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1 Introduction

Fractional calculus primarily involves the description of fractional-order derivatives and
integral operators [28]. In the last few decades, it has gained significant importance be-
cause of its wide range of applicability in diverse scientific domains. Fractional differen-
tial equations (FDEs) are among the strongest tools of mathematical modeling and are
successfully employed to model complex physical and biological phenomena like anoma-
lous diffusion, viscoelastic behavior, power laws, and automatic remote control systems. In
the available literature, notable definitions of fractional derivatives were given by famous
mathematicians, but the most commonly used are the Riemann-Liouville (RL) and Ca-
puto derivatives [1, 2, 21, 22, 24, 26, 29, 39]. Thus FDEs involving the RL fractional deriva-
tive or Caputo derivative have considered frequently for investigating the existence of mild
solutions. However, little attention has been devoted to FDEs with generalized fractional
derivatives. The Hilfer fractional derivative (HFD), a generalization of the RL fractional
derivative was first introduced by Hilfer [4, 11, 15, 16]. The existence and uniqueness of
general initial and boundary value problems involving HFD were first examined by Fu-
rati and Kassim [10] and Wang and Zhang [36], respectively. Thereafter, by means of the
noncompact measure method Gu and Trujilo [13] defined mild solutions for FDEs involv-
ing HFD. Later on, Gou and Li [12] proved the existence of mild solutions for Sobolev-
type Hilfer fractional evolution equations with boundary conditions. In [17, 32, 33] the
authors considered Hilfer FDEs with nonlocal conditions for investigating approximate
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controllability and existence of solutions. Recently, Subashini et al. [34] obtained mild so-
lutions for Hilfer integro-differential equations of fractional order by means of Monch’s
fixed point technique and noncompact measure. FDEs involving HFD are widely appli-
cable in biomedical research. These equations are successfully employed to model the
irregular boundaries of biological cells and microscopic fluctuations of biomedical mat-
ters [37].

Hernandez et al. [14] first introduced the concept of noninstantaneous impulsive condi-
tions. These conditions appeared in the mathematical description of real-world dynamical
processes experiencing a sudden change over a short interval of time like DNA sequences,
heart beat intervals, optimal control models, and so on [19]. In the published work, FDEs
involving either RL or Caputo derivative are commonly considered with impulsive condi-
tions for obtaining mild solutions [5, 7, 20, 27, 30]. However, Sousa et al. [31] for the first
time obtained the mild solutions for Hilfer FDEs with noninstantaneous impulsive con-
ditions. Similalrly, no existence results have been established for neutral Hilfer FDEs in
contrast to neutral FDEs with RL or Caputo derivative [9, 25, 35, 40]. Such equations have
a bundle of applications in physics, biology, and electrical engineering. Thus, to make a
little contribution to existing works, we consider the neutral Hilfer FDEs with impulsive
conditions of the mentioned form for obtaining mild solutions. We obtain an existence
result with the help of fixed point theory, which is proven to be an authoritative modeling
tool for obtaining exact or approximate solutions of FDEs

¢
D1 + 2(63()) = A3(t) + Q(t,g(t),/o 9 (t,5)P(t,5,3(5)) ds),

te (5[’t[+1] C] = [01 a]1 [: 07 1,2,.,.,}4’1; (1'1)

30 =m(t3(0), te (t, s, [=1,2,...,m;

237 (3(0) + 2(0,5(0))) = 30,

where I&I ¥ is the RL fractional integral, H Dg;q is the HFD of order (p,q) with0 <p < 1,0 <
g<1,and0 <0 =p+q—pq < 1, thelinear operator 4 : D(4) C Z — Zis the infinitesimal
generator of a strongly continuous semigroup {7 (t)}¢>o in a Banach space z, 0 =t, =5, <
t1<s;<ty< - <t < <ty =aisapartitionof [0,a],a>0,[=1,2,...,m,Q:[0,a] X Zx
z — Zand ?:[0,a] x Z — Z are appropriate functions satisfying some assumptions
to be discussed later, and a continuous function 7 : (t;,5(] X Z — Z characterizes the
impulsive conditions and 3, € Z. The properties of functions ¥ : A — R and @ : A x
z— 2, A =(t,8) € [0,a] x [0, a] are specified in later section.

