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1 Introduction
Nobody can deny the importance of convex functions in the field of mathematical analysis,
mathematical statistics, and optimization theory. These functions motivate towards the
theory of convex analysis, see [17-19].

We start with the definition of convex function.

Definition 1 A function f: [a,b] — R is said to be convex if
S+ (1-2)y) <tf@) + (1L -0f () (1.1)

holds for all x,y € [a, b] and ¢ € [0, 1]. If inequality (1.1) is reversed, then the function f will
be the concave on [a, b].

Convex functions have been generalized theoretically extensively; these generalizations
include m-convex function, n-convex function, r-convex function, %-convex function,
(h — m)-convex function, («, m)-convex function, s-convex function, and many others.
Here we are interested in the generalization of a convex function known as (s, 71)-convex
function [3].

Definition 2 A function f : [0,b0] — R, b > 0, is said to be (s, m)-convex, where (s, m) €
[0,1]? if

f(tx+m(1 - 0)y) < £f(x) + m(1 - £)°f (y) (1.2)

holds for all x, ¥ € [0, 5] and £ € [0, 1].
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The following remark comprises the functions which can be obtained from the above
definition.

Remark 1
(i) If (s,m) = (1,m), then (1.2) produces the definition of m-convex function.
(i) If (s,m) = (1,1), then (1.2) produces the definition of convex function.
(iil) If (s,m) = (1,0), then (1.2) produces the definition of star-shaped function.

The goal of this paper is to prove generalized integral inequalities for (s, m)-convex func-
tions by the help of generalized integral operator given in Definition 7. This operator has
interesting implications in fractional calculus operators. In the following we give defini-

tions associated with Definition 7.

Definition 3 Letf € L;[a, b]. Then the left-sided and right-sided Riemann-Liouville frac-
tional integral operators of order u € C (R(u) > 0) are defined as follows:

Klpf(x) = ﬁ [;(x - (@) dt, x>a, (1.3)
b
Iy f(x) = ﬁ/ (t—x)’klf(t) dt, x<b. (1.4)

A k-fractional analogue of Riemann—Liouville fractional integral operator is given in [16].

Definition 4 Letf € L;[a, b]. Then the k-fractional integral operators of f of order . € C,
R(i) > 0, k > 0 are defined as follows:

1K F () = krl(#) / -0 () dt, x>a, (1.5)
it fw) = —— [Ce—ntp@ds x<b (1.6)
b S (% _W/x —x)kf , x<b. )

A more general definition of the Riemann—-Liouville fractional integral operators is given
in [13].

Definition 5 Let f : [a,b] — R be an integrable function. Also, let g be an increasing and
positive function on (g, b], having a continuous derivative g’ on (a, b). The left-sided and
right-sided fractional integrals of a function f with respect to another function g on [a, b]
of order € C (R(u) > 0) are defined as follows:

§1a+f(x)=%m / (gx) - g(@®))" TYOfOdt, x>a, (1.7)
b
(0= 1 [ e -e) e erodr <, (18)

where I"(-) is the gamma function.

Definition 6 ([14]) Letf: [a,b] — R be an integrable function. Also, let g be an increasing
and positive function on (a, b], having a continuous derivative g’ on (a, b). The left-sided
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and right-sided k-fractional integral operators, k > 0, of a function f with respect to an-
other function g on [a, b] of order u € C, R(u) > 0 are defined as follows:

1 * ®_q
k _ /
Flgef () = ka(M)/a (g) —g®) F g Wf () dt, x>a, (1.9)
k 1 b K_q ,
odp f®) ) / (g0 —gw) g @)f (0 dt, x<b, (1.10)
where I(-) is the k-gamma function.
The following generalized integral operator is given in [5].
Definition 7 Let f,g: [a4,0] — R, 0 < a < b, be the functions such that f is positive and

f € Lila,b], and g be differentiable and strictly increasing. Also, let % be an increasing
function on [a, 0c). Then, for x € [a, b], the left and right integral operators are defined as

follows:
(F:igf)(x) = /xKg(x, t;qb)f(t)d(g(t)), x> a, (1.11)
b
(FP%f) () = / Ko (t,x;9)f (0)d(g(t)), x<b, (1.12)

where Kg(x,y;¢) = %.

