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This paper is devoted to studying the semilinear elliptic system of Hénon type

in the hyperbolic space B, where H! B") = {u € H'([B") : u is radial} and - Agn
denotes the Laplace-Beltrami operator on B, d(x) = dgn(0,x), Q € C' (R x R, R) is
p-homogeneous, and K > 0 is a continuous function. We prove a compactness result
and, together with Clark’s theorem, we establish the existence of infinitely many
solutions.
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1 Introduction and the main result
This article concerns the existence of infinitely many solutions for the following semilinear

elliptic system of Hénon type in hyperbolic space:

_A]BNM = I<(d(x))Qu(u! V))
_ABNV = [<(d(x))Qv(u’ V): (H)
u,ve H'BY), N>3,

where BY is the Poincaré ball model for the hyperbolic space, H!(BY) denotes the Sobolev
space of a radial H!(BN) function, r = d(x) = dn(0,x), Agn is the Laplace—Beltrami type
operator on BN,

We assume the following hypotheses on K and Q:

(K1) K =0 isa continuous function with K(0) = 0 and K(£) # 0 for ¢ #O0.

(Ky) K =0(?)asr — 0and K = O(r?) as r — oo for some 8 > 0.
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(Q1) Qe CHR x R,R) is such that Q(—s, t) = Q(s, —t) = Q(s, £), Q(As, At) = A2 Q(s, t) (Q is
p-homogeneous), VA € R and p € (2,38), where

5 BN -250,

(%) if otherwise.

(Qy) There exist C,Ci,C, > 0 such that Q(s,t) < C(s? + t*), Qs(s,t) < Cys7, and
Qi(s,t) < CotP1, Vs,t > 0.

(Q3) There exists C3 > 0 such that Cs(|s|? + [£]7) < Q(s, t) with p € (2,6).

In the past few years the prototype problem

—Agvu =dx)*|ul?u, ueH (BY)

has attracted attention. Unlike the corresponding problem in the Euclidean space RN, He

in [1] proved the existence of a positive solution to the above problem over the range p €

2N+2a
(2}

for hyperbolic space together with the mountain pass theorem. In a subsequent paper [2],

) in the hyperbolic space. More precisely, she explored the Strauss radial estimate

He and Qiu proved the existence of at least one non-trivial positive solution for the critical

Hénon equation
Ay =d@) | u® Pu+iu, u>0,ucH) (£2),

provided that @« — 0* and for a suitable value of A, where £2" is abounded domain in hyper-
bolic space BY. Finally, by working in the whole hyperbolic space HY, He [3] considered
the following Hardy—Hénon type system:

—Agnu = dp(x)*|v|Ply,

~Aynv = dp(x)P || u

for o, € R, N > 4 and obtained infinitely many non-trivial radial solutions.
We would like to mention the paper of Carrido, Faria, and Miyagaki [4] where they ex-

tended He’s result by considering a general nonlinearity

—Agyu = K(d(x))f (u) O
u € H:(BN).

They were able to prove the existence of at least one positive solution through a compact

Sobolev embedding with the mountain pass theorem.

In this paper, we investigate the existence of infinitely many solutions by considering a
gradient system that generalizes problem (1). We cite [5-11] for related gradient system
problems. In order to obtain our result, we applied Clark’s theorem [12, 13] and got in-
spiration on the nonlinearities condition employed by Morais Filho and Souto [14] in a

p-Laplacian system defined on a bounded domain in RY.
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Regarding the difficulties, many technical difficulties arise when working on BY, which is

a non-compact manifold. This means that the embedding H*(BN) «— L?(B") is not com-

2N
N-2

condition for all ¢ > 0.

pactfor2 <p < and the functional related to the system 7 cannot satisfy the (PS),

We also point out that since the weight function d(x) depends on the Riemannian dis-

tance r from a pole 0, we have some difficulties in proving that
/ d(x)ﬂ(|u(x)|p + |v(x)|p) dVgn <00,  Y(u,v) e H'(BY) x H'(BY)
BN

leading to a great effort in proving that the associated Euler—Lagrange functional is well
defined.
To overcome these difficulties, we restrict ourselves to the radial functions.

