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Abstract
In this paper, we consider differential delay systems of the form

2k-1

X(M)==Y V(i -9)),

s=1

in which the coefficients of the nonlinear terms with different hysteresis have
different signs. Such systems have not been studied before. The multiplicity of the
periodic orbits is related to the eigenvalues of the limit matrix. The results provide
a theoretical basis for the study of differential delay systems.
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1 Introduction

We consider the asymptotically linear differential delay system

2k-1
K(t) ==Y (-1)"'VF(x(t -9)), (1.1)
s=1
where
xeRYN, FeC'(RV,R), VF(-x) = —VF(x), (1.2)

and there are real symmetric matrices Ag, Ao € RN*N gych that
VF(x) = Agx +o(|x]), x| — 0, VF(x) = Asox +o(|x]),  |x] > o0. (1.3)

In the past several decades, many papers [1-16] have studied the existence of periodic
solutions of delay differential equations. In 1974, Kaplan and Yorke [15] studied the mul-
tiple periodic solutions of the equations

x'(t) = —f(x(t - 1)) (1.4)
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and

& () = —f(x(t - 1)) - f(x(t - 2)) (1.5)

by transforming them respectively into associated systems of ordinary differential equa-
tions and then making analysis by qualitative approaches. Meanwhile, they guessed that
there should exist 2(# + 1)-periodic solutions to the equation

n

K(t) == flx(t-1), (1.6)

i=1

where f € C°(R, R) with f(—x) = —f(x), xf(x) > 0, x # 0. This was proved in [17]. On the
basis of this work, Fei [3, 4] studied the multiple periodic solutions of differential delay
equations via Hamiltonian systems. Li and He [10—12] studied the multiple solutions by
an asymptotically linear Hamiltonian system. Guo and Yu [13, 14] gave some multiple
results for periodic solutions via critical point theory.

In this paper, our main purpose is to study system (1.1), in which the coefficients of non-
linear terms corresponding to different hysteresis have different signs, which is an exten-
sion of [3]. To construct the even functional, the variation structure here is much simpler
since we do not transform system (1.1) into a 2kN-dimensional system. At the same time,
according to the variational method and the method of Kaplan—Yorke coupling system, we
get an exact counting method of the number of 4k-periodic orbits. Moreover, our results
are easier to examine by introducing the eigenvalues and eigenvectors of the matrices A
and A,.

Let

<oy <---<ay and B <pp<---<PBy

be the eigenvalues of Ay and A, respectively, and let uy,us,...,un and v1,vy,..., vy be
the corresponding unit eigenvectors in space. For convenience, we make the following
assumptions:
(fi) F satisfies (1.2) and (1.3),
(f2) thereare M >0 and a function r € C°(R*, R*) satisfying r(s) — oo and r(s)/s — 0 as
s — oo such that

‘F(x) - %(Aoox,x) > r(lxl) - M,

() £[F(x) - 2(Aoe,2)] > 0, |x] — 00,
() £[F(x) - 2(Aox,%)] > 0,0 < |x| < 1.

2 Variational structure
Let

X = {xeL?:x(t - 2K) = —x(t))

it 2+ )7t 2i + )7t
I3 (acos BEEDTE g gin PEEDTEY b e VY,
2k 2k

i=0
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> 2i+ 1)t 2i+ 1)t
XZC]{Z(&Z,’COS( l;k)” +b,-sin( l;k)ﬂ ):

i=0

oo
a,b; € R"’,Z(Zi +1)(al +b7) < oo} cX,
i-0

and define P: X — L? by

> (2i + 1)t L Qi+ Dt
Px(t) =P {COS ———— + b; sin ———
x(t) (;: (a cos & + b;sin % ))
[o¢]
= (2i + 1)(61,‘ co

i=0

. (2i + Dt b sin (2i + Dt
2k ! 2k

and the inverse of P as

o0
5 1 (2i + 1)mt i+ D)7t
P lx(t) = lE:O %+ 1 ((ll‘COS T + bi s T .