Integral operators defined in (1.11) and (1.12) produce several fractional and con-
formable integral operators defined in [1, 2, 8,9, 11-13, 22, 25].

Remark 2 Integral operators given in (1.11) and (1.12) produce several known fractional
and conformable integral operators corresponding to different settings of ¢ and g.

(i) If we consider ¢(t) = kF (u)’
(1.9) and (1.10) fract10nal integral operators.

then (1.11) and (1.12) integral operators coincide with

(i) If we consider ¢(¢) = =, u >0, then (1.11) and (1.12) integral operators coincide
with (1.7) and (1.8) fractlonal integral operators.
}L

(i) If we consider ¢(t) = 775 Fk(u) and g as an identity function, then (1.11) and (1.12)
integral operators comc1de with (1.5) and (1.6) fractional integral operators.

(iv) If we consider ¢(t) = ( , 1 >0, and g the identity function, then (1.11) and (1.12)
integral operators c01nC1de with (1. 3) and (1.4) fractional integral operators.

(v) If we consider ¢(¢) = +— and glx) =%, p >0, then (1.11) and (1.12) produce
Katugampola fractlonal 1ntegral operators defined by Chen et al. in [1].

<, 5> 0, then (1.11) and (1.12) produce

generalized conformable integral operators defined by Khan et al. in [1 1]

;/.
(vii) If we consider o(t) = krk(#) and g(x) = &2’ ¢35 0,in (1.11) and ¢(¢) = ka(u)

glx) =—"==-,5>0,in (1.12) respectlvely, then conformable (k, s)-fractional

(vi) If we consider ¢(¢) = and gx) =

+

and

1ntegrals are achieved as deﬁned by Hablb etal. in [8].
> then (1.11) and (1.12) produce

conformable fractional integrals defined by Sarikaya et al. in [22].

(viii) If we consider ¢(¢) = ¢ F (u) and g(x) =

1+s



Chel Kwun et al. Advances in Difference Equations (2020) 2020:5 Page 4 of 14

(ix) If we Con51der o(t) = and glx) = &= “) ,$>0,in (1.11) and ¢(¢) = and
gx) =
ach1eved as defined by Jarad et al. in [9].
(x) If we consider ¢(£) = £t F,(w(£)?), then (1.11) and (1.12) produce generalized
k-fractional integral operators defined by Tunc et al. in [25].

,$>0,in (1 12) respectlvely, then conformable fractlonal 1ntegrals are

(xi) If we consider ¢(¢) = w, A= 1;_4“’ u > 0, then the following generalized

fractional integral operators with exponential kernel are obtained [2]:

gEﬂ+f(x) = % /x exp(—l_T'u(g(x) —g(t)))f(t) dt, x>a, (1.13)

. 1 [ 1-pu

éEbj(x) = ;/ exp<—7(g(x) —g(t)))j(t) dt, x<b. (1.14)
(xii) If we consider ¢(t) = =— and g(t) = Int, then Hadamard fractional integral

operators will be obtamed (12, 13].
(xiii) If we consider ¢(t) = ( and g(t) = —t !, then Harmonic fractional integral

operators defined in [13] will be obtained and given as follows:

"w x
HRyf (x) = %/ (x—0)" 1f:+2 t, x>a, (1.15)
KRy f(x) F( )/ (t —x)~ 1f;ff1 x<b. (1.16)

(xiv) If we consider ¢(£) = t* Int, then left- and right-sided logarithmic fractional

integrals defined in [2] will be obtained and given as follows:

ELarf (@)= / (¢6) - g(®)" " In(e) - g)g DV dt, x>a, (117)

