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1 Introduction

In this paper we consider the following diffusion equation:

Df;u(t, x) — Bu(t,x) =F(t,x), (t,x)€(0,7) x 2, (1)
subject to the boundary conditions

u(t,x) =0, (t,x)€(0,.9,) x 082, (2)
and the initial condition

u(0,x) =up(x), xe 2 (3)

where the domain £ is a subset of a d-dimensional space R (d = 1,2,3 is the dimension
of £2), which is a bounded domain with sufficient smooth boundary 3$2, F is the source
term, .7, > 0 is a fixed value, and Dg is the conformable derivative [4, 14, 16].

Fractional differential equations are successful models of real life phenomenon and
many authors studied fractional partial differential equations (see e.g. [34—36]). This gives
one motivation to study and discuss some of the well known classical differential equa-
tions, when some classical derivatives are replaced by fractional derivatives. One of the
classical equations is the diffusion equation with the conformable derivative and because
of the relationship between the conformable derivative and the classical derivative our
equation could be considered as a modified classical diffusion equation.
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Khalid et al. [16] introduced the conformable derivative and it was developed in [2—4, 6—
9,31, 33]. Applications of this derivative were given in [5, 14, 25, 32]. In [22] the existence of
solutions to conformable nonlinear differential equations with constant coefficients under
mild conditions on the nonlinear term was discussed and in [29] the authors presented the
iterative learning control for conformable differential equations. Recently, Machado et al.
[1] and Baleanu et al. [15, 30] mentioned the critical analysis of the conformable derivative.

If the initial data up and the source term F are given, Problem (1) satisfying (2) and
(3) is called the direct problem. The inverse problem for (1) is less well known. Inverse
problems occur when we do not know all the given data. However, by adding some given
data, we can discuss inverse problems such as the backward problem (recovering the initial
data) or the source identification problem (recovering the source function). Initial inverse
problems for fractional Riemann-Liouville or Caputo diffusion equations were discussed
in the literature [20, 26, 27]. However, little is known on the initial inverse problem for the
diffusion equation with a conformable derivative.

Motivated by the above, in this paper, we study the initial inverse problem of the diffusion
equation with a conformable derivative (1) satisfying (2) and we reconstruct the initial data
g(x) = u(0,x) from the additional data

w(Z,x)=h(x), xe . (4)
Note we cannot observe the data (h, F), so we only get approximate data (h®, F¥) such that

|h- hs”LZ(Sl) +[F-F° ||L°°( =& (5)

0,75;L2(R2))
where £ > 0 is the noise level (in this paper we will also let | - || denote the L?(£2) norm).

We show that this problem is ill-posed, i.e., the solution (if it exists) does not depend
continuously on the given data. Indeed, a small error of the given observation can result
in that the solution may have a large error. Some regularization method is required for
constructing stable approximations for a sought solution.

We use the Landweber method to find a regularized solution and the idea is based on
iterative sequences. Using this method, some authors established a fractional method for
solving some linear ill-posed models; see, for example, [13, 23]. We will consider regu-
larized solutions and regularity for the regularized solution. Also, we present an error
estimate of the Landweber regularized solution to the exact solution under an a priori as-
sumption using an a priori regularization parameter choice rule, which depends on the
noise level € and the a priori bound condition E of the unknown solution. That means
the a priori choice of the regularization parameter depends on the a priori bound of the
unknown solution. However, an a priori bound cannot be known exactly in practice, and
working with an incorrect value may lead to a bad regularized solution. Therefore, we pro-
vide an a posteriori choice of the regularization parameter. We also present a regularized
problem and consider the well-posedness of the regularized solution and an error estimate
under two parameter choice rules are considered.

The structure of this paper is as follows. First, we give some preliminaries which are
needed for this paper in Sect. 2. Next, in Sect. 3, we construct an approximate regularized
solution by using the Landweber regularization method. Finally, we estimate the error
between the approximation and the sought solution under two parameter choice rules in
Sect. 4.
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2 Preliminaries
2.1 Some basic results
In this section, we introduce some spaces and some basic definitions associated with con-

formable derivatives.

Definition 2.1 (Conformable Derivative) Let f: [0,00) — R. Then

DOf(s) = lim (S ETN =IO g (6)

£—0 €

is called the conformable derivative of f of order y € (0, 1].

