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1 Introduction

Fractional calculus is the generalization of classical calculus. Fractional integral/derivative
operators play a key role in the development of fractional calculus. They have been used
to formulate various physical and dynamic problems in fractional models. The complex
behavior of physical systems can be represented in terms of fractional models. For ap-
plications of fractional calculus operators in sciences and engineering we refer to reader
to [5-7, 19, 26, 51]. Physical properties of viscoelastic material can be interpreted by a
model of fractional derivatives [4]. Furthermore, fractional calculus is applied to physics
[21], bioengineering [29] optics [9, 18, 25], fluid flow [12], energy systems [11, 28] and
biology [22-24].

On the other hand fractional integral/derivative operators have been used to construct
and formulate new results in the theory of inequalities. Many of the well-known inequali-
ties and related results are generalized and extended via fractional integral/derivative op-
erators; see [2, 14—17, 30-32, 44, 52] and the references therein. At the same time con-
vexity plays a vital role in enhancing the theory of inequalities, and facilitates optimiza-
tion theory, mathematical analysis, mathematical statistics, graph theory with many other
subjects. Fractional integral inequalities being suitable constraints provide existence and
uniqueness of solutions for several mathematical problems in the form of fractional mod-
els.

The goal of this paper is the study of fractional integral operators containing Mittag-
Leffler functions in their kernels. These operators are comprised in a single definition
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(Eq. (2.4) and Remark 1). We will analyze them for a generalized notion of convexity called
(h — m)-convexity. The method of proving the results of this paper can be utilized to get
the results for other kinds of fractional and conformable integrals/derivatives already exist
in the literature which authors will may consider for their future work; for instance for
convenience Caputo—Fabrizio derivatives [3, 10] can be used.

2 Preliminary results
In this section we give definitions and notions which will be useful to establish the results
of this paper.

Definition 1 Let / be an interval in R. A function f : I — R is said to be convex if, for all
a,b el and 0 <t <1, the following inequality holds:

f(m +(1- t)b) <tf(a) + (1 -t)f (b).

Convex functions are further generalized in different ways. One of the generalizations
of convex functions is called (# — m)-convexity that contains several kinds of convexity
for example /i-convexity, m-convexity, s-convexity defined on the right half of real line
including zero (see [35, 45]).

Definition 2 Let] C R be an interval containing (0, 1) and let /1 : ] — R be a non-negative
function. A function f : [0,b] — R is called (% — m)-convex function, if f is non-negative
and for all x,y € [0,b],m € [0,1] and & € (0, 1), one has

f(ax +m(1 - a)y) < h(a)f (x) + mh(1 - a)f (y).

In the solution of integral and differential equations, the exponential function arises
while in the solutions of fractional integral and differential equations, Mittag-Leffler func-
tion appears naturally. The Mittag-Leffler function is defined as follows [33]:

oo n

z '
Ea(z):zm; zeC,a e Gihi(a) > 0. (2.1)

n=0

The Mittag-Leftler functions are used in many areas of science and engineering, especially
in the theory of fractional differential equations, in solutions of generalized fractional ki-
netic equations (see [40]). The Mittag-Leffler function was generalized by many mathe-
maticians: for example Wiman [46], Agarwal [1], Prabhakar [36], Shukla and Prajapati [41],
Salim [38], Salim and Faraj [39], Rahman et al. [37]. For a detailed study of this function
see [20, 27, 36, 37, 39, 41-43].

Recently in [2], Andri¢ et al. defined the extended generalized Mittag-Leffler function

y,8,k,c
Eu,a,l

(+; p) as follows.

Definition 3 Let w, o, v,c € C, (), R(a), R({) > 0, R(c) > R(y) >0 with p>0,8 >0
and 0 < k < 8 + M(u). Then the extended generalized Mittag-Leffler function EZ'B”('C(L‘; p)

o,l
is defined by
o0
Bp(y +nk,c—y) (o) ¢
X (p) =y ¢ (2.2)

—~ Bly,c-y) T(un+a)Duw’
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where B, is the generalized beta function defined by

! »
Bp(x,y) = / N1 — Y le @0 dt
0

and (¢, is the Pochhammer symbol, (¢)x =

Lemma 1 ([2]) Ifm e N, o, i, a,1,y,c € C, R(w), R(«), R() > 0, R(c) > R(y) >0 with p >
0,6>0and0<k<8+N(w), then

da\" . "
(%> [ B (s p)] = 7 BT (s p)s - i) > m. (2.3)

The left and right sided fractional integral operators corresponding to the Mittag-Leffler
function (2.2) are defined as follows.