§ Ly f(x) = / (e - g@))" " In(gx) - g(®)g ®)dt, x<b. (1.18)

In recent decades fractional and conformable integral operators have been used by many
researchers to obtain corresponding operator versions of well-known inequalities. For
some recent work, we refer the reader to [1, 2, 7, 8, 10, 20, 21, 24-26]. In the upcom-
ing section we derive the bounds of sum of the left- and right-sided integral operators
defined in (1.11) and (1.12) for (s, m)-convex functions. These bounds lead to producing
results for several kinds of well-known operators for convex function, m-convex function,
s-convex function, and star-shaped function. Further, in Sect. 3, bounds are presented in
the form of a Hadamard inequality, from which several fractional Hadamard inequalities

are deduced.

2 Bounds of integral operators and their consequences
Theorem 1 Let f : [a,b] — R be a positive (s, m)-convex function with m € (0,1], and let
g [a,b] — R beadifferentiable and strictly increasing function. Also, let % be an increasing

function on [a,b]. Then, for x € [a, b], the following inequality for integral operators (1.11)
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and (1.12) holds:
(E2E) @) + (Epf) )
S Ky (x,a;0) <(x ) <mf( >g(x) -/( a)g(a))

(x—a)®

—I'(s+1) (mf(%)s - g(a) —f(a)51a+g(x)>)

, Kb ) ((b—x)s<f( g(b) - mf( )g(x))
b

I+ 1) (f(b)szbg(x) - mf(%) x+g<b>)).

Proof For the kernel of integral operator (1.11), we have

Kq(x,t;0)g (t) < Ky(x,a; )¢’ (t), x € (a,b] and £ € [a, x).

An (s, m)-convex function satisfies the following inequality:

)= (;‘%;)ﬂa) +m(;:z>f(%> me 1l

Inequalities (2.2) and (2.3) lead to the following integral inequality:

/ Ky, 0)g (0 (1) dit

a

§I(g(x,a;¢)(f(a)/ <;%”;> g/(t)dt+mf(%)/ (;:—‘;) g’(t)dt),

while (2.4) gives

Ky(x,a;9)

(E2)0) = S0 (o ay (£ )t -t

-I'(s+1) (mf(%)slx-g(a) —f(a)s1a+g(x))>.

Again, for the kernel of integral operator (1.12), we have
Kq(t,x;0)g (t) < Kq(b,x;0)g' (),  t € (x,b] and x € [a, D).

An (s, m)-convex function satisfies the following inequality:

s (3= )f(b) Vn<];_t>f<z>, me 0,11

Inequalities (2.6) and (2.7) lead to the following integral inequality:

b
/ K, (t,%;9)g (0)f (¢) dt

b _ s b
sKg(b,x;qs)(f(b) / (2%;) g’(t)dt+mf(%) / ( bf)g(t)dt)

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

Page 5 of 14
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while (2.8) further gives

b 3
(F557)00 = 5220 (-0 (10006 - (2 )t

o 1)(f(b)szbg(x) —mf(%)s x+g<b>)). (29)
By adding (2.5) and (2.9), (2.1) can be obtained. a

The following remark connects the above theorem with already known results.

Remark 3
1. For ¢(t) = t“ , >0, and (s,m) = (1,1) in (2.1), [6, Theorem 1] can be achieved.
2. For ¢(t) = #—, >0, g(x) =x,and (s,m) = (1,1) in (2.1), [4, Theorem 1] can be
achieved.

3. For (s,m) =(1,1) in (2.1), [15, Theorem 1] can be achieved.

The following results indicate upper bounds of several known fractional and con-

formable integral operators.

