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Abstract

Recently, Masjed-Jamei, Beyki, and Koepf studied the so-called new type Euler
polynomials without using Euler polynomials of complex variable. Here we study the
type 2 degenerate cosine-Euler and type 2 degenerate sine-Euler polynomials, which
are type 2 degenerate versions of these new type Euler polynomials, by considering
the degenerate Euler polynomials of complex variable and by treating the real and
imaginary parts separately. In addition, we investigate the corresponding ones for
Bernoulli polynomials in the same manner. We derive some explicit expressions for
those new polynomials and some identities relating to them. Here we note that the
idea of separating the real and imaginary parts separately gives an affirmative answer
to the question asked by Hacéne Belbachir.
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1 Introduction
As is known, the type 2 Bernoulli polynomials B, (x), (# > 0) and the type 2 Euler polyno-
mials E,(x), (n > 0) are respectively defined by

exticschi = Le"’ = iB (x)i (1.1)
2 2 ob_e b =" !
and
Xt ¢ 2 Xt - t”
e’sech— = —e" = E E,(x)— (see[5,20]). (1.2)
2 ez +e 2 n!

n=0

When x =0, B, = B,(0) (or E, = E,(0)) are called the type 2 Bernoulli (or type 2 Euler)
numbers.

For n > 0, the central factorial numbers of the second kind are defined by the generating
function to be

(see [3, 7, 19]). (1.3)
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From (1.3), we note that

K=Y T ks (1> 0), (see [12]), (1.4)
k=0

where 2% = 1, x1 = x(x + 5—Dx+5-2)---(x—5+1),(n>1). For A € R, the degenerate

exponential functions are defined as
W =1+r)%,  ent)=e () = (1+Ar8)r. (1.5)

By (1.5), we get

ét) = Z(x)m;—n‘ (see [10, 11, 13, 14]), (1.6)
n=0 :
where
®ox=1,  @ur=xE-21)---(x—(m-11), (n>1). (17)

In [1, 2], Carlitz considered the degenerate Bernoulli polynomials given by

t - "

—€i(t) = n —. 1.8

ST oA (L8)
When x =0, 8,5 = B,(0) are called the degenerate Bernoulli numbers. In [12], Kim and
Kim introduced the degenerate central factorial polynomials of the second kind given by

%(e,\% -2 0) =3 T,\(n,klx)%, (1.9)
. 2 .

where k is a nonnegative integer. When x = 0, T, (n, k) = T5 (1, k|0) are called the degenerate
central factorial numbers of the second kind.
Recently, as a degenerate version of (1.1), the type 2 degenerate Bernoulli polynomials

have been defined by
o0 t”
————¢ () =) By (see[5). (1.10)
e2(t)—e, (¢) =0 n

When x =0, B, = B,,,,(0) are the type 2 degenerate Bernoulli numbers. By the same mo-
tivation as (1.10), the type 2 Euler polynomials are defined by

%e’i(ﬂ = ZEn,)»(x)i_n, (see [5]). (1.11)
e;(t)+e, > (2) n=0 :

When x =0, E,,;, = E,;;,(0) are the type 2 degenerate Euler numbers.
Recently, several authors studied the degenerate Bernoulli and degenerate Euler num-
bers and polynomials (see [1, 2, 4, 5, 8, 10-18, 21]). In addition, Jeong, Kang, and Rim



Kim et al. Advances in Difference Equations (2019) 2019:490 Page 3 of 15

introduced symmetry identities for Changhee polynomials of type 2 closely related to the
type 2 degenerate Euler polynomials (see [6]), and Zhang and Lin obtained some interest-
ing identities involving trigonometric functions and Bernoulli numbers (see [21]).

In [9], the authors considered the degenerate Bernoulli and degenerate Euler polyno-
mials of complex variable. By treating the real and imaginary parts separately, they were
able to introduce the degenerate cosine-Bernoulli polynomials, degenerate sine-Bernoulli
polynomials, degenerate cosine-Euler polynomials, and degenerate sine-Euler polynomi-
als and derived some interesting results for them.

