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1 Introduction

The fractional calculus and its varied applications in many fields of science and engineer-
ing have gained much attention and developed rapidly in recent decades. Fractional dif-
ferential equations have been used in the mathematical modeling of process in physics,
chemistry, aerodynamics, polymer rheology, fluid flow phenomena, wave propagation,
signal theory, electrical circuits, control theory and viscoelastic materials etc. For details,
see [1-7] and the references therein.

Many research papers have appeared concerning the existence of solutions for the ini-
tial or boundary value problems of fractional differential equations; see [8—19]. We no-
tice that recently a kind of general boundary value conditions, nonlinear boundary value
conditions, were investigated in [10, 11]. Moreover, some papers considered recently frac-
tional boundary value problems with p-Laplacian [12—-14, 20, 21], and the upper and lower
method and the monotone iterative technique are used in [12—14].

By means of the monotone iterative method and lower and upper solutions, Jankowski
[11] considered the following fractional differential equations with nonlinear boundary
conditions:

(DLu)(t) =f(t,u(t)), tel0,T),T>0,
0 = g(u(0), u(T)),
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where f € C([0,T] x R,R),g € C(R x R,R), and D%u is the right-handed Riemann—
Liouville fractional derivative of u with 0 < g < 1,%(a) = (T — )" u(t)|t=g,a = 0, T. One
obtained the existence results of a unique solution of the nonlinear fractional differential
equations with initial condition at the point 7', and got the existence results of a related lin-
ear fractional differential problems in terms of the Mittag-Leffler function and the method
of successive approximations. On the base of the conclusions, sufficient conditions which
guarantee that the problem has extremal solutions were given.

Dinget al. [12] generalized the above problem to the following fractional boundary value
problem with p-Laplacian via the upper and lower method and the monotone iterative
method:

D (¢p(D§u(®) = f(tu(t), Diou(®)), ¢ e (0,1],
tp%ﬁ;Dgﬁ u()l-0=0,  g(u(0),u(1)) =0,

where 0 <o, 8 < 1,1 < + B <2, Dj, is the Riemann-Liouville fractional derivative of
order o, ¢,(2) = |£[P=2t,p > 1 is the p-Laplacian operator, f € C([0,1] x R x R,R),g € C(R x
R,R), #(0) = £1*u(t)| ;=0 and (1) = £'"u(t)|,=,. The existence and uniqueness of extremal
solutions are investigated by constructing two well-defined monotone iterative sequences
of upper and lower solutions.

Motivated by the above work, in this paper, we investigate the existence and uniqueness
of extremal solution for a singular fractional differential equation with p-Laplacian and
subjects to more general nonlinear boundary conditions

Df. (¢p(DZ.u(1))) = f (¢, u(t), D% u(t)), te(0,T],

h(Dg+ M(O)’Dg+ M(T)) =0,

whereO< o, <1,1<a+B<2,r= ;‘Tf, Dj§. is the Riemann-Liouville fractional deriva-
tive of order «, ¢,(t) = [t[’7*¢ (p > 1) is the p-Laplacian operator, f € C([0,T] x R x
R,R),g € C(R x R,R),k € C(R x R,R),t(c) = " *u(t)|s=c, and m(c) =t"D§, u(t)|s=c, ¢ =
0,T.

In problem (1.1), the boundary value conditions g(x,y) = 0, i(x, y) = 0 are a class of gen-
eral conditions. When /(x, y) = x the problem (1.1) become the problem in [12]. The con-
ditions can cover anti-periodic [22] or other nonlinear boundary conditions. Moreover,
the function u and its derivatives may have singularities at both 0 and 7. Therefore the
problem (1.1) can generalize those problems in [12—14]. Thus our conclusions can be more
extensive. We here not only obtain the existence and uniqueness of extremal solutions but
also the iterative sequences which converge to the solutions.

For some related results on boundary value problem with p-Laplacian, obtained by
means of the monotone iterative method, the monotone type conditions for nonlinear
terms f with respect to the functions u or their derivatives are usually required. In this pa-
per, we only consider the functions f + M, (D, u(t)) not f to be enslaved to the monotone
type conditions.