Some properties of the conformable derivative can be found in [2, 4, 14] and the refer-
ences therein.
Consider the operator —B on L*(£2) with domain D(—8) C H}(£2) N H*(2). Assume

that — has eigenvalues {3} satisfying
0<aq <@ <@y =< <dn=<--

and @, — 0o as m — oo with corresponding eigenfunctions ey, € H} (2) N H*(£2). Now

%em(x) = _amem(x)x xXe Q;

em(X)ZO) Xeaﬂ,

and we note that there exists a positive constant C such that q;, > Cm% for m € N and
m > 1, where d is the dimension of the domain £; see [10].
For r > 0, consider the Hilbert scale space (see [21])

H(R) = {VeLZ(Q):Za'meV,em)f < +oo}, (7)

k=1

with the norm

. A\
IVl = (Zafm|<v,em>| ) :
k=1

If r = 0, we have H°(R2) = L*(R2).
For a given real number p > 1, let LP(0, 7,; L?(£2)) be the space of all functions such that

7, >
IVlie (0, 72202 = (/ [v®]72g) dt) <+
0
We give two lemmas, which will be needed later.
Lemma 2.1 ([19, 28]) For0<A<1,r>0andk € N, we have

A=-MN <r(k+1)7 <k,
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~ - o
Lemma 2.2 Fora, >0,y>0,0¢€ (%, 1] and 0 < uexp(—2am%) <1, we get

T, i\
sup exp(Em—o) |:1— <1—uexp<—25m—o)> ] <u
Em>0 Y Y

Proof First, we obtain

y'Y y'Y kqo
Am— || 1-(1- —2a, —
()1 (1-wew(-3. 7)) |
1 1 _ ZY -1 _ %’Y ko
:“2[“”""(‘%7)} [*(“““f’(‘"*‘m?))] ®

k?.

Nl

Let

(v):=v>[1-(1 —vz)k]m

1

7Y
where {1 := 12 exp(~an 5. We note that 0 <t <

(see [18]), and this implies that

5

¥
9;’ ) < 1. Hence, this function is continuous in [0, +00) when p € (0, 1).

For o e (%, 1) and p € (0,1), from Lemma 3.3 in [18], we obtain

0 < uexp(—2an

w((v) <k )

Combining (8) and (9), we deduce that

T T\ ¢ 11
sup exp(EmT") [1— <1—uexp<—2§m7">) } <uzk2. 0
Am>0

2.2 Solution for the fractional diffusion equation with conformable derivative
Assume that Problem (1) satisfying (2) and (3) (i.e. the direct problem) has a solution u as

follows:
u(t,x) = Y (u(t,X), em(x) Jem ().
m=1
Note

‘Dg(u(t, X), em (X)) = Am (u(t, X), em(x)) = (F(t,x), em(x)),  (t,X) € (0, 7)) x £, (10)

(u(o: X), em(X)> = <11()(X), em(X)>’ xe 2,

where (Bu(t,x), e (X)) = =2 (u(t, x), e (x)). Using the result in [14] and [22], the solution
of the latter problem is

ut,x) =y [eXp (—Em %) (up(x), em(x))

m=1

t tY_-L'Y
-1 3
+/0 T exp( Am ; )(F(t,x),em(x))dr]em(x).

Page 4 of 24
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Let t = .7, and we get (with hy, = (h,en,) and Fi,(t) = (F(1,.), em))

t

hm (X) = eXp <_am %) <LL()(X), €m (X)>

7, Y _ oy
+/ 771 exp(—ﬁm 2 7 ! )Fm(r)dr.
0

This implies that
u(t,x) = Z[exp(—ﬁmt o )
m=1 y
To Y _ v
X (hm—/ TY‘lexp(—Em% ! )Fm(r)dr>
0 Y
t 1 ~ tY_‘[Y
+/ 14 exp(—amT>Fm(r)dr:|em(x). (11)
0
Let
A;(t! %)VI= ZGXP<_§mt % ><V7 em>em7
m=1
>t & — 7V
Aﬂzl(t)vzzz‘/ rY_lexp<—3fm ‘ )(v,em)dtem,
m=1 0

forve L*(2),and 0 < 7 <t < .7,. Then it follows from (11) that

u(t) = AL(t, 75)[h — AAT)EW)] + AAOEQ.

Recall for any n > 0, there exists a positive constant P; , (from elementary calculus note

we can take P; , to be n" exp(—n)) such that

exp(—z) <Pinz™", 2>0 (12)

and if 0 < s < 1, there exists a positive constant P, (we can take P, to be (1 — )} x

exp(s — 1)) such that

! (13)

exp(—z) < Pysz, 2z>0.
Lemma 2.3 Given 0<1 < .9, and 2 C Rdfor anyl<d<3.
(@) If we L*(R), then ||A$(t)w|| e L*(R) and

1

00 1 2
”'A“Z{(t)W”H(sz) <Rlwl2@y whereR = (Z > .