Our result is the following.

Theorem 1.1 Under hypotheses (K1)—(K3) and (Q1)—(Qs), problem (H) has infinitely

many solutions.

2 Preliminaries
Throughout this paper, C is a positive constant which may change from line to line.

The Poincaré ball for the hyperbolic space is
BY = {x € RY||x| < 1}

endowed with Riemannian metric g given by g;; = (p(x))*3;j, where p(x) = ﬁ . We denote

the hyperbolic volume by dVyn = (p(x))N dx. The hyperbolic distance from the origin to
x € BN is given by

2 1+ x|
d(x) := dpn (0,%) = ds=1 .
)= e (0:) /0 [k °g<1—|x|)

The hyperbolic gradient and the Laplace—Beltrami operator are

Vu

~Agu==(p) " div(p( V), Vv = o,

where H(B") denotes the Sobolev space on BN with the metric g. V and div denote the
Euclidean gradient and divergence in RY, respectively.

Let H}(BN) = {u € H'(BY) : u is radial}.

We shall find weak solutions of problem (7{) in the space

H = H(BY) x H!(BY)
endowed with the norm

G| = /B (Vaally + 1Vanvi2y) dVax.
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One can observe that system () is formally derived as the Euler—Lagrange equation for
the functional

1
1) = f (Vavulgy + [Vanvigy) dViy - / K(d(x)Q(,v) V.
B B

N

We endowed the norm for L?(BY) x L?(BY) as follows:

p_ 14 14
||(u,v) ||p = /BN(|L¢| + v )dVBN.
To solve this problem, we need the following lemmas.

Lemma 2.1 The map (u,v) —> (d(x)"u,d(x)"™v) from H = H'(BY) x H(BN) to LP(BN) x

LP(BN) is continuous for p € (2, 7in), where m > 0 and

00 if otherwise.
Proof In [1, Lemma 2.2] it has been proved that the map u —> d(x)"u from H!(BYN)

to LP(BN) is continuous for p € (2,1). Therefore ldx)"ull, < Cllull and [|d(x)"v|, <

C||V||Hr1. Hence,

(lde™ ]} + [dy™v[2)* < €, v)

Now observe that

laerul, + [derv], = [(|deo"u], + [deo], )]

- (ol + 2] o], o], + [deorv] ).

Applying Cauchy’s inequality ab < #, we get
1
o], + [y, < V2(ld"ul, + [darv],)*.
By the subadditivity, we get
1
(ldul, + |deyv]})? < [de"ul, + |de"v],-

Therefore,

’

()" u, d(x)"v) ”p <C||(w,v)

and the lemma holds. O

Page 4 of 12
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Remark 2.1 From the previous lemma, there exists a positive constant C > 0 such that

/ d(x)ﬂu(x)!p dVpn +/ d(x)ﬂyv(x)‘p dVen
BN BN

p

2

S C</ |VBNM|EN dV]BN +/ |VBNV|]?BN dVBN) ]
BN BN

N
ﬁ )
N-2-2(5)

wherem:%and2<p< thatis, 2 <p<34.

Lemma 2.2 The map (u,v) —> (d(x)"u,d(x)"v) from H = H'(BY) x H*(BN) to LP(BN) x
LP(BN) is compact for p € (2,11), where m > 0 and

00 if otherwise.

Proof Let (u,,v,) € H be a bounded sequence. Then, up to a subsequence, if necessary,
we may assume that

(Vi) = (14, V).