Proposition1 Let ¢(t) = T M > 0. Then (1.11) and (1.12) produce the fractional integral
operators (1.7) and (1.8) asfollows

t/" z/”

ELPR) 0 =L f @, (B ) @) = L f ). (2.10)

Further, they satisfy the following bound for i > 1:

(L f) () + (G f ) )

€0 (= gt
= marrg \FTO, o0 @@

—I(s+1) (mf(%)l 2(@) —f(@) Ly g(x)))

_ -1
+4@(Z’)_x§(;‘)(f) ((b—x)s<f( o(b) - mf( )g(x))

Sr(s+1) (f(b)slbg(x) - mf(%>51x+g<b))).

Proposition 2 Let g(x) = I(x) = x. Then (1.11) and (1.12) produce integral operators de-
fined in [23] as follows:

Yox-1t)

(FE1) )= o)) = [ o)t 211)
b _
(FEF) @) = (- L)) = / o x)f(t)dt. (2.12)

Page 6 of 14
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Further, they satisfy the following bound:

(a+ Lpf) () + (p-14f) (%)

< (i(f o ( (mf( )g(x) /i a)g(a))
I'(s+1) (mf( )slx-g(a) —f(a)sla+g(x))>

b
o0y ((b— )5<f(b)g(b) mf( )g(x))

I+ ) (f(b)%g(x) - mf(%)slwg(b))).

/L

Corollary 1 If we take $(t) = . ( e
operators (1.9) and (1.10) as follows:

then (1.11) and (1.12) produce the fractional integral

2 I
tk tk
B4

ESP N @) =11 f 0, (BT ) ) = I (). (2.13)

Moreover, from (2.1) the following bound holds for . > k:
(L)) + (1) @)

_ 21
5%( ‘”)S(mf < )g<x) fa)g(a))

—I'(s+1) (mf (%)Slx—g(a) —fla)’l,+g (x)>>

e s (P (2)e)
Aol Gl UL ORI P O

I+ 1) (f(b)%g(x) - mf(%) x+g<b))).

t”’

Corollary 2 If we take ¢(t) = , >0, and g(x) = —, p >0, then (1.11) and (1.12) pro-
duce the fractional integral opemtors defined in [1] as follows

tH 1 m x

(ELPP) @) = (L f) ) = 2 ). (22 —£°)" e Y () it (2.14)
e _ (Pl _p ’ o _ o\ L1
(E,-" ) @) = ( Ib_f)(x)_m (¢2 =x)"" e f (o) dt (2.15)

Moreover, from (2.1) they satisfy the following bound.:
("Laef) @) + (P f) )

(x’] _ aﬁ)u—l i x
< i (o (7 (5 Jew -saa)

—I'(s+1) (mf(%)s - g(a) —f(a)slmg(x)))

Page 7 of 14
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(b° — xP)n-1 s x
F BTG (”’ ) (f (blg(b) = mf <Z)g(’c)>

CI(s+1) (f(b)szbg(x) - mf(%) x+g<b>)).

Corollary 3 If we take ¢(t) = F(u)’ u >0, and g(x) = ’;”—:11, n >0, then (1.11) and (1.12)
produce the fractional integral operators defined as follows:

1"[(;) g _(n _ (m+ 1)17#‘ ¥ nl el \B-1 oy

(F""f) @) = ("ILf) () = T /a (=Y T () dt, (2.16)
Iffft)'g " (n+ 1)1 “orr n+l e\l

(F,-""f) ) = ("I, f) (%) =Ty /x ("t =2 T (o) dit (2.17)

Moreover, from (2.1) they satisfy the following bound:

("I S ) &) + ("L ) ()

(xn+1 n+1);¢ 1
= @ (o) + 1 1((" o (o ( )g(x) 0

_I(s+1) (mf(%)] 2(a) — f(a) Ls g(x)))

(bn+1 _ xn+1)u—1 s x
T =2 (T )+ 1ye1 ((b = (f (blg(b) = mf (Z>g m)

—T(s+1) (f(b)‘]b- ax) - mf(%)[ g(b))).

Remark 4 The bounds of Riemann-Liouville fractional and k-fractional integrals can be

;/.
computed by setting ¢(¢) = =, g(¢) =t and ¢(t) =
leave it for the reader.