In this paper, we study the type 2 degenerate Bernoulli and type 2 degenerate Euler poly-
nomials of complex variable, of which the latter are type 2 degenerate versions of the new
type Euler polynomials studied in [16]. By treating the real and imaginary parts separately,
the type 2 degenerate cosine-Bernoulli and type 2 degenerate sine-Bernoulli polynomi-
als are introduced. We derive some explicit expressions for those polynomials and some
identities related to them. Moreover, the type 2 degenerate cosine-Euler and type 2 degen-
erate sine-Euler polynomials are investigated, and analogous results to the type 2 degen-
erate cosine-Bernoulli and type 2 degenerate sine-Bernoulli polynomials are obtained for
them.

2 Type 2 degenerate Bernoulli and Euler polynomials of complex variable

From (1.10), we define the type 2 degenerate Bernoulli polynomials of complex variable

by
t X+ > tn
¢ ()= ) _Buulx+iy)— 2.1)
el (t)—e,*(¢) n=0 "
and
¢ iy > N
¢ (©)=) Bu-iy)—, (2.2)
eZ(t)—e, () =0 "

where i = +/—1. As is known, the degenerate cosine and sine functions are defined by
Cosgy)(t) = cos(% log(1 + At)) (2.3)
and

sinf\y)(t) = sin(% log(1 + At)), (see [9]). (2.4)

Note that lim; _, cos({)(t) = cos yt, limy ¢ sinf{v)(t) = sinyt. From (2.1) and (2.2), we can de-

rive the following equations:

Z (Bn,/\(x + 1Y) + By (x — iy)) t_n' = — t —e} () cos)(fv)(t) (2.5)
2 el (t) e, (1)

n=0
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and
> (B (x+iy) = By (x —iy) \ t" t
( AR — Y >_: ; e (O)sin’ (1), (2.6)
=0 g el () -e (1)

Now, we define the type 2 degenerate cosine-Bernoulli and sine-Bernoulli polynomials by

the generating functions as follows:

t N "
ﬁe* (¢) cosl\ (t = ZB x,y)— (2.7)
€, () - e, () n=0
and
¢ X i 0) o s ¢
TG @sin) () = ) By (x)—. (2.8)
el (t)—e,*(¢) n=0 n

Therefore, by (2.5), (2.6), (2.7), and (2.8), we obtain the following theorem.

Theorem 2.1 For n > 0, we have

B (x +iy) + By (x — iy)
2

= Bn A(x,y)

and

B (% +iy) — By (x — iy)
2i

= BY (x,9).
From (1.10), (2.3), and (2.4), we note that

T e (t) cosx)(t)

() -2 (1)

tl (=1 " o
ZBM Z ot X (log(1 + 1))
= ZBM x)— Z( 1)y Z S1(k, 2m)kk
=0

k=2m

o0 S (5] "
= ZBLA (x)ﬁ Z (Z(_l)mern)\kstl (k, 2"’[)) E
1=0

* k=0 \m=0

o [ n 5] .,
= Z (Z (Z)Bn—k,x(x)(—l)myzmkk_zmSl(k, 2m)) % (2.9)
n=0 .

k=0 m=0
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where S; (k, [) are the Stirling numbers of the first kind. By the same method as in (2.9), we
get

L ewsn?e
e; () —e, *(¢)

o0 tl o0 [k%l] tk
= ZBM(’C)ﬁ Z(Z (—l)myz’”*l)»k_zm’lSl(k, 2m + 1)) a
1=0 " k=1 \m=0 :

o [ n 5]
t
= Z(Z <Z)Bn_m(x)(—1)my2m*1,\k-2m-1sl(k, 2m + 1)) — (2.10)
‘ !

n=1 \ k=1 m=

Therefore, by (2.7), (2.8), (2.9), and (2.10), we obtain the following theorem.