It is easy to see that u, ~ v and v, — v in Hr1 (BM).
We will use the same calculus used by Haiyang He [1] (page 26). We want to show that

lim d(x)"‘p|u,,(x) |p aVpn :/ d(x)mp‘u(xﬂp dVn,
BN

n—oo [pN

lim d(x)"’p|v,,(x)‘p dVen =/ d(x)’""’v(x)‘p dVpn.
BN

n—oo [pN

Let u € H}(BN), then by Haiyang He [1] we have

N-2
0, < —— (1_'x'2)2 oyl
u,(x U || 1 Ny
" T Vw1 (N -2) 2 |x|¥ 7 H BN)

N-1
14,0)] < — (1"x'2)7 Sy
u,(x)| < Up || 11 Ay -
" Vo \ 2 ¥ ED
Since {|x| < %},lnii—m < 1E:Z,amd2<p<rh, we have

1 mp 12\ 1\
d(x)’”"lul”fc(ln +""> ( 'x') ( Nz)
1—|x| 2 x|z

N-2
mp _ 2\ P~ p
1—|xf? 2 x| "2

Set

hi(x) if0<|x| <3,

gl(x) =
0 if 1 <|xl<1,

Page 5 of 12
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then

N-

1
20 2 \"?P/1-2\!Z [ 1\ 2 \V
dVpn = A1 d
Looave= [(:22) (7)) () o (20) @
1 mp 2\ PY52-N)
§C/2(12r2> (1_2r) N2
0 -r

1
2 _1_pN=2
§C/ NPT gy < o0,
0

[

Since {|x| > %} and 2 < p < m, we have

N-1

1 mp o ]2 r=5 1 P
e e(ni20) () 7 (1)
1-—|x| 2 x| 2
N-1
mp 2\ P p
SC(lnl+|x|> <1 le) (%) i
1-—|x| 2 x| 2

Set

0 if0 < |x| < %
gz(x) = 1
ha(x) if 5 <|x <1,

then

L/ 1\ (12 \P T 1\ 2 \V
AVex = | (=L R d
Loeaver= [ (i) (57) " () #(e) @

1 mp s _ 2\ 0YRE-N)
SC/ (ln1+r) (1 7 ) 2 rN‘1‘¥Pdr
! 1-r 2

N-1
%) “5-p-N+1
< / s L ds < oo.
- In3 (es + 1)2

Hence, we have
|d(x)™ 1, (x)7| < g1(x) + g2().

By the dominated convergence theorem, we obtain

lim d(x)™ ub (x) dVgn :/ dx)"™uf (x) dVpn.
BN

n—00 JpN

In the same way we conclude that

lim d(x)" W (x) dVn = / dx)"™v (x) dVgn,
BN

n—o0 [pN

and the lemma holds.

Page 6 of 12
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3 Proof of Theorem 1.1
Clark’s theorem is one of the most important results in critical point theory (see [12]). It
was successfully applied to sublinear elliptic problems with symmetry and the existence
of infinitely many solutions around was shown.
In order to state Clark’s theorem, we need some terminologies.
Let (X, |||lx) be a Banach space and Z € C'(X,R).
(i) For c € R, we say that Z(u) satisfies the (PS), condition if any sequence (u,-)l'f’f1 cX
such that Z(u;) — c and | Z’(%;)|| — 0 has a convergent subsequence.
(i) Let S be a symmetric and closed set family in X\ {0}. For A € S, the genus
y(A) = min{n € N: ¢ € C(A,R"{0}) is odd}. If there is no such natural, we set
y(A) = o0.
(iii) Let £2 be an open and bounded set, 0 € £2 in R”. If A € S is such that there exists an
odd homeomorphism function from A to 32, then y(A) = n.

Theorem 3.1 (Clark’s theorem) Let Z € C(X,R) be an even function bounded from below
with Z(0) = 0, and there exists a compact, symmetric set K € X such that y(K) = k and
supg Z < 0. Then I has at least k distinct pairs of critical points.

The proof of Theorem 1.1 is made by using Theorem 3.1.
The (#) system is the Euler—Lagrange equations related to the functional

1
I(u,v) = —/ (|VBNM|?BN + |VBNV|éN) A% —/ I((d(x))Q(u, v)dVyn, 2)
2 JgN BN
which is C! on H.
The functional [ is not bounded from below, therefore, we cannot apply Clark’s tech-

nique for this functional.
In order to overcome this difficulty, we consider the auxiliary functional

J(u,v) = ( /]; N(|VBNM|IZBN + |VIB;N1/|I2BN)dv]BN)p1 - /B N K(d(x))Q(u,v)d Vi, (3)
where p € (2,38), while for J’ we have V(¢, V) € H
T @)@, ) = 2 =2 )| /B (Vs Vv dhan + (Vwy, Van)pv) dViy
- [ K(0) 0Qut0 ) + Q) V. @
We will show that the set of critical points of ] is related to a set of critical points of /

and J satisfies the conditions of Theorem 3.1.
The proof of Theorem 1.1 is divided into several lemmas.

