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1 Introduction

Fixed point theory has great importance in science and mathematics. Since this area has
been developed very fast over the past two decades due to huge applications in various
fields such as nonlinear analysis, topology and engineering problems, it has attracted con-
siderable attention from researchers.

In 1989, Bakhtin [1] presented b-metric spaces. Since then, researchers have performed
significant studies such as [2—-6] in this type metric space. After the complex valued metric
space was defined as a new concept, this idea has been used many times. For example, the
complex valued b-metric spaces are given in [7]. G-metric spaces [8] have been defined
and then researchers have obtained important results (see [9-15]).

After introducing Gj-metric spaces in [16], the Banach and Kannan fixed point theo-
rems [17] were proved for G,-metric spaces. There are also other significant studies [18—
21] on Gp-metric spaces.

In recent times, Ansari [22] has investigated the notion of C-class function. He has pre-
sented new fixed point results using this function. For some of them, see [23-30].

This paper starts with Sect. 2 which consists of the required background. Then a com-
mon fixed point theorem has been proved and a corollary with an illustrating example is
presented. After introducing the o — (F, ¥, ¢)-contractive type and «-admissible mapping
and complex C-class function, we give the proof of a new fixed point theorem.
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2 Preliminaries
In this part, some useful notions and facts will be given. A partial order = on C, which is
the set of complex numbers, can be defined as follows:

1130 € (1) <3(rn) and NR(r1) < NR(1).

We write 71 X 77 if one of the following holds:

(C1) 3(11) = 3(12) and NR(z1) = R(z2),

(Cy) S(11) = S(12) and R(z1) < N(z2),

(C3) 3(11) < 3(12) and R(1y) = R(z2),

(C4) 3(71) < 3(2) and R(1y) < NR(za).
We use 11 jo 7y if 71 # 7o and one of (C,), (Cs) and (C,) holds and we denote 7; < 75 if only
(Cy) holds.

(1) If u,v € R with u <v, then ut < vt for each t € C.

(2) If0 3 71 3 12, then |7 ] < |1

(3) If 11 3 13 and 13 < 13, then 71 < 73.

Definition 2.1 ([17]) For a nonempty set X and a real number s > 1, if for a map G :
X x X x X — C holds the following:

(CGpl) G(1,62,83) =0if & =& =63,

(CGp2) 0 < G(&1,61,8) forall &1, 6, € X with & #&,

(CGp3) G(&1,61,52) 2 G(61,6,83) for all &1, &, &5 € X with & # &3,

(CGpa) G(&1,52,83) = G(p{é1,52,&3}), where p is a permutation of &1, &, &3,

(CGp5) G(&1,52,83) T 5(G(E1,k,k) + G, &2, 83)) for all &1, 67,83,k € X,
we say that G is a complex valued G,-metric and the pair (X, G) is a complex valued G-

metric space.

Definition 2.2 ([17]) Let {x,} be a sequence in a complex valued G,-metric space (X, G).
(1) {x,}is complex valued G,-convergent to & if, for every k € C with 0 < «, there is a
natural number w such that G(&,x,,x,,) < k for all n,m > w.
(2) {x,} is said to be complex valued G,-Cauchy if, for every k € C with 0 < «, there
exists w € N such that G(x,,,%,,,%x;) < « for all n,m, [l > w.
(3) (X, @) is called complex valued G,-complete if every complex valued G,-Cauchy
sequence is complex valued G,-convergent.

Ege [17] proves that a sequence {x,} in a complex valued G,-metric space is complex
valued G,-convergent to ¢ iff |G(&,x,,x,,)| — 0 as n,m — oo.

Theorem 2.3 ([17]) For a sequence {x,} in a complex valued Gy-metric space (X, G), the
following statements are equivalent:

(1) {xu} is complex valued Gy-convergent to a point &.

(2) |G(xy,%,E)| = 0 as n — oco.

(3) |G(x,,&,8)| — 0as n— oo.

(4) |Gy %0, €)| = 0 as m, n — o0.

Theorem 2.4 ([17]) A sequence {x,} is a complex valued G,-Cauchy sequence if and only
if |G (x> X, x1)| = 0 as n,m, | — oo.
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The notion of a C-class function was presented in [22]. For any u, ¢ € [0, 00), for a con-
tinuous function F : [0, 00)? — R holds the following:

(i) F(u, x) = w5

(ii) F(u, x) = n implies that either u =0 or x = 0.

