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1 Introduction and preliminaries

Summability is a wide field of mathematics in functional analysis and has many applica-
tions, for instance, in numerical analysis to speed up the rate of convergence, in operator
theory, the theory of orthogonal series, approximation theory, etc. Toeplitz [22] was the
first to study summability methods as a class of transformations of complex sequences by
complex infinite matrices. By w, we mean the space of all complex sequences. Any vector
subspace of w is called a sequence space. The spaces of all bounded, convergent, and null
sequences are denoted respectively by £, ¢, and ¢y. We indicate the set of natural num-
bers including 0 by N, and G denotes the collection of all finite subsets of N. Let A and 7 be
two sequence spaces, and let A = (a,x) be an infinite matrix of real or complex numbers
a,x, where n,k € N. Then the matrix A defines the A-transformation from A into 7 if, for
every sequence x = (x¢) € A, the sequence Ax = {(Ax),}, the A-transform of x exists and is

in n; where

(Ax), = Z auxr foreachneN.
k

For example, if A = I, the unit matrix for all #, then xx — £(I) means precisely that x; — ¢
as k — 00. By (A : n7), we denote the class of all matrices A such that A : A — 5. For a
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sequence space A, the matrix domain A4 of an infinite matrix A is defined as
Aa={x=(x) ew:Axer}. 1)

Also, we write A, = (a,x)ken for the sequence in the nth row of A.
A sequence (b,) in a normed space X is called a Schauder basis for X if, for every x € X,

there is one kind of sequence («,) of scalars such that x = ), o,,b,,, that is,

m

X — Z(ann

n=0

lim =0.

In [10] Lindenstrauss and Tzafriri utilized the idea of Orlicz function to define the Orlicz
space of sequences. A sequence F = (Fy) of Orlicz functions is called a Musielak—Orlicz
function (see [13, 15]). For detailed definition of Orlicz sequence spaces and paranormed
spaces, see [1, 2, 18-21, 23, 25] and the references therein.

Now, we define the sequence spaces £(g, A’') and £ (q, Al') as follows:

E(q, AL”) = {x: (xx) € a):Z|A,’f’xk|qk < oo},
k

Eoo(q, An”‘) = {x =) €Ew: sup|A;"xk’qk < oo},
k

which are the complete spaces (see [5, 27]).
Kizmaz [8] gave the concept of the spaces o (A), c(A), and ¢o(A) by using difference
operator, and it was additionally summed up by Et and Colak [6]. Let , m be nonnegative

integers, then for a given sequence space Z, we have
Z(A;”) = {x = (xx) ew: (A;”xk) € Z}

for Z = ¢, ¢y and £, where Ax = (A7x) = (A" Ly — A7 xr,q) and Ay = xi for all

k,n € N, which is equal to the accompanying binomial representation

m
m
A;nxk = Z(_l)v (V) Kk+nv-

v=0

Taking #n = 1, we get the spaces £o(A”™), c(A™), and ¢o(A™) studied by Et and Colak [6].
Taking m = n = 1, we get the spaces £o,(A), ¢(A), and co(A) introduced and studied by
Kizmaz [8].

Let T, = Y ;_o tx forall n € N, where (#) is a sequence of nonnegative real numbers with
to > 0. Then the Nérlund means N = (¢!;) is defined by

tuk 3
< k<
) ES ifo<k<n,

=
« 0, ifk>n
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for all k,n € N. For more details about Norlund spaces, one can refer to [14, 17, 24]. Let
to = Doy = 1 and define D, for n € {1,2,3,...} by

t 1 0 0 0

ty t 0 0 0

t3 t t 0 0
D, =

il tho tn3 lya 1

th ti tea tes -t

The inverse matrix V* = (v/;) of the matrix N* = (c};) (see [14]) is as follows:

(-1)"*DyyTr, 0<k=<n,
0, k> n,

for all k,n € N. Also, for k € {1,2,3,...}, we have

k-1

D= (-1 "'Dyj + (1) .
j=1

In [26] Yesilkayagil introduced the Norlund sequence space N (g) defined by

qk
<OO},

where 0 < gx < D < oo. Throughout the paper we shall assume that g, + (7})™! = 1 pro-

Nt(q) = {x=(xk)ew:2

k

1 k
77 D e
Ti

vided 1 <infq; < D < 00. By bs, cs, £1, and £,, we denote the spaces of all bounded, con-
vergent, absolutely and p-absolutely convergent series respectively.