The paper is organized as follows. In Sect. 2, we provide some preliminaries, the exis-
tence result for linear fractional problems with initial value conditions and a comparison
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result. In Sect. 3, the existence and uniqueness theorems of extremal solutions are es-
tablished by constructing two well-defined monotone iterative sequences of upper-lower
solutions. Finally, as applications of the theoretical results, an example is given to illustrate
the existence result.

2 Preliminaries

Let] = [0, T] be a closed interval on the real axis R. It is well known that C[0, T'] is a Banach
space of continuous functions from [0, T] into R with the norm ||u||¢c = max.e[o,r] |u(2)|.
Denote C, [0, T] by

C.[0,T] = {u e C(0,T]: t'u € C[0, T},

where 1 € [0,1). Then C; [0, T] is also a Banach space with the norm ||u| ¢, = ||t ul|c. It is
clear that C[0, T] := Cy[0, T] C C,[0,T] C Cs5[0, T]forO <A <8 <1and C,[0,T] C L[0, T]
(L[0, T] is a space of Lebesgue integrable real functions defined on [0, T]). Define C¥[0, T']
by

C?[0, T = {u(t) € C1-a[0, T1: (D, u)(8) € C,[0, T},

whereO< o, <1,r= ;%‘f,p >1landp+ g > 2.Itis a Banach space with the norm || u||ce =

llullc,, + IID§.ullc, (see Lemma 2.2 in [14]).
We introduce some useful definitions and fundamental facts of fractional calculus the-
ory; for more details, see [1, 2].

Definition 2.1 ([1]) The Riemann-Liouville fractional integral If}, is given by

£ () = ﬁ /0 (t —s) 7 f(s) ds

and the fractional derivative Df, is defined by

o _ 1 i” t_n—a—l _ inn—a
DOJ(t)_iF(n—a)(dt) /o(t s) f(s)ds_(dt) (I5-2f) (),

where n — 1 <o <n,n €N, provided the integrals exist.

Lemma 2.1 ([1]) Assume that we have the function u € C(0, T] N L(0, T with a fractional
derivative of order « (0 < a < 1) that belongs to C(0, T1 N L(0, T]. Then

I§. Dy u(t) = u(t) + ct*™ ' forsomeceRR;

DY IG u(t) = ult).

Lemma 2.2 ([12, Lemma 2.1]) Assumethat0<p <1,M e R,k € R, u(t) € C,_4[0, T] and
h(t) € Ci1_gl0, T1. Then the linear fractional initial value problem

Db u(t) + Mu(t) = h(t), te(0,T),
P u(t) =0 = 1,
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has the following solution of integral representation:
t
u(t) = F(,B)/ctﬂ_lEﬂ,ﬂ (—Mtﬂ) + / (t - s)ﬂ_lEﬂ,,g (—M(t - S)ﬂ)h(s) ds,
0

k
where Eg g(x) = > o0 m is the Mittag-Leffler function. It is continuous and nonnega-
tive [1, 8].

Lemma 2.3 Suppose that 0 <, < 1, M is a constant, ko, hy € R, u(t) € C¥[0,T] and
n(t) € C1_4[0, T. Then the following linear fractional initial value problem:

Dj. (D (8))) + My (D @) = m(8), £ € (0,T], 1)
10)=ky,  D§.u(0) = ho, '
has a unique solution with the integral form
u(t) = kot* ! + ! f t(t —s5)* 1y [F(ﬁ)¢ (ho)s" ' Eg 5 (-Ms")
I'(@) Jo ! Y ’
+ /S(s - r)ﬁ’lEﬁ,ﬁ (—M(s - r)ﬁ)n(r)dr:| ds, (2.2)
0

where ¢, is the inverse function of ¢,,.