Then F is said to be C-class function. C denotes the class of all C-functions.

Example 2.5 ([22]) The following are examples of C-class functions:

(i) Flu,x)=p-x.
(ii W, X) = mu, for some m € (0, 1).

) F(
(iii) F(u, x) = T ,,foraposmve real number r.
(iv) F(u, x) = (u + )M+ _ [ where [ > 1 for r € (0,00).
(v) F(u, x) =plog,,, uforu>1.

Let @, be the class of the continuous functions ¢ : [0,00) — [0, 00) satisfying ¢(x) >0
for x >0 and ¢(0) > 0.

Definition 2.6 ([25]) Forany u,t € S ={z € C:0 3 z}, ifa continuous function F : §* — C
satisfies the following:

(i) Fu, x) 3 1,

(ii) if F(u, x) = u, then either w =0 or x =0,
then it is called a complex C-class function. We denote the class of all complex C-class
functions by the same symbol C.

As an example, we can give the following: Let S={z € C: 0 3 z}.

(1) F(u, x) = ¢(u) where ¢ : S — S is continuous, ¢(0) =0 and ¢(x) > 0if x > 0.

(2) F(u, x) = uB(u), where g : [0,00) — [0,1) is continuous and u € S.

Let ¥ denote the class of continuous functions v : S — S satisfying ¥ (x) > 0iff x >0
and ¢(0) = 0.

@, will denote the class of continuous functions ¢ : S — S satisfying ¢(x) > 0iff x >0
and ¢(0) > 0.

Our aim is to give some different generalizations of the following theorems from the

literature using C-class functions.

Theorem 2.7 ([18]) Let {T,} be a sequence of self-mappings of a complete complex valued
Gy-metric space (X, G) such that

G(Ti(), T;(9), Tj(2)) 2 Bij[G(x Ti(x), Ti(%)) + G (3, Tj(»), Tj(2)) | + G, %, 2)

Jorx,y,ze X withx #y,0 < B, vij<1,i,j=1,2,.
IFy : 1(’3‘ i LTV, ”1) is an a-series, then {T,} has a unique common fixed point in X.

Theorem 2.8 ([18]) Let (X, G) be a complete complex valued G,-metric spaceand T : X —
X be an o — contractive mapping of type A satisfying the following conditions:
(i) T is a-admissible,
(i) There exists xy € X such that a(xo, Txo, Txo) > 1,
(ili) If {xn} is a sequence in X such that (%, %y11,%441) > 1 for all n and x, — x € X as
n— 09, then o (xy, %, %,.1) > 1 for all n.
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Consider an element z € X such that a(x,z,z) > 1 and a(y,z,z) > 1 forallx,y € X. Then T
has a unique fixed point.

3 Main results

Theorem 3.1 Let {T,} be a sequence of self-mappings of a complete complex valued Gy,-
metric space (X, G) such that

¥ (G(Tix), i), Tj(2)))
1
< F(w (m (4G (3 Ty, Tiw) + B, G (1 ), T1(2)
+8;,G(x,9, z)]),

w(; [0:;G (%, Ti(x), Ti(%)) + BiyG (3, Tj(»), Tj(2))

Oli,j + ,31',]' + 8,',]‘
+8:,;,G(x, 9, Z)])) (3.1)

Jor x,y,z € X with x #y, 0 < a;j, Bij, 8;; and oj + Bij + ;> 0, i,j = 1,2,..., where y € ¥,
FeCandy e ®,.{T,} has a unique common fixed point in X.

Proof Consider a sequence as x,, = T),(x,,_1) for an element xy € X where n=1,2,....If we
use (3.1), we obtain

¥ (G(x1,%2, %))
= ¥ (G(T1(x0), Ta(x1), Ta(x1)))
N F(lb (m [a12G (0, T1(%0), T1(%0)) + B12G (%1, Talx1), Ta(x1))

+ 81,2G(x0,x1,x1)]),

1
SD(m [012G (0, T1(%0), T1(0)) + B12G (%1, Ta(x1), Ta(x1))

+ 51,26(960,961,961)]))

1
= F<1/f (7 [12G (%0, %1, %1) + B12G (%1, %2, %2) + 81,2G(xo,x1,x1)]>,
o1+ Bra+ 812

aip + Pio+ 012

1
(/’(7 [012G (%0, 1, %1) + B12G (%1, %2, %2) + 51,2G(x0,x1,x1)]>)

aip + 012 P12
;j w(—G(xo,xl,xl) + —G(xl,xg,x2)>.
aip + Bio + 01,2 aip + Bio + 01,2

From the property of F, ¢ and monotonocity increasing of , we get

G(x1,%2,%2) T G(x0,%1,%1).

