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Abstract
In this study, we discuss the existence of positive solutions for the system of
m-singular sum fractional q-differential equations

Dαi
q xi + gi(t, x1, . . . , xm,D

γ1
q x1, . . . ,Dγm

q xm)

+ hi(t, x1, . . . , xm,D
γ1
q x1, . . . ,Dγm

q xm) = 0

with boundary conditions xi(0) = x′
i (1) = 0 and x(k)i (t) = 0 whenever t = 0, here

2 ≤ k ≤ n – 1, where n = [αi] + 1, αi ≥ 2, γi ∈ (0, 1), Dα
q is the Caputo fractional

q-derivative of order α, here q ∈ (0, 1), function gi is of Carathéodory type, hi satisfy
the Lipschitz condition and gi(t, x1, . . . , x2m) is singular at t = 0, for 1 ≤ i ≤ m. By means
of Krasnoselskii’s fixed point theorem, the Arzelà-Ascoli theorem, Lebesgue
dominated theorem and some norms, the existence of positive solutions is obtained.
Also, we give an example to illustrate the primary effects.
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1 Introduction
Fractional calculus and q-calculus belong to the significant branches in mathematical anal-
ysis. In 1910, Jackson introduced the subject of q-difference equations [1]. Later, many
researchers studied q-difference equations [2–12]. On the other hand, there appeared
recently much work on q-differential equations by using different views and fractional
derivatives; young researchers could use the main idea in their work (see, for example,
[13–30]).

In 2010, the singular Dirichlet problem Dαx(t) + g(t, x(t), Dγ x(t)) = 0 under conditions
x(0) = x(1) = 0 was investigated by Agarwal et al., where α, γ belong to (1, 2), (0,α – 1),
respectively, the function g is of Carathéodory type on [0, 1] × (0,∞) × R and Dα is the
Riemann–Liouville fractional derivative [23]. In 2012, the fractional differential equation
cDαy(t) + w(t, y(t)) = 0, under boundary conditions y(0) = y′′(0) = 0 and y(1) = λ

∫ 1
0 y(s) ds,
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was investigated, where t,α,λ ∈ (0, 1), (2, 3), (0, 2), respectively, and the function w : J ×
[0,∞) → [0,∞) is continuous [24]. Also, in the same year, Ahmad et al., discussed the
existence and uniqueness of solutions for the fractional q-difference equations cDα

q u(t) =
T(t, u(t)), α1u(0) – β1Dqu(0) = γ1u(η1), and α2u(1) – β2Dqu(1) = γ2u(η2), for t ∈ I , where
α ∈ (1, 2], αi,βi,γi,ηi ∈ R, for i = 1, 2 and T ∈ C([0, 1] × R,R) [6]. In 2013, Zhao et al.
reviewed the q-integral problem (Dα

q u)(t) + f (t, u(t)) = 0, with conditions u(1), u(0) being
equal to μIβ

q u(η), 0, respectively, for almost all t ∈ (0, 1), where q ∈ (0, 1), and α, β , η belong
to (1, 2], (0, 2], (0, 1), respectively, μ is a positive real number, Dα

q is the q-derivative of
Riemann–Liouville and we have the real-valued continuous map u defined on I × [0,∞)
[10].

In 2014, the singular fractional problem cDα
0+ x(t) + f (t, x(t), cDσ

0+ x(t)) = 0 with bound-
ary conditions x(0) = x′(0) = 0 and x′(1) = cDσ

0+ x(1) investigated, where t, α, σ belong to
(0, 1), (2, 3), (0, 1), respectively, f : (0, 1] ×R

2 →R is continuous with f (t, x, y) may be sin-
gular at t = 0 and cDα

0+ is the Caputo derivative [31]. In 2017, Aydogan et al. and Shabibi et
al. studied sum-type singular fractional integro-differential equation with k-point bound-
ary conditions together some properties and sum fractional differential system with some
conditions, respectively [21, 22]. Also, in the same year, Zhou et al., provided existence
criteria for the solutions of p-Laplacian fractional Langevin differential equations with
anti-periodic boundary conditions:

{
Dβ

0+φp[(Dα
0+ + λ)x(t)] = f (t, x(t), Dα

0+ x(t)),
x(0) = –x(1), Dα

0+ x(0) = –Dα
0+ x(1),

and
{

qDβ

0+φp[(Dα
0+ + λ)x(t)] = g(t, x(t), qDα

0+ x(t)),
x(0) = –x(1), qDα

0+ x(0) = –qDα
0+ x(1),

for t ∈ [0, 1], where 0 < α,β ≤ 1, λ is larger than or equal to zero, 1 < α + β < 2, q ∈ (0, 1),
and φ(p)(s) = |s|p–2s, with p ∈ (1, 2] [15]. In 2019, Samei et al., investigated existence of so-
lutions for equations and inclusions of multi-term fractional q-integro-differential equa-
tions with non-separated and initial boundary conditions [9].

In this article, motivated by main idea of this work and by these achievements, we
are working to address the positive solutions for system of singular sum fractional q-
differential equations

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Dα1
q x1 + g1(t, x1, . . . , xm, Dγ1

q x1, . . . , Dγm
q xm)

+ h1(t, x1, . . . , xm, Dγ1
q x1, . . . , Dγm

q xm) = 0,
Dα2

q x2 + g2(t, x1, . . . , xm, Dγ1
q x1, . . . , Dγm

q xm)
+ h2(t, x1, . . . , xm, Dγ1

q x1, . . . , Dγm
q xm) = 0,

...
Dαm

q xm + gm(t, x1, . . . , xm, Dγ1
q x1, . . . , Dγm

q xm)
+ hm(t, x1, . . . , xm, Dγ1

q x1, . . . , Dγm
q xm) = 0,

(1)

under some conditions xi(0) = 0, x′
i(1) = 0 and dk xi(t)

dtk |t=0 = 0, for i ∈ Nm and k ∈ Nn–1 \ {1},
where αi ≥ 2, [αi] = n – 1, γi ∈ J = (0, 1), Dα

q is the Caputo fractional q-derivative of order α,
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Algorithm 1 The proposed method for calculated (a – b)(α)
q

Input: a, b, α, n, q
1: s ← 1
2: if n = 0 then
3: p ← 1
4: else
5: for k = 0 to n do
6: s ← s ∗ (a – b ∗ ak)/(a – b ∗ qα+k)
7: end for
8: p ← aα ∗ s
9: end if

Output: (a – b)(α)

the function gi is of Carathéodory type, hi satisfy Lipschitz condition and gi(t, x1, . . . , x2m)
is singular at t = 0 for i ∈ Nm, where Nκ = {1, 2, . . . ,κ}.

The rest of the paper is arranged as follows. In Sect. 2, we recall some preliminary con-
cepts and fundamental results of q-calculus. Section 3 is devoted to the main results, while
examples illustrating the obtained results and algorithm for the problems are presented
in Sect. 4.

2 Preliminaries
First, we point out some of the materials on the fractional q-calculus and fundamental
results of it which are needed in the next sections (for more information, refer to [1, 32,
33]). Then, some well-known theorems as regards the fixed point theorem and definitions
are presented.