T Fk mL , g(t) = t respectively in (2.1), we

For the function f which is differentiable and |f’| is (s, #)-convex, the following result
holds.

Theorem 2 Letf : I — R be a differentiable function if |f'| is (s, m)-convex with m € (0,1],
and let g : 1 — R be a differentiable and strictly increasing function. Also, let % be an in-

creasing function on I, then for a, b € I, a < b the following inequalities for integral operators
hold:

F5(F ) ’“’“"”’(( —a>3< P( )‘ (x) - (a>|g(a)

—F(s+1)<mp< )51 ~g(@) - |f'(@)[ L+ g(x ))

\F¢W*g><x|<l((bx’ )(”— >S(lf<b HOR P( )

-I'(s+ 1)(V(b)|51b g(x) — mP( )

(%)

x+g(b)>> (2.19)
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where

x b
Ff;g(f xg)(x) = / Kq(x, t;9)g ()f ' (¢) dt, FZ_’g(f *g)(x) = / K, (t, x5 0)g (t)f '(¢) dt.

a X

Proof An (s, m)-convex function |f'| satisfies the following inequality:

rol=(2) ralem(=5) 1 (2)

from which we can write

ro= () ralem(Z2) br(2)] 21

Inequalities (2.2) and (2.21) lead to the following integral inequality:

, me(0,1], (2.20)

/a ’ Kq(x, t;¢)g ()f ' (¢) dt
SKg(x,a;qb)({f/(a)! ;(9%>Sg’(t)dt
+mp(%) [(ii‘;)sg/(t)dt), (2.22)
while (2.22) further gives
< e o ()

- (s+ 1)<m V(%) ’I,-g(a) - V’(a)|s a+g(x))>. (2.23)

From (2.20) we can write

f’(t)z—<( )[f(a)|+m(t ‘;) P(%)D (2.24)

Adopting the same method as we did for (2.21), the following integral inequality holds:
) K,(x, a; p) s % ,
FRE(f e @)@) = ——=—=( (e —a) (mlf | = ) e - |f @@
(x —a) m

—I'(s+ 1)(m }j’(%) *I,-g(a) - [f’(a)|s mg(x))). (2.25)

From (2.23) and (2.25), (2.18) can be obtained.

An (s, m)-convex function |f’| satisfies the following inequality:

) lf(b)|+WI(b ;) P(Z)’ m e (0,1], (2.26)

o) - |f (@ |g(a))

I (

Page 9 of 14
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from which we can write

f(t)<< )[f(b)lwn(b ;)1/(%» (2.27)

Inequalities (2.6) and (2.27) lead to the following integral inequality:

b
/ K, (t, % ¢)g (t)f'(t) dt

< Kq(b, x,d))( b)’/ < )g(t)dt
b
+mp<%) <z_ t) g(t)dt> (2.28)

while (2.28) further gives
g(x))

Ky (b, x;
B 00 = 5250 (-2 (o) -y (2)
: x+g(b))>. (2.29)

(b-xy

~I(s+ 1)([f’(b)\51bg(x) - mp(ﬁ>
m

From (2.26) we can write

f=- <(Z_x)slf b)|+m<£’_i>sv<%>‘>. (2.30)

Adopting the same method as we did for (2.27), the following inequality holds:

K,(b,x;
FS(f % g)() > —% ((b _ (Lf/(b) 6(b) - ml/ (%) ‘g(x))

x)
-I(s+ 1)([f’(b)|51bg(x) - mP(%) . x+g(b))>. (2.31)
From (2.29) and (2.31), (2.19) can be obtained. a

3 Hadamard type inequalities for (s, m)-convex function
In order to prove our next result, we need the following lemma.

Lemma 1 Letf:[0,00] — R be an (s, m)-convex function with m € (0,1]. If0 <a < b and
fx) —f(‘”fq LX) then the following inequality holds:

f(a;b) < %(1 +m)f(x), x€la,b]. (3.1)

Proof Since f is (s, m)-convex, the following inequality is valid:

A(452) = b (e ) o1 1) (D),
/(52) = 5 (ro e mr(2272)),

By using f(x) = f (“*mﬂ) in the above inequality, we get (3.1). O
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By applying Lemma 1, we prove the following Hadamard type inequality.