Define
4k
(x,9) = /0 (P30 dt, lx] = /o),

4k
(5,9} = / (x(®,y®) dt, ]2 = /520,
0

1
Then (X, | - ||) is an H} ([0, 4k], RN) space.
For system (1.1), define the following functional @ : X — R:

1 ak
d(x) = E(Lx,x) + / F(x(t)) dt, (2.1)
0
where
2%k-1
Lx=-P") " A(t-s). (2.2)
s=1
Let
2i+ 1)t 2i+ 1)t
X(@) = {x(t) = a;COS % + b;sin % ca;,b; € RN}.

Then we have

oo [ k-1
X=Y |:Z(X(2hk +0) + X(2hk + 2k — i — 1))}. (2.3)

h=0 L i=0

On the basis of Theorem 1.4 in [18], we can get that the differential of @ satisfies
@' (x) = Lx + K(x), (2.4)

where K(x) = P"'VF(x).

Page 3 of 15
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For convenience of further calculations, we can also make a more detailed division of

space X by introducing the eigenvalues and eigenvectors mentioned before.

Suppose that
. (2i+ 1)mt Qi+ Dme .
Xoj(i) = {x(t) = <a/cosT +b/s1nT ujia,b;eRj=1,2,...,N,
2i+ 1)mt 2i+ 1)t
Xooi () = {x(t): (a,.cos( l;k)” + bysin ”2/()” )v,»:a;,b,»eR,j:1,2,...,N}.

Then we have

N N
X@) =Y Xooili) = D Xoi(i)
j=1 j=1

and
o) oo N oo N
=22 iD= )Xo
i= i=0 j=1 i=0 j=1

Therefore from (2.2) we find that if

> 2i + )t 2i + )t
x(t) = ;):(W cos % + b;sin %),
then
o0 .
. i+ 1)m
Lx,x) = — Y (2i+ )7 (a? + b?) cot ————
(Lx, x) ;( i+ 1) (a; +b7)co m
] k-1 ,
2i+1
Z|: (4hk + 2i + 1) (a3, + bppss) COL %
k
h=0 i=0

k-1 .
i+ 1)m
+ Z(4hk +4k -2i-1)m (a%hk+2k_i_1 + b%hk+2k_i_1) cot |
i=0

On the other hand, when

00
X € Xooj = ZXOOI(l)
i=0
00

2i+ 1)t 2i+ 1)mt
:Z{x(t):<a/cos%+bjsin%)vj:aj,bjel?,j:1,2,...,N},
i=0

we have

(P! Aot x) = Z 2kpB;(a; +b7)

i=0

oo [k-1 k-1
= Z |:Z 2kp; (“%h/m + b%hku’) + Z 2kB; (a%hk+2k—i—l + b%hk+2k—i—1):|'

h=0 L i=0 i=0
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Then we can get

((L+P"Ax)x )

N oo [ k-1 .
(4hk + 2i + )7 (21 + 1)
=2k |:Z (— + :3/) (a%lk+i + b%hkﬂ')

M

2k 4k

ji=1 h=0 L i=0

~.

k-1
(4hk + 4-k 2i—1)m 2i+1)m
+ < cot + B | (@isaki1 + Donsakia) |-

4k

i=0

Similarly,

((L + P‘le)x, x)

N oo [ k-1 .
(4hk + 2i + )7 (2i+1)m
=2k Z Z |:Z( 5% cot w " ozj> (@3 + B3si)

j=1 h=0 L i=0

o (4hk+4k 2i-)r Qi+ )r ) )
+ cot 4k Y (“2hk+2k-i-1 +b2hk+2k—i—1) .

i=0

3 Division of space X and lemmas

Let
N
ahk +2i+1 2i+1
XgozZ{XOO,(thH):hzO,Osigk—l,—( szH 7 ot llk)”+,3,>o}
j=1
N
UZ{XOO,(th+2k—i—1):
j=1
ahk + 4k — 2~ 1 2i+1
h=00<i<k—1, K2 T )”cot(lll<)”+ﬂ,>o},
N
ahk +2i + 1 2i+1
Xgo:Z{Xoo,(th+i):hz0,0sisk—l,—( +2kl+ 7 ot llk)”+ﬁj<o}
j=1
N
UZ{XOOj(th+2k—i—l):
j=1
ahk + 4k - 2~ 1 2i+1
h=00<i<k-1, 2k T )”cot(’lk)”+,3j<o},
N .
ahk +2i +1 2i+1
XS—Z{XOI(th+l) h>00<i<k- 1—( <+2kl+ )ncot(l:;k)ﬂ+a,>0}

