 1
_E(,Bl —PiEL — 61| + E18y + 3t 551~ (25)

Stepj(j=2,...,n—1). We use the Lyapunov function
1
Vej = Vejr + 5§ (26)

By (11), the first-order derivative of V; is
1 J-1
Vej < - Zl 5 (Bi = P&’ - Z |t — —/3152 + sZPHT(z,)H z)

.
J 1,
g1+ G+ D+ Zl 58

j j . j
1_
==Y 5B Pl = Y16 + g+ L+ D3 (27)

i=1 i=1 i=1

NI»—l

Step n: The Lyapunov function is as follows:

1
Vén = Vgﬂn_l + 553; (28)

by Lemma 3, one knows

by <824 i g <t le,
) n 2 ) n 2 bM

Substitute (16) into the derivative of V%, and define B; > Pipr,i = 1,...,n—1, B, > Pypr +2,
then

. 1
Vew == 5 (B~ Pan? —Zw*l ﬁns,f —szp H,! (z,)Hy(20)

Page9of 16
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—En&,|° + &, (up — 1 + 1)

(B: — Pin)E? —Z|a|”1+ ity + ubM

1
- E(,Bn _PnM - 2)53
- 1
=- &1 + 55112,+§uiM
i=1
< Vi +d, (29)

where ¢ = [(c +1)/2], d = it + 3uly,.

Thus choosing the following common Lyapunov function:
"1
Ve=Vg, =) —& 30
e= Vs, Z S& (30)

from the above analysis procedure, one obtains
Ve <-Vi +d, (31)

by Lemma 2, &; (i = 1,...,n) are SGPEFS, i.e., the output tracks the reference signal and y(¢)
tracks the given signal to a small compact set in finite time.

Then by Lemma 1, the convergence time satisfies

Vi)

wi-g O

Treach <

where V;(0) is the initial value of V%.
This completes the proof. d

Remark 3 The actuator faults which contain both the loss of effectiveness and the additive
faults can be written as u,, = (¢, t,)am + up(t, tp), the parameters p,,(¢,t,), up(t, tp) are
time-varying. In order to ensure the stability of the closed-loop systems, one chooses the
parameters satisfying B, > 1, 0 < ¢ < 1. The tracking error can converge in finite time, we
claim, the parameters are chosen as 8; > Py, i = 1,...,n — 1 and B, > Py + 2, where the

other parameters are chosen to be positive.

4 Numerical example
A continuous stirred tank reactor (CSTR) with two modes feed stream in [51] is the ex-

ample to verify our results, which is modeled as a switched nonlinear system,

X1 =g1(5C1)x2 +f1,r;(9_61),
X9 = @ (X)u + f1,,(X2), (32)

Y =X1,
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2.5
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1.5F 1

1 B
05 : : :

0 5 10 15 20
time(sec)
Figure 1 Switching signal

0.4

L
0 2 4 6 8 10 12 14 16 18 20
time(sec)

Figure 2 Tracking performance of example

where fl,l =f2,1 = (5/6)962 — X2, f1,2 = —0.02&61 - (5/6)x2,f2,2 = —O.lel - (5/6)962, g1(9_61) =
g1(%2) =1, n = 1,2. One chooses the reference signal y, as

ya = 0.25sin(2¢),
and the actuator fault u,,, as

Ay t <10,
pm(t: t,o)dm + Mb(t, tb)» t> 10;

where m = {1,2}, p1 = 0.4 + 0.1exp(-0.2¢), pp = 0.6 + 0.1sin(—¢), uy(¢, £p) = 0.5sin(¢), and
ai, ap represent the input signal.
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4 T T

T
control input u,

Il
0 2 4 6 8 10 12 14 16 18 20
time(sec)

Figure 3 Responses control input uy of example

0.01 T T T
adaptive law P1
0.009 T

0.008 - 7

0.007 - b

0.006 - b

0.005 7

0.004 - b

0.003 b

0.002 7

0.001 b

0 1 1 1 1 1 1 —1 1
0 2 4 6 8 10 12 14 16 18 20
tim(sec)

Figure 4 Responses of the adaptive laws Py of example

From Theorem 1, the virtual controller, actual controllers and the adaptive laws are given
as

1 . 1 .

ay = —5(1 + pr)é +Yd — &1 = §§1P1H1T(21)H1(21),
1 . . . )

A = o —5(1 +Bo)6r + a1 — 18| =& — (L, 1) - 5&21’252 (22)82(22) |,
A A 1
Py =-y1Pr + §§12H1T(21)H1(Zl),
A N 1
Py =—yyPy + 5522H2T(22)H2(22),

uy(t, ty) = —Aity(t, tp) + &o,

where El =X1—Yd, fg =Xy — U1, ,31 = 125, /32 = 375, Cc= 045, Y= 0.3, Y2 = 06, A =0.2.

Page 12 of 16
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T T
control input u,

2 i

o
L

-3+ -

_4 L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

time(sec)

Figure 5 Responses of control input u, of example

0.012

adaptive law B

0.01

0.008

0.006

0.004

0.002

10 15 20
time(sec)

Figure 6 Responses of the adaptive laws P, of Example

Further, z; = %1, 25 = [%1,%]7 are input vectors of RBF NNs. The centers j;, j, are
spaced on [-2,2] simultaneously, the widths are defined as ¢; = £, = 2, the initial values of
the system states are x1(0) = 0.01, x,(0) = 0.2, respectively, and él (0) = 0.01, 52(0) =0.02,
111(0) = 71(0) = 0.04 denote the initial values of the actuator fault.

By the above analysis, Fig. 1 expresses the arbitrarily chosen switching signal. From
Fig. 2, a good tracking performance is obtained. The subsystem controllers u;, i, are given
in Figs. 3 and 5. Figures 4 and 6 correspond to the adaptive law. From the above figures,
it is shown that all the signals in the closed-loop system are bounded. Then, in order to
illustrate the effectiveness of our method, with the other parameters unchanged, we verify
whether the system has good tracking performance when the reference signal is selected
as ¥z = 0.1(sin(1.5¢) + sin(#)). From Fig. 7, one can see the tracking performance is nice.

Thus our method is effective.
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02F

015F

01F

0.05

0.05F

0151 B

02 ! L 1 1 ! ! L 1 1
0 2 4 B 8 10 12 14 16 18 20
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Figure 7 Another compared tracking performance of example

5 Conclusion

This paper deals with the problem of adaptive finite-time stability for a class of strict-
feedback switched nonlinear systems. One takes the backstepping technique and the RBF
NNs method, an adaptive finite-time control strategy is formed. In this paper, the actua-
tor failure model is time-varying, and the control scheme can ensure system performances
SGPES in finite-time. Although some progresses have been made in this article, the estab-
lished adaptive control result is based on a backstepping method. Recently, we notice that
there are many other approaches to obtain a controller for nonlinear switched systems,
such as stated in [22, 23]; an adaptive control algorithm or a robust sliding-mode control
strategy is also an effective tool to model the nonlinearities. In future, we will also make
more efforts to obtain something unique in using RBF NN, such as nonlinear system with
time-varying state constraints.
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