Proof Let v(t) = ¢,(Dg. u(t)), then we have ¢,(t"D§, u(t)) = t1By(£),0 < t < T. Thus the

problem (2.1) is converted to the following fractional initial value problem:

DEv(t) + Mv(t) = (0), te(0,T],
PY(t) -0 = ¢y (ho).

From Lemma 2.2, we find
v(t) = T (B)dp(ho)t’ " Eg g (-MtP) + / (t - ) "Egp(-M(t - 5)")n(s)ds (2.3)
0

and v(t) € C,_g[0, T'], thus

Dg+u(t)=¢q[1"(,3)¢p(ho)tﬁ1E,3,,3(—Mtﬂ)+ /0 (t—s)ﬁ1E5,,3(—M(t—s)’3)n(s)ds:|. (2.4)

For v(t) € C(0, T] N L(0, T'], we have Dg. u(t) € C,[0,T] C C(0,T] N L(0, T]. Lemma 2.1
yields

1

_ pa—1
u(t) =ct* " + @

/0 (t -5, [F (B)p(ho)s” ' Ep g (-Ms")

+ /s(s — )P Eg 5 (—M(s - r)ﬂ)n(r)dr:| ds.
0
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By virtue of #(0) = ko, we get ¢ = ky and

1 t
u(t) = kot ! + 7@ /0 (t- s)“’1¢q[F(ﬁ)(bp(hg)sﬁ_lEﬁ,ﬁ (—Msﬁ)
+ /S(s - T)ﬂ_lEﬂ,ﬂ (—M(s - T)ﬂ)n(r)d1:| ds. (2.5)
0

Conversely, it is obvious that u(t) € C1_4[0, T] and #(0) = k. Noting that D, -l =,
D§ Iu = u, Yu € C(0, TIN L(0, T] and differentiating (2.5) with order «, we arrive at (2.4).
Since n(t) € Ci_g[0, T'], it is clear that ¢,(Dg, u(t)) € Ci_[0, T], and Dj, u(t) € C,[0, T].
Using ¢, to (2.4) and then multiply by £'-#, we get

tl_ﬁcbp (Dgﬁ u(t)) =T (B)pp(ho)Ep,p (—Mtﬁ) +tiP /(; (t- s)ﬁ_lEﬁ,,g (—M(t - s)ﬂ)n(s) ds,

and ¢"Dg, u(t) ;=0 = ho. Differentiating the above equation with order 8, from Lemma 2.2,

we find
Db (¢, (D& u(t))) + M, (D (1)) = (o).
This completes the proof. d

Lemma 2.4 (Comparison result) Ifu(t) € C¥[0, T] and satisfies

DE. (¢, (D2 u(£))) + M, (DL u(£)) > 0, te(0,T],
#0)>0, DL u(0)>0,

where M is a constant, then Df, u(t) > 0 and u(t) > 0 for t € (0, T].

Proof Let w(t) = ¢,(D§, u(t)), then w(t) € Ci_g[0, T'] and satisfies

Df.w(t) + Mw(t) >0, te(0,T],
P w(t)]i=0 = 0,

hence w(t) > 0 for ¢ € (0, T'], by Lemma 2.2. Since ¢,(x) is nondecreasing, u() satisfies

D§.u(t) =0, te(0,T],
1(0) > 0.

Therefore we get u(¢) > 0, t € (0, T] from Lemma 2.1. This lemma is complete. O
3 Main results and an example

We introduce the definition of a pair of lower and upper solutions for using the monotone

iterative method.
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Definition 3.1 A function u(t) € C¥[0, T] is called a lower solution of problem (1.1) if it
satisfies

Db (¢, (D% u(0)) < f(t,u(t), Diu(t)), te(0,T],

o (3.1)
¢((0), 1) =0,  hDEu(0), DilT)) = 0.
A function v(t) € C¥[0, T'] is called an upper solution of problem (1.1) if it satisfies
Df (¢,(D3. (1)) = f (£, v(£), Div(®)), € (0, T], 52)

g((0),(T)) <0, h(Dg.v(0), Dg. v(T)) < 0.
We need the following assumptions for our main results.
(H1) Assume that ug, vy € C¥[0, T] are lower and upper solutions of the problem (1.1),

respectively, and uo(t) < vo(t),2 € (0, T1.
(H,) There exists a constant M such that