Theorem 2.2 For n € NU {0}, we have

n ]
C n .
BY (x,y) = ( k)Bnk,A(x)(—n*"ymxk 218, (k, 2m).
k=0 m=0
In addition,
(s) _
BO,A(x:y) =0,
PSS Y
BS)A (x,9) = (k)Bnk,k(x)(_l)myZmﬂ)\kZm151 (&, 2m + 1),
k=1 m=0

where n is a positive integer.

We observe that

© ¢ t .
ZBM(x, 0)— = T — €5 (2)
n=0 n e; () —e > (¢)
t ol
= t
ex(t) -1 A ( )
> 1\t
:Zﬁn,k(x"' —)—. (2.11)
— 2 ) n!

Therefore, by (2.11), we obtain the following theorem.

Theorem 2.3 For n > 0, we have

1
Bgf,)k(x, 0) = Bux (x + 5).

Page 5 of 15
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From (2.7), we note that

e (2) cosf\y) ()

1
Tt

ERECNE)., () )
S5 R 0 [ I Y e

_1 ©
eA 2(t)—e,2(2) ZBM(x,y)
=0

On the other hand,
e (t) cosf\y)(t) = Z x)Ml—! cos(ky)(t)
1=0
0 ] 00 2m
E (-1 m

Z(x)zx T Z @m) <Z> (log(1 +/\t))2
1=0 m=0

=D g DAY Sk 2m)nt
1=0 " m=0 k=2m ’
i~ g (51 "

= 2@y Do DTSk 2m) |
1=0 " k=0 \m=0 <

o / n 5 "
=y (Z (Z) () nkp (“1)"ASE2 S, (K, 2m)> % (2.13)

Therefore, by (2.12) and (2.13), we obtain the following theorem.
Theorem 2.4 For n > 0, we have

S CNG), () )
" ) I B (x,9)
n+1 ; l 2 n+l-LA 2 n+l1-La b

n L]

= <Z) (®)nor (= 1) 227278, (e, 2m).
0

>~

iy
3

I

Furthermore, for n € N, we have

AN, )
m o B (%)
1 1=0 l 2 n+l1-LA 2 n+l1-LA b

k-1
n g

= (Z) () nie (= 1) W22 (K, 2m + 1),

k=1 m=0
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By replacing ¢ by 1(¢* — 1) in (2.7), we get

00 00 p
=Y BO Y Sy, knr—
k=0 n=k

n

e} n ¢
= Z( WEBE (x,9)S(n, k)) -, (2.14)
’ n!

n=0 \ k=0

where S (n, k) are the Stirling numbers of the second kind. On the other hand,

51 "
m t
( <2 l) (—1)ly”Bm_2,(x)> —
1=0 " m=0 \ =0 "

< [ ynem . (7] o
= — 1)%*B,,_ —. 2.15
Z( n_m+1(m)z<2l)( )y 21(96)) (2.15)
Therefore, by (2.14) and (2.15), we obtain the following theorem.

Theorem 2.5 For n > 0, we have

- A n\ [(m
n—k p(c) _ 1y
D AEBE (6,9)S2(n, k) = n_m+1(m> (21)< 'y Bypau(®).

k=0 m=0 [=0

Let us replace ¢ by % log(1 + Af) in (1.1). Then we have

log(1 + Af) t i -
v T ) e y(t) E Bi(x + ty))»
e;(t)—e, * () k=0

o0 o0 o
= Z Bi(x + iy)A7* Z S1(n, k)M —
k=0 n=k nl

« (log(1 + At))K
k!

= Z (Z "By (x + iy) Sy (n, k)) (2.16)

k=0

We recall here that the Bernoulli numbers of the second kind are given by

t t"
— - —. 2.17
log(1 +¢) ;b n! ( )