4
m=1 szd

(b) Ifwe L2(R) for 0 <n#1, then ||.A$(t)w|| € H"(2) and

) ZY(I—H) t ) )
Lo Y-
H11(2) SPI’"Y(I—H) ,/0 T ||w(r)HL2<m dr.

|42
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(¢) Ifwe HT (R) for0<q<land0<t| <ty < .7, then ||.A$((t)w|| € L*(R2) and

” (Ai(tl) - Ai(h))w”ﬂ(ﬂ)

|Z."1/_tg|2 (%qY 2l 2
“o v-1 2
< (PZ,q Yq+1 a Jo T ”W”'Hqﬂ(g) dt
1

B [ e ar)
+(—/ 4 ||w||L2(Q)dt) .
Y 151

Proof (a) Note

||A12((t)w||L2(sz)

oo t 2
- ;[/0 7-1 exp(—ﬁ'm v _YTY)(w(t),em)dr]
[ee] t 2
Z[/ ¥-lexp <—5m v _YIY) dr:| . (14)
—LJo

)
m=1

< Wl

By the change variable & = %, we obtain

y
t Y — Y v tY

/ 1 exp(—'im ‘ )dr = / ! exp(—Em— +'§m§> dg
0 Y 0 Y

= = < (15)
am am
Since A, > Cm% , where d is the dimension of the domain £2, we know that
oo o0
1 1 )
) 7 =R (16)

m=1 am m=1 sz
Combining (14), (15) and (16), we deduce that
[AZOW] 2y < RIWIlLx 0, 7,022

(b) For n > 0, using (12) we have

tY_TY

exp (—Em > < Prady" (& -7¥) "

Therefore

S t
[ OW[ 2y = S [ [ exp(_am
0
t

tY_T'Y

> ><w(f),em>dTT

a v
i tr— 7V

< ¥ lex (—Em ) dt]
Y| [ een(

=1
tV —1Y
1A exp(—E{m Yr )(W(T),em)zdf]

d

%

t

S~

Page 6 of 24
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t 00 t

<Pin [/ Ty‘l(tY - TY)_n d‘L':| Z[/ TY_I(W(‘L'), em)2 dt]
0 —LJo
DY(lfn) t . )

< Pl,nm | WD) 20, 97

where we have noted that
t 1 t
/ rY’l(t"/ - rY)_n dr = - / (tY - &)_n dg,
0 Y Jo

Y(1-n) yv(l—n)
= <z .
y(1-n) = y(1 -n)

(c) Since 0 < t; < t; < .7, we have

(A?{(tl) - Ai(tz))w

Sy} o t! ot A
= Z/ [exp(—am—1> —exp <—am—2>]ty‘l exp(am—) (W, em) dTem
= J, v v Y

0 ty tY _ TY
- Zf ¥t exp(—im 2 )(w, em)dren
m=171 Y

= Ql(m, t,y) - @2(m’t7’y))

y—l’
where Dy(m,t,7) = Y o, :12 rY‘lexp(—Hm%)(w,em)dfem. Also note |exp(-a) —

exp(=b)| < |a — bl max{exp(—a),exp(-b)} and for t; < t, then tz < tg and

t t
exp (—Em —1> —exp <—me —2>
Y Y

and this together with Holder’s inequality yields

~ v
a ~ t
5_m|q_tg|exp(_am_l),
v v

|D1(m,t,7)| imz)

2. (v, o=t
Z/ —|tZ —t42/|r”’1 exp(am 1)(w, em)dren
oo Jo Y Y

2 > t oy
< % 5?11[[ 771 exp(am 1>dr:|
Y 0 Y

m=1

t1 Y _tY
x [/ ! exp(EmT 1)‘<Wyem)}2dti|.
0 v

For 0 < q < 1, using (13) we obtain

2

=

12(2)

~ TY_t}( ~q-1,,1-q(4Y _ _y\d-1
exp| am - < Pogadly (e - o).
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This implies that

|D1(m,t,7)| iZ(sz)

|t"/ _ tY|2 t . 00 t1 5
< ”Pg,q% / vt (t“{ - ry)q dt Z’iqm” / vt | (w, em)| dr.
Y Jo ——r 0

We note that

t1 _ 1 tqll _ th yqy

[yt [y £ 2
0 Y Jo qQy qQy

Therefore

2 It] — 63> 7,
[21m, 69 [2g) < Pra= ™=

t
-1 2
/ TY ”w”HqH(Q) dT'
0

Using Holder’s inequality, we have

|| QZ(m; t, Y) || iZ(g)

2
[e’e} ty tY_ Y
= Z/ r¥1 exp<—~m 2=t )(Wrem>dtem
o Ju Y 12(®)
o0 t Y 2
th— ¥
- Z[/ ¥ 1exp<—~m 2=t >(W,em)df:|
m=1L7t T
[e'e) ty tY_ Y t tY—
< |;/ v lexp<—5m 27 )df} [/ ! eXP(—Em 2=t )|<W’em>‘ dr]
m=1 t f
[ee] t ty
I I
m=1LYt t
th—t

From the above results, we get
I (Ai(tl) - Ai(tZ))W”LZ(SZ)