S (& u(0), Dy u(t)) — f (£ v(2), DG v(t)) < My (DG v(2)) — (D 1(2)) ]

for () < (t) < v(8) < volt), Dl tio(8) < D u(t) < DY (e) < Dk vo(t), £ € (0, T,
(H3) There exist constants A > 0, A, > 0 such that

g, y1) — g, ¥2) < A(xg —x1) — Ao (y2 — 1)

for 729(0) < x1 < x5 < V9(0) and #o(T) < y1 < y2 < Vo(T).

(Hy) There exist constants ; > 0, iy > 0 such that

h(x1,91) — h(x2,y2) < i@ —x1) — pa(y2 — y1)

for Dg+ ug(0) <x; <wy < Dg+ v0(0) and Dg+ ug(T) < Y1=)2 = Dg+ vo(T).
Theorem 3.1 Assume that f € C([0,T] x R x R,R),g € C(R x R,R),# € C(R x R,R)
and (H)-(Hy) hold. Then there exist sequences {u,(t)},{v,(¢)} C C¥[0,T] such that

limy, s o0 Uy = %, 1im, .o v, =y on (0, T] and x,y are minimal and maximal solutions on
the interval [uy, vo] of the problem (1.1), respectively, where

[MO’VO] = {M € Cﬁl [07 T] : MO(t) = M(t) = VO(t): te (Or T]’ ﬁO(O) =< Zt(O) = i}0(0)}
That is, for any solution u € [ug, vo],

UgSur < SUpy <o <Sx<USY<--<v,

IA
A
=
A
S

and

Dg+u0 SDgﬂ/llf'“SDgﬂ/lnf"'SDg+x§Dg+u§Dg+yf"'§D8[+Vn§"'

< Dg+ V1 < Dg+ Vo.

Page 6 of 12
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Proof Let F(u(t)) := f (¢, u(t), Dg. u(t)). For n = 1,2,..., we define

D} (¢p (D% 1 (0))) + Mpp(DS 11 (£)) = Flttn-1(2)) + Mepp(Ds -1 (2)),
te(0,T],

(3.3)
i1 (0) = Tin1(0) + g (i1 (0), i1 (T)),
D8‘+ 1, (0) = Dg+ 1,-1(0) + %h(D& 1,-1(0), Dg+ u,-1(T)),
and
Db, (¢ (D%, (£))) + My (DS vu(D)) = E(v,1(£)) + Mepp(Di vy 1 (1)),
te(0,T],
(3.4)

7(0) = ¥-1(0) + 5-(75-1(0), V-1 (1)),
Dg+vn(0) = D(O)@anl (O) + %h(DngVn—l(o):Dng Vn—l(T))'

From ug, vy € C?[0, T], we have D, uo(t), D§. vo(t) € C,[0, T] and F(uo(£)) + ¢,(D§. uo(t)),
F(vo(2)) + ¢p(DG: vo(2)) € Ci-5[0, T]. In view of Lemma 2.3, the functions #;,v; are well
defined in the space C¢[0, T']. By induction, we can infer that u,, v, are well defined in the
space C[0, T'].

Firstly, we prove that u(2) < u1(t) < v1(¢) < vo(t) and Df, uo(t) < Df, u1(t) < D vi(t) <
D§, vo(2) for t € (0, T.

Let §(t) := ¢, (D 11(2)) — ¢ (D, uo(£)). The definition of #; and the assumption that

is a lower solution imply
DG.8(t) + M8(£) = F(uo(£)) — D (¢, (Df uo8)) = 0,

and (0) - #(0) = 3=g(#0(0), io(T)) = 0, ¢ D11 (0) — " Df1so(0) = -h(¢" D uo(0),
t'Di.uo(T)) > 0, thus we have Df,uo(t) < D§.ui1(t) and ui(t) > uo(t),t € (0,T] by
Lemma 2.4.