j=1

N
U Z{XO,(th +2k—i—1):
j=1

ahk + 4k - 2i -1 2i+1
h=0,0<i<k—1, Whrak=2i-r  QixDr ol
2k 4k
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N . .
dhk +2i+1 2i+1
X; = Z{Xo,»(Zh/Hi):hzO,OSifk—l,—( +2kl+ il cot( llk)n +0tz<0}

j=1

N
U Z{XO,(zhk +2k—i-1):

j=1

ahk + 4k - 2i— 1 2i+1
h>0,0<i<k_1, Wkrak=2-Dr @i+ )”+a,<o},

2k 4k
N
, ) (4hk +2i+ 1) (2i+ 1)
Xgo=;{ij(2hk+l):hZO,OSlSk—l,— ok cot — +f}j=0}
N
UZ{ij(th+2k—i—1):
j=1
4hk + 4k - 2i -1 2i+1
h=00<i<kog, ke =2zhn Qv lr o)
2k 4k
N
) . (4hk + 2i + 1)m (2i+1)m
X(()):;{Xo;'@hkﬂ)IhEO,OSZEk—L— ok cot— +a;=0

N
U Z{Xoj(zhk +2k—i—1):

j=1

ahk + 4k - 20— 1 2i+1
h=00<ick—y, Mk -2- D @it )”+a,=o}.

2k 4k
It is easy to see that dim X2, < 0o and dim X{ < oo.

Lemma 3.1 ([3], Lemma 2.4) Suppose X is a Hilbert space, @ : X — R is a differentiable

functional,and L : X — X is a linear operator. Then there are two closed S*-invariant linear

subspaces X* and X~ such that
(@) XU X~ is closed and of finite codimension in X,
(b) LX) C X, L=L+P'AgorL=L+P Ay,
(c) there exists ¢y € R such that

inf @(x) > co,
xeX*t

(d) there is coo € R such that
D) <coo<P(0)=0, VxeX NS, ={xeX :|xl=r}
(e) @ satisfies the (P.S).-condition for cy < ¢ < ¢, that is, every {x,} C X satisfying
P (x,) = c and ®'(x,) — 0 has a convergent subsequence. Then ® has at least
% [dim(X* N X™) — codimy (X* U X™)] generally different critical orbits in

@ ([0, co0)) if

[dim()(+ OX_) - codimX(X+ UX‘)] >0.

Page 6 of 15
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Lemma 3.2 There exists o > 0 such that

(L+P'Ax)xx)>olx]?  xeXL, (3.1)
and

(L+P ' Ax)mx) < —ollx]?  x€X. (3.2)
Proof Let

[o¢]
Xoj = Y Xogj(0)
i=0

[o¢] . .

2i+ 1)t 2i+ 1)t

:{x(t):z (a/cos%+bjsin%>vj:a/,bjeli,j:1,2,...,N .
i=0

Then X = ZﬁlXooj. We need to consider two cases, f; > 0 and f; < 0. In the following
part, we just give the proof for f; > 0, as the other case is similar.
For 8;>0,i€{0,1,...,k—-1},and x € X,

(4hk + 2i + 1)m t(2i+1)7'r 5 Ah*()k +2i+ 1w t(2i+1)7'r 650
- 2k g thPT 2k TR A

where /#* (i) = max{h € N : —(4hk+22k”1)” cot (2’211)” + ;> 0}, and

(4hk +2i+ 1)m i+ 1)m 4h(D)k +2i+ 1)m 2i+1)m
- cot +Bj<— cot
2k 4k 2k 4k

+ B <0,

N s . (4hk+2i+1)m (2i+1)m
where /(i) = min{h € N : — =" cot =7~ + B; < 0}.

Then we can choose

min d cot Qi+ D + 2
o; = iy )
2k 4k Ah+(Dk+2i+1

T cot 2i+ 1w B; }

2k 4k 4h~(Dk +2i+1
>0,

and let o; = min{og, 01,...,04_1} > 0, and then let o = min{o; : j = 1,2,...,N}. The proof is
over. O

Lemma 3.3 If (i) and (f2) hold, then the functional ® given by (2.1) satisfies the (P.S)-
condition.