This manuscript is structured as follows. In Sect. 2, we discuss the Hilfer fractional
derivative, Hausdorff measure of noncompactness, and mild solutions of equation (1.1)
along with some basic results and lemmas. In later section, we obtain existence results by
means of fixed point technique, measure of noncompactness, and Lebesgue dominated
convergence theorem. We confirm the validity of obtained results by offering an example
in the last section.

2 Preliminaries
Let C(J,z) denote the complete normed linear space of continuous functions 3(t)
defined on the interval J = [0,a] with ||3]| = supte J|3(t)||. We define the Banach
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space C14(7,2) = {3 : J —> Zsuchthat t'%;(t) € C(J,2)} with norm [3lc,, =

SUPo<i<q 177301
We will establish the existence results in the Banach space

PCo(T,2) = {50 (= 0750 € C((t bl R) and. lim (¢- 6)'~3(0) exists
—Y
for [=1,2,...,m with the corresponding norm

Illne, , =max sup 1€-73(t°),supl|€-73() |
teJ teJ

By L(z) we denotes the family of bounded linear operators defined on z, and by
{Wp,q(D}=0 the (p — g)-resolvent operator or the g-times integrated p-resolvent opera-

tor generated by 4.

Definition 2.1 ([16]) The Hilfer fractional derivative of order n — 1 <p<n,n e N; 0 <

q < 1, with lower limit ¢ is defined as

d
forqf(f) _ Iff"—Q)EIS—P)(H—q)f(t) _ Iff"—q)'D?:Pn—qu(t)’

where Iff"_q) is the RL integral, and DI"""P% is the RL derivative.

Lemma 2.1 ([10]) LetO<p<1,0<q<1,and 0 =p+q—pq.Iff € C1_9[c,0] is such that
Df+f € Ci_g[c, 0], then

I0.D f =TV D¥f and D°I%.f =DV,
Lemma 2.2 ([18]) Let0<p<1and0<6 <1.Iff Ciylc,0] and I*f € Cjle,0), then

Z.Pf(0)
I'(p)

IEDLS (%) = f(x) - (=), Vxe(e0].
Definition 2.2 ([3]) The Hausdorff measure of noncompactness on a bounded subset §2;
of Banach space Z is the mapping ¢ : B C §2; —> [0, 00) defined as

;(B):inf{e >O:B=UB;withradiiofB;§efori=1,2,...,m}.

Lemma 2.3 ([3, 23]) The measure of noncompactness ¢ defined on bounded subsets P and
Q of a Banach space Z has following properties:

1 ¢(P)=0iff P is a relatively compact set.

2 PCcQ = ¢(P)=t(Q.

3 ¢(P)=¢(P).

4 ¢(PU Q) =max{¢(P),(Q)}.

5 ¢(aP) =|al¢(P), Va e R.

Lemma 2.4 ([3, 23]) For a bounded set D C z, there is a denumerable set D, C D such
that £ (D,) < ¢(D).
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Lemma 2.5 ([38]) For a bounded and equicontinuous function G € C(J, ), the Hausdor{f

measure of noncompactness ¢ (G(t)) is continuous on J, and ¢ (G) = maxc 7 £ (G(1)).

Lemma 2.6 ([23]) Let D = {3,} C C(J, 2) be a bounded denumerable subset of z. Then
¢ (D)) is Lebesgue integrable on z, and

¢ ( / sm(Odt:ne N) < / £ (3u(0) dt.

Lemma 2.7 ([31]) After applying Lemmas 2.1 and 2.2, the system of fractional nonlinear
differential equations (1.1) reduces to the following integral equation:

e~ 2(t,5(0) + 1k fo(E— 9 (A3(6)

+Q5,3(8), f§ 9(s,T)P(5,7,5(x))dr)ds,  te[0,4];
30 =yt 3(), te(tusd; (2.1)
M(t3(0) = P(6,3(0) + 77 fy (= )P~ (3(5)

+ Q(s,g(s),fOT 0(s, )P (s,7,5(t))dr))ds, te(sptpal;l=1,2,...,m.