Lemma 3.1 If (4,v) € H, (u,v) #(0,0) is a critical point for ], then

(W’Z):< - i ‘ 1 )
[(2p = D, V)IIPP~4172 [(2p = 2)||(w, v)|P~*] 772

is a critical point for I.
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Proof Note that (1, v) #(0,0) is a critical point for J if, and only if, (&, v) is a weak solution
to the problem

—-(2p = 2) ||, V)I?~* Agnu = K(d(x))Qu(u, v),
—(2p = 21, V)1~ Apnv = K(d(%))Qu(u, ), (S
u,ve H'(BY), N=>3.

-1
Define )\(”(M, V)”) = [(219 - 2)” (u, V)||2p_4] P2, then (w, Z) = )\.(”(L{, v) ||)(Lt, V).
Using the p — 1-homogeneity condition of Q,(x,v) and Q,(u,v), observe that

—Agnw — K(d(x))Qu(w, Z)

= ([ @) [) A = (1 (| )" K (d60) Quev)

e piz_ 1
-l D) ()=

and
~Agnz — K(d(%))Qy(w,2)
== (@) ) Apvy = (1@ W]))" K (d60) Qulasv)
__ P2 _ 1
(K ()@ (D) - i)
Hence (w, z) is a weak solution for problem (#) and so, a critical point for I. O

Lemma 3.2 J(u,v) is bounded from below and satisfies the (PS). condition.

Proof From (K;)—(K3), (Q2)—(Qs), and Remark 2.1

p-1
J(u,v) = ( /B N |Vanulzy + |VBNv|fBNdVBN) - A; NK(d(x))Q(u,v)dVBN
> ”(u,v) H2p_2 - C/ d(x)ﬁ(|u|p + |v|1’) dVpn
BN

> ) [* - e

’

so that J (i, v) is bounded from below.
Let (u,,v,) € H be such that |J(u,,v,)| < C with C € R*, J'(u,, v,) — 0. Since

2p-2 p
)

Cz](un:vn) Z ”(unrvn)” - || (M,,, Vn)

we conclude that ||(#,, v,)| is bounded. So, there exists (u,v) € H such that, passing to a

subsequence if necessary,

(U Vi) = (1, v), asn— o0.

Page 8 of 12
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From the embedding Lemma 2.2, we have

/ (@) (Il + 1val?) dVix — / (d@)’ (1ul? + 1vP) dVan,
BN BN
and by (K3) — (Qz), we infer that

K@) (60 Qutty Vi) + V2 Qu ity vi))| < C(d)) (118 ]? + [v,]?).

Therefore, by the Lebesgue dominated convergence theorem,

\/IBN I((d(x)) (Qu(um Vi)t + Qy(tn, Vn)Vn) aVen

— /N I((d(x)) (Qu(u, Viu + Q,(u, V)V) dVyn.
B
Since J' (4, v)(u,v) = 0 and J' (1, v,) (4, V) = 0,(1) as n — 00, we have

(2 = 2)([| o) [ = ) [*7)

= ],(um V) (U Vi) _],(u: v)(u,v)

+ /}BN I((d(x)) (Qu(un, Vi)tty + Qu(tty, v,,)v,,) aVyn
_ /[BN K(d(®))(Quu, v)u + Qu(u, v)v) dVgn = 0,(1),
then || (¢, v,1) || = (2, v)]|. Therefore,
(¢4, V) = (u,v), asm— 00, in H. O
The next lemma ends the proof of Theorem 1.1.

Lemma 3.3 Given k € N, there exists a compact and symmetric set K € H such that y (K) =
k and supy J < 0.