Page 7 of 15
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Then, from (2.7), (2.8), and (2.16), we have

o0 t"
> B ey)—
n=0
o0 l oo m . . m
_ i ke Bi(x +iy) + Be(x —iy) \ ¢
LD DI 5 —
1=0 m=0 \ k=0
00 n m B . B . o
_ Z(Z <n>bn_m)»”’k81(m, 0 (% + iy) + Bi(x — iy) -
n=0 \m=0 k=0 m 2 e
and
S n
Y B (xy) =
nA 7
n=0
00 ] 00 m , s m
t -~ Bi(x +iy) — Be(x —iy) \ ¢
=) pal= AKS (m, & —
; " %k;‘ 1(m K) 2i P

n=0 \m=0 k=0

From (1.1), we note that

>\ [ Bu(x +iy) + B,(x — iy) \ t"
Z( 2 )E

n=0
= — —e* cos yt
ez —e 2
S tl o 2 t2Wl
_ v m m
—E Bl(x)l!E y(-1) )]
1=0 m=0

n

oo /5]
n m m)?
= Z (Z <2m)Bn—2m(x)y2 (_1) ) ;

n=0 \m=0
Comparing the coefficients on both sides of (2.20), we have

(]

Bl i) +Bulx=iy) 35 ( " )Bn_m(x)ym(—l)m,

2 s 2m

where 7 is a positive integer. By the same method as in (2.21), we get

(251

Bn(x+iy)_Bn(x_iy) _ n 2m+1 m
2% = Z (21’]’[ n 1>Bn2ml(x)y (_1) )

m=0

e nk Bl +iy) = Bi(x—iy) \ t*
_Z<22(m>bn_mk Sy (m, k) o )n!.

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

where # is a positive integer. Therefore, by (2.18), (2.19), (2.21), and (2.22), we obtain the

following theorem.

Page 8 of 15
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Theorem 2.6 For n > 0, we have

w om 151

By (xy) =) <:’n> ( 5 1) (=127 810m, K)byy o Br o ()™

m=0 k=0 [=0
Furthermore, for n € N, we have
[k 1

R k
( )(2[ 1)(—1)1)\;«kSl(m,k)bn_mBk_zl_l(x)yzm'
=0 +

n

m
nkx’ - z :

m=0 k=0

For o € R, the type 2 degenerate Bernoulli polynomials of order « are defined by
t o oo Vl
(7) &) = ZB%)—- (2.23)
e; (t)—e, (1) =0

When x =0, BE,“; = BS’;(O) are called the type 2 degenerate Bernoulli numbers of order .
For k e N, let o = —k and x = 0. Then we have

_ i T, (n+ k, k) t"

(o

(2.24)
n=0

Thus, by (2.24), we get

k
(n/+( >B;_f) =T, (n+ k, k),

where #, k are nonnegative integers.
For @ € R, let us define the type 2 degenerate cosine-Bernoulli polynomials of order «
and the type 2 degenerate sine-Bernoulli polynomials of order «, respectively, by

(%)ae’i(t) cos(t) = > B (x,y)— (2.25)
e; () —e, *(2) n=0
and
(%)aek(t s1n)\)(t) = ZBM (x,y)—. (2.26)
e; (t)—e,” (1)

Then we note that

o B( )(x+ly)+B (x—1y)
B (x,9) = — : (2.27)

Page 9 of 15
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where 7 is a nonnegative integer.

BY)(x+ iy) ~ BY) (x - iy)

BS (x,y) = >

(2.28)

where # is a positive integer. Proceeding just as in (2.9) and (2.10), we have

i (Bffi(x +iy) + Bglo,‘k)(x - iy)) v

2 n!
n=0

= (% (t))ae’,{ () cos&y)(t)

el(t)—e, >

[STEal

oo [/ n [3] Y
=2 (Z (Z)Bffk,x(x)(—l)’”kk‘z’”yZ’”Sl (%, 2m)) % (2.29)

n=0 \ k=0 m=0

and

n!

i (Bfffi(x +iy) = B (x - iy)) "
20

n=0
_ (%)ae’,{(t) sin®(¢)
e; (t)—e, *(¢)

o / n [5H]
n o m —2m— m 4
22< (k)B; ) (1) akmLy2 +1Sl(k,2m+1)>;. (2.30)

n=1 \ k=1 m=0

Therefore, by (2.27), (2.28), (2.29), and (2.30), we obtain the following theorem.