Theorem 3 Let f : [a,b] — R be a positive (s, m)-convex function with m € (0,1], f(x) =
f (‘”b’x) and g : [a,b] — R be a differentiable and strictly increasing function. Also, let Q

be an increasing function on |a, b]. Then, for (o, m) € [0,1]2, the following inequality holds

25f (b
T (@ (1))

< (EP%f) (@) + (F25F) (b)
< 2K, (b, a;¢)(f(b)g(b) - lﬁ(%)g(a)

S (f(b)slb—g(a) - mf(ﬁ)s a+g(b))).
—a) m

Proof For the kernel of integral operator (1.11), we have

Ky (x,a;)g (x) < Ky(b,a;9)g (),  x € (a,b].

An (s, m)-convex function satisfies the following inequality:

f(x)s(%)sf(b) ”’(Z Z) f(z>, e o1,

Inequalities (3.3) and (3.4) lead to the following integral inequality:

b
/ Ky (%, a; $)g (x)f (x) dx

<K(ba¢)<f(b)/< )g<x)d“mf( )/b<

while (3.5) further gives

b-

b—a

b )
(FF) (@ < K(,i—””((f(m —f (£ )et@) 0 -ar

s+ 1)(f<b)51b gla f( ) Ia+g(b)>>.

(3.3)

(3.4)

)Sg (%) dx), (3.5)

On the other hand, for the kernel of integral operator (1.12), we have

Ky (b,x;0)g (%) < Ky(b, a; ) (%).

Inequalities (3.4) and (3.7) lead to the following integral inequality:

b
/ Ky(by % 8)g (x)f (x) dx

a

<10 [ (222) gwarenr(2) [ (12

b-
b—a

)Sg (x) dx)

(3.7)

Page 11 of 14
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while the above inequality gives

b,a;
(E*%F)(b) < Kf;_—‘;)‘” <(f(b)g(b) - W(%)g(a)) (b ay
I+ 1>(f(b>szb-g(a f( ) g b))) (3.8)

From (3.6) and (3.8), the following inequality can be obtained:
K, (b, a;
(F£0)0)+ (1) @) = 25220 (10160 - mf (£ )ot@) ) - a7
P (6 g -mf (2 ) eg®) ). 69

Now, using Lemma 1 and multiplying (3.1) with Ky(x, a; ¢)g’(x), then integrating over
[a, b], we have

/ K, (x,a,qﬁ)f( ) '(x)dx < —(1+m)/ K (x, a; 9)g (x)f (x) dx, (3.10)

from which we get

f(“ ; b )(F;j"gn(a) < %(1 + m)(E%f) (a). (3.11)

Again using Lemma 1 and multiplying (3.1) with K,(b,x;¢)g'(x), then integrating over
[a, b], we have

fb a+b
I(g(b,x;¢)f< )g (x)dx < —(1+m)/ K, (b, x; d)g (x)f (x) dx,

from which we get

f(d;b>(l-"¢g1)(b) = (1+m)(F¢gf)(b) (3.12)

From (3.11) and (3.12), the following inequality can be achieved:

f (#) ((FZ’-’gl)(a) + (F;”;gl)(b)) < %(1 +m)((FL5f) (@) + (FZ5F) (). (3.13)

From (3.9) and (3.13), (3.2) can be obtained. a

Remark 5 For (s,m) = (1,1), in (3.2), [15, Theorem 3] can be obtained.