Definition 4 ([2]) Let w,u, 0, y,c € C, R(u), R(a), R()) > 0, R(c) > R(y) >0 with p > 0,
§>0and0<k <8+ ER(;L) Letf € L1 [a, b] and x € [a, b]. Then the generalized fractional

integral operators eM o lw +f and e# o la) ,-f are defined by

(€rove of )ip) = / (x = " ELON (w(x — 05 p)f (O dit, (2.4)
(€l f)wp) = / (¢ —x)* BT (ot - 2" p)f () dit. (2.5)

The following remark provides the connection of integral operators with already known
fractional integral operators.

Remark 1 The operator in (2.4) contains various fractional operators:
(i) Setting p =0, it reduces to the fractional integral operator defined by Salim—Faraj in
[39].
(ii) Setting =4 =1, it reduces to the fractional integral operator defined by Rahman et
al. in [37].
(iii) Setting p =0and /=34 =1, it reduces to the fractional integral operator defined by
Srivastava and Tomovski in [42].
(iv) Settingp=0and /=38 =k =1, it reduces to the fractional integral operator defined
by Prabhakar in [36].
(v) Setting p = w = 0, it reduces to the Riemann-Liouville fractional integral.

Fractional integral/derivative operators containing Mittag-Leffler functions are studied
extensively with the prospect of their utilization in different fields; see [8, 27, 3638, 41,
42].

The following formulas are frequently used [16] in this paper:

(Ezzl;;w 1)(x;p) =(@x- a)"‘E/’: affl(w(x - a)";p) = Cyut (%5 p), (2.6)

(2hros D@p) = b=l (ob -2 p) = Cop (i), (27)

The following lemmas are useful in establishing Hadamard type estimations.
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Lemma 2 ([14]) Letf: [a,b] — R be a convex function. If f is symmetric about “T*b, then
the following inequality holds:

/(452) <re. welan 29

Lemma 3 ([15]) Let f: [0,00) — R be a (h — m)-convex function. If 0 < a < b and f(x) =
f (%), then the following inequality holds:

f(“;b) <(m+ 1)h<%)/(x), xelabl. (2.9)

The rest of the paper is organized as follows: In Sect. 2 the bounds of sum of the left and

right sided generalized fractional integral operators (2.4) and (2.5) via (% — m)-convex func-
tions are established. These bounds hold for several kinds of convexity as well as for several
fractional integral operators. Further in Sect. 3 they are computed for the parabolic func-
tion y = x?, and as a result recurrence relations for Mittag-Leffler functions are obtained.
Section 4 consists of generalized fractional differential equations and their solutions are
computed in terms of the Mittag-Leffler function.

3 Bounds of generalized fractional integral operators
Theorem 1 Let f : [a,b] — R, 0 < a < b, be a real valued function. If f is positive and
(h — m)-convex, then, for a, B > 1, we have

(eoe o )ap) + (e, f) @)

< ((x (@) Carar ®5) + (b= D (B)Cpr (3P)
X 1
+ mf(%> (= @)Corra+ (% p) + (b — %) Cp1,- (x;P))> /o h(z)dz. (3.1)

Proof Letx € [a,b]. Then first we observe the function f on the interval [a, x]; for ¢ € [a, x]
and « > 1, one has the following inequality:

(=) TEV N (ol — £ p) < (k- @) ELY Y (0lx — @) p). (32)

ol ol

As f is (h — m)-convex, so for t € [a,x], we have

7 sh(ﬂ)/(a>+mh(t‘“)/(ﬁ). (3.3)
X—a X—a m

Multiplying (3.2) and (3.3), then integrating over [4, x], we get

[ @m0 - o0

<flas-a B - ap) [