Assume that q ∈ (0, 1) and a ∈ R. Define [a]q = 1–qa

1–q [1]. The power function (x – y)n
q

with n ∈ N0 is (x – y)(n)
q =

∏n–1
k=0(x – yqk) and (x – y)(0)

q = 1 where x, y are real num-
bers and N0 := {0} ∪ N [32]. Also, for real number α and a �= 0, we have (x – y)(α)

q =
xα
∏∞

k=0(x – yqk)/(x – yqα+k). If y = 0, then it is clear that x(α) = xα (Algorithm 1). The q-
Gamma function is given by Γq(z) = (1 – q)(z–1)/(1 – q)z–1, where z ∈R \ {0, –1, –2, . . .} [1].
Note that Γq(z + 1) = [z]qΓq(z). The value of the q-Gamma function, Γq(z), holds for in-
put values q and z with counting the number of sentences n in summation by simplifying
analysis. For this design, we prepare a pseudo-code description of the technique for esti-
mating the q-Gamma function of order n which we show in Algorithm 2. The q-derivative
of the function f is defined by (Dqf )(x) = f (x)–f (qx)

(1–q)x and (Dqf )(0) = limx→0(Dqf )(x), which is
shown in Algorithm 3 [2]. Also, the higher order q-derivative of a function f is defined by
(Dn

qf )(x) = Dq(Dn–1
q f )(x) for all n ≥ 1, where (D0

qf )(x) = f (x) [2]. The operator

Iqf (x) =
∫ x

0
f (s) dqs = x(1 – q)

∞∑

k=0

qkf
(
xqk),

for 0 ≤ x ≤ b, is called the q-integral of a function f , whenever the series is absolutely
converges [2]. If a in [0, b], then

∫ b

a
f (u) dqu = Iqf (b) – Iqf (a) = (1 – q)

∞∑

k=0

qk[bf
(
bqk) – af

(
aqk)],
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Algorithm 2 The proposed method for calculated Γq(x)
Input: n, q ∈ (0, 1), x ∈R \ {0, –1, 2, . . .}

1: p ← 1
2: for k = 0 to n do
3: p ← p(1 – qk+1)(1 – qx+k)
4: end for
5: Γq(x) ← p/(1 – q)x–1

Output: Γq(x)

Algorithm 3 The proposed method for calculated (Dqf )(x)
Input: q ∈ (0, 1), f (x), x

1: syms z
2: if x = 0 then
3: g ← lim((f (z) – f (q ∗ z))/((1 – q)z), z, 0)
4: else
5: g ← (f (x) – f (q ∗ x))/((1 – q)x)
6: end if

Output: (Dqf )(x)

whenever the series exists. The operator In
q is given by (I0

q f )(x) = f (x) and

(
In

q f
)
(x) =

(
Iq
(
In–1

q f
))

(x),

for n ≥ 1 [2]. It has been proved that (Dq(Iqf ))(x) = f (x) and (Iq(Dqf ))(x) = f (x)– f (0) when-
ever f is continuous at x = 0 [2]. The fractional Riemann–Liouville type q-integral of the
function f on [0, 1], for α ≥ 0, is given by (I0

q f )(t) = f (t) and

(
Iα

q f
)
(t) =

1
Γq(α)

∫ t

0
(t – qs)(α–1)f (s) dqs,

for t ∈ J and α > 0 [4, 7]. Also, the fractional Caputo type q-derivative of the function f is
given by

(cDα
q f
)
(t) =

(
I[α]–α

q
(
D[α]

q f
))

(t)

=
1

Γq([α] – α)

∫ t

0
(t – qs)([α]–α–1)(D[α]

q f
)
(s) dqs, (2)

for t ∈ [0, 1] and α > 0 [4, 7]. It has been proved that (Iβ
q (Iα

q f ))(x) = (Iα+β
q f )(x) and

(Dα
q (Iα

q f ))(x) = f (x), where α,β ≥ 0 [7]. By using Algorithm 2, we can calculate (Iα
q f )(x)

which is shown in Algorithm 4. One can find more details of fractional differential and
q-differential equations in [34–37].

Now, we present some necessary notions. Throughout this article, we denote L1(0, 1),
L1[0, 1], CR(0, 1), CR[0, 1], C1

R
[0, 1] by L, L, A, A, B, respectively. We say that a map θ : J ×

S → R
n is of Carathéodory type whenever the function t �→ θ (t, r1, . . . , rn) is measurable

for all (r1, . . . , rn) ∈ S and (r1, . . . , rn) �→ θ (t, r1, . . . , rn) is continuous for t ∈ J and for each
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Algorithm 4 The proposed method for calculated (Iα
q f )(x)

Input: q ∈ (0, 1), α, n, f (x), x
1: s ← 0
2: for i = 0 to n do
3: pf ← (1 – qi+1)α–1

4: s ← s + pf ∗ qi ∗ f (x ∗ qi)
5: end for
6: g ← (xα ∗ (1 – q) ∗ s)/(Γq(x))

Output: (Iα
q f )(x)

Algorithm 5 The proposed method for calculated
∫ b

a f (r) dqr
Input: q ∈ (0, 1), α, n, f (x), a, b

1: s ← 0
2: for i = 0 : n do
3: s ← s + qi ∗ (b ∗ f (b ∗ qi) – a ∗ f (a ∗ qi))
4: end for
5: g ← (1 – q) ∗ s

Output:
∫ b

a f (r) dqr

compact C ⊆ S there exists ψC ∈ L such that |θ (t, r1, . . . , rn)| ≤ ψC(t) for each t ∈ J and
(r1, . . . , en) ∈ C, here S = (0,∞)2m. At present, we consider four norms which will be used
in the sequel: ‖x‖ := sup{|x(t)| : t ∈ J}, ‖x‖1 :=

∫ 1
0 |x(t)|dt, ‖(x1, x2, . . . , xn)‖∗ := max{‖xi‖ :

i ∈ Nn} and

∥
∥(x1, x2, . . . , xn)

∥
∥∗∗ := max

{‖x1‖,‖x2‖, . . . ,‖xn‖,
∥
∥x′

1
∥
∥,
∥
∥x′

2
∥
∥, . . . ,

∥
∥x′

n
∥
∥
}

.

The following lemmas can be found in [34, 36–38].

Lemma 1 If x ∈A∩L with Dα
q x ∈A∩L, then Iα

q Dα
q x(t) = x(t) +

∑n
i=1 citα–i, where n is the

smallest integer greater than or equal to α and ci is some real number.

Lemma 2 Assume that a nonempty subset C of a Banach space X be a closed, convex.
Then, there exists c ∈ C such that c = O1(c) +O2(c) whenever the operators O1 and O2 are
compact and continuous, or a contraction, respectively.

Lemma 3 The unique solution for Dα
q x(t) + v(t) = 0 under conditions x′(1) = x(0) = x′′(0) =

· · · = xn–1(0) = 0, here v ∈L, α ∈ [2,∞) and n = [α] + 1, is x(t) =
∫ 1

0 Gα(t, qs)v(s) dqs, where

Gα(t, qs) =
t(1 – qs)(α–2)

Γq(α – 1)
,

whenever t ≤ s and

Gα(t, qs) =
t(1 – qs)(α–2)

Γq(α – 1)
–

(t – qs)(α–1)

Γq(α)
,

whenever s ≤ t, for all t, s ∈ J .