The main purpose of this paper is to introduce some difference sequence spaces gen-
erated by Norlund matrix and Musielak—Orlicz function. We show that these spaces
are complete paranormed spaces. Section three is devoted to determining the «-, -,
and y-duals of these spaces, and in the fourth section, we discuss the matrix transfor-
mations on these spaces. Finally, the rotundity of the Norlund—Orlicz sequence spaces

NEF, A7, i, q) is characterized, and some properties of these spaces are given.

2 Nérlund-Orlicz sequence space N'/(F, A™, i1, q) and its properties
The current section contains completeness and introduction of Norlund-Orlicz se-
quence space N*(F, A", u,q). We also show that the Nérlund—Orlicz sequence space
and £(g, A}?) are linearly isomorphic and determine the basis for the space.

Let F = (Fj) be a Musielak—Orlicz function, g = (gx) be a bounded sequence of positive

real numbers, and 1 = (u;) be a sequence of positive real numbers. Then we define new
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difference sequence space N''(F, A™, 11, q) as follows:

k
1 et hadl
=2 Fj(i

e p

qk
<00,

NYF,AY 1, q) = :x:(xk)ewzz

k

for some p > 0}

with 0 < gx < D < 00, k € N. With the definition of matrix domain (1), the sequence space
NE(F, A7, u, q) may be redefined as

NUF, A7 mq) = {6 A7) Y e
where N*(F, i) denotes the matrix N*(F, u) = a’, (F, 1) defined by

1 |ty :
7 En (=), if0<k=<n,

ﬂﬁ,k(]——r /-'L) =
0, ifk>n.

Define y = (y) = (A™yy) to be a sequence used as the N*(F, u)-transform of sequence
x = (xk) = (A"x¢), so we have

k AT
y=00= 7 L p( B, @

0 P

Theorem 1 For Musielak—Orlicz function F = (F;) and let i = (u;) be a sequence of pos-

itive real numbers. Then N*(F, A, 11,q) is a complete paranormed linear metric space

qk)%

Proof The linearity of N*(F, A, u,q) follows from the following inequality. For x = (x;),
y= (Y;) € Nt(-/—": A:ln) H’:q) (See [12]1 p. 30)’
qk) B

k
1 |tk,]'/LjAnm(xj +y,')|
qk)},
1

e p
Xk: (|tk—]M1A y;|> k)H (3)

j=0

given by

ZF ( |tk jini A x}|>
P

j=0

g = (Z

k

with 0 < qx < D < 00 and H = max{1, D}.

(2

k

k

Z (Itk-;M;A le)

j=0

(;
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and
|B1% < max(1,|B|"), VB eR (see[11]). (4)

Clearly g(x) > 0 for x = (xx) € NY(F, A", u, p). Since M(0) = 0, we get g(0) = 0 and g(x) =
g(—x). Therefore, inequalities (3) and (4) give the subadditivity of g and

g(Bx) < max(1,|B])g().
Let {x"} € N''(F, A™, 11, q) be any sequence, then
g(x" -x) =0,

and let (8") be a sequence of scalars such that 8” — 8. Thus

g(Bux" - Bx) |t A7 (B — B2 >

1 k
NG

[y

qk);%

(=

k

IA

1By - BlAg(x") + 1817 g(x" — x)

— 0 asn— oo.

Hence g is paranorm.
Let {x'} € N(F, A, u,q) be any Cauchy sequence, where x’ = {x},x!,...}. Given € > 0
there exists a positive integer ny(€) such that

g( i—xj)<e Vi,j > no(€). (5)
For each fixed k € N,

(W F ), = (VHE ), |

= (Z}(N‘(f,mx“)k- (W t(F,mx’)quk)H <e foralli,j= no(e),
k

which yields a Cauchy sequence of real numbers {(N*(F, u)x%)r, NH(F, w)xl)i, ...} for
each fixed k € N. Since R is complete so that

(NYF, ,u)xi)k — (NYF, wx), asi— oc.