Theorem 2.7 For n > 0, we have

n 15
o n o —
B (x,9) = ( ,()qu_’k,x(xx-l)mxk 2my2mg, (k, 2m).
k=0 m=0

Furthermore, for n € N, we have

By ()

n 5

(:)B;“_)k,k(x)(—l)mkk‘z’”‘lyz’”*lSl(k, 2m +1).

Page 10 of 15



Kim et al. Advances in Difference Equations (2019) 2019:490

For k € N, let @ = —k. Then, by (2.25), we get

o0 . t”
Z qu,’x () p
K1
- (eA (t) - (t))kej{(t) cos” (1)
N T+ k k) £ o e i9m
=y = FZ(Z( 1™ y* )72 8, (j, 2m)
=0 (k) ©j=0 \m=0
L n
= - [2] (1) . m, 2mq j—2m . tn
=Z s T (n—j+ k, klx)(=1)"y"" NV~ S,(j, 2m) —. (2.31)
n=0 \ j=0 m:()( k ) n

Therefore, by (2.31), we obtain the following theorem.
Theorem 2.8 For k € N and n € NU {0}, we have
n
,y) = Z Z (1= + K, k%) (=1)"y*" NS (7, 2m).
j=0 m= 0

From (1.11), we define the type 2 degenerate Euler polynomials of complex variable by

2 X+ ad . tn
——e, () = ZEn,A(x +iy)—. (2.32)
el (t)+e () n=0 "
From (2.32), we have
oo E, . E, _ t" 2e¥(t
Z( a(x+ ly); a(x ly)) v AN (2.33)
n=0 " E(t) + 3}7 )
and
nd En j _En -1 tn Zex t
Z( GUALY - g ly)) o1 il )1 sin? (¢). (2.34)
par 2 el (t) e ()

Now, we define the type 2 degenerate cosine-Euler and type 2 degenerate sine-Euler
polynomials as follows:

2 > t"
——€i(Ocos) () = Y EY (6,9)— (2.35)
el (t)+e () n=0 o
and
2
ﬁ sm)\ t) = ZE}’I)\(‘X’ . (236)
el(t)+e () n

Page 11 0of 15
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By (1.11), we see that
2
e (2) cosE\y) (¢)

A
- ZE“(x)ﬁ cosiy)(t)
=0 :

o / n 5 ;
= Z (Z (Z)En_m(x)(—1)’”Ak-2"1y2"’s1 (k, 2m)> % (2.37)
n=0 .

k=0 m=0

and

; ——éi () sin”(¢)
el (t) +e.(¢)
Z (Z ( ) ok () (1) ALy 2L S, (e 2m 4 1)) % (2.38)

k

Therefore, by (2.35), (2.36), (2.37), and (2.38), we obtain the following theorem.
Theorem 2.9 For n € NU {0}, we have
0 (xy) = ZZ( ) 1ok () (=1)"A2yPS (k, 2m).
k=0 m=0

Moreover, forn e N,

n

(k1
(x,y) = Z Z ( ) i (%) (= 1) AR 2m=Ly2mel g (f 2 4 1),

k=0 m=0

By replacing ¢ by (¢ — 1) in (2.32), we get

it ZE“xHy k( )k

t
ez +e
ZE“ X+ iy)A” -k Z So(m, k)k”
k=0 n=k
00 n o
=> (Z Ei(x + i9)Sa(n, k),\"k> —. (2.39)
n=0 \ k=0 "
On the other hand,
2
e = ZE (x + ly)—~ (2.40)
el +e’2 o

Therefore, by (2.39) and (2.40), we obtain the following theorem.