Samei Advances in Difference Equations         (2020) 2020:23 Page 6 of 23

Proof At first, by applying Lemma 1 and the boundary conditions, we conclude that
x(t) = –Iα

q v(t) + c1t and so x′(1) = –Iα–1
q v(1) + c1. Since x′(1) = 0, c1 = Iα–1

q v(1). Thus,
x(t) = –Iα

q v(t) + tIα–1
q v(1). Hence, we obtain

x(t) =
∫ 1

0
Gα(t, qs)v(s) ds,

where

Gα(t, qs)

⎧
⎨

⎩

t(1–qs)(α–2)

Γq(α–1) , t ≤ s,
t(1–qs)(α–2)

Γq(α–1) – (t–qs)(α–1)

Γq(α) , s ≤ t,
(3)

for each t, s ∈ J . �

Remark 1 Consider a q-Green function as in (3). It can be seen that Gα(t, qs) > 0 if t ≤ s for
each t, s ∈ J . Also, Gα(t, qs) > 0 whenever s < t if and only if (t – qs)(α–1) < t(α – 1)(t – qs)(α–2)

for all t, s ∈ J . In addition

tα(α – 1)
Γq(α + 1)

≤ t
Γq(α)

–
tα

Γq(α + 1)
≤
∫ 1

0
Gα(t, qs) dqs (4)

and ∂
∂t Gα(t, qs) > 0 for t, s ∈ J . Moreover, Gα , ∂

∂t Gα ∈ CR(J × J), ∂
∂t Gα(t, qs) ≤ 1

Γq(α–1) and
∫ 1

0
∂
∂t Gα(t, s) ≥ 1–tα–1

Γ (α) , for almost all t, s ∈ J .

Remark 2 Let u ∈ C1
R

(J) and γ ∈ J . Since

Dγ
q u(t) =

1
Γq(2 – γ )

∫ t

0
(t – qs)–γ u′(s) dqs,

for all t ∈ J ,

∣
∣Dγ

q u
∣
∣≤ ‖u′‖

Γq(1 – γ )

∫ t

0
(t – qs)–γ dqs =

‖u′‖
Γq(2 – γ )

t1–γ (5)

and so Γq(2 – γ )|Dγ
q u| ≤ ‖u′‖ and Dγ

q u ∈ CR(J).

3 Main results
Now, we consider the following assumptions for the problem (1):

(A1) The maps gi are Carathéodory functions on J × S and there exist positive
constants �i such that gi(t, u1, . . . , u2m) ≥ �i for each t ∈ J and all (u1, . . . , u2m) ∈ S
where i ∈ Nm.

(A2) The maps hi are nonnegative and

∣
∣hi(t, u1, . . . , u2m) – hi(t, v1, . . . , v2m)

∣
∣≤

2m∑

k=1
iMk|uk – vk|, (6)
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for each t belonging to J and for almost all (u1, . . . , u2m), (v1, . . . , v2m) ∈ S , where
iMj in [0,∞), for i ∈ Nm and j ∈ N2m, are constants such that

m∑

k=1

(

iMk + iMm+k

Γq(2 – γi)

)

< Γq(αi – 1). (7)

(A3) There exist some maps μ1, . . . ,μm ∈L, some nonincreasing maps
r1, . . . , rm ∈ CR(S) with

∫ 1

0
ri

(

L1tα1 , . . . , Lmtαm ,
L1(1 – γ1)

2
t1–γ1 , . . . ,

Lm(1 – γm)
2

t1–γm

)

dt < ∞

and some functions w1, . . . , wm ∈ CR(S) such that wi is nondecreasing in all
components, limx→∞ wi(x,...,x)

x = 0 and

gi(t, u1, . . . , u2m) + hi(t, u1, . . . , u2m)

≤ ri(u1, . . . , u2m) + μi(t)wi(u1, . . . , u2m), (8)

for almost all t ∈ J and all (u1, . . . , u2m) ∈ S where LiΓq(αi + 1) = �i(αi – 1) for all
i ∈ Nm.

Now, we prove the following lemma.

Lemma 4 Suppose that P is the set of all (u1, . . . , um) belonging to Bm such that ui(t) and
u′

i(t) are larger than or equal to zero for t ∈ J and i ∈ {0}∪Nm. Also, for each natural number
n and i ∈ Nm, we define the maps

Hi(u1, . . . , um)(t) =
∫ 1

0
Gαi (t, qs)

× hi
(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)
dqs (9)

and

H(u1, . . . , um)(t) =

⎛

⎜
⎜
⎜
⎜
⎝

H1(u1, . . . , um)(t)
H2(u1, . . . , um)(t)

...
Hm(u1, . . . , um)(t)

⎞

⎟
⎟
⎟
⎟
⎠

, (10)

for all (u1, . . . , um) ∈P . Then the self-map H define on P is a contraction.

Proof First, by simple review, we can check that Hi(u1, . . . , hm)(t) ≥ 0 and

H ′
i (u1, . . . , um)(t) =

∫ 1

0

∂

∂t
Gαi (t, qs)

× hi
(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)
dqs

≥ 0
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for all t ∈ J , (u1, . . . , um) ∈P and i ∈ {0} ∪ Nm. On the other hand,

∥
∥Hi(u1, . . . , um) – Hi(v1, . . . , vm)

∥
∥

= sup
t∈J

∣
∣
∣
∣

∫ 1

0
Gαi (t, qs)

[
hi
(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)

– hi
(
s, v1(s), . . . , vm(s), Dγ1

q v1(s), . . . , Dγm
q vm(s)

)]
dqs

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫ 1

0
Gαi (t, qs) dqs

∣
∣
∣
∣

×
m∑

k=1

(
iMk‖uk – vk‖ + iMm+k

∥
∥Dγk

q uk – Dγk
q vk

∥
∥
)
.

By using Remark 2, we can conclude that

∥
∥Hi(u1, . . . , um) – Hi(v1, . . . , vm)

∥
∥

≤ 1
Γq(αi)

m∑

k=1

(

iMk‖uk – vk‖ + iMm+k

Γq(2 – γk)
∥
∥u′

k – v′
k
∥
∥
)

≤ ‖(u1, . . . , um) – (v1, . . . , vm)‖∗∗
Γq(αi)

m∑

k=1

(

iMk + iMm+k

Γq(2 – γi)

)

≤ ‖(u1, . . . , um) – (v1, . . . , vm)‖∗∗
Γq(αi – 1)

m∑

k=1

(

iMk + iMm+k

Γq(2 – γi)

)

for i ∈ Nm ∪ {0}. Hence,

∥
∥H(u1, . . . , um) – H(v1, . . . , vm)

∥
∥∗

= max
i∈Nm

∥
∥Hi(u1, . . . , um) – Hi(v1, . . . , vm)

∥
∥

≤ max
i∈Nm

{
1

Γq(αi – 1)

m∑

k=1

(

iMk + iMm+k

Γq(2 – γi)

)}

× ∥
∥(u1, . . . , um) – (v1, . . . , vm)

∥
∥∗∗.

In a similar way, we obtain

∥
∥H ′(u1, . . . , um) – H ′(v1, . . . , vm)

∥
∥∗

≤ max
i∈Nm

{
1

Γq(αi – 1)

m∑

k=1

(

iMk + iMm+k

Γq(2 – γi)

)}

× ∥
∥(u1, . . . , um) – (v1, . . . , vm)

∥
∥∗∗.
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Thus, we have

∥
∥H(x1, . . . , um) – H(v1, . . . , vm)

∥
∥∗∗

≤ max
i∈Nm

{
1

Γq(αi – 1)

m∑

k=1

(

iMk + iLm+k

Γq(2 – γi)

)}

× ∥
∥(u1, . . . , um) – (v1, . . . , vm)

∥
∥∗∗.