Using a similar method, we can show that v(¢) < vo(¢) and D§, v1(t) < D§, vo(¢) for all
t € (0, T]. Now, we put £(£) = ¢,(D§, v1(£t)) — ¢p(Dg- u1(t)). From (3.3), (3.4) and (H,), we
have

DB E(8) + ME(t) = F(vo(2)) = F(uo(t)) + M[ (DG vo(2)) — dp(Diy140(£))] = 0. (3.5)

We find, by (H3) and (H;),

v1(0) = 1(0) = o(0) + %g(ﬁo(o),f/o(T)) - |:M0(0) + %lg(fto(O), b?o(T))]

= }L—ll[)\(f/o(()) - 120(0)) +g(f/o(0), 170(T)) _g(ﬁo(o), ﬁo(T))]

> [ (50(0) = 0) ~ 11 (7(0) = 70(0) + Aa(3a(T) ~ (1)}



Liu et al. Advances in Difference Equations (2020) 2020:83 Page 8 of 12

Similarly,
DG, v1(0) - D ur (0) = % (DFvo(T) — Deto(T)) = 0. (37)
1

It follows from (3.5)—(3.7) and Lemma 2.4 that Df, v(t) > D§, u1(¢) and vi(£) > u;(t),t €
(0, 7].
Next, we show that u;, v; are lower and upper solutions of problem (1.1), respectively.
From (3.3) and conditions (H,)—(H,), we have

DE (¢ (D1 () = F(to(®)) — F (111 (8)) + F(a(2))
— M[¢p (D& ur(8)) - (DS 10(2)) ]
< M[¢p (D& ur(8)) - (DS 110(2))]
- M[¢p(D§ ur(2)) — ¢ (DG u0(t)) | + F(ua (2))
= F(u1(2))

and

0 = g(it0(0), ito(T)) — g(#1(0), 1 (T)) + g(#1(0), it1(T)) — A1 [i#1(0) — i20(0) ]
<g(#1(0), i11(T)) = o (1 (T) — i8(T)),
0= h(Dg+ MO(O)) Dg+ MO(T)) - h(Dg+ ul(o)r Dg+ MI(T))

+ h(DG.u1(0), D11 (T)) — a1 [ DG 11 (0) — Dy, 140(0) |

< h(Dgu1(0), D% 1 (T)) — po (D 1 (T) — D 1o (T)).
Since #,(T) > t4o(T), ' D, u1(T) > t' Dy, uo(T), the above inequality implies
g(l:tl(()), ﬁl(T)) >0, h(D8‘+u1(0),Dg+u1(T)) > 0.

This proves that u; is a lower solution of the problem (1.1). Similarly, we can prove that v,
is an upper solution of (1.1).
Using mathematical induction, we know that

up(t) <ui1(t) < -+ < uy(t) < U1 () <Vt (8) < V(1) < - < 1) < vo(2),
Dg+ Up < DS’+ Uy =--- =< Dg+ Uy < Dg+ Uni1 (3.8)

< Dgi Vi1 < Dgevy < -+ < Dgevi < Diguvo,

forte (0,T]andn=1,2,3,....

The sequences {t'“u,} and {t"D§, u,} are uniformly bounded and equi-continuous [14].
Similarly, we can prove that the sequences {t'~*v,} and {#"Dg. v,} are uniformly bounded
and equi-continuous. The Arzela—Ascoli theorem guarantees that {t!~*u,} and {£!*v,}
converge to £~*x(t) and £'~*y(¢) uniformly on [0, T, respectively; {¢" DS, u,} and {¢" D%, v,}
converge to {t"D§.x(t)} and {£"D§, y(t)} uniformly on [0, T], respectively. Therefore ||u, —
xllcg = 0, lvu = yllcg = 0 (n — 00).
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By the integral representation (2.2) for the linear fractional problem, the solution ()
of problem (3.3) can be expressed as