Definition 2.3 ([13, 31]) A mild solution 3 € PCy_4(7, Z) of problem (1.1) is the solution
of the corresponding its integral form (2.1)

Wi.a(030 = P(4,3(8) = [ Vp(t - 5)2(5,5(s)) ds

+ fot yp(t—s)Q(s,g(s),for P, T)P(s,7,3(1))dr)ds, te€[0,t],
m(t3(1), te(t,sd,
Wea(Omi(s03(50) — P(63(0) = [, Vy(t—5)A2(s,5(5)) ds

+ [o Volt=9)Qls,50), [y 9(5, )P (s,7,5(r)) dr) ds,

fE(ﬁ[,f[+1],[= 1,2,...,1’}’1,

30 =

Wo,q() = 9P Y, (1),
Vp(t) = t7713,(1),

Zo(t) = /000 vap(v)T(tpv) dv,

where M, (v) is the Wright function defined as

&
Mp(\))—gm, O<u<l,veC,

and satisfying the equality

Ir'l+o)

—, v,0>0.
Ir'(1+po)

/ VI M,(v)dv =
0

This definition of a mild solution is obtained by means of the Laplace transform of the

Hilfer fractional derivative.
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Remark 2.1 The Laplace transform of the Hilfer derivative of a function f(t) of order 0 <
p<landO<q<1isas follows [15]:

L{DEIf ()5} = s°f(5) — PV P Vp(04),

where Iélfp)(lfq)f(0+) is the RL fractional integral of order (1 — p)(1 — q).

+

Remark 2.2 ([6, 13]) Let us assume
1 The strong continuity of linear operators {W,, q(t)}1s0 and {V; (1)} -0 with

M1 Pl
[Wea®] < TGO and [V (0)] < o) for t > 0.

2 The norm continuity of family {7'(t)} for t > 0.

3 Existence result
In the beginning of this section, we introduce some assumptions required to obtain the
desired result:

(H1) Q: J x 2x z— D(B) C zis a Carathéodory function, thatis, Q(-,31,32): J —
D(B) C zis measurable for all (31,32) € Z2x 2, Q(t,+,) : Zx Z—> D(B) C z is continuous
a.e. for t € J, and there exist ¥, € L% (J,RY), % > 1, and a continuous function -, such
that

1Q(r31,32) | < w1 ® 311 + Y2 (Dll52l

for almostall t e 7.
(H,) There exist functions qAbl, ¢32 € L1(J,R*) and constants M;, M, > 0 such that

£ (LD DY) < M1 () (Dy) + Moo ()0 (D), te J.

for any bounded, equicontinuous, and countable sets D; C z, [ =1,2.
(H3) 2:J x 2 — Zzis bounded and Lipschitz continuous, that is, there exist My > 0
and L, € (0, 1) such that

J2(t,500) | = 96

|2(t31(0) - 2(t32(0)) || < Lollz1 — 320, Vte T,

(H4) The impulsive function 5y : [t,8(] X Z —> Z is Lipschitz continuous, that is, there
exist Ky, >0, =1,2,...,m, such that for all 31,3, € Z,

1t 31) = mi(t 32) || < Ko ll31 = 3211-

(Hs) @(t,5,-) : Zz— Zis a Carathéodary function, and there exist m : A — R with

t
m* = sup / m(t,5) <oo such that
teJ JO

|@(ts,3)] <mts)zl, 3€ 2z
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(Hg) For a bounded set D; C Zand 0 < s < t < q, there exists a function £ : A — R
such that

{(@({,5, Dl)) = E(f,ﬁ)f(Dl),

where
t
& = sup/ E(t,5)ds < oo.
0

(H7) 9* = sup{®(t,5) : 0 < s < t} is bounded and measurable on J along with the conti-
nuity of the function ¥ : 7 —> L>®(7, R) defined as 9;(s) = ?(¢,s).

Theorem 3.1 The equation system (1.1) has at least one mild solution in the space PC1_g

if assumptions (Hy)—(Hy) hold along with the following conditions:

’C a1—9+p—r 1—r 1-r ||1p2 ||u1—€+p 9Fm*
M| =1 — — | <L
[r o (o) ey M )<

Mab (1-r\"" N R
(MICy, + L) + Txa)(ﬁ) (%”d’l”L%[O,u] + %”‘bZ”L%[O,u]ﬁ*S*)
M Lo M,a?
'p+1)

Proof To prove the existence of a mild solution for equation system (1.1), it is sufficient to
prove the existence of a solution the corresponding integral form (2.2).
Define

25 ={3€PC16(J, 2): |30, _, <:te T}
Clearly, £2; is a closed convex bounded subset of Z. Define the operator

e Q,g — th by
O3(t) = O13(t) + ©3(t), where

Wi,a(D30 — P(4,3(1), tel0,4],
G131 = { mit3(), te (t,si,
W, qa(Oni(s,3(s1) — P(63(1),  te(sptul,[=1,2,...,m;

Jo Vot =9)Qs,5(8), fif 9(5,7)P(5,7,5()) dr) ds
— Jy Volt—5)a2(s,5(s)) ds, te [0, 1],
I3 Vplt=9)Qls,5(8), [y 75, 7)P(s,7,5(v)) d7) ds
— [o Vo(t=5)a2(s,3(s))ds, te(s,ti],=1,2,...,m.