1

It - 5> " /” Leon2 2

N\ Poqg——7—— WL, qaon AT
( Y qy Jo HI@D)

G-t [ 0o 2
+<—/ 4 ”W”LZ(sz)dT) . 0
Y t1

2.3 lll-posedness of determining initial data and stability estimate
Recall that the solution u(t, x) of Problem (4) (i.e. the inverse problem) is given by (11). Let

g(x) :=u(0,x) = Z exp (’éfm T”) Y mem(x), (17)

m=1

Page 8 of 24
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where
Yo=(Y,en), withY=h- .A?,(,%)F(t). (18)

In this paper, our main purpose is to determine the initial value g(x) from the final data h(x)
and the source term F(t, x). We can find g(x) by solving an operator equation as follows:

where K : L%(22) — L*(2) is the integral operator defined by

00 B %y
(ICg)(X) = ;CXP<—am Y) (grem)em = /_Q Q(é’ X)g(é) dér

with kernel o(:, -) given by
oo
~ Ty
0Ex) =) eXp<—am 7") em(E)em ().
m=1
Since o(&,x) = o(x, &), we know that the operator K is self-adjoint. Assume that Y € L2(£2).

Lemma 2.4 Let h € L*() and F € L*°(0, Z,; L*(R)). Then Y as in (18) belongs to L*(£2)
and

171 22) < IAll22) + RIEN L0, 7,02(02))-
Proof From the definition of 1", we get
17Nl 20 < ||h - Ai('%)l:(r)”ﬂ(m
< Ihll2@ + ||A§(<%)F(r)||L2(m.
Using Lemma 2.3, we deduce that
| AZ(Z5)E(t) ||L2(Q) <R|E() ”Lz(m < RIFl o 0,7,502(2))- (19)

Therefore

1Y ll22) < ||h||L2(sz) + R”F”Lw(o,%;LZ(ﬂ))'
This completes the proof. d

Therefore, K : L>(2) — L?(£) is compact operator of infinite rank. Hence X does not
have a continuous inverse [24].

To illustrate the ill-posedness of the backward problem, we give an example. Let (h,F) =
(0,0) and (h,F) = (ﬁel, ﬁel). It is easy to see that

_ 1 _
Ilh-h||=—, and |F-F|=—.
N

=l
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Hence
lim [h—h||=0, and lim [[F-F| =0, (20)
| ) I—>o00

so (h,F) is an approximation of (h, F) when | is large enough. Using (h, F), we get the cor-
responding initial data g and the equation 1" as follows:

T Y
Y (x) = Z[Hm - / " Lexp (—Efm o 7 TY)ﬁm(r)dr}em(x),
0

m=1
o INT 7 T v\

9(x) = Zexp(’é‘m%> |:hm —/ V1 exp(—'é‘m o 7 ! )Fm(t)dr]em(x).
m=1 0

From Parseval’s equality and (15), we get

[e¢]

_ _ _ Zo Y _ v\ _ 2
||T—T||2=Z|:(hm—h,em)—/ tY_leXp<—§m<%Y ’ )(Fm—F,em)dr]
0

m=1

[l (3]

1 —CXP( al—)
-

This gives
lim | -7 =0.
I—>o00
On the other hand, we have
I3 - gl
= Zexp(am—> [(hm —h,en)
m=1 Y
T T _ v\ _ 2
_/ -1 exp(—am o 7T )(Fm _F, em)dr:|
0 Y
ep<~%y)|: ! ! /%ﬂle p< ~%Y_TY)dri|2
=expla— )| = - —= xp( =2
Yy JLva Val Y

T\ 1 1 —eXp(—'ili"Y) 2
=exp<?1'1 ):[1—%] )
Y /Ja )

S0
lim ||g - gl = +o0. (21)
I—+00
We conclude that the backward problem is ill-posed in the Hadamard sense. Hence a reg-

ularization method is necessary. We will use the Landweber method to deal with the ill-
posed problem. Before doing that, we impose an a priori bound on the initial data; that
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is,
oo
AL
Zexp(ZramTo) | (g,em) |2 <E2?, for anyr >0, (22)
m=1

where E is a positive constant. The a priori bound of the exact solution is necessary for
any ill-posed problem, otherwise, the rate of convergence is very slow or the regularization
solution is not convergent (see [12]).