1 t
0) = 6 o1 4 o /0 (t —s)a-l%[r(m@(/an_osﬂ%,ﬁ (-M5")
+ fs(s — )P Eg 5 (-M(s - t)ﬁ)nnl(r)] dr, te(0,T),
0
where kn—l = Zi;’l—l(o) + %g(ﬁn—l(o)iﬁn—l(T))r ?7n—1(5) = F(Mn—l(s)) + M¢p(Dg+un—1(S)) and

hn—l = Dg+ Up-1 (0) + ul_lh(Dg+ Up (O)r Dg+ un—l(T))'
By the assumption of f and applying the dominated convergence theorem, x(¢) satisfies

the following integral equation:

1

_ -1y
x(t) = t*7%(0) + @

/0 (t—s)”_ltbq[F(ﬁ)%(ho)sﬁ_lEﬂ,ﬁ(_Msﬁ)
+ /s(s — 1) Epp(-M(s - T)ﬂ)’l(f)] dr, te(0,T],
0

where /1 = W(O), n(s) = F(x(s)) + M¢, (D, x(s)). By Lemma 2.3, we know x(¢) is a solution
of problem (1.1). In the same way as above, we can prove that y(¢) is also a solution of
problem (1.1), and satisfies o <x <y < vy on (0, T].

To prove that x(t), y(¢) are extremal solutions of (1.1), let u € [uo, Vo] be any solution
of the problem (1.1). We suppose that u, < u < v,,t € (0,T] for some n. Let {(t) =
(D5 1(0)) — 3y (D 11111 (), 0(8) = 8D V1 (8) — 8y (D w(®). Then, by condition (H),
we see that

DY ¢ (8) + M (@) = F(u(t)) - F (4, (®)) + M[ (D ) — ¢ (DE1,)] = 0
and

Dfo(t) + Mo(t) = F(va(t)) - F(u(t)) + M[¢,(Dgv,.) - ¢, (Div)] = 0.
In addition, by condition (H3), we have

0) = y11(0) = 7(0) + - (i(0)£(T) - [anw) ; Ailg(anw),zznm)]
= L [0) + g0, AT)) — (11780(0) + g (1(0), (7)) ]
> —(uT) - un(T)) = 0

and

Vn11(0) — 14(0) = v, (0) + %g(ﬁn(o)ﬁn(T)) - [ﬁ(O) - g(ft(O),it(T))]

A-1
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> 22 (5,(1) (1)) > 0.
A1

By condition (H,), we have

1T
D, u(0) — D&, 14,,,,1(0) = D%, u(0) + M—h(Df)‘+ u(0), D%, u(T))
1

- [m(o) + %mm«»,mm)}
1

1
= [141D. u(0) + h(Dj, u(0), D, u(T))

— (u1DG. 4 (0) + 1 (D, 4,,(0), DGy 1 (T))) |

= % (Dg+M(T) - Dg+un(T)) >0
1

and

Dng Vn+1(0) - Dg+ M(O) = % (Dg+ Vn+1(T) - Dg+ M(T)) >0.
1

Therefore, D§. 1,,,1(t) < D u(t) < Dy Vi1 (8) and w41 (2) < u(t) < vyi1(9),2 € (0, T}, fur-
thermore, by induction x(¢) < u(t) < y(t), D§.x < D{.u < D§,y on (0, T'] by taking n — oo.
The proof is complete. 0

Theorem 3.2 The assumptions in Theorem 3.1 hold and there exists a constant N such
that

S (& u(0), Dy () —f (£ v(8), Dy v(2)) = —N|[ ¢, (D§ 1u(2)) — ¢ (D v(0)) ] (3.9)

Jor up(t) < u(t) < v(t) < vo(t), D uo(t) < D& u(t) < D§.v(t) < D§.vo(t),t € (0,T], and
110(0) =V0(0), D§, o(0) = DG, vo(0). Then problem (1.1) has a unique solution in the order

interval [ug, vo).