Page 12 of 15
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Theorem 2.10 For n > 0, we have

n
E,(x+1iy) = ZE’“’\ (% + i9)Sa(m, k)A"F,
k=0
From (2.40), we can easily derive the following equation:

[ En(x +iy) + Ep(x — iy) \ t"
Z( 2 >E

n=0

o /15] n
= Z(Z (2’; )Enzm(x)(—lr"ﬁm) % (2.41)

n=0 \m=0

By (2.41), we get

41
E,(x+iy) + E,(x —iy) n o
R Y W LSRR oo

m=0
where # is a nonnegative integer. From Theorem 2.10 and (2.42), we have

(4]

3 (2’,; >En—2m(9€)(—1)m}’2m

m=0

-y s k)x"—k(’fm(x + i) + Epp o iy))

k=0 2

n k15
k
=Y Sam kY ( Z)Ek_m (®) (=12 2y S, (1, 2m)
k=0

1=0 m=0

n k15
=3 3> Salm ki (’;)Ek_m(x)(—1)my2ms1 (1,2m). (2.43)

k=0 [=0 m=0
Thus, by (2.43), we get

(5]

<2Zq>En—2m (x) (_ 1)my2m

m=0

n k

(4
k
-3 3D slm kA () E -1 2,
k=0 [=0 m=0

3 Conclusions
In [9], the authors considered the degenerate Bernoulli and degenerate Euler polynomi-
als of complex variable. By treating the real and imaginary parts separately, they were

Page 13 0of 15



Kim et al. Advances in Difference Equations (2019) 2019:490 Page 14 of 15

able to introduce the degenerate cosine-Bernoulli polynomials, degenerate sine-Bernoulli
polynomials, degenerate cosine-Euler polynomials, and degenerate sine-Euler polynomi-
als and derived some interesting results for them. Actually, the degenerate Euler polyno-
mials of complex variable are degenerate versions of the so-called 'new type Euler poly-
nomials’ studied by Masjed-Jamei, Beyki, and Koepf in [16]. Furthermore, the results in
[9] gave an affirmative answer to the question asked by Hacéne Belbachir in Mathematical
Reviews (MR3808565): “Is it possible to obtain their results by considering the classical
Euler polynomials of complex variable z and treating the real part and the imaginary part
separately?”

Carlitz [1, 2] initiated the study of degenerate versions of Bernoulli and Euler polynomi-
als. As it turns out (see [3-5, 9-12, 14] and the references therein), studying degenerate
versions of some special polynomials and numbers has been very fruitful and promis-
ing. This idea of considering degenerate versions of some special polynomials is not only
limited to polynomials but also can be extended to transcendental functions like gamma
functions [11].

In Sect. 2, we studied the type 2 degenerate Bernoulli and type 2 degenerate Euler poly-
nomials of complex variable, of which the latter are degenerate and type 2 versions of
the aforementioned new type Euler polynomials studied in [16]. By treating the real and
imaginary parts separately, the type 2 degenerate cosine-Bernoulli and type 2 degenerate
sine-Bernoulli polynomials were introduced. They were expressed in terms of the type
2 degenerate Bernoulli polynomials and Stirling numbers of the first kind. In addition,
they were represented in terms of the type 2 Bernoulli polynomials and Stirling num-
bers of the first kind. Identities involving the type 2 degenerate cosine-polynomials (or
the type 2 degenerate sine-polynomials) and Stirling numbers of the first kind were ob-
tained. Another identity connecting the type 2 degenerate cosine-Bernoulli polynomials,
Stirling numbers of the second kind, and the type 2 Bernoulli polynomials was derived. As
natural extensions of the type 2 degenerate cosine-Bernoulli and type 2 degenerate sine-
Bernoulli polynomials, the type 2 degenerate cosine-Bernoulli and type 2 degenerate sine-
Bernoulli polynomials of order « were introduced. They were expressed in terms of the
type 2 degenerate Bernoulli polynomials of order « and Stirling numbers of the second
kind. In addition, the type 2 degenerate cosine-Bernoulli polynomials of negative order
were represented in terms of the degenerate central factorial polynomials of the second
kind and Stirling numbers of the first kind. Moreover, the type 2 degenerate cosine-Euler
and type 2 degenerate sine-Euler polynomials were investigated, and analogous results to
the type 2 degenerate cosine-Bernoulli and type 2 degenerate sine-Bernoulli polynomials
were obtained for them.
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