3 Landweber regularization method and regularity of the regularized solution
In this section, we present a regularized problem by using the Landweber regularization
method, and also we consider the well- posedness of the regularized solution. From [17],
the operator equation KCg = Y is equivalent to the following equation:

g=([-pK*K)g+uk*7, (23)

for any 1 > 0. Here, K* is the adjoint operator of /C, and [ > 0 satisfies 0 < U < W The

iterative implementation of the Landweber method was constructed in [18]. Denote the
Landweber regularization solution by

o ¥ Y kqo
gk,OL(X) = Zexp(am %) |:1 - (1 - HGXP(—Zim %)) :| (Trem)emx (24')
m=1

and the Landweber regularization solution with noisy data by

& Y Y ko
Oo(X) = Zexp(ﬁm%> [1 - (1 - uexp(—Zimﬁ)) :| (Tg,em>em, (25)
m=1

Y

where o € (3,1] is called the fractional parameter, and k = 1,2,3,... is a regularization
parameter. When o = 1, this is the classical Landweber method.
Hence, we get the Landweber regularization solution of Problem (4) (i.e. the inverse

problem):
00 tr %y
o (t%) = Y [eXp (—Em )
m=1 Y
v ko
X [1 - (1 - ueXp(—ZEm%>) } (T, em)
t tY — TY
+/ " Lexp (—Efm )Fm(r)dr]em(x). (26)
0 v
Let us consider the operator
.Ai(t, Ty = Zexp(—ﬁmt 7 )
m=1

ﬂY ko
X [1 — (1 — MCXP(-z&mTo)> ] <V;em>emr

forve L*(2),and0 <t < .7,

Page 11 of 24



Binh et al. Advances in Difference Equations (2019) 2019:481

Lemma 3.1 Given L >0 and k € N with k> 1.
(a) Ifve L*(R), then | A3(t, T,)v|| € L*(2) and

| A3 To)] 12y < MERE IV 200

(b) Ifve L*(R) for n>0, then || A3(t, T,)v|| € H"(R2) and

n

1 /2\"2 o,
”Aﬂi(t'f%)"uw(mfuéképfm(ﬂ L‘_TYIIVIILZ(Q)-

(© IfveH(R)for0<s<land 0 <ty <ty < T, then | A3, T,)v|| € L*(R) and

“ (Ai(th 7,) - .Ai(tz, ‘%))V”ﬂ(g) < u%k% 2;5 [L‘; - t}’]sl|v||7.[s(g).

S

Proof (a) First, using Lemma 2.2, we obtain

R %>VHL2 2

o yq{ yy kqa
exp <_§m v > |:1 — (1 - uexp<—2§m To>> i| (V, em>em

11
2 k2 E (“am )Vyem)em

1,1
<uzk2 vl g

12(2)

12(2)

(b) For n > 0, using (12) we have

||A (t, 9)VH

HN(2)

Page 12 of 24
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(c) From the definition of A$ (t, F,), we get

|| (A‘i(tl’ %) - A‘\:j(tZ’ %))V”[}(Q)

3 [en(-5 ) -oo(-55) o5 )

m=1 i ’Y ) Y
y'Y kqo

X |:1 — (1 — MCXP(—QEm ’Yu )) ] (V»em>em

Using Lemma 2.2, we get

12(2)

I (Ai(tl' o) = Aﬁ(tz, ‘%))V“LZ(SZ)

o] - - 2 %
(P E Lo -eol )

m=1

For 0 < s < 1, using (13) we obtain

—Emt¥> <—§mt§> /tZ (Eth> (Sth>
exp —exp = expl —— | d| —
( Y Y t Y Y

9] "‘th s-1 "’mt“{

<2 [ (5) ()
t1 Y ’Y

P2,s m Y Y
= <Y)[t_t]

From the above results, we deduce that

|| (Ai(tl» %) - A?(tZ: %))V”L2(9)
uzkzpy [t -t ] ( ESmRv,em)!z)

m=1
1.1 P. ,S
<n2k? 22t~ ] Ivllsc). O
sY
The Landweber regularization solution of Problem (4) can be transformed into the form
o) = A3t Z)[h - A2TE®)] + A2OE(D). (27)

and the Landweber regularization solution of Problem (4) with noisy data:

uj o (6) = At Zp)[h° = A2(Z)FE(1)] + AZ(DF

= 51 (t) + Ey(t) + E5(t). (28)

Next, we consider the regularity of the solution uj . We give a result which establishes
regularity of the regularized solution.



Binh et al. Advances in Difference Equations (2019) 2019:481

Theorem 3.1
() Let h* € L*(R) and F € L*(0, Z,; L*(R)). If  C R? for any 1 < d < 3 then

11
”’*‘koc”Loo 0,T12(2) = szz ”hS”LZ (I'sz2 + 1)R||F€||L°O(O,%;L2(!Z))'