Proof From Theorem 3.1, we know x(¢) and y(¢) are extremal solutions and x(¢) < y(¢),t €
(0, T. It is sufficient to prove x(t) > y(¢),t € (0, T].

In fact, by (3.8) and D, uo(0) = D§,vo(0), we know W(O) = m(O). Let w(t) =
&p(DG:x(2)) — ¢p (DG, y(2)), t € (0, T], we have, from (3.9),

D§+W(t) = F(x(2)) — F(y(t)) = —N[¢p(Dg.x(2)) — ¢p(Dg ¥(2))] = —Nw(2),
' Bw(t)|e0 = 0.

Then w(t) > 0,¢ € (0, T, i.e. D§,x(t) > Dg,y(¢),¢ € (0, T]. And also by (3.8) and % (0) =
0(0), we have %(0) =%(0), Lemma 2.4 implies x(¢) > y(¢), ¢t € (0, T]. Thus, we obtain x(¢) =

¥(2). The problem (1.1) has a unique solution. The proof is complete. O

Finally, we present an example to illustrate Theorem 3.1.
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Example 3.1 Consider the following fractional periodic boundary value problem:

Djy. (¢p(Dge () = £2(1 = #) - 2[DG u(®)]? + u(t), te(0,1],
WO) (4% — (1)) =0, (3.10)

(3 + Dg.u(0))(1 - D u(1)) = 0,

where @ =1/2,8=2/3,p=3,T = 1, f(t,u, DZ, u) = t'>(1 — £) — 2[D%, u(£)]* + u(t), g(x,y) =
(57555 — ), and h(x,y) = (5 +2)(1 - ).
Set

Ir5/6) e

M()(t) = 0, V()(l’) F(4/3)

, telo,1].

It is easily verified that D(l)ﬁzuo(t) =0, D(l)ﬁzvo(t) =t for t € (0,1] and
t1/6D(1)/+2Mo(f)|t:0 = f1/6D1/2M0(f)|t 1= 1/6D1/2v0(t)|t 0= 7«‘1/6D1/2V0(L‘)|t 1=1

Therefore,

D(Z){,g (¢3 (D(l){,zlxl()(t))) 0 <f(t uo,D(l)izlfto) 1/2(1 1),

2(70(0),7p(1)) = 0, h(£"° D2 uo ()]0, £ Dy 1o (8] i1 ) =

N =

These show that # is a lower solution of (3.10). We have

D3 (¢5(DYPvo(0) = DY (%) =02 £ (6v0,DYP0)

I'(5/6) 1
r(a/3)

2(¥0(0),%(1)) = 0, A (£"° Dy vo (£) 110, £ D§ v (£) 1-1) = 0.

=21 -t -2 4

’

These show that vy is an upper solution of (3.10), and uy(¢) < vo(¢) on [0, 1].
For uy < u < v < vy, we have ¢3(D3/2v) — ¢3(Dg2u) = (D§2v)? — (Dy2u)? and

£ (t,u,Dg?u) + 25 (Dyu) - [f (&, v, Dyv) + 263 (Dy?v) ] =u—v < 0.
Thus, f(t, u, Dy2u) — f(t, v, Dyi2v) < 2[¢3(Dyi*v) — ¢3(Dgu)].

In addition, %22 = LOBL — y > - OB 2 - _x for %(0) < x < T0(0), € [H(1),

Vo(1)] = [0, 5573 ]. Therefore, g(u1,v1) - gluz, v2) < 3ot (r — uy) for uo(O) <up<u <
0(0), (1) < vi < vy < V(1). In the same way, h(uy,v1) — h(uz,vy) < (uz - uy), for
0Dy 1o(8) -0 < w1 < up < 10D vo(8) im0, 0D o (8) o1 < v S vp < t”éDmVo(f)h 1-

Hence, conditions (H;)—(H,) are satisfied. There exist two monotone iterative sequences
{ux} and {v}, which converge uniformly to the minimal and maximal solutions of problem

(3.10) in [u0, vo] by Theorem 3.1.
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