By assumption (A2) and inequality (7), we conclude that H is a contraction mapping. �

At present, for i ∈ Nm and n ∈N, we take

Fi,n(t, u1, . . . , u2m) = gi
(
t,χ1(u1), . . . ,χn(u2m)

)
,

where χn(x) = x whenever x ≥ 1
n and χn(x) = x whenever x < 1

n . By simple review, we can
check that

Fi,n(t, u1, . . . , u2m) + hi(t, u1, . . . , u2m)

≤ ri

(
1
n

, . . . ,
1
n

)

+ μi(t)wi

(

u1 +
1
n

, . . . , u2m +
1
n

)

,

Fi,n(t, u1, . . . , u2m) ≥ �i and

Fi,n(t, u1, . . . , u2m) + hi(t, u1, . . . , u2m)

≤ ri(u1, . . . , u2m) + μi(t)wi

(

u1 +
1
n

, . . . , u2m +
1
n

)

,

for all (u1, . . . , un) ∈ S , i ∈ Nm and each t ∈ J .
First, we investigate the system of regular fractional q-differential equations

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Dα1
q x1 + F1,n(t, x1, . . . , xm, Dγ1

q x1, . . . , Dγm
q xm) = 0,

Dα2
q x2 + F2,n(t, x1, . . . , xm, Dγ2

q x1, . . . , Dγm
q xm) = 0,

...
Dαm

q xm + Fm,n(t, x1, . . . , xm, Dγ1
q x1, . . . , Dγm

q xm) = 0,

(11)

with the same boundary conditions as in (1).

Lemma 5 Suppose that P is the set which is defined in Lemma 4 and i ∈ {0} ∪ Nm. Also,
let us, for each natural number n and i ∈ Nm, define the maps

Ti,n(u1, . . . , um)(t)

=
∫ 1

0
Gαi (t, qs)Fi,n

(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)
dqs (12)
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and

Ωn(u1, . . . , um)(t) =

⎛

⎜
⎜
⎜
⎜
⎝

T1,n(u1, . . . , um)(t)
T2,n(u1, . . . , um)(t)

...
Tm,n(u1, . . . , um)(t)

⎞

⎟
⎟
⎟
⎟
⎠

, (13)

for all (u1, . . . , um) ∈P . Then Ωn is a completely continuous operator on P for each natural
number n.

Proof Assume that (u1, . . . , um) ∈P . We choose a positive constant �i such that

Fi,n
(
t, u1(t), . . . , um(t), Dγ1

q u1(t), . . . , Dγm
q um(t)

)≥ �i,

for almost all t ∈ J . Since Gαi and ∂
∂t Gαi are nonnegative and continuous on J2 for each

i ∈ Nm, we conclude that Ti,n(u1, . . . , um)(t) and (Ti,n(u1, . . . , um))′(t) larger than or equal
to zero, for all t ∈ J and i ∈ Nm. Indeed, Ωn maps P into P. Consider a convergent se-
quence {(u1,k , . . . , um,k)} ⊆P with limk→∞(u1,k , . . . , um,k) = (u1, . . . , um). In this case, we get
limk→∞ ui,k = ui and limk→∞ u′

i,k = u′
i uniformly on J (i ∈ Nm). But

Γq(2 – γi)
∣
∣Dγi

q ui,k(t) – Dγi
q ui(t)

∣
∣≤ ∥

∥u′
i,k – u′

i
∥
∥,

for each t in J and i ∈ Nm. Hence, limk→∞ Dμi xi,k(t) = Dμi xi(t) uniformly on J . Hence,

lim
k→∞

Fi,n
(
t, u1,k(t), . . . , um,k(t), Dγ1

q u1,k(t), . . . , Dγm
q um,k(t)

)

= Fi,n
(
t, u1(t), . . . , um(t), Dγ1

q u1(t), . . . , Dγm
q um(t)

)
.

Since Fi,n ∈ C(J ×R
2m), the sequence {(u1,k , . . . , um,k)} ⊆ Bm is bounded, there exists a map

μi ∈L such that

�i ≤ Fi,n
(
t, u1,k(t), . . . , um,k(t), Dγ1

q u1,k(t), . . . , Dγm
q um,k(t)

)≤ μi(t), (14)

for almost all t ∈ J , i ∈ Nm and k ∈ N. By using the dominated convergence theorem of
Lebesgue, we conclude that

∣
∣Ti,n(u1,k , . . . , um,k)(t) – Ti,n(u1, . . . , um)(t)

∣
∣

≤ 1
Γq(αi)

∫ 1

0

∣
∣Fi,n

(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q um,k(s)

)

– Fi,n
(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)∣∣ds

and

∣
∣(Ti,n(u1,k , . . . , um,k)

)′(t) –
(
Ti,n(u1, . . . , um)

)′(t)
∣
∣

≤ 1
Γq(αi – 1)
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×
∫ 1

0

∣
∣Fi,n

(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q um,k(s)

)

– Fi,n
(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)∣
∣ds.

Hence,

lim
k→∞

∣
∣(Ti,n(u1,k , . . . , um,k)

)j(t) –
(
Ti,n(u1, . . . , um)

)j(t)
∣
∣ = 0,

uniformly on J for j = 0, 1. Thus,

∥
∥Ωn(u1,k , . . . , um,k)(t) – Ωn(u1, . . . , um)(t)

∥
∥∗∗ → 0

and so Ωn is continuous. Let {(u1,k , . . . , um,k)} ⊆ P be a bounded sequence. We choose a
positive number M such that ‖ui,k‖ and ‖u′

i,k‖ are smaller than or equal to M for all i ∈ Nm

and k ≥ 1. Since ‖Dγi
q ui,k‖Γq(2 – γi) ≤ 1 for each i ∈ Nm, there exists a map μi ∈ L such

that inequality (14) holds for almost all t ∈ J , i ∈ Nm and k ≥ 1. On the other hand,

0 ≤ Ti,n(u1,k , . . . , um,k)(t)

=
∫ 1

0
Gαi (t, qs)

× Fi,n
(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q um,k(s)

)
ds

≤ 1
Γq(αi)

∫ 1

0
μi(s) dqs =

‖μi‖1

Γq(αi)

and

0 ≤ (
Ti,n(u1,k , . . . , um,k)

)′(t)

=
∫ 1

0

∂

∂t
Gαi (t, qs)

× Fi,n
(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q xm,k(s)

)
dqs

≤ 1
Γq(αi – 1)

∫ 1

0
μi(s) dqs =

‖μi‖1

Γq(αi – 1)

for all i ∈ Nm. Hence,

∥
∥Ωn(u1,k , . . . , um,k)(t)

∥
∥∗∗ ≤ max

i∈Nm

‖μi‖1

Γq(αi – 1)
.

Indeed, {Ωn(u1,k , . . . , um,k)} is bounded in Bm. Assume that t1, t2 ∈ J such that t1 ≤ t2 and
i ∈ Nm. Then, we have

∣
∣(Ti,n(u1,k , . . . , um,k)

)′(t2) –
(
Ti,n(u1,k , . . . , um,k)

)′(t1)
∣
∣

≤ t2 – t1

Γq(αi – 1)

∫ 1

0
(1 – qs)(αi–2)
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× Fi,n
(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q xm,k(s)

)
dqs

+
1

Γq(αi)

∣
∣
∣
∣

∫ t2

0
(t2 – qs)(αi–1)

× Fi,n
(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q um,k(s)

)
dqs

–
∫ t1

0
(t1 – qs)(αi–1)

× Fi,n
(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q um,k(s)

)
dqs

∣
∣
∣
∣

≤ ‖Fi,n‖1

Γq(αi – 1)
(t2 – t1) +

1
Γq(αi)

[∫ t1

0

(
(t2 – qs)(αi–1) – (t1 – s)αi–1)

× Fi,n
(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q um,k(s)

)
dqs

+
∫ t2

t1

(t2 – qs)(αi–2)

× Fi,n
(
s, u1,k(s), . . . , um,k(s), Dγ1

q u1,k(s), . . . , Dγm
q um,k(s)

)
dqs

]

≤ ‖μi‖1

Γq(αi – 1)
(t2 – t1)

+
1

Γq(αi)

[∫ t1

0

(
(t2 – qs)(αi–1) – (t1 – qs)(αi–1))μi(s) dqs + (t2 – t1)αi–1‖μi‖1

]

.