Proof Let IT, A, and I' be the orthogonal mappings from X to X, X7, and X2, respec-
tively. From (1.3) we get

(P~ (VE(%) = An), )| < %||x||2 WM xeX,

for some M > 0.

Page 7 of 15
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Suppose that {x,,} C X is a subsequence such that ®'(x,,) — 0 and @ (x,,) is bounded. Let
wy, = [Ix,, y, = Ax,, and z,, = I'x,. Then

M(L+P'Ax) = (L+P ' A)[T,A(L+P'As) = (L + P71 Ax) A (3.3)
From

(D' (%), %) = (L + PV (%), %) = (L + P Ao )%, %) + (P (VF (%) = Aol ) %)
and (3.1) we have

(M@ (%), %) = (IT (L + P Aco) 2, x0) + (TP (VE (3,,) — Aco ), %)
= (L + P Ao Wy wy) + (TP (VE(%,) = Ao W)

> Lllwa|2 - M
2 ’

Then we get that w,, is bounded. Similarly, y, is bounded. Meanwhile, from (f;) we get

ak
d(x,) = %((L + P A o) %, %) +/ (F(x,,) - %(Aooxn,xn)> dt
0

v

%((L + P A Wiy W) + %((L + P Aco) Y Vn)

ak
+ / r(|xn(t)|) dt — 4kM.
0

Then ||z, is bounded since @ (x,) is bounded. So, ||x,|| is bounded.

Furthermore, from (2.4) we have

(IT + N)®'(x,) = (IT + A)Lx,, + (IT + N)K(x,)

= L(wy +y,) + (T + N)K(x,,).

Then we can suppose without loss of generality that K(x,) — 1 because K is compact and

%, is bounded. Then
L|x$c+xgo(wn +yn) g _(n +N)77 (34')

Meanwhile, we can easily see that the dimension of X, is finite, so we can suppose that

z, — ¢ as z, is bounded. Hence
Xn=2Zn T+ Wyt YVn—> ¢ — (L|xgc+xgo)71(n + A)Tl,
and the (P.S)-condition is proved. O

Lemma 3.4 Ifx is a critical point of @, then it is a solution to system (1.4).
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Proof Suppose x is a critical point of @ given by (2.1). Then x(¢) satisfies

2k-1
— > (t-s)+ VF(x(t)) =0, a.e.te[0,4kl. (3.5)
s=1

Consequently,

2k-1
- ¥(t-s—1)+ VF(x(t-1)) =0, (3.5_1)
s=1
2k-1
- (t-s-2)+ VF(x(t-2)) =0, (3.5_2)
s=1
2k-1
~> ¥(t-s-3)+ VF(x(t-3)) =0, (3.5_3)
s=1

2k-1
=Y &(t-s—(2k-1)) + VF(x(t - 2k - 1))) = 0. (3.5 (2k - 1))

s=0

Calculating (3.5_1) — (3.5_2) + (3.5_3) —--- + (3.5_(2k — 1)), we have

2k-1
K(t)+ Y (-1)"'VF(x(t—5)) =0, ae.te[0,4k],
s=1
that is,
2k-1
K(t) == (-1)"'VF(x(t-5)), ae te0,4k],
s=1
and hence « is a solution of (1.1). O

4 Main results

Denote
Ny 1 St > 0:0 ¢ WRHAZENT oo EDT gy g <0,
) = ~ ) ,

Zf;ol #H{h>0:0< (4hk+22k”1)” cot (ZZZ]P” <aj}, o >0,

gy | = 050 < et o gpe g
131 - Zk—l ﬁ{h >0:0 (4hk+2i+1)m i+
i=0 >0:0< T cot xS ,3]}, ,3] >0,
k-1 , .
dhk + 4k - 2i - 1) 2i+ 1)

No(a/_)=2ﬁ{h20:0<( K ) cot( 4k) =—aj}, a; <0,

i=0

k-1

(4hk +2i + ) 2i+ 1)
No(a/+)=§ﬁ{h20:0< & cot " =qjf, oj>0,

Page 9 of 15
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o

-1

(4hk + 4k — 2i — 1)7 (2i+ 1)
0(B. ) = . - _B. .
N°(B-) igzoﬁ{h20.0< T cot " /3]}, Bj <0,
k-1 , ,
(4hk + 2i + )7 (2i+ 1)m
NO(,B/+)= ﬁ{h20:0< % cot % =ﬂ;}, B >0,