Page 4 of 13
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Moreover, by the following inequalities:

¥ (G, %3, %3))

= ¥ (G(Ta(x1), Ts(x2), T3(x2)))

= F(W (m [o23G (%1, To(x1), Ta(x1)) + BasG(x2, Ta(x2), Ts(x2))
+ 82,3G(x1,x2,x2)]),
¢(m [023G (1, To(w1), Ta(x1)) + BasG (2, Ta(x2), Ts(x2))
+ 62,3G(x1,x2,x2)]))

1
=F| ¥ | ———————[23G(x1,%2, %) + B23G(%2,%3,%3) + 823G (%1,%2, %2) ] )
w23+ Pz + 023

1
§0<— [02,3G (1, %2, %) + Bo,3G(x2, %3, %3) + 82,3G(x1,x2,x2)])>
023+ Po3 + 023

A

a3+ 873 B3
¥ (—G(xler:xz) +

——————Glxo, x3, xS)):
03+ Ba3 + 823 a3+ Po3 + 23

we obtain
G(?C2,?C3,?C3) /—j G(x11x21x2)'

If the same procedure is applied repeatedly

‘W(G(xn’x;ﬁl; xn+1)) = Ip(G(Tn(xn—l)r Tn+l(xn)r Tn+1(xn)))

A

F<l/f< 1 [(Xn,n+lG(xn—1; Ty (%n-1), Tu(%n-1))

Uil + Brnsl + Onnel

+ Buns1 G(xm Ti1(xn), Tn+1(xn)) + 81 G(Xn_1, %0, xn)]);

(P( ! [G(xn—lr Tn(xn—l)r Tn(xn—l))

Uyl + ,Bn,n+1 + 8n,n+1

+ /3n,n+lG(xm Tn+l(xn)’ Tn+1(xn)) + 5n,n+lG(xn—1;xn; xn)]))

1
= F<¢f < [an,wrl G(xn—hxn: xn)

an,n+1 + ﬂn,rHl + 8n,n+1

+ ,Bn,n+1G(xm xn+l¢xn+1) + 8n,n+1 G(xn—l; xn;xn)]);

1
% [an,n+1 G(xn—h Xns xn)
sl + Brnsl + Opnel

+ ,Bn,n+1 G(xn; xn+1:xn+1) + 8n,n+1 G(xn—l;xmxn)]>)r (32)

Page 50f 13
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we get G(x,, %11, %411) S G(Xp—1, %4, %) Thus {G(x,,, %,41,%,441)} is a decreasing sequence
in C. So we say that it is G,-convergent to 0 < x € C. We assert that x = 0. To show this,
assume that x > 0. If we take the limit of (3.2), we get

1

Uysl + Brnel + Opns

¥(x) j F<1/f( [an,n+lX + Buns1 X + 8n,n+1X]):

1
§0< [an,wrlX + Buns1X + 8n,n+1X]>>

an,n+l + ,Bn,n+1 + 8n,n+1

=F(¥(x),¢(x))

which implies ¥ (x) = 0 or ¢(x) = 0, namely x = 0. But this is a contradiction. So x = 0.

ie.,

lim G(x,,%,41,%41) = 0. (3.3)

n—00

We will show that the sequence {x,} is a G,-Cauchy by assuming the contrary. If we use
(3.1), we obtain

1ﬁ(G'(xmxm:xm)) = 1p(c';’(]—'n(xn—l)r Tm(xm—l)’ Tm(xm—l)))