O3(t) =

The operator © is well defined.
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We establish our results in six steps.
Step 1. We show that @3 € PC,_g for 3 € PC;_g, that is, t!?@3(1) is a continuous func-
tion for t € (t;,t1;,],1=0,1,2,...,m. For 0 < f < t < t;, we consider

los® - o350,

=€ (@300 - 030)]

< [Woa®30 = Wea 3o, + |20 - 2D ], _,

i T
+/ 0| Ve (t—5) - Vp(t-9)| HQ(s,g(s),/ 9 (s, 1)@ (s, 7,3(1)) d‘[)‘ ds
0 0

t
o [ e i-s] ds
t

’ Q(s,g,(s), /0 9(s,7)P (5, 7,5(1)) dr) ‘

1
R / 0V, (6= ) - Yy i-9)| Hﬂ“ 12(s,3(5)) | ds
0
t
o [ el 2 56) | s
i
Substituting {— s = 51 into the third and fifth terms, we have

;
= [Woa®30 = Woa®io o, + Lsllit=tlc,, +/ a [ Vp(t =t +51) = V(o)
0

X dSl

Q(i—sl,g({—sl), /or (-5, 7)P(t-5,,7,5(1)) dl’) ‘

ds
Cig

t T
+ﬁ a [V t—9)| HQ(S,;,(s),/ z?(s,r)cb(s,r,g(r))dr)
i 0

t
+ /0 | Wyt =T+ 50) - Vplsn) | 1l | 2 (E- 51, 5(E-51)) | dsy

t
. /t 0! | V(= )] 121 | 2(5.3(5)) | s

—0 ast— 1.

This proves the continuity of t!~?@3(t) for t € [0, t;], that is, @3 € C1_4([0, t,], 2).

Using the continuity of noninstantaneous impulsive functions n(t,3(t)) for (= 1,2,...,m
and applying the similar procedure as before, we easily see that @3 € C;_y((t, (], 2) and
O3 € C1_g((s1, t41], 2). Thus we conclude that ®3 € PCy_g4 for 3 € PCy_y.

Step 2. We show that ® maps the bounded closed convex set £25 onto itself, that is,
O3 € 25 for 3 € £25. Suppose the contrary, that is, there are 3 € £2; and t € J such that
1O3lle,, > 8. Let us evaluate ||@3]| for t € [0, 1], (t;, (], and (s(, tra], [=1,2,...,m.

For t € [0,t;], we have

|65,
=[¢e50)]

< W a 030 + [0 2(63(D) |
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t T
+/ | Vp(t=9)] 11‘9Q<5,3(5),/ 15‘(5,T)<15(5,T,5(t))dt> ds
0 0
t
o[ ol e zgss6) | 4
0
Mlzoll MMy Al a?
=M T o) YT
+M/t(t—5)p1 Q(5 () ]Tﬁ(s r)q)(s T (‘L’))d‘[) ds
I'(p) Jo 30 0 ' '
Mllzoll M M| A|aP
A OIS
+ M /‘t(t—s)‘J‘1 (1// (5)8 + Va(s) ™8 /5 m(s ‘L')d‘[) ds
I'(p) Jo ! g 0 '
b+ M]3l . M Mo || Al aP . M| |[9*5m*aP
=TT e rp+1) pI(p)
Msal=0 [ [t o N\t I
oot (o)
a4t M |30l s MMy || Al aP
TTTTT6) T T+
MO 1-r\"" W2 [l aP o *@m*
- p-r
"R [(p—r> R A }
= [e50],,
Mllzoll M M|l A aP
A TS
MS 1—r 1-r | beper ||'(//2||Cl1_9+pl9*n_1*
+Tp)|:<ﬁ> a ”%”LHO'GJ-Ff]' (3.1)