Proof Let X; C H be a subspace of dimension k. Consider the following norm in Xj:

|y, = (/BN K(d@))(lul” + [v[?) dVBNY.

Since X; C H has finite dimension, there exists a > 0 such that

1
al@ )y, =[] < =@y, Y eX

Therefore, we obtain from (Q3) that

2p-2

J,v) < | @w)|*7 - C/]BN K(d@))(jul” + W) dVen = [ @0 [7 = Cl )],
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where C € R is a positive constant. We then conclude that

a1
T < |y ( gt _c>.

2p-2 1
Let A = al% and consider the set K = {(u,v) € X : [|(u, V) ||x, = %Cj} then
AP
J(u,v) < C—<—_ - 1) <0, V(u,v)eKk.

We get that supgJ < 0, where K C H is a compact and symmetric set such that
y(K) =k. O

Finally, from Lemmas 3.2 and 3.3, Theorem 3.1 implies the existence of at least k distinct
pairs of critical points for the functional /. Since k is arbitrary, we obtain infinitely many
critical points in H.

In view of Lemma 3.1, we conclude that the functional / possesses, together with I,
infinitely many critical points in H.

Finally, we point out that since H is a closed subspace of the Hilbert space H'(BY) x
HY(BY), following some ideas in [4, 15], we can conclude that (i,v) is a critical point in
H'(BN) x HY(BN).

4 Further result
We can apply the same method used in the proof of Theorem 1.1 to establish the existence
of infinitely many solutions for the following semilinear elliptic equation:

— A% u = K(d()ulr2u,

(Hx)
ueBEcH!(BY), N=>3,

where K satisfies (K1) - (K»), —Agy is the Laplace—Beltrami type operator

—ApNU = —(p(x))fN diV(p(x)N_2 (d(x))aVu)

and

1
2
E= {u € H} (BY) : ||ulls = (/ (d®)* | VanulZy dVBN) < oo}.
BN
We obtain the following result.
Theorem 4.1 Under hypotheses (K1)—(K3), (Hx) equation has infinitely many solutions.

The energy functional corresponding to (#:x) is

1

o 1
I(u) = 3 /B N (dx)* | Venulsy dVin — p /B N K(d(x))|ul? dVin (5)

defined on E.

Page 10 of 12
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Problem (#x) is closely related to the one studied by Carrido, Faria, and Miyagaki [4].
In [4], they proved that the map u —> d(x)”u from E to L1(BY) is compact for g € (2, 771),
where

2N

Wi = N-2-2m+a

if m< w,

00 if otherwise

and then there exists a positive constant C > 0 such that

q
2
/ d(x)ﬂ|u(x)|quEN < C(/ (d(x))a|VIBNM|]E;N dVIBN) ) (6)
BN BN
. _ B o N
by taking m = 7 with2<g< NEEY I

Using (K7)—(K>) together with inequality (6), we get that the functional I is well defined.
This functional is not bounded from below, hence we cannot apply Clark’s technique [12].
In order to overcome this difficulty, we consider the auxiliary functional

p-1
¥ (u) = ( fm N (d(x)* | Venully dVEN> - /B N K(d®))|ulP dVg, 7)

where p € (2, 25), u €k, and

2p—4

W) = 2p -2 A; (@6)" (Vavas Vanvon dVan
- / K(d())ulP*uvd V. )
]BN

We have the corresponding results of Lemmas 3.1, 3.2, and 3.3 for problem (# ). The set
of critical points of ¥ is related to a set of critical points of I and ' satisfies the conditions
of Theorem 3.1.

Lemma 4.1 Ifu € E, u #0 is a critical point for , then v= ———*——+ is a critical

[(2p-2)lull? 1 P-2

point for 1.
Lemma 4.2 (u) is bounded from below and satisfies the Palais—Smale condition (PS).

Lemma 4.3 Given k € N, there exists a compact and symmetric set K € E such that y (K) =
k and supy ¥ < 0.

From Lemmas 4.2 and 4.3 and Theorem 3.1, we conclude that the functional / possesses
infinitely many critical points.
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