I
o

i

and

N N
N(Ax)=) N(B),  N(Ao)=) N(),

Jj=1 Jj=1

N N
N4 ) =) N°Br),  N°Aw) = ) N°(By),
j=1

j=1

N N
N(Ao-) =) Ney),  NAo) =) N(ey).

j=1 j=1
Theorem 4.1 System (1.1) has at least

n = max{N(Ax) -~ N(Ao) = N°(Ax-) ~ N°(Ao),
N(Ao) = N(Ac) = N°(Ap-) ~ N°(Accy)]

>0

4k-periodic orbits when (fi) and (f,) hold.
Proof Without loss of generality, we suppose

1= N(Ax) - N(Ag) - N°(As-) — N°(Ao,).
Then letting X* = X! and X~ = X, we get

X\ (XTUXT) =X\ (XLUXg) S XL UXgU (XL NXp).
Obviously,

codimy (X* +X7) < dim X2, + dimX{ + dim(XZ, N Xg) < oo,
which means that the codimension of (X* U X™) is finite. For each x € X(i), we have (L +
P1Ay)x € X(i). The (PS)-condition is satisfied by Lemma 3.3. Moreover, from (1.3) we

get |F(x) — %(Aoox,x)| < i(7||x||2 + M, x € RN, for some M; >0, and from Lemma 3.2 we
know that there exists o > 0 such that (L + P"1Ax)x,x) > o ||x||?, x € X,. Then

1 o 1
D(x) = 5((L + P A)x, x) +f |:F(x(t)) - E(Aoox,x)i| dt
0

1 1

> ~ollx)|* - ~o |lx||* - 4kM,
2 4
L 2

> ZUH?CH — 4kM;
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for x € X*. Therefore there exists ¢y € R such that

inf @(x) > co.
xeXt

Similarly, we get that there exist 7,0 > 0 such that |F(x) — %(on,x)| < ia||x||2, llx|| = 7.
Then

1 . * 1
D (x) = 5((L + P Ag)x, x) + /0 |:F(x(t)) - E(on,x)] dt

1 1
<--olx|?+ -ollx|?
2 4

1
< -0l
4
for x € X~. This means that there exist 7 > 0 and ¢, < 0, such that
D(X) <Coo<0=®(0), VxeX NS, = {xeX: (1|l =r}.

On the other hand, for i € {0,1,...,k -1},

_ T 2i+1)m Bi )
L+P'Ax)x,x) = | —— cot ’ 2, X(2 ,
(L 2] ( % a T 4h/<+2i+1)”x” x € Xk +1)
_ b4 i+ 1)m B
L+P'AL)xx) = — cot j 2
\(z+ )] <2k T T ahk 4k —2i- 1) Il

x € XQ2hk +2k-i-1),
and

((L + P’le)x, x) =

2% 4k ahk+2i+1

2i+1 i
(_n ot(l+ i % >||x||2, x € X(2hk + i),

_ T 2i+1)m o
P lA : (= ] 2’
(L P o)) <2k ot 4hk+4k—2i—1>”x”

x € X(2hk + 2k —i-1).
Hence we have that

X (2hk +i) =X N X(2hk + i) = 0,
Xo(2hk + 2k —i-1) =Xy N X(2hk +2k-i-1) =,
Xo (2hk + i) = Xy N X(2hk + i) = X(2hk + i),

X3 (2hk + 2k —i— 1) = XI, N X(2hk + 2k — i — 1) = X(2hk + 2k — i — 1),
when /1 > 0 is large enough. So there is M > 0 such that

dim(XZ,(s) N X (r)) — codimy (X2, (s) + X5 (5)) =0, s> M.



Sun et al. Advances in Difference Equations (2019) 2019:488 Page 12 of 15

Then

n= %[dim()ﬁ ﬂX‘) - codimx(X+ +X‘)]

1

[dim (X%, N Xy) — codimy (X7, + X5)]

N |

N =

[dim (X, (s) N X (s)) = codimys) (X2, (s) + X5 ()]

[dimX;O(s) +dim X (s) — 2N]

N =

M= M= 1]M=

N =

[dim X7 (s) + dim X5 (s)] - N(M + 1).