Forte (t,s(],1=1,2,...,m, we have

[050c,., = 1€ 050 = [¢n(ts0)] = [m(t50) .,
= ” n[(tij(t)) - U[(t, 0) + 77[({» 0) || Cip
=Ky, ||3(t)||c1_9 + [m(s O)HCl_g
<Ky +N, whereN =sup|n(t,0)[,

= |e50],, , =Ky s+N. (3.2)

For t € (s, ti1], [=1,2,...,m, we have

[950lc,., = ¢ 650

t
¢ [Wp,q(t)m(sr,za(sl))—‘P(t,za(t))— f Vy(t—15)aP(s,3(5)) ds

t T
+/ yp(t—s)Q<s,3(5),/ B(s,7)P (s, 7,5(7)) dr) d5:|
S 0

Page 8 of 16
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- MK, 8 +N) MMy || Al (t - 51)°
Q) ’ r(p+1)
MEO [ (1-r\"" [z || P 9 i
- p-r
e LGo) e PSR
= o5, ,
B M(KC,, 8 +N) N M Mp|| 4| (¢ - s¢)P
ro) r'(p+1)
MS 1—r 1-r | bepr ||1ﬂ2||ﬂ1_9+p19*1‘71*
+ m[(ﬁ) a ||1/f1||L%[0'u] + f] (3.3)
Combining (3.1)—(3.3), we get
Mllzoll MU, 8+ N)  MMyp|Alla?
[0350le,, =2+ L GF =6 * TFe+
M T(1=r\"" |, [ ¥2]la'=+? pim*
(o) @, S

By our assumptions we have

|50, >3

Mllzoll MU, 8+ N)  MMy|Alla?
+ +
) re) p+1)

M [[1-r\"" 1V |a=0+ *m*
+ |:< ) a1—0+p—r”1/f1”Ll . + w2 }
rp)\p-r rloal p

> [|@3(t) ||le9 > 6.

= Mp+

Dividing both sides by § and taking the limits of both sides as § — 0o, we have

K al=0+p-r /1 _y 1-r 1l al=0+p yr
M N -_ @ 1,
it T o) Mt G

which is a contradiction. Hence
||@)5(t) “lee < 4.

This proves that ® maps bounded sets to bounded sets.
Step 3. We prove that @, is Lipschitz continuous. For t € [0, ], we have

|©151(0) - €130, , < Lellar —32llcy - (3.4)

Forte (t,s(],1=1,2,...,m, we have

|©151(0) = ©15:0)]| ¢, = Killan =32llc, - (3.5)

For t € (s, t1,1], we have

|©131(t) - @152(9”6179 S (MEy, + La)ll31 = 32llc; - (3.6)
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Combining Egs. (3.4)—(3.6), we get
[©131(0 = @130, , < (M, + Lolsr =20l VEET.

This proves that ©); is a Lipschitz function with Lipschitz constant (M/C,, + Ls).
Step 4. Let {3,(t)} be a sequence in £2;5 such that

|32 =3 — 0 asn— oo.

Since P and Q are continuous functions with respect to the second and third variables, it
follows that

”gnoo P(t,34(1)) = 2(t,3(t)) and

Nim Q(t,g,,(t), /: 9 (s, 7)@ (4, 7,34(7)) dr) = Q(t,g(t), /OT Pt 1)@ (t7,3(7)) dr).
By assumptions (H;) and (H3) we have

[2(t3.(0) - 2(t,3(0) | <2

H Q<t,3,q(t),/0I (6 T)P (4 7,34(7)) dr) - Q(’c,;,(t),/or Pt T)P (4 7,5(7)) dr) H

<28[y1(t) + Yo ()9 *m*].

Since ¥, € L 1(0,0] and ¥, (t) is continuous, both functions on the right-hand side are inte-
grable.

Forall te 7, 3,,3 € £25, consider

” O234(t) — O253(t) H Cip

= [£77(@23u(t) - O23(1)) |
¢ T
/ tl—(’@p(t—s)[Q(s,sn(s),/o s D) (5,7,3(7)) dt)

- Q(s,;,(s),/(: B(s,T)P (5, 7,53(1)) dr):| ds

=

+

t
/ 709, (t - 8){ (s, 3(5) — P(5,3(5)} H

5(
Mal—@ t
=
I Js

(t—s)P!