By using (N(F, w)x)o, (NE(F, u)x)1, ..., infinitely many limits, we define {(NV*(F, u)x)o,
(NU(F, 0)x)1,...}. For each t € N and i,j > ny(e), from (5)
t
SO IWHF W), ~ (NUF ), ™ < g o) <. ©)

k=0

Taking j — oo in (6) and then ¢ — 0o, we obtain g(x’ — x) <e.
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Taking € = 1 in (6) with i > ny(1), we have

1

[D ), |} <o) ()

k=0

<1+g(*')

gives x € NY(F, A", 1,q). We know g(x — x') < € for all i > ng(e), therefore x' — x as
i — 00. Hence, the space N*(F, A”, u,q) is complete. O

Theorem 2 Let F = (Fj) be a Musielak—Orlicz function and p = (1;) be a sequence of
positive real numbers. Then the sequence space N*(F, A", ,q) of non-absolute type is
linearly isomorphic to £(q, A'), where 0 < qi < H < 00.

Proof To demonstrate that the spaces N (F, A™, i, q) and £(g, A™) are linearly isomor-
phic, we have to prove that there exists a linear bijection between these spaces. Define a
linear transformation 7 : N(F, A”, u,q) — £(q, A™) by x — y = Tx = N'(F, A™, i1, q)x
by using equation (2). So, linearity of T is trivial. Clearly, x = 0 whenever Tx = 6 and there-
fore T is injective.

Suppose any sequence y € £(q, A”) and define the sequence x = (%) = (A”x;) by

k
1/1 ,
x = (x) = Z — (—(—l)k"Dk_l-pTiAL”yi> for k e N.
o b\ 1y
i=0
Thus,
1t A7\ ™ "
k=2 )
o= (]2 Sz
| Tk j=0 P
1
1 k |tk—1l'L/ Z, -0 F(;%( l)k le ,,OTA wyi)l
- (27 ( )
k k j=0 p
it
= (Z Wk)
k
< o0.
This means that x € N*(F, A™, u,q). Hence, the proof is completed. d

Theorem 3 Define sequence b (t) = {bi,k)(t)} weN of the elements of N (F, A™, i, q) for ev-
ery fixed k € N by

rlk(ﬂlk(—l)”_an-kak), 0<k=<n,
0, k> n.

ROR
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Then the sequence {b®(t)}ren is a basis for N*(F, A", 1, q) and any x € N'(F, A7, u,q)

has a unique representation of the form

x=Y u@bP), )
k

where A (t) = W(F, u)x)x, Yk € Nand 0 < gx < D < 00.
Proof Clearly, {b® ()} c NY(F, A™, i1, q), also
NYF,wbP () =e? e t(q,A) forallkeN, (8)

where e is the sequence whose only nonzero term is 1 in the kth place for each k € N
and 0 < gx < D < 00. Let x € N!(F, A", u,q). For every nonnegative integer m1, we take

A =3 ()b D). )
k=0
Then, by applying N(F, i) to (9) with (8), we have

NUF,wa™ = 3™ i ON (F, )b ()

k=0
=Y WVUF ) e
k=0

Now, for i,m € N,

0] 0<i<m
NYF, mw)(x -l =17 -
{ W -x )}l WHF, wx), i>m.

For € > 0 given, there is an integer m, such that

H
|:Z|./\/'t(]-',u, )|qk:| <€, Y(m+1)=>my.

i=m+1

Therefore,

o0 1/H
W] = | 3 [

~ UH
- [Z|<Nf<f,mx>,.|ﬂ

for all (m + 1) < my. To show the unique representation for x € N*(F, A, 11, q), suppose
that there exists a representation x = ) , ni(£)b®(¢). Since T is continuous from Theo-

Page 7 of 16
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rem 2, we have

(NF, ), =Y mONF,wb® )},
k

= > el = n,(2)
k

for every natural number 7 which contradicts that (N*(F, )x), = A,(£), Vi € N. Hence,
the result. O

3 Toeplitz duals of the space N''(F, A", 11, q)
For the sequence spaces X and Y, define the set

SX:Y)= {z = (zx) :xz = (xxzx) € Y for all w = (xy) eX}.