(b) GivenO<n#landl<p< min(—, 1 Y) Let i* € L*(R) and

2
Fe L1 (0, 7,; L2(2)) N L>°(0, F,; L*(R2)). Then there exists M depends only Ty, p, n,
W, k and (the regularized solution) uf , € LF(0, 75, H"(£2)) N L*(0, T L(R)) such

that
”u;a”mo,%,wm)) = m(”hg ||L2(SZ) + ”F”LOO(O,%;H(IZ HFEHLpzl 0. LZ(SZ)))’
(c) Let h* € H*(R) forO<s<1land Fe LP = (0, Z,; HT'H(R)) for 1 < p < mln( VT Y) and
0<q<1. Thenuj, € C([0, ,];L*(£2)).
Proof (a) Since h® € L2(£) so part (a) of Lemma 3.1 yields
= 1.1
”f‘l(t) ||L2(SZ) = H‘Ai(t’ ‘%)hEHLZ(g) = uzkz ”h8 ||L2(.Q)
By a similar method, we obtain
| 22001210, = 436 ZD[AATIF O] 121g) = WIKE [ AUTIFO)] 21,
Assume F € L°°(0, Z,; L*(£2)). Now
(Ol <ess s SE €)1
Using Lemma 2.3, we deduce that
||A12((‘%)F€(t)”ﬂ(9) = R”Fs(t) ||L2(.Q) = R||F8||Lw(o,%;L2(9))' (29)

Hence
. 1.1
|22(t) ”Lz(m <WIk2R|F ”LOO(O,%;LZ(-Q))'
On the other hand
1250 2= [42OF O] i) = RIF Lo e
Combining the above results, we get

”ui,a(t)”LZ(g) = ” E1(0(t) ||L2(.Q) + ” E(t) ||L2(.Q) + ” ES(t)HLZ(sz)

= ”%k% ”hguﬂ(g) . (“%k% + )R ||LW(0,%;L2(9))' (30)

This implies that uf, , € L(0, ,; L*(£2)).

Page 14 of 24
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(b) Since h® € L*(£2) so Lemma 3.1 with 0 < n yields

n
2

1 - n
1240 0y = 1456 T i <P (2) T 1

; 2
Since p < oy We get

Qo by _2-pnv
2 2
Therefore,

1 (o\"2/ (T
Su%k%Pﬁn(;) (/0 ' at )”hS”LZ(!)

n 1
1oL 2\ 2 \p _ EpM
sutird (3) () 2

= M (W, &, p, )[R 12 ) (31)
where
L Lo\ 2 \e
MWk p,n) = uzk2 P [ = T P
1(!~L p n) Hz( Pl,n(,Y) <2_pn,y)

By a similar method, we obtain

1220l gy = A2 TLALTEO

n

fua&pén(%) T | AT 0,
From (29) we obtain
_ 1.1 1 2 _% _ny
(RG] P “21(27)12,"(?> 7 R[F o 1202

Therefore
T, . ’
1 E2ll2p (0,7, 1n(2)) = ( / 12200 [34n 0 dt)
0

n 1
101 L 2\72 7 e\ P
SHZI(Zplz,n(y) R(/o b dt) ”Fe”LO‘)(O,%;LZ(Q))

n 1
11 1 /2\2 2 DS =
SHZI(ZPIZ,H(_> R<2—PH'Y> 70" ”F8”L°°(0,=%:L2(9))

= M (i, Koy ) [ F¥ | 1o g, 72,1200 (32)

Page 15 of 24
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where

n 1
L1l /2\72 2 b 2pny
Mok, p,n) =pzk2 P2 R( = g, * .
2(L k& p,n) = W2 k2P, <y) (2_pny) o

For n # 1 using Lemma 2.3 we have

” Zs(t) ”an(m = ||.A$(t)F£(t) ”’}-L"(SZ)

1 1
Pin 2 ¥ /oot 2 2
< (P ) 7 ([ O )

Holder’s inequality gives

‘ ~1|| e 2 ‘ (y-1) P ' € % P
[ IO gy = ([ o) ([ 1o o)

y—1+l

et
T (p-p+ )P LPTOTAR)

From the above results we have

(y=1)p+1

1
P, \2 w7
||aa<t>||%nm>f( T )5“ —————|F| %
v -n) (yp-p+1)% B

Hence

1 &5 lzp (0,7, 24n(2))
1
P 2 _yn+1
(=) A R
Y1 -n)(yp-p+1)? -

< 9)13(}1, k’P’n) “FE“ p2p1 0,7, LZ(Q)

(0, 75:L2(82))

where

_yn+l 3

P,n 2y +3
1 1) L% 2 2p'
Y1 -n)(yp-p+1)P

m3 (M’ k; P n) = <
Combining (31), (32) and (33) we get

[l 200,57 10m0 < PN N2y + NF im0, 7a2ian * I 22
where

M = max{9;(w,k,p,n):i=1,3}.