Since the function |t – qs|(αi–1) is uniformly continuous on J2, there exists δ > 0 such that
(t2 – qs)(αi–1) – (t1 – qs)(αi–1) < ε for all t1, t2 ∈ J with t1 ≤ t2, t2 – t1 < δ and s ∈ [0, t1], where
ε > 0 be given. Take t2 – t1 < min{δ, ε}, then we have

∣
∣(Ti,n(u1,k , . . . , um,k)

)′(t2) –
(
Ti,n(u1,k , . . . , um,k)

)′(t1)
∣
∣ <

3ε‖μi‖1

Γq(αi)
.

Thus,

∥
∥Ω ′

n(u1,k , . . . , um,k)(t2) – Ω ′
n(u1,k , . . . , um,k)(t1)

∥
∥∗ < max

i∈Nm

3ε‖μi‖1

Γq(αi)
.

This implies that {Ω ′
n(u1,k , . . . , um,k)} is equi-continuous on J . At present, by using the

Arzelà-Ascoli theorem, {Ωn(u1,k , . . . , um,k)} is relatively compact. Therefore Ωn is com-
pletely continuous. �

Now, we are ready to provide our main results about the problem (1).

Theorem 6 The problem (11) under boundary conditions in (1) has a solution (u1,n, . . . ,
um,n) belongs to P such that ui,n(t)Γ (αi +1) ≥ �itαi (αi –1), for all t ∈ J and i ∈ Nm, whenever
assumptions (A1) and (A2) hold.

Proof The mapping H : P → P is a contraction and the operator Ωn : P → P is com-
pletely continuous, by employing Lemma 4 and Lemma 5, respectively. Now, by applying
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Lemma 2, there exists (u1,n, . . . , um,n) ∈ P such that (u1,n, . . . , um,n) = Ωn(u1,n, . . . , um,n) +
H(u1,n, . . . , um,n). Therefore, ui,n = Ti,n(u1,n, . . . , um,n) + Hi(u1,n, . . . , um,n) for all i ∈ Nm.
Hence,

ui,n(t) =
∫ 1

0
Gαi (t, qs)Fi,n

(
s, u1(s), . . . , um(s), Dμ1 u1(s), . . . , Dγm

q um(s)
)

dqs

+
∫ 1

0
Gαi (t, qs)hi

(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)
dqs

for all i ∈ Nm. By applying the hypothesis, we obtain ui,n(t)Γ (αi + 1) ≥ �itαi (αi – 1) for all
t ∈ J and i ∈ Nm. By simple review, we can see that the element (u1,n, . . . , um,n) ∈ P is a
solution of the problem (11) under the boundary conditions in (1). �

Lemma 7 Let the element (u1,n, . . . , um,n) be a solution for the problem (11) under the
boundary conditions in (1). Then {(u1,n, . . . , um,n)}n≥1 is relatively compact in P whenever
assumptions (A1), (A2) and (A3) hold.

Proof As we found in Theorem 6,

ui,n(t) =
∫ 1

0
Gαi (t, qs)

× Fi,n
(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)
dqs

+
∫ 1

0
Gαi (t, qs)

× hi
(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)
dqs

for all n ∈N, t ∈ J and i ∈ Nm. Hence,

mi(1 – tαi–1)
Γq(αi)

≤ �i

∫ 1

0

∂

∂t
Gαi (t, qs) dqs ≤ u′

i,n(t),

for t ∈ J and so,

Dγi
q ui,n(t) =

1
Γq(1 – γi)

∫ t

0
(t – qs)(–γi)u′

i,n(s) dqs

≥ �i

Γq(αi)Γq(1 – γi)

∫ t

0
(t – qs)(–γi)(1 – qs)(αi–1) dqs

>
�i

Γq(αi)Γq(1 – γi)

∫ t

0
(t – qs)(–γi)(1 – qs) dqs.

Thus,

Dγi
q ui,n(t) >

�it1–γi

Γq(αi)Γq(2 – γi)
–

�it2–γi

Γq(αi)Γq(3 – γi)

=
�it1–γi

Γq(αi)

(
Γq(3 – γi) – tΓq(2 – γi)

Γq(2 – γi)Γq(3 – γi)

)
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=
�it1–γi

Γq(αi)

(
2 – γi – t
Γq(3 – γi)

)

≥ �it1–γi (1 – γi)
Γq(αi)Γq(3 – γi)

for t ∈ J . Since Γq(3 – γi) ≤ 2, we have 2Γq(αi)D
γi
q ui,n(t) ≥ �it1–γi (1 – γi). Now, put

Li = �i min

{
1

Γq(αi)
,

αi – 1
Γq(αi + 1)

}

.

Therefore, ui,n(t) ≥ Litαi and 2Dγi
q ui,n(t) ≥ Li(1 – γi)t1–γi for all n ≥ 1, t ∈ J and i ∈ Nm.

Indeed,

ri
(
u1,n(t), . . . , um,n(t), Dγ1

q u1,n(t), . . . , Dγm
q um,n(t)

)

≤ ri

(

L1tα1 , . . . , Lmtαm ,
L1(1 – γ1)

2
t1–γ1 , . . . ,

Lm(1 – γm)
2

t1–γm

)

for n ∈N, t ∈ J and i ∈ Nm. Hence, we conclude that

0 ≤ u′
i,n(t)

=
∫ 1

0

∂

∂t
Gαi (t, qs)

× Fi,n
(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)
dqs

+
∫ 1

0

∂

∂t
Gαi (t, qs)

× hi
(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)
dqs

≤ 1
Γq(αi – 1)

∫ 1

0
ri

(

K1sα1 , . . . , Lmsαm ,
L1(1 – γ1)

2
s1–γ1 , . . . ,

Lm(1 – γm)
2

s1–γm

)

dqs

+
1

Γq(αi – 1)

∫ 1

0
γi(s)

× wi
(
u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)
dqs

for all t ∈ J , n ≥ 1 and i ∈ Nm. Also, for all i ∈ Nm, we obtain

Λi =
∫ 1

0
ri

(

L1sα1 , . . . , Lmsαm ,
L1(1 – γ1)

2
s1–γ1 , . . . ,

Lm(1 – γm)
2

s1–γm

)

dqs < ∞.

Assume that λn = ‖(u1,n, . . . , um,n)‖∗∗. Then, for all i and n, we have ‖ui,n‖ and ‖u′
i,n‖ smaller

than or equal to λn. Thus, Γq(2 – γi)|Dγi
q ui,n(t)| ≤ λn for each n ∈ N, t ∈ J and i ∈ Nm.