The a-, 8-, and y-duals of a sequence space X, respectively denoted by X¢, X#, and X7,
are defined by

X =S(X:¢y), XP=S(X:cs) and XV =S(X:Dbs).
Firstly, we state some lemmas which are required in this section.

Lemma 3.1 (see [7], Theorem 5.1.0)
(i) Supposethatl<qr <D< oo forall k. Then A = (au) € (£(q) : £1) iff there exists an
integer B > 1 such that

%
< 00. (10)

sup Z Z auB™

Keg k 'nekK

(i) LetO< gy <1.Then A =(aux) € ((q): 1) iff

E Ank

nek

Tk
sup sup
KeG k

< 00. (11)

Lemma 3.2 (see [9], Theorem 1) The following statements hold:
(i) Let 1<qx <D<ooforall k. Then A = (au) € (£(q) : €xo) iff there exists an integer
B> 1 such that

B Y% < 0o, 12
sngk]ank | <00 (12)

(i) LetO<gx <1 foreveryk e N. Then A = (aux) € (£(q) : £so) iff

sup |aux|% < oco. (13)
n,k
Lemma 3.3 (see [9], Theorem 1) Let 0 < gqx < D < oo for every k € N. Then A = (au) €
(£(q) : ¢) iff (12) and (13) hold along with there is By € C such that lim, a,x = B for every

natural number k.
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Theorem 4 Let 1 < qx < D < 00 and F = (F;) be a Musielak—Orlicz function. Define the
sets D1(F, A, i, q) and Dy(F, A, 1, q) as follows:

Dy(F, A), .q)

{ (ak) ew: supZ

KeG keN

/

Ik
<oo}

1
Z (_(_l)nkanDn—kakBl)
1293

nek Fi

and

DZ(-F’ AZ’I, M, q)

i (ax) e w: supZ

neN k

@
<oo}.

Z ( -1 aD;. kakB)

Then
(i) (NYF, A7 w,q)¥ = Di(F, A 1, q);
(i) (NY(F, A, 1, @) = Do(F, AL, 1, q);
(i) (N*(F, A, 1, @)Y = Do(F, A, i, q) Necs.

Proof Suppose a = (ax) € w. Therefore, by using (1) we have

n

1 1
ApXy = Z e —(—l)n_an—kP TkA:,nanyk = (Fy)nr (14')
o Fr

where F = (f,x) is defined as follows:

7 G U DyipThan), 0 <k <n,

Sk =
0, ifk>n,

for all n,k € N. Thus, by combining equation (14) with part (i) of Lemma 3.1, we have
x = (auxn) € £1 whenever x = (x¢) € NY(F, A", n,q) iff Fy € £; whenever y € £(q, A™).
This gives the result {N*(F, A, u,q)}* = D1(F, A", i, q).
Further take

n-1 n
1 . 1 1
zam 23 i (v D tagan ) + 1 (2Tt

k=0 i=k k
= (Ey), forallmeN, (15)

here E = (e,x) with

Z:’lka(l( 1)llek,Ode) lfofkfn_ly
Fk ukTﬂ") if k =n,

0, ifk>n,

Enk =

for all n, k € N. Thus, from Lemma 3.2 with equality (15) we have ax = (a,x,) € bs when-
ever x = (xx) € N'(F, A, 11, q) iff Ey € £, whenever y € £(q, A"). Hence, from Lemma 3.2
we have {Nt(fr Anm! 122 Q)}V = DZ(‘F’ A:,n¢ M, Q)



Kiligman and Raj Advances in Difference Equations (2020) 2020:110 Page 10 of 16

It is seen immediately that ax = (a,x,) € cs whenever x = (xx) € N*(F, A", u,q) it Ey € ¢
whenever y = (yx) € £(q, A)). Using by Lemma 3.3, the proof of the theorem is com-
pleted. d

Theorem 5 Let 0 < gy <1 and let F = (F;) be a Musielak—Orlicz function. Define the sets
DS(’FJ A:,”; 122 6]) ﬂ”ld D4(fr A:lnr 122) 4) b)’

D3(-F, A:,n, M, q)

{ (ax) ew: supz

Keg keN

Z ( k( l)n ay nkak>

nEK

9k
< oo}
and

D4(]:1 A:’: M, q)

i (ax) e w: supZ

neN A

qk
<OO}.