(©, %,LZ(Q))

(0, 75;L2(82))

).
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(c) We obtain

| uf o (E+ 1) = Ui,a(t)”ﬂ(sz) <|&t+n-&i® Hmsz)

+ | Eat + 1) - Ez(t)||L2(m + || &3t +n) - E3(t) ||L2(sz)
Now part (c) of Lemma 3.1 yields
846+ 1) = 5100 g = | (AXE+ 1, ) = A2t )b g
<22 (e )" €
We use the inequality (a; + a2)” <a? +a) for 0< ¥ <1 to get
(t+n)'-t'<n?, O0<y<l. (34)
Therefore
21664 = 5100 ) < WHEZ2 1 g

Applying a similar method gives

[ Z2(t 4 m) = Z20)] 1agq) = [ (Ay(t+m ) = Ay T [AYTIE D] 21,

< Wb 22 LR )

H ()"

Since 0 < s < 1 using Lemma 2.3 we get
1 1
Pas > @ % y-1|| e 2 ?
() 2 ([ O g e

1
b3 _ys+l
< ( 732,5 l) %'Y 5 +2P ”FSH » '
v -s)yp-p+1)? 1 0.7,07(@)

[AHTE O s

This implies that

|| Ez(t + 77) - EZ(t) ||L2(!2)

1
1 L
1, 1Py, Ps, 2 v L 5
<wrkr g - N 1 )
sy¢

YA -s)(yp-p+ 1)% 21 (0, 7,;12(2))

Using Lemma 2.3 and 0 < q < 1 so we have

” ES(t + 77) - ES(t) ”Lz(ﬂ)

= [ (A7t + n) = AJO)F O 12
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1
I+ )Y =t T (e g2 2
< (PZ'qTW ; o E (T)”Hqﬂwl(m dt

Y _ Y [t 3
+ (%/ fv—1||128(f)||22(m dr)z. (35)
t

Apply Holder’s inequality and we have

p-1

‘ —1 e 2 ' (y-1) % ‘ 13 % o
[ eI Egyae = ([ ar ) ([ 1@l o)
0 0 0

y—1+l
2p
T

< LP anzi

=< (36)
(p-p+ 1P LPTOTHII(g)

and

2] 2 : (37)

Combining (34), (35), (36) and (37) and we get

qy+y-1+ %

1
= _= H_ZY % ? €
”‘-43(t+ 7']) ‘-‘3(t) ”LQ(Q) E (Pz,qu+2 q Yp B p N 1)%) HF HL%

y—1+% 1

7
(Z ) Iz
(Yp-p+1)° LP1(0,75:12(2))

(0, T HI1(2))

Therefore, we conclude that uy , € C([0, 1, LA(R)). a

4 Convergence analysis and error estimate under two parameter choice rules
In this section, we choose a regularization parameter k := k(¢) such that lu—ug , [|l;2(g) — 0
as € — 0, and we also consider the convergence analysis between the regularized solution

uy , and the exact solution u.

4.1 The a priori parameter choice
Theorem 4.1 Let h € L*(2) and F € L*(0, ,; L*(R)). Assume the a priori bound condi-

tion (22) holds. If we choose the regularization parameter

|57

Page 18 of 24
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then we get the following error estimate between the exact solution and its regularization

solution with noisy data:
e _rfr 2 1 r 1 1 r
(= “k,a||L2(g) <u? (5) Erignt + n2(1+ R)Enier +€R,
where | k| denotes the largest integer less than or equal to k.
Proof From the triangle inequality, we obtain

-, ”LZ(Q) < lu—weall 2 + [Juke — U, ||L2(ﬂ). (38)

Apply part (a) of Theorem 3.1 and we get

Juka — 1 HL2(.Q) < ke — i ”LOO(O,%;LZ(JZ))

= “%k% ”h -h* ||L2(.Q) + (”%k% + 1)R”F -F ||L°°(O,%;L2(Q))

< u%k%e(l +R)+eR. (39)
On the other hand, we have
”u - uk,(x||L2(!l) = H (-An}(ti %) - Ai(t’ %))T ||L2(SZ)'

Note o e (%, 1Jand O<pu < , so it follows that

_1_

112

lu = weallr2(2)

> -7, TN\
exp| —an 2 )(1- [1— (1 —uexp(—ZEm—o>) ] )

Yoo( 5 y

X (Y, em)em

12(®)

oo

N tY _ yY - %Y k

Zexp(—am 2 ) (1 — nexp <—2am—>> (Y,em)em
o Y Y
From the definition of Y in (17), we get

o] t-Y yY k

Z exp (—Efm—> <1 - uexp(—Zﬁm—o)> (g, em)em
m=1 v v 12(9)

. 7200 % T\ 2
<u7Z sup (1 - uexp<—25m—a>) (uexp <—25m—0)>
Am>0 Y ’Y

- ~ T 2
X Zexp 2ram7 |(g,em)|.
m=1

=

12(2)

e — o ll2(0) <
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Apply Lemma 2.1 and we obtain

r [ I % _r
||u—uk,a||Lz(msu-z(5) KIE o)

Combining (38), (39) and (40) we obtain
k <u? : %l “3E %1 3 1+R R
”u—uk,q”LZ(g) =M 5 K +uzk e(1+R)+eR.