1
<F - < an n—;Tn n— ;Tn n—
N (W(an'm B+ o [0n,mG (%n-1, Tn(¥n-1), Tu(-1))
+ /Sn,mG(xm—lr Tm(xm—l): Tm(xm—l)) + Sn,mG(xn—lxxm—l:xm—l)]):
@ ; [an mG(xn—lf Ty(xn-1), Tn(xn—l))
Aym + ,Bn,m + Sn,m '
+ ﬂn,mG(xm—ly Tm (xm—1)7 Tm(xm—l)) + G(xn—lr xm—lyxm—l)]))
F(v G )
= — o | Y% m G X1, X0, Xy
g + Brgm + Sum— '
+ Bum G (K15 Xy %) + (Sn,mG(xn—I:xm—lrxm—l)]>:
 [anG )
@ Ao n ,Bn,m T 8n,m Uym Xn—1%XnrXn

+ B G (Xm15 Xy X) + G(xn—lyxm—lyxm—l)]))o

Using the same procedure, we get

1

Aym + ,Bn,m + Sn,m

1
(p(—[an,mg + ,Bn,mg + 8n,m5])>
Aym + ,Bn,m + (Sn,m

= F(‘p(SL (p(s)))

Y(e) 3 F(w( [@pme + Bume + 5n,m8]),

which implies ¥ (g) = 0 or ¢(¢) = 0. Namely, ¢ = 0 but this is a contradiction. So {x,} is a
complex valued Gj,-Cauchy sequence. By the G,-completeness of X, {x,} converges to an
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element v in X. From (3.1), we have

W(G(xn’ Tm(V): Tm(v))) = w(G(Tn(xn—l)x Tm(V): Tm(V)))

A

1
F<1/f <m [n,mG (%n-15 T (Xn-1) Tn(%0-1))

+ BumG (Vs Tu(¥), Tu()) + 80,mG (%1, v, V)]>,

% (; [an,mG(xn—l: Tn (xn—1)7 Tn(xn—l))

iy + Buym + Snm

+ ,Bn,mG(V; Tn(v), Tm(V)) +8umG(Xn-1,V, V)]))

= F<I/f (; [an,mG(xn—lrxm xn)

Apm + ,Bn,m + (Sn,m

+ ,Bn,mG(V» Tm(V): Tm(V)) + 8n,mG(xn—1r v, V)]);

L [enGl )
B — 04 Xn—1:%Xns X
@ Qs + ,Bn,m + Sn,m nm n-1r*m¥n

+ BumG (v, Tn(V), T (V) + 85,mG (-1, v, V)]))

for every positive integer m. If we take the limit as # — 0o and use (CG,1), we have

1

—— [y G, V)
Ay + Buym + Snm

V(G T, Tu) zf(w(
+ BumG (v, Tu(V), Tu(V)) + 8,,mG(v, v, V)]),

1
¢ (— [, G(v,v,v)

Apm + ﬂn,m + 6n,m

+ BumG (v, Tn(v), Tn(V)) + 8,,mG(v, v, v)])>
= F(Kb (lB’l—ymG(V’ Tm(V)r Tm(V))>r

Aym + ,Bn,m + Sn,m

2 (IBVI—,WI G(V, Tm(V)r Tm(V))> )7

Apm + ,Bn,m + 6n,m

which implies

W(lgn—'mG(v, T,,(v), Tm(V))> =0 or

Aym + lgn,m + 8n,m

. ( P G0, T, Tm(v))) =0

Oym t+ ,Bn,m + 6;«1,m

That is, aﬁ”i"”G(v, T,,v), T,,(v)) = 0, we deduce that T,,(v) = v. Therefore, v is a

nm+Br,m+0n,m

common fixed point of {7},}.
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We now prove the uniqueness. Assume that u is a different common fixed point of {7}, }
where u #v. Then (3.1) gives the following result:

14 (G(V’ u, M)) =y (G(Tm(l/), Tin(u), Tm(”)))

1
Fly (
( Ly + Brym + S

X [am,m G(Vr Tn(v), Tm(V)) + ,Bm,mG(u» Tn(u), Tm(u))

LA

+ Sm,mG(V) u, Ll)]),

1
4
(am,m + ,Bm,m + 6WI,WI

X [am,m G(V, Tn(v), Tm(V)) + IBm,mG(u’ Tn(u), Tm(u))
+8m GV, u, u)]))

By the limit as m — oo, we obtain

v (G, u,u))