Z ( ~1)"*a;D;_xp Tk>

i=k

Then
(i) (NUF, A% i1, @)} = D3(F, A, 1, q);
(i) (NU(F, A% 1, @)Y = Da(F, A% 11, q);
(it) {NU(F, A™, 1, q)}f = cs N Da(F, A7, 1, q).

Proof We can find easily the proof of the theorem as in the proof of Theorem 4 through

Lemma 3.1, Lemma 3.2, and Lemma 3.3. O

4 Characterizations of matrix transformations on the space N'(F, A", i, q)
This segment deals with portrayal of the matrix mappings from the space N*(F, A™, i1, q)

into any specified space 1 and from a given sequence space 7.

Theorem 6 Let F = (F;) be a Musielak—Orlicz function. Let the elements of the infinite
matrices A = (a,x) and B = (b,;) be connected with

[e¢]

bnk = Z % (M}( 1)] D/ kP Tkank) (16)

j=k

Jor all n,k € N and sequence space n be given. Thus A € (N*(F, A", 1u,q) : ) iff A, €
(NUF, A", 11,9)}f Y,k € N and B € (L(q, A7) : ).

Proof Let n be any sequence space, relation (16) holds between the elements of the ma-
trices A = (@) and B = (b,) since the space N(F, A", 11,q) and £(g, A™) are linearly

isomorphic.
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Suppose A € (N(F, A”, u,q) : n) and choose any y € £(g, A"). Then

(BNY(F, ), meank (F, )

j=k
|M11k|
—(=1Y*D;_yp Tra,
( (-1y~ /kpkﬂk)T] ( )

= Ayk-.

“"i |

Therefore, BN(F, i) existsand A, € {N*(F, A, u,q)}?, which gives that B,, € ¢, for each
n € N. Thus, By exists and hence

o0 o0 k
1/1 " 1 | kit A7 x|
> buyc=) 7 (;(—1)] “Djip kalnk) X T ZFI(#
[ pr

PN P

=) amxk
k

for all n € N. Therefore, we have By = Ax, which leads to the consequence B € (¢(q, A') :
n).

On the contrary, let A, € {N*(F,A”, 1,q)} for every natural number # and B €
(€(q, A7) : m), let us choose x = (x¢) € NY(F, A™, i, q). Then Ax exists. Thus, we have

1/1 .
> awdi =) an |:I7 <— (-1)"Diip TiAL”yi)i|
P A j \ M
[o¢]
= Z buyr forallmeN,

which gives Ax = By and gives A € (N'(F, A, i1, q) : 1). O

5 The rotundity of the space N/'(F, A™, u,q)

In this section we use the concept of rotundity and give some conditions to prove the
rotundity of the space N*(F, A", u,q). For details about rotundity, Opial property, mod-
ularity, see [3, 4, 13, 26].

Definition 5.1 Let S(X) be the unit sphere of a Banach space X. Then a point x € S(X) is
called an extreme point if 2x = y + z implies y = z for every y,z € S(X). A Banach space X

is said to be rotund (strictly convex) if every point of S(X) is an extreme point.

Let F = (F;) be a Musielak—Orlicz function, i = (11;) be a sequence of positive real num-
bers, and g = (gx) be a bounded sequence of positive real numbers. We portray oz am ,..9)
on N'(F, A, i, q) by

qk

k
|Ex—jin; A ;|
oy 1

=0 P

1
LEICIPIOED Y T

k
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Ifgx > 1forall k e Ny = {1,2,...}, by the convexity of the function ¢ — [£|% for each k € N,
O(F,am g is a convex modular on N*(F, A%, i, q). We consider N*(F, A, i, q) furnished
with Luxemburg norm

x
lx[l = infy > 0: o(F am g ; <1;i. 17)

The space N(F,A™, u,q) is a complete normed space with above norm. This can be
proved in a similar manner as in the proof of Theorem 7 in [16].