Choosing the regularization parameter k,

<|(5)°)

we obtain the error estimate
€ _rf(r 2 1 1 1 r
”u—uk,a”ﬂm) =w {3 Erient + u2(1+ R)EFTeRT +eR. 0

4.2 A posteriori parameter choice rule and convergence estimate

In the above result, we obtained an error estimate between the exact solution and its regu-
larization solution with noisy data by choosing the a priori parameter k, and this k depends
on the noise level € and the a priori bound condition E. Now, from results in Morozov’s
discrepancy principal [11], we choose the regularization parameter k by using an a poste-
riori choice rule.

The general a posteriori rule can be formulated as follows:
”’Cgi,a -re ”LZ(sz) SXes ”Icgi—l,oc -re ||L2(SZ)’ (41)
where [|Y*(|;2g) > Xx&, x is a constant independent of € and k > 0 is the regularization
parameter which makes (41) hold at the first iteration time.

Choosing x > 1 the following lemma gives a bound for k in terms of € and E.

Lemma 4.1 Let x > 1 and k satisfies (41). Also assume the a priori bound condition of g
satisfies (22). Then

k<r—1( 1 21 E\ A
~2u\x-R-1 € ’

Proof From the definition of k we get

”’Cgi—m -re ||L2(sz)

oo v ) Y

m=1

LX(%2)
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oo yY k-1qo
< Z<1 - [1 - <1 - },Lexp(—Zme—o)> } )(Y8 -7, em)em
o v 12(2)
o0 ﬂY k-1qa
+ Z(l - [1 - <1 - uexp(—2§m—o)) :| )(T,em)em
m=1 Y Lz(‘Q)
Since o € (%, 1Jand O<p< ﬁ it follows that
”’Cglgel,oc -re HL2(SZ)
og) %“{ k-1
< || TE _ THLZ(SZ) + Z(l - uexp(—Zam—)> (Y,em)em
m=1 i 12(R2)
Apply Lemma 2.1 and we obtain
00 - %Y k-1
Z (1 — lexp <—2am —)) (Y, em)em
m=1 v LX(2)
Lax EAANE TN T
=W 2 sup (1 - uexp(—2§m—g>) (uexp(—2§m—°))
Am>0 Y v
o0 Y
X Zexp<2r'5m—") | (g,em) |2
m=1
r+l
< 717+_r r+1 2 4l
k
=u )
Apply Lemma 2.4 and we obtain
”Kgifl,(x -re ”LZ(sz) = th - h”L2(sz) + RHF£ - FHLOO(O,%;H(Q))
(T +1 %1 nl E
+ K .
H 2
This implies that
N
xe<(1+R)e+ u‘% <%) k‘%E,
S0
2 2
r+1 1 1 [ E\ t+1
ks —— — . O
20 \x-R-1 €

Theorem 4.2 Let k be as Lemma 4.1. Assume the a priori bound condition (22) holds. Then
we get

1
€ 1 r+1\2 1 r+1 % #
”u‘“k,a”ﬂ(mf“z(“m( 2u) —R-1) ETET

+£R+(1+R+X)ﬁE%£ﬁ.
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Proof Using the triangle inequality, we obtain
||u — Uiy ||L2(!z) = Il —wall2@) + ”ukﬂ — Uy ”LZ(ﬂ)‘
Apply the result of Theorem 4.1 and we obtain

e = vl 120y = Wikze(1+R) +€eR

1
1\2 1 r+1 "
§u%(1+R)<r+ > ( ) ErTenT 4+ gR. (42)
2u X -
Apply Holder’s inequality and we have

lu — well 2@

Sn{ 52 o[- (. ) )

X (Y, em)em

12(2)

o) Y kqo

Z(l - [1 - (1 - uexp<—2'5m£>> ] )(T,em)em

m=1 Y Lz(ﬂ)
> T IV
Zexp(rﬁm—o) (1 - [1 - (1 - uexp(—2§m—o>> :| )(g, €m)em
m=1 Y Y

On the other hand, from o € (%, 1Jand O <pu < W we get

> g IV T
Zexp(rﬁm—o> (1 - [1 - (1 - uexp<—25m—0)) :| )(g, em)em
m=1 Y Y

1
> U 2(r+1)
< (Zexp(Zrﬁm%)](g,em)f) <E&T.
m=1

This implies that

_r_
r+1

=

|~

X

12(2)

1
r+1

12(2)

lu = weall 22

T

S

m=1

+

L2(g)>

<(1+R+ x)ﬁEﬁgﬁ.
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From the above we deduce that

1
1 r+1\2 1 r+1 1
-l <uba (G ) (mgemy) B

+8R+(1+R+x)$E$£ﬁ. O
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