/l,

Corollary4 Ifweput ¢(t) = TG then inequality (3.2) produces the following Hadamard
inequality:

28 a+b
f ( ) (j;lk (D@ + {13 (1)(B))

<y fla)+ LI f(b)
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p— E_l
< 2eb) gyt (f(b)g(b) - mf< - )g(u)

k() m
- oD (r0r gt -mf (£ e ) (319
— ﬂ) m
Corollary 5 Ifwe put ¢(t) = #’;), then inequality (3.2) produces the following Hadamard
inequality:
21 (42)
D Eh-W@ + {1 (1))
<g¢lb f(a)+ ;1S (D)
b) - -l
< % (f(b)g(b) - mf(%)g(ﬂ)
- 429 6+ 1) (f(b)szbg(a> - mf(ﬁ)vmg(b))). (3.15)
Y m

Remark 6 The Hadamard inequality for Riemann—Liouville fractional and k-fractional

/23
integrals can be computed by setting ¢(¢) = Ifé;) ,g(t) =tand ¢(¢) = #k(m, g(t) = t respec-

tively in (3.2), we leave it for the reader.

4 Concluding remarks

This work produces some generalized integral operator inequalities via (s, 71)-convex
function. From these inequalities the bounds of all integral operators defined in Remark 2
can be established for convex function, m-convex function, s-convex function, and star-
shaped function. The reader can produce a plenty of Hadamard type inequalities for frac-

tional and conformable integral operators deduced in Remark 2 by applying Theorem 3.

Acknowledgements
We thank the editor and referees for their careful reading and valuable suggestions to make the article reader friendly.

Funding
This work was supported by the Dong-A University Research Fund.

Availability of data and materials
There is no additional data required for the finding of results of this paper.

Competing interests
Itis declared that the authors have no competing interests.

Authors’ contributions
All authors have equal contribution in this article. All authors read and approved the final manuscript.

Author details

Department of Mathematics, Dong-A University, Busan, South Korea. ?Department of Mathematics, COMSATS University
Islamabad, Attock, Pakistan. *Department of Mathematics and RINS, Gyeongsang National University, Jinju, South Korea.
“Center for General Education, China Medical University, Taichung, Taiwan. °Department of Mathematics, Air University,
Islamabad, Pakistan.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 10 October 2019 Accepted: 16 December 2019 Published online: 03 January 2020



Chel Kwun et al. Advances in Difference Equations (2020) 2020:5 Page 14 of 14

References

1.

2.

w

22.

23.

24.

25.

26.

Chen, H., Katugampola, UN.: Hermite—-Hadamard and Hermite—-Hadamard-Fejér type inequalities for generalized
fractional integrals. J. Math. Anal. Appl. 446, 1274-1291 (2017)

Dragomir, S.S.: Inequalities of Jensen'’s type for generalized k — g-fractional integrals of functions for which the
composite f o g! is convex. RGMIA Res. Rep. Collect. 20, Article ID 133 (2017)

. Efthekhari, N.: Some remarks on (s, m)-convexity in the second sense. J. Math. Inequal. 8(3), 485-495 (2014)
. Farid, G:: Some Riemann-Liouville fractional integral for inequalities for convex functions. J. Anal. (2018).

https://doi.org/10.1007/541478-0079-4

. Farid, G.: Existence of an integral operator and its consequences in fractional and conformable integrals. Open J.

Math. Sci. 3, 210-216 (2019)

. Farid, G, Nazeer, W, Saleem, M.S., Mehmood, S., Kang, S.M.: Bounds of Riemann-Liouville fractional integrals in

general form via convex functions and their applications. Mathematics 6(11), Article ID 248 (2018)

. Farid, G, Rehman, A.U, Ullah, S.,, Nosheen, A, Waseem, M., Mehboob, Y:: Opial-type inequalities for convex function

and associated results in fractional calculus. Adv. Differ. Equ. 2019, Article ID 152 (2019)

. Habib, S, Mubeen, S., Naeem, M.N.: Chebyshev type integral inequalities for generalized k-fractional conformable

integrals. J. Inequal. Spec. Funct. 9(4), 53-65 (2018)