Theorem 7 For all k € N and qi > 1, the modular oz am . . on N*(F, A, 11, q) satisfies
the following properties:
i) If0<y <1, then y¥o(z am 9 &/y) < o(Fam g %) and
oF, A ) (V%) <V O(F a7 19) (%)-
(ii ) If y = 1, then o, am 1.9 ®) < ¥X o7 am 1.0 &/ ¥).
i) If0<y <1, then yo(F,amugyx/v) < oF am uqX).
(1v) The modular o(F am . q) is continuous.

Proof (i) Let 0 <y < 1. Then yX/y% <1 for all g; > 1. Therefore, we have

k
1 ZF/ |Zkjpe; A ]
Ty P P

qk

% %

K X 14
4 U(}-AZ':M,LI)(_) = Z T
k

y )/Qk

k
Ti ZFI( |'fk—//»LjAZ"x/|)
k50 P
= G(F,Anm,;L,q) (x)r

k
1 ZF 173 1M/A %]
Ty £ P
qk
ZF<|tk—1H/A x]l)

0

qk
O(F A up) (VX) = E:V”

= Y O(F, AL ) (%)-

(ii) Let y > 1. Then 1 < yX/y% for all gx > 1. So, we have

K

Y X
T a8 = ZroF A (8) = QLTI (;) (18)

(iii) Let y > 1. Then y/yPk <1 for all gx > 1. Therefore, we have

k qk
1 3 F.( |tkf#/AZ”x;|)
j
T =5 P
qk
Z <|tk—}M1A x]l)

0

y qu

x y
VU(}',An”‘,u,q)<_) = Z T
k

—Wﬁwmm@)
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(iv) If y > 1, then we have

dk k qk
[k A 1 ltk—MA %]
Sl L) - 3y 3 (e
k k P X ko
k ax
|Ifi<—,uA %]
= Yoot o (e
k k"ico
= O(F,al ug) (%)-
Therefore,
VOFEAT 1)) < O F AT o (VX) < VX0 E A 0 (). (19)

Taking y as 1* in (19), we find oz am 1.0 (Y %) = O(F,am 1,0 ().
If we consider 0 < y < 1, we find that

k qk qk
1 2kt A x| Ek—jin; A %5
K M j 1Lk—j i By X1
S () - S Ly
k ko =0
qx
<> 2 (—'“ L)
P - 14
= U(T,Af[',//,,q)(x))
that is,
VKG(]-_,AZ',M,q) (x) < G(f,AZ”,u,q)(yx) < ya(}_,AT,u,q) (x) (20)

Take y as 17 in (20), we get o(r,am .g)(VX) = 0(F,am 11.q) (). Hence, o(F am . o) is continu-
ous. O

Theorem 8 Let F = (Fj) be a Musielak—Orlicz function, . = (11;) be a sequence of positive
real numbers, and q = (qx) be a bounded sequence of positive real numbers. For any x €
Nt(f, A", 1, q), the following statements hold:

i) If lxll < 1, then oz a0 (%) < 2]l
(11) Ifllx|l > 1, then o(x,ap /J.q)(x) > [l
(i) llxll =1 iff oFamug*) =
(W) (%]l < 1 i 07 a7, @) < 1.
W) lxll > 1 iff or,am g x) > 1.
(vi) IfO<y <1and ||x|| >y, then oz am 1.0 ) >y K.
(vil) Ify = 1and ||x|| < y, then O']:Am,u,q)(x) <yK,

Proof Letx € NY(F, A", 11, q).
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(i) Let us take € > 0 such that 0 < € < 1 — ||x||. Using (20), there exists y > 0 such that

U(]:YA;n,M,q)(f) <1and |x|| + € > y. Therefore, we have

Z (Itk—;M;A x;l)

j=0

qk

x|l + €
O(F, Al ug (*) < Z(

k

x
< (Ixll + €)oF a7 0 " =< [l +e€. (21)

Since € is arbitrary, we have oz am . (%) < [lx|| from (21).