Q(s,gn(s), /(; 9(s,T)P (5,7, 5u(7)) dr)

_ Q(s,g(s),/T z?(s,t)(D(s,r,;,(f))dr)’ ds
0

Mul—@ t 1
+—— | (t=95)""H|2(s,3.(5)) — 2(s,3(5))| ds.
Ty . (9 #(a0e) - #(a56)|
By the Lebesgue dominated convergence theorem

H O23,(t) — O23(1) ”C1_e —>0 asun— oo.

Page 10 of 16
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This proves the continuity of the operator ©®,.
Step 5. Let us prove that ®; is equicontinuous. For any 3 € £25 and s; < t; < t < {4,

[=0,1,2,...,m, we have

” @zg(fg) — O3 (t) H Cip

= [t9(@23(t2) - @25(tr)) |

19) T
/ Y, (b - 5)Q<5,3(5),/ B (s, 7)P(s,7,3(7)) dr) ds
0

51

t T
_/ tl_eyp(tl—5)Q<5:3(5)r/ (s,7)®(5,7,5(7)) d’) ds
p 0

[

ty 4
_ / £V, (t — 5)22(s, 3(5)) ds + / £Vt - 5)A2(s, 5(5)) ds

S( 5[

=<

t1 T
/ {yp(tz—ﬁ)—g)p(tl—5)}t1‘9Q(5,3(5),/0 ﬁ(s,t)@(s,r,g(r))dr)ds

Sl

t

+ Vplty —s)t? Q(ﬁ,g,(s), /: B(s,7)P(s,7,3(7)) dt) ds

t

4
+ / {Vplta —5) = Yy (ts —5) }t' =0 22(s,5(s)) ds

5[

t
+ ’ Vp(ts — )t aP(s,5(s)) ds
t

=Il +jg +I3 +I4.
By substituting (t; — 5) = s; into Z; and Z3 we have

t
T 5/ al™? ||yp(f2—f1 +51)_yp(51)”
0

X dﬁl,

Q(tl -s51,3(t —51),/ Bt — 51, 7)P (4 — 51,7,5(1)) d"-’) ‘
0
t1
I < / a'" Vo (ta -t +51) = Vp(s1) | | A2(t1 — 51,5(t1 — 51)) | dsi.
0

By the equicontinuity of (p — q)-resolvent operator and the Lebesgue dominated conver-
gence theorem both the integrals 7;, Z; — O as t; — ;.
Clearly, 7,, Z, — 0 as t; — t;, from which it follows that

”@25“2) — @23“1)”6179 —> 0 as t2 —> tl.

This proves the equicontinuity of ©,.
Step 6. Let us prove that ® is a condensing operator. We have to show that for any
bounded subset D C £2s,

¢(0(D)) <¢(D).
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Since ®; is a continuous map, for any bounded set D C £2;, there exists a countable set
D, = {34} C D such that £ (02(D))pc, , = £ (©2(Do))pc, -

Since ®, is a bounded and equicontinuous operator, it follows that

£(02(Do)) e, , = (x| (D)), [=0,1,2,...,m, (3.7)
£((©:D,)(1)
_/S:yp(t‘ﬁ)m’(ﬁ’sn(s)) ds)

t T
(t—s)P ¢ <Q<513n(5)1/ 35, T)P (5,7, 34(7)) dr)) ds
0

<
- F(p) 5
t

T [, ) ds

M t A A
< 25 (Pute) [ =97 (361(0) + b0 9 ds

M t

- _ &)1

+ (0 | (- AN ds

MaPT 11\ n oyn A ML M,a?
< ) (;) {M1||¢1||L%[O,a]+M2195 ||¢2||L%[0‘a]}§(D)+W§(D)
- g(@Z(DO))'pcl_g

Mﬁf%ﬂp
< Wé’(D)
MaP (1-r\"" - ew
+ ) (}:) {M1||¢1||L%[0,61+M219§ ||¢2||L%[0,u]}§(ID),
where 2, = || A|l.
Equation (3.6) implies
EMST%ap
§(@2('D))m¢179 =< mf(p)
MaP~ (1-r\'"T 2
+ ) (;) [9"[1”¢1”L%[0,u] + M07E ”¢2”Ll,[o,u]]§(p)'

Since @ is a Lipschitz function with Lipschitz constant (M &, + £4), for any bounded set
De .Qg,

£(61(D)) gy, , < (MK, + L)(D). (3.8)
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As ® = ®1 + ®@,, we have

{OD)pe, , <E(O1D) e, , +£(O2D)) e, ,

MLy M,aP

S|ME,, + L) + o+ D)

MaP~" (1 —r
+ [

I'(p) \p-r
<¢(D).