. Jarad, F, Ugurlu, E, Abdeljawad, T, Baleanu, D.: On a new class of fractional operators. Adv. Differ. Equ. 2017, Article ID

247 (2017)

. Kang, S.M,, Farid, G, Waseem, M., Ullah, S., Nazeer, W.,, Mehmood, S.: Generalized k-fractional integral inequalities

associated with (oe, m)-convex functions. J. Inequal. Appl. 2019, Article ID 255 (2019)

. Khan, TU, Khan, M.A.: Generalized conformable fractional operators. J. Comput. Appl. Math. 346, 378-389 (2019)
. Kilbas, AA, Marichev, Ol Samko, S.G.: Fractional Integrals and Derivatives. Theory and Applications. Gordon &

Breach, New York (1993)

. Kilbas, A.A, Srivastava, H.M.,, Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. North-Holland

Mathematics Studies, vol. 204. Elsevier, New York (2006)

. Kwun, Y.C, Farid, G, Nazeer, W, Ullah, S., Kang, S.M.: Generalized Riemann-Liouville k-fractional integrals associated

with Ostrowski type inequalities and error bounds of Hadamard inequalities. [EEE Access 6, 64946-64953 (2018)

. Mishra, V.N,, Farid, G, Bangash, BK.: Bounds of an integral operator for convex functions and results in fractional

calculus (submitted)

. Mubeen, S., Habibullah, G.M.: k-Fractional integrals and applications. Int. J. Contemp. Math. Sci. 7(2), 89-94 (2012)
. Niculescu, C.P, Persson, L.E.: Convex Functions and Their Applications, a Contemporary Approach. CMS Books in

Mathematics, vol. 23. Springer, New York (2006)

. Pecari¢, JE, Proschan, F, Tong, Y.L.: Convex Functions, Partial Orderings, and Statistical Applications. Academics Press,

New York (1992)

. Roberts, AW, Varberg, D.E.: Convex Functions. Academic Press, New York (1973)
. Saleem, M.S,, Set, J.P, Munir, M,, Ali, A, Tubssam, M.S.l.: The weighted square integral inequalities for smooth and weak

subsolution of fourth order Laplace equation. Open J. Math. Sci. 2(1), 228-239 (2018)

. Sarikaya, M.Z, Alp, N.: On Hermite—Hadamard-Fejér type integral inequalities for generalized convex functions via

local fractional integrals. Open J. Math. Sci. 3(1), 273-284 (2019)

Sarikaya, M.Z, Dahmani, M, Kiris, M.E, Ahmad, F.: (k, s)-Riemann-Liouville fractional integral and applications. Hacet. J.
Math. Stat. 45(1), 77-89 (2016). https://doi.org/10.15672/HIMS.20164512484

Sarikaya, M.Z,, Ertugral, F: On the generalized Hermite-Hadamard inequalities.
https.//www.researchgate.net/publication/321760443

Sarikaya, M.Z,, Kaplan, S.: Some estimations Cebysev-Gruss type inequalities involving functions and their derivatives.
Open J. Math. Sci. 2(1), 146-155 (2018)

Tunc, T, Budak, H., Usta, F, Sarikaya, M.Z.: On new generalized fractional integral operators and related fractional
inequalities. https://www.researchgate.net/publication/313650587

Ullah, S, Farid, G, Khan, KA, Waheed, A, Mehmood, S.: Generalized fractional inequalities for quasi-convex functions.
Adv. Differ. Equ. 2019, Article ID 15 (2019)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1007/s41478-0079-4
https://doi.org/10.15672/HJMS.20164512484
https://www.researchgate.net/publication/321760443
https://www.researchgate.net/publication/313650587

	Derivation of bounds of several kinds of operators via (s,m)-convexity
	Abstract
	Keywords

	Introduction
	Bounds of integral operators and their consequences
	Hadamard type inequalities for (s,m)-convex function
	Concluding remarks
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