(ii) Let e >0 such that 0 < e < 1 — ﬁ, then 1 < (1 —€)|lx]| < [l#||. Using (20) and part (iii)
of Theorem 7, we have
1 [ i ] ! .
<(I_7:, ;1”, § _7: m, X
G| T el ] = A= e)lll] A

Therefore, (1 —¢€)|lx|| < [V € € (0,1 = (1/|x[])). Thus, [lx[| < o(F,am,.q)(%)-
(iii) This can be done by the similar way used in the proof of Theorem 4 of [13] and

continuity of oz am , 5. Similarly, we can find the others. O

Theorem 9 Let F = (Fj) be a Musielak—Orlicz function, . = (11;) be a sequence of positive
real numbers, and q = (qx) be a bounded sequence of positive real numbers. The space

NUF, A", w, q) is rotund iff g > 1 for every natural number k.

Proof Let N'(F, A™, 1, q) be rotund and take a natural number k such that g > 1 for every

k < 3. Now, we contemplate the sequences given by

= (1 _XI)XZ: XS)X47 )

y= (O’ Yl) _YZXI! YIXZ’ _Y1X3: .. )

Clearly, x #y and (7, a2 1.9 (%) = O(F a2,.0Y) = OF a0 (F) = 1.

By using (iii) of Theorem 5, x,y, (x + ¥)/2 € SINY(F, A™, 1, )], which contradicts that
the sequence space N*(F, A, i, q) is not rotund. Therefore, gx > 1 for every natural num-
ber k.

On the contrary, suppose x € SINY(F, A", u,q)] and r,s € SINY(F, A™, u,q)], where

x = (r + 5)/2. By the convexity of o am,,., and Theorem 8, we have

o(F, A (1) + O(F, A 1,0 (S)
2

1=0(Famuqglx) < =1,

which gives

O(F, AP g) (1) + O(F, A7, 11,9)(S)

5 (22)

O(F, Al g (%) =
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Since x = (r + s)/2, we obtain from (22) that

k qk
l ZF‘ |tk—ijA,T(Vj + Sj)/2|
Tk !

0

Z <|tk—/M]A V,l)
j=0

el

qk
+

K
1 SF, |ttt A'sjl
Ty pn P

)

Therefore,
i+ 57| % ) |rj| 9K + |sj]9 23)
2 2

for every natural number k. Since ¢ — |£|% is strictly convex for all k € N, it follows by (23)
that r; = s; for all k € N. Thus, = s and hence N*(F, A, i, q) is rotund. a

Theorem 10 Suppose that F = (F;) is a Musielak—Orlicz function, = (u;) is a sequence
of positive real numbers, and q = (qx) is a bounded sequence of positive real numbers. Let
(x4) be a sequence in N*(F, A™, i, q). Then the following statements hold:

(1) limy,, oo 124 ]| = 1 implies lim,,_, oo 07, Am 1.0) (%) = 1;

(ii) 1imy,—s oo O(F,Am 1.0 (%4) = 0 implies lim,,_, o [|%,]| = 0.

Proof This can be proved by the similar way used in the proof of Theorem 10 in [16]. So,
we omit it. g

Theorem 11 Suppose that F = (F)) is a Musielak—Orlicz function, i = (u;) is a sequence of
positive real numbers, and q = (qx) is a bounded sequence of positive real numbers. Let x €
NUF, A, . q) and (") CNUF, A7, 1, @) I 0 (7,61 1,0)87) = 0(F a1 1.0 (&) as n— 00
and (x,((")) — xx as n — oo for all k € N, then x" — x as n — oc.

Proof Let € > 0. Since x € N'(F, A™, i1, q) and (x") C N*(F, A”, u,q), we have

(fAZ”uq)( Z| Nt(]: M)( ® )}k| <o,

Then, we can find a natural number kg such that

Y W EDE )= 3. (24

k=ko+1

Since x,((") — X as 1 — 00, we have

ko

D INVF W -2} | =

k=1

(25)

N ™

From (24) and (25), we obtain oz az .. (x™ —x) < €. Therefore, oz a1 (" —x) — O as
n — oo. This implies |4 —x|| — 0 as n — oo from (ii) of Theorem 7. Hence, the result. [J
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