1-r
) (@l + %ﬁ*éﬂ@ﬂulmu])};(D)

Thus © : 25 — £2; is a condensing operator. Hence by Sadovskii’s fixed point theorem
[8] operator ® has at least one fixed point 3 € £25, which is a PC;_y mild solution of the

given system of equations. |

4 Applications
Consider the following neutral Hilfer FDE with noninstantaneous impulsive condition on

J =[0,1]:
o s+ ML

D) | s
a2 10(1 +et)d

e
’ 1 2
+£ L(a(s?))dg, te(0,-[U(=,1], 4.1
5 Jo £ 3 3 .
cos t[3(t, 1) 12
)= e (Sis |,
25+ 3(t, 1)l 33

3(£0)=3(t1)=0, tel0,1],

Iy [5(0,2) + 2(0,5(0,1))] = 30
Let z = L?[0,1] and 43 = 3" with
D(A) = {3 € Z:3,3 are absolutely continuous, and 3(0) = 3(1) = O}.

The operator 4 generates an equicontinuous C,-semigroup W(t), (t > 0) on Z with
W@ <1 for t > 0. On comparing with equation system (1.1), we have

R S R
p = q= 81 = 161 a=1,

T =t t -5 o3
Q(t,g(t),/ 9(s,7)P (4,5,3(s,1)) ds) = Lzﬂ)l Rl %j(ﬁ’x)) ds,
0 10(1+et)s 5 Jo t

ot _ e’sin(3(s,1)) S(ts) =1
yﬁré(ﬁrx)) = T’ (t,ﬁ) =4
in(3(t, tl3(t,
P(65(60) = sin(3( X)), (6361 - ;(S>S+ lé((t Z;))||'

40
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Put 3(t,z) = 3(1). It is easy to see that

¢
H Q(t,g(t),/o 9 (s, 7)P(,5,5(s)) ds)

<v1® ]3]

ol [ o es0)ds| for vty - — 0=
+1//2 /0 (,5,35) S Orl,[/l —m,lﬁz —?.
Similarly,
;(Q(t,g(t),/o z?(s,r)(b(t,ﬁ,;,(ﬁ))ds))
<1 ()¢(3(0)
~ t ~ 1 ~ e%i
+ B2 ( /0 PeI@(ueie)ds) fordi(0= gl = o

—S

|®(t5,305,0) | <mts)|351)] withmts)= et—z and

1
m* = supf m(t,5)ds = 0.63212,
te[0,1] Jo

2(@(t5,5(5)) <n*t((3(5)) withn* =0.63212.

. _ l.
In particular, take r = 3:

1 1 N}
Iille, = ——dt =0.063 and
o o L10(1 + et

rest 10\
Ialley, = —dt =0.102.
$001] o | 5

Both P(t, 3(t)) and (%, 3(t)) are Lipschitz functions with Lipschitz constants L, = % and
=5 Thuswehavep=3,q=5, 0=, r=3, M =10 =1, 3% =1, 96 =1, Ly = 35,
=55 [Vl = llg1]l = 0.063, [|¥2] = l|p2ll = 0.102, n* = m* = 0.63212.

For these values, the first condition of Theorem 3.1 is satisfied:

K al=0+p—r /1 _y 1-r IR al=0+p g mx
M I — [~ 0834 < 1.
i T (5r) Wl v g | posses

Ly,
‘Cf][

Similarly, we have the second condition:

MaP (1-r\" A A
(MICy, + Lo) + ) <ﬁ) (%||¢1||L%[O,u]+M2”¢2”Llr[0,u]19*77*)

MLy M,a?

~0.714< 1
'p+1)

Thus both conditions of Theorem 3.1 are satisfied. So the equation system (4.1) has at
least one mild solution in PC1_¢(J).
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5 Conclusion

We established the existence of mild solutions for neutral fractional-order system involv-
ing the Hilfer fractional derivative in a Banach space by converting it into an integral form
and hence applying Sadovskii’s fixed point technique. For future research work, for the
proposed problem, we suggest stability analysis, multiple solutions, and singular solutions.
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