Hence

0 ≤ u′
i,n(t)

≤ 1
Γq(αi – 1)

(

Λi + wi

(

1 + λn, . . . , 1 + λn,

1 +
λn

Γq(2 – γ1)
, . . . , 1 +

λn

Γq(2 – γm)

))

‖μi‖1
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and 0 ≤ ui,n(t) =
∫ t

0 u′
i,n(s) ds for n ∈ N, t ∈ J and i ∈ Nm. By a similar method, we

get

0 ≤ ui,n(t)

≤ 1
Γq(αi – 1)

(

Λi + wi

(

1 + λn, . . . , 1 + λn,

1 +
λn

Γq(2 – γ1)
, . . . , 1 +

λn

Γq(2 – γm)

))

‖μi‖1,

λn ≤ 1
Γq(αi – 1)

(

Λi + wi

(

1 + λn, . . . , 1 + λn,

1 +
λn

Γq(2 – γ1)
, . . . , 1 +

λn

Γq(2 – γm)

))

‖μi‖1,

for all i. Since limx→∞ wi(x,...,x)
x = 0 for all i ∈ Nm, there exists Mi > 0 such that

1
Γq(αi – 1)

(

Λi + wi

(

1 + γi, . . . , 1 + νi,

1 +
νi

Γq(2 – γ1)
, . . . , 1 +

νi

Γq(2 – γm)

))

‖μi‖1 < νi,

for all νi > Mi. We take M = max{M1, . . . , Mm}. Then we have

1
Γq(αi – 1)

(

Λi + wi

(

1 + ν, . . . , 1 + ν,

1 +
ν

Γq(2 – γ1)
, . . . , 1 +

ν

Γq(2 – γm)

))

‖μi‖1 < ν,

for all ν > M. Thus,

λn =
∥
∥(u1,n, . . . , um,n)

∥
∥∗∗ = max

i∈Nm

{‖ui,n‖,
∥
∥u′

i,n
∥
∥} < M,

which implies {‖(u1,n, . . . , um,n)‖∗∗} is bounded in Bm. Now, take

Ci = wi

(

1 + M, . . . , 1 + M, 1 +
M

Γq(2 – γ1)
, . . . , 1 +

M
Γq(2 – γm)

)

and

Ui(t) = ri

(

L1tα1 , . . . , Lmtαm ,
L1(1 – γ1)

2
t1–γ1 . . . ,

Lm(1 – γm)
2

t1–γm

)

,

for all i and each t ∈ J . Then, we have Λi =
∫ 1

0 Ui(t) dt and

Fi,n
(
t, u1,n(t), . . . , um,n(t), Dγ1

q u1,n(t), . . . , Dγm
q um,n(t)

)

+ hi
(
t, u1,n(t), . . . , um,n(t), Dγ1,n

q u1(t), . . . , Dγm
q um,n(t)

)

≤ Ui(t) + Ciμi(t).
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If t1, t2 ∈ J such that t1 ≤ t2, then we obtain

∣
∣u′

i,n(t2) – u′
i,n(t1)

∣
∣ =

∣
∣
∣
∣

∫ 1

0

(
∂

∂t
Gαi (t2, qs) –

∂

∂t
Gαi (t2, qs)

)

× [
Fi,n

(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)

+ hi
(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)]
dqs

∣
∣
∣
∣

≤ 1
Γq(αi – 1)

[

(t2 – t1)
∫ 1

0
Ui(s) + Ciμi(s) dqs

+
∫ t1

0

(
(t2 – qs)(αi–2) – (t1 – qs)(αi–2))

× (
Ui(s) + Ciμi(s)

)
dqs

+
∫ t2

t1

(t2 – qs)(αi–2)(Ui(s) + Ciμi(s)
)

dqs
]

≤ 1
Γq(αi – 1)

[

(t2 – t1)
(
Λi + Ci‖μi‖1

)

+
∫ t1

0

(
(t2 – qs)(αi–2) – (t1 – qs)(αi–2))

× (
Ui(s) + Ciμi(s)

)
dqs

+ (t2 – t1)αi–2(Λi + Ci‖μi‖1
)
]

.

Let εi > 0 be given. Choose δ(εi) > 0 such that

(t2 – qs)(αi–2) – (t1 – qs)(αi–2) < εi,

for all 0 ≤ t1 < t2 ≤ 1 with t2 – t1 < δ(εi) and s ∈ (0, t]. Take

δ < min
{
δ(ε1), . . . , δ(εm), α1–2√ε1, . . . , αm–2√εm

}
,

then Γq(αi –1)|u′
i,n(t2)–u′

i,n(t1)| ≤ 3εi(Λi +Ci‖μi‖1), for all i ∈ Nm. Hence, {(u1,n, . . . , um,n)′}
is equi-continuous. Indeed, {(u1,n, . . . , um,n)}n≥1 ⊆ Bm is relatively compact. �

Theorem 8 The system (1) has a solution (u1, . . . , um) ∈ P such that 2Dγi
q ui(t) ≥

Li(1 – γi)t1–γi and ui(t) ≥ Litαi for all t ∈ J and i ∈ Nm whenever the assumptions (A1),
(A2) and (A3) hold.

Proof As we found in Theorem 6, for each natural number n the system (11) under the
boundary conditions in (1) has a solution (u1,n, . . . , um,n) in P . By applying Lemma 7, we
have {(u1,n, . . . , um,n)}n≥1 is relatively compact in Bm. Also, by employing the Arzelá–Ascoli
theorem, (u1, . . . , um) exists such that limn→∞(u1,n, . . . , um,n) = (u1, . . . , um). It is obvious
that (u1, . . . , um) satisfies the boundary conditions of the problem (1), Dγi

q ui,n → Dγi
q ui
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and

lim
n→∞ Fi,n

(
t, u1,n(t), . . . , um,n(t), Dγ1

q u1,n(t), . . . , Dγm
q um,n(t)

)

+ hi
(
t, u1,n(t), . . . , um,n(t), Dγ1

q u1,n(t), . . . , Dγm
q um,n(t)

)

= gi
(
t, u1(t), . . . , um(t), Dμ1

q u1(t), . . . , Dγm
q um(t)

)

+ hi
(
t, u1(t), . . . , um(t), Dμ1

q u1(t), . . . , Dγm
q um(t)

)

for each t belonging to J and i ∈ Nm. Thus (u1, . . . , um) ∈ P . At present, suppose that
K = supn≥1 ‖(u1,n, . . . , um,n)‖∗∗. Then we have ‖Dγi

q ui,n‖ ≤ K
Γq(2–γi)

for all n and i ∈ Nm.
Hence,

0 ≤ Gαi (t, qs)
[
Fi,n

(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)

+ hi
(
s, u1,n(s), . . . , um,n(s), Dγ1

q u1,n(s), . . . , Dγm
q um,n(s)

)]

≤ 1
Γq(αi – 1)

[

Ui(s)

+ wi

(

1 + K , . . . , 1 + K , 1 +
K

Γq(2 – γi)
, . . . , 1 +

K
Γq(2 – γi)

)

μi(s)
]

for almost all (t, qs) ∈ J2, n ≥ 1 and i ∈ Nm. At present, the dominated theorem of Lebesgue
implies that

ui(t) =
∫ 1

0
Gαi (t, qs)gi

(
s, u1(s), . . . , um(s), Dγ1

q u1(s), . . . , Dγm
q um(s)

)
dqs

+
∫ 1

0
Gαi (t, qs)gi

(
s, u1(s), . . . , um(s), Dγ1

q x1(s), . . . , Dγm
q um(s)

)
dqs

for all i ∈ Nm and t ∈ J . This completes the proof. �

4 Example and numerical check technique for the problems
In this part, we give complete computational techniques for illustrating of the problem
(1), in Theorems 8, such that it covers all the problems, and present numerical examples
which solve the problems perfectly. Foremost, we present a simplified analysis that can be
executed to calculate the value of q-Gamma function, Γq(x), for input values q and x by
counting the number of sentences n in summation. To this aim, we consider a pseudo-
code description of the method for the calculated q-Gamma function of order n in Algo-
rithm 2 (for more details, see the following link: https://en.wikipedia.org/wiki/Q-gamma_
function). Table 1 shows that when q is constant, the q-Gamma function is an increasing
function. Also, for smaller values of x, an approximate result is obtained with smaller val-
ues of n. It is shown by underlined rows. Table 2 shows that the q-Gamma function for
values q close to 1 is obtained with higher values of n in comparison with other columns.
They have been underlined in line 8 of the first column, line 17 of the second column and
line 29 of third columns of Table 2. Also, Table 3 is the same as Table 2, but x values increase
in 3. Similarly, the q-Gamma function for values q near to one is obtained with more val-
ues of n in comparison with other columns. Furthermore, we provide Algorithm 3, which
calculates (Dα

q f )(x).