@
Jii
(=)

Then we have

N(Ax)
M ) +N x §{2hk + 2k —i—-1:0<2hk +2k-i-1<M}, B;>0,
Zdlm(X;O(S))=2
s=0 N(Aoo)_NO(Aoo—)
+N x #{2hk +2k—i-1:0<2hk+2k-i-1<M}, pB;<0,

M 0 . y
—N(A4p) - N°(Ap+) + N 2hk +i:0 < 2hk <M}, «;j>0,
S i () <2 | VU0 TN +N X H2hk+ 20 < 2nks i <M), oy >

=0 —~N(Ag) + N x #{2hk +i:0 < 2hk +i < M}, a; <0,
and
M
> [dim X (s) + dim X; (5)] = 2[N(Aoo) = N(Ao) = N*(Ane-) = N°(Ao,)]
s=0
+ 2N (M + 1). (4.1)
Therefore
1 =N(Ax) — N(Ag) - N°(As-) = N°(Aq,). O

Theorem 4.2 System (1.1) possesses at least
1 =N(Ax) — N(Ag) + N°(A,) + N°(4g) > 0
4k-periodic orbits when (1), (f2), (fy), and (f;) hold.

Proof Let X* = X, + X%, and X~ = X° + XJ. The verification of conditions (a), (b), (c),

(d), and (e) is similar to Theorem 4.1, so we can assume that (4.1) still holds. Let X2_(i) =
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X% N X(i) and XJ(i) = X3 N X(§). Then

M
n= % > [dim (X5, () N Xg () - codimyy (X2, () + Xg ()] + (dim X, + dim X7)
i=0
M
= % > [dim X7, (i) + dim X5 (i) - 2N + (dim X2, + dim X7)
i=0
1 M
=3 Z[dimX;o(i) +dim Xy ()] - N(M + 1) + (dim X, + dim X))
i=0

=N(Ax) = N(Ag) - N°(Aoo-) - N°(Ao,)
+ (N°(Aces) + N°(Ag-) + N°(Ao,) + N°(Ao-))

= N(Aw) - N(Ag) + N°(An,) + N°(4p.). 0

Theorem 4.3 System (1.1) possesses at least
n=N(Ap) - N(Ax) + N°(Ao,) + N°(Ane-) >0
4k-periodic orbits when (f1), (f2), (fs ), and (f]") hold.

The proof is almost the same as that of Theorem 4.2, and we omit it.

5 Example
Assume that F € C'(R?, R) satisfies

2
S+ Zad+ (247 +a43)3, x> 1,
F(x) - T2 _ 3m,2 1572 %

FH] = Say = 3% —x5, x| <L

We are to discuss the multiplicity of 12-periodic solutions of the equation

5

K(t) == (-1)"'VF(x(t - 5)). (5.1)

s=1
In this case, k =3, a1 =, ag = -37, B1 = 37, B = 7. Then

1 1
N(al)zﬁ{h20:0<—( 2h + 1) cotl <n}
6 12

(127 + 3)7 3
+8{h>0:0< ——cot— <71
6 12

(12h +5)7 57
6 12

+ﬁ{h20:0<400t—<n

=4,
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12+ 11
N(az):—ﬁ{h20:0< (%cotf—z<3n}

6 12

12k +7)7 5
h>0:0< ———cot— <37
6 12

12
—ﬁ{h20:0< Mcotg—n<3n}

ng:ﬁ{hzo;0<932§95cm{%<3n}

(124 + 3)7 3
+#3h>0:0< ———cot— <37
6 12

(124 + 5)7 57
+81h>0:0< ———cot— <37

:9,

6 12

(127 + 3)7 3
——cot— <7
6 12

(124 +5)7 5 }
- cot— <7

N(ﬂz):ji{hz():0<(12h—+1)ﬂcot£ <71}

+jj{h20:0<

+jj{h20:0<
12

= 4,
N(Ap) =N(a1) + N(op) = -3, N(Ax) =N(B1) + N(By) = 13,
N°a,) = N°(B-) = N°(@-) = N°(B,) = 0.

According to Theorem 4.2, we get that Eq. (5.1) has at least 16 different 12-periodic
orbits satisfying x(t — 6) = —x(¢).
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