Ay + ﬂm,m + (Sm,m

= F(l// ( ! [am,m G, v, V) + Bim G, u, 18) + 8,10, G(v, 1, u)]),

<p< ! [am,mG(V, VV) + Bim Gty u, 1) + 8,1, G(v, 1, u)]))

Omm + ,Bm,m + 8m,m

ﬂm m ﬂm m
=F 1//( : G(v,u, u)), ( ’ G(v,u, u)))
( i + Brym + O i Ly + Brgm + S

which implies w(ﬂ’”i'mmG(v, u, 1)) =0 or p(—L™" __ G(v,u,u)) = 0. As a result,

Ay, m+Br,m+6m, Uy, Brnm +m,m

we have v = u. This completes the proof. O

Taking F(u, x) = un(u), where 5 : [0,00) — [0,1) is continuous function and u € S =
{z€ C:0 =z} in Theorem 3.1, we have the following.

Corollary 3.2 Let{T,} be a sequence of self-mappings of complex valued G,-complete met-
ric space (X, G) such that

1
v (m [0 G (x, Ti(x), Ti(x)) + BiyG (3> Tj(»), Tj(2))
1
+01;G (35 Z)]) n (w <m [ai;G (%, Ti(x), Ti(x))
+BUGn TIO) @) + 3,605 G4)

for x,y,z € X with x #y, 0 < a;j, Bij,8ij and o;; + Bij + 8;; > 0, i,j = 1,2,..., where n :
[0,00) — [0,1) is continuous and W € V. Then {T,} has a unique common fixed point
inX.
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Example 3.3 Consider the set X = [-1,1]. (X, G) is a complex valued G,-metric space [17]
where G: X x X x X — Cis defined for all »,v,w € X as follows:
G(u,v,w) = (|u v+ |lv—wl+|w- ul)z.

Let S = {z € C: 0 2 z}. Define the following maps:

o F: X x X — X with F(u, x) = §i, where j1 € S.

e Ty(u)=uforallne Nand u € X.

o Y S— Swith ¥(u) = .
Then {T,} satisfies (3.1) for u,v,w € X with u #v, 0 < &;}, B;;,6;j and a;; + Bij + 8;; > 0,
where i,j=1,2,.... 0 is the unique common fixed point of {T,}.

Let us define the o — (F, ¥, ¢)-contractive self-mapping as a new concept in complex
valued Gj-metric space.

Definition 3.4 Let (X, G) be a complex valued G,-metric space. A mapping T : X — X is
called o — (F, ¥, ¢)-contractive mapping of type A if there exist functions o : X x X x X —
[0,00), F € C, ¥ € ¥ (which has a property such that lim, . ¥"(¢) = 0 for ¢ € C) and
¢ € @, such that

a(x,y, To)y (G(Tx, Ty, T*x))
= F(w (G(x,y, Tx)), go(G(x,y, Tx))) forallx,y,z € X. (3.5)

Definition 3.5 ([18]) Let (X, G) be a complex valued G,-metric spaceand o : X x X x X —
[0,00) be a given mapping. A mapping T : X — X is said to be «-admissible if x,y € X,
a(x,y,z) > 1 implies a(Tx, Ty, Tz) > 1.

Theorem 3.6 Suppose that (X, G) is a complex valued Gy-complete metric space. Let T :
X — X be an o — (F, ¥, p)-contractive mapping of type A and satisfy the following:
(i) T is a-admissible,
(ii) there is an element xo in X such that o(xg, Txo, Txg) > 1,
(ili) if a sequence {x,} in X satisfies at(xy, Xy41,%p41) = 1 for all n and x, — x € X as
n— 00, then ot(xy, %, %4.1) > 1 for all n.

T has a unique fixed point if there is an element z € X such that a(x,z,z) > 1 and

aW,z,z)>1forallx,y € X.

Proof Assume that there is an element xy € X such that «(xo, Txo, Txo) > 1. Consider a
sequence {x,} in X defined as x,,; = Tx,. If x, = x,,,; for some #n € N, since x,, is a fixed
point for T, we assume that x,, # x,,; forall » € N.