https://en.wikipedia.org/wiki/Q-gamma_function
https://en.wikipedia.org/wiki/Q-gamma_function
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Table 1 Some numerical results for calculation of Γq(x) with q = 1
3 that is constant, x = 4.5, 8.4, 12.7

and n = 1, 2, . . . , 15 of Algorithm 2

n x = 4.5 x = 8.4 x = 12.7 n x = 4.5 x = 8.4 x = 12.7

1 2.472950 11.909360 68.080769 9 2.340263 11.257158 64.351366
2 2.383247 11.468397 65.559266 10 2.340250 11.257095 64.351003
3 2.354446 11.326853 64.749894 11 2.340245 11.257074 64.350881
4 2.344963 11.280255 64.483434 12 2.340244 11.257066 64.350841
5 2.341815 11.264786 64.394980 13 2.340243 11.257064 64.350828
6 2.340767 11.259636 64.365536 14 2.340243 11.257063 64.350823
7 2.340418 11.257921 64.355725 15 2.340243 11.257063 64.350822
8 2.340301 11.257349 64.352456

Table 2 Some numerical results for calculation of Γq(x) with q = 1
3 ,

1
2 ,

2
3 , x = 5 and n = 1, 2, . . . , 35 of

Algorithm 2

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 3.016535 6.291859 18.937427 18 2.853224 4.921884 8.476643
2 2.906140 5.548726 14.154784 19 2.853224 4.921879 8.474597
3 2.870699 5.222330 11.819974 20 2.853224 4.921877 8.473234
4 2.859031 5.069033 10.537540 21 2.853224 4.921876 8.472325
5 2.855157 4.994707 9.782069 22 2.853224 4.921876 8.471719
6 2.853868 4.958107 9.317265 23 2.853224 4.921875 8.471315
7 2.853438 4.939945 9.023265 24 2.853224 4.921875 8.471046
8 2.853295 4.930899 8.833940 25 2.853224 4.921875 8.470866
9 2.853247 4.926384 8.710584 26 2.853224 4.921875 8.470747
10 2.853232 4.924129 8.629588 27 2.853224 4.921875 8.470667
11 2.853226 4.923002 8.576133 28 2.853224 4.921875 8.470614
12 2.853224 4.922438 8.540736 29 2.853224 4.921875 8.470578
13 2.853224 4.922157 8.517243 30 2.853224 4.921875 8.470555
14 2.853224 4.922016 8.501627 31 2.853224 4.921875 8.470539
15 2.853224 4.921945 8.491237 32 2.853224 4.921875 8.470529
16 2.853224 4.921910 8.484320 33 2.853224 4.921875 8.470522
17 2.853224 4.921893 8.479713 34 2.853224 4.921875 8.470517

Table 3 Some numerical results for calculation of Γq(x) with x = 8.4, q = 1
3 ,

1
2 ,

2
3 and n = 1, 2, . . . , 40 of

Algorithm 2

n q = 1
3 q = 1

2 q = 2
3 n q = 1

3 q = 1
2 q = 2

3

1 11.909360 63.618604 664.767669 21 11.257063 49.065390 260.033372
2 11.468397 55.707508 474.800503 22 11.257063 49.065384 260.011354
3 11.326853 52.245122 384.795341 23 11.257063 49.065381 259.996678
4 11.280255 50.621828 336.326796 24 11.257063 49.065380 259.986893
5 11.264786 49.835472 308.146441 25 11.257063 49.065379 259.980371
6 11.259636 49.448420 290.958806 26 11.257063 49.065379 259.976023
7 11.257921 49.256401 280.150029 27 11.257063 49.065379 259.973124
8 11.257349 49.160766 273.216364 28 11.257063 49.065378 259.971192
9 11.257158 49.113041 268.710272 29 11.257063 49.065378 259.969903
10 11.257095 49.089202 265.756606 30 11.257063 49.065378 259.969044
11 11.257074 49.077288 263.809514 31 11.257063 49.065378 259.968472
12 11.257066 49.071333 262.521127 32 11.257063 49.065378 259.968090
13 11.257064 49.068355 261.666471 33 11.257063 49.065378 259.967836
14 11.257063 49.066867 261.098587 34 11.257063 49.065378 259.967666
15 11.257063 49.066123 260.720833 35 11.257063 49.065378 259.967553
16 11.257063 49.065751 260.469369 36 11.257063 49.065378 259.967478
17 11.257063 49.065564 260.301890 37 11.257063 49.065378 259.967427
18 11.257063 49.065471 260.190310 38 11.257063 49.065378 259.967394
19 11.257063 49.065425 260.115957 39 11.257063 49.065378 259.967371
20 11.257063 49.065402 260.066402 40 11.257063 49.065378 259.967357
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Here, we provide an example to illustrate the results of Theorem 8.

Example 1 Consider the system as (1) with m = 2:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

D
5
2
q u1 + 1

3√t2
(2 + c1u1 + c2u2 + c3D

1
3
q u1 + c4D

1
2
q u2)

+ (0.1e
1

1+u1 + 0.2e
1

1+u2 + 0.1e
1

1+D1q3u1 + 0.2e
1

1+D1q2u2 ) = 0,

D
7
3
q u2 + 1√

t (1 + d1u1 + d2u2 + d3D
1
3
q u1 + d4D

1
2
q u2)

+ (0.2e
1

1+u1 + 0.2e
1

1+u2 + 0.3e
1

1+D1q3u1 + 0.1e
1

1+D1q2u2 ) = 0,

(15)

under boundary conditions u1(0) = u2(0) = 0, u′
1(1) = u′

2(1) = 0 and u′′
1(0) = u′′

2(0) = 0,
where ci, di are positive constants, for i = 1, 2, 3, 4. Note that S = (0,∞)4. We take the func-
tions

g1(t, u1, u2, u3, u4) =
1

3√t2
(2 + c1u1 + c2u2 + c3u3 + c4u4),

g2(t, u1, u2, u3, u4) =
1√

t
(1 + d1u1 + d2u2 + d3u3 + d4u4),

h1(t, u1, u2, u3, u4) = r1(u1, u2, u3, u4)

= 0.1e
1

1+u1 + 0.2e
1

1+u2 + 0.1e
1

1+u3 + 0.2e
1

1+u4 ,

h2(t, u1, u2, u3, u4) = r2(u1, u2, u3, u4)

= 0.2e
1

1+u1 + 0.2e
1

1+u2 + 0.3e
1

1+u3 + 0.1e
1

1+u4 ,

w1(u1, u2, u3, u4) = 2 + c1u1 + c2u2 + c3u3 + c4u4,

w2(u1, u2, u3, u4) = 1 + d1u1 + d2u2 + d3u3 + d4u4,

λ1(t) = 1
3√t2

and λ2(t) = 1√
t . Put m = 2, α1 = 5

2 , α2 = 7
3 , γ1 = 1

2 , γ2 = 1
3 ,

iMj =

[
0.1 0.2 0.1 0.2
0.2 0.2 0.3 0.1

]

,

�1 = 2 and �2 = 1. By simple review, we can see that g1 and g2 are Carathéodory functions,
g1(t, u1, u2, u3, u4) ≥ 2, g2(t, u1, u2, u3, u4) ≥ 1 for all (u1, u2, u3, u4) ∈ S and each t ∈ J , h1

and h2 are nonnegative and h1, h2 satisfy inequality (6):

∣
∣h1(t, u1, u2, u3, u4) – h1(t, v1, v2, v3, v4)

∣
∣≤

4∑

i=1
1Mi|ui – vi|,

∣
∣h2(t, u1, u2, u3, u4) – h2(t, v1, v2, v3, v4)

∣
∣≤

4∑

i=1
2Mi|ui – vi|,
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Table 4 Some numerical results of η1 and Γq(α1 – 1) from inequality (16) in Example 1 for
q ∈ { 18 , 12 , 89 }. One can check that η1

Γq(α1–1)
by approximation is smaller than 1

n q = 1
8 q = 1

2 q = 8
9

η1 Γq(α1 – 1)
η1

Γq (α1–1)
η1 Γq(α1 – 1)

η1
Γq (α1–1)

η1 Γq(α1 – 1)
η1

Γq (α1–1)

1 0.6075 1.0323 0.5885 0.5909 1.0035 0.5888 0.4428 0.5904 0.7500
2 0.6079 1.0336 0.5882 0.6062 1.0455 0.5799 0.4683 0.6701 0.6988
3 0.6080 1.0338 0.5881 0.6138 1.0659 0.5759 0.4894 0.7338 0.6670
4 0.6080 1.0338 0.5881 0.6175 1.0759 0.5739 0.5073 0.7861 0.6453
5 0.6080 1.0338 0.5881 0.6194 1.0809 0.5730 0.5225 0.8299 0.6296
6 0.6080 1.0338 0.5881 0.6203 1.0834 0.5726 0.5356 0.8670 0.6178
7 0.6080 1.0338 0.5881 0.6208 1.0847 0.5723 0.5470 0.8986 0.6087
8 0.6080 1.0338 0.5881 0.6210 1.0853 0.5722 0.5569 0.9259 0.6014
9 0.6080 1.0338 0.5881 0.6211 1.0856 0.5722 0.5655 0.9494 0.5956
10 0.6080 1.0338 0.5881 0.6212 1.0858 0.5721 0.5730 0.9699 0.5908
11 0.6080 1.0338 0.5881 0.6212 1.0858 0.5721 0.5797 0.9877 0.5869
12 0.6080 1.0338 0.5881 0.6212 1.0859 0.5721 0.5855 1.0033 0.5836
...

...
...

...
...

...
...

...
...

...
48 0.6080 1.0338 0.5881 0.6213 1.0859 0.5721 0.6296 1.1187 0.5628
49 0.6080 1.0338 0.5881 0.6213 1.0859 0.5721 0.6296 1.1188 0.5628
50 0.6080 1.0338 0.5881 0.6213 1.0859 0.5721 0.6297 1.1190 0.5627
51 0.6080 1.0338 0.5881 0.6213 1.0859 0.5721 0.6298 1.1191 0.5627
52 0.6080 1.0338 0.5881 0.6213 1.0859 0.5721 0.6298 1.1193 0.5627
53 0.6080 1.0338 0.5881 0.6213 1.0859 0.5721 0.6299 1.1194 0.5627
54 0.6080 1.0338 0.5881 0.6213 1.0859 0.5721 0.6299 1.1195 0.5627

for (u1, u2, u3, u4), (v1, v2, v3, v4) ∈ (0,∞)4 and t ∈ J . Also, by putting values in the problem
in (7), we have

η1 =
2∑

k=1
1Mk + 1M2+k

Γq(2 – γ1)
= 0.1 + 0.2 +

0.1
Γq( 5

3 )
+

0.2
Γq( 5

3 )

< Γq

(
3
2

)

= Γq(α1 – 1), (16)

η2 =
2∑

k=1
2Mk + 2M2+k

Γq(2 – γ2)
= 0.2 + 0.2 +

0.3
Γq( 3

2 )
+

0.1
Γq( 3

2 )

< Γq

(
4
3

)

= Γq(α2 – 1). (17)

Tables 4 and 5 show the values of inequalities (16) and (17), respectively. On the other
hand, the maps r1 and r2 are nonincreasing with respect to all components. If

L1 = �1
α1 – 1

Γq(α1 + 1)
= 2 ×

3
2

Γq( 7
2 )

=
3

Γq( 7
2 )

,

L2 = �2
α2 – 1

Γq(α2 + 1)
= 1 ×

4
3

Γq( 10
3 )

=
4

3Γq( 10
3 )

,

then

∫ 1

0
r1

(

L1tα1 , L2tα2 ,
L1(1 – γ1)

2
t1–γ1 ,

L2(1 – γ2)
2

t1–γ2

)

dt < ∞,
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Table 5 Some numerical results of η2 and Γq(α2 – 1) from (17) in Example 1 for q ∈ { 18 , 12 , 89 }. One
can heck that η2

Γq(α2–1)
by approximation is smaller than 1

n q = 1
8 q = 1

2 q = 8
9

η2 Γq(α2 – 1)
η2

Γq (α2–1)
η2 Γq(α2 – 1)

η2
Γq (α2–1)

η2 Γq(α2 – 1)
η2

Γq (α2–1)

1 0.5097 1.0329 0.4934 0.5010 1.0233 0.4896 0.3771 0.7200 0.5238
2 0.5101 1.0339 0.4933 0.5136 1.0534 0.4876 0.4010 0.7854 0.5106
3 0.5101 1.0341 0.4933 0.5198 1.0679 0.4867 0.4201 0.8356 0.5028
4 0.5101 1.0341 0.4933 0.5228 1.075 0.4863 0.4358 0.8757 0.4977
5 0.5101 1.0341 0.4933 0.5243 1.0786 0.4861 0.4490 0.9085 0.4942
6 0.5101 1.0341 0.4933 0.5250 1.0803 0.4860 0.4601 0.9359 0.4916
7 0.5101 1.0341 0.4933 0.5254 1.0812 0.486 0.4696 0.9589 0.4897
8 0.5101 1.0341 0.4933 0.5256 1.0816 0.4859 0.4778 0.9784 0.4883
9 0.5101 1.0341 0.4933 0.5257 1.0818 0.4859 0.4848 0.9952 0.4872
10 0.5101 1.0341 0.4933 0.5257 1.0819 0.4859 0.4910 1.0096 0.4863
11 0.5101 1.0341 0.4933 0.5258 1.0820 0.4859 0.4963 1.0221 0.4856
...

...
...

...
...

...
...

...
...

...
34 0.5101 1.0341 0.4933 0.5258 1.0821 0.4859 0.5336 1.1071 0.4820
35 0.5101 1.0341 0.4933 0.5258 1.0821 0.4859 0.5339 1.1077 0.4819
36 0.5101 1.0341 0.4933 0.5258 1.0821 0.4859 0.5341 1.1083 0.4819
37 0.5101 1.0341 0.4933 0.5258 1.0821 0.4859 0.5343 1.1088 0.4819
38 0.5101 1.0341 0.4933 0.5258 1.0821 0.4859 0.5345 1.1092 0.4819
39 0.5101 1.0341 0.4933 0.5258 1.0821 0.4859 0.5347 1.1096 0.4819
40 0.5101 1.0341 0.4933 0.5258 1.0821 0.4859 0.5348 1.1099 0.4819

∫ 1

0
r2

(

L1tα1 , L2tα2 ,
L1(1 – γ1)

2
t1–γ1 ,

L2(1 – γ2)
2

t1–γ2

)

dt < ∞.

Also, the functions w1 and w2 are nondecreasing with respect to all components and

lim
x→∞

w1(x, . . . , x)
x

= lim
x→∞

2 + c1x + c2x + c3x + c4x
x

= 0,

lim
x→∞

w2(x, . . . , x)
x

= lim
x→∞

1 + d1x + d2x + d3x + d4x
x

= 0.

Therefore, Theorem 8 implies that the problem (15) has a positive solution.
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