Using (i), we obtain «/(xg,x1,%1) = a(xo, Txo, Txo) > 1 implies that o(Txo, Tx1, Tx1) =
a(x1,%9,%2) > 1. From induction

(X, X1, %041) > 1 forallm e N, (3.6)
Since

G(xmxn+1:xn+1) = G(Txn—b Txn; Txn) = G(Txn—h Txrn szn—l)
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and by Definition 3.4, we get

Y (Gt %11, %11)) 3 @61, %m %)W (G X111, %11 )
= (%1, % %)W (G (T, Ty, T2 1))
SEW (Gt %0%)), 9 (Gl6n-1, % %))
3V (Gno1, Xy %))

Therefore we get ¥ (G(xy, X141, %n41)) S W (G(xy-1, %0, %)) as & (x,-1,%,,%,) > 1. Since ¥ is

non-decreasing, we conclude

G(xn: xn+l’xn+1) j G(xn—lxxn;xn) for all n = 1 (37)
Hence {G(x,,%,:1,%,11)} is the decreasing sequence in C and so it is G,-convergent to
0=<yxeC.

We will show that x = 0. Suppose, to the contrary, that x > 0. The limit case in (3.2)
shows that

v (x) SE(W (0 0(x)),

which implies ¥ () = 0 or ¢(x) = 0. Namely, x = 0. But it is a contradiction. Thus, x = 0.

ie.,

nlingo G (% X1, %n41) = 0. (3.8)
By (CG,5) and (3.7), we get

Gy Xps Xp) 3 5[ Glots Ka1s Hina1) | + 8 [ GXats Bnszs X)) | + - + 7 G(Hpo1, 5, %)

-1
k—n+1
/—\</ s G(xk, Kik+1> xk+1)

S

>
I

n

j Z Sk_n+1 G(xO: X1, xl)

p-1
k=n

and consequently from (3.8)

lim |G(xy,,xp,xp)‘ =0.

n,p— 00

The sequence {x,} is a complex valued G,-Cauchy. Since (X, G) is a complex valued G,-
complete, there is an element v* € X such that x, — v* as n — 00. Considering (3.6) and

(iii), then we obtain

a(x,,, v5,0") =1 foralln>0. (3.9)
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By (3.5) and (3.9), we find

G (%41, TV %2) = G(Tx, TV, T?x,,)

LA

o (%, U*, %011) G (T, TUX, T,

F( (G0 71 %011)) 0 (G (0 V") 2001)))
(G(xn,v xn+1))

ZA

ZA

Taking the limit,
G(v*, Tv*,v*) 2 ¥ (G(v*, v*,v")).
From Theorem 2.3 and (CG,1), we have

lim |G(U*, Tv*, U*)| =0

n—00

as ¢ is continuous at x = 0. As a result, v* = Tv*.
To complete the proof, we show the uniqueness. Suppose that 9* # v* is another fixed
point of T. Then there is a point z € X such that «(v*,v*,z) > 1 and «(9*,9*,z) > 1. By

induction and (i), we have
a(v*,v*, T”z) >1 and a(ﬁ*, v, T”z) >1 (3.10)
forall n=1,2,.... Equations (3.5) and (3.10) give the following result:
G(Tv*, T(T" '2), T*v*)
a (v, T" 'z, TV*)G(Tv*, T(T" 'z), T*v*)
F(y(G(v*, T" 'z, Tv*)),(G(v*, T" 'z, Tv*)))

v (G(v*, T" 'z, Tv*))

W (G(U*, T" 1z, v*))

G(v*, T"z,v")

2)\ Z)\ A

Using induction, we get
G(U*, T"z, U*) = 1/1"(G(U*,z, U*))

for all natural numbers zn. From (CG,4), we obtain G(v*, v*, T"z) = ¥"(G(v*, v*, z)). Tak-

ing the limit, we observe
’G(v*, v*, T”z)| =0.

So {T"z} is Gp-convergent to v*. It can be observed that {T"z} is G,-convergent to ¥*.

The uniqueness of the limit gives v* = ¥*. As a result, T has a unique fixed point. d
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4 Conclusions

We have introduced a generalized fixed point theorem using the complex C-class func-
tion as a new tool in complex valued G,-metric spaces. Moreover, we have defined an
a — (F, ¥, p)-contractive type and a-admissible mapping. Then we have proved a fixed
point theorem using these notions and the complex C-class function. The obtained re-
sults generalize some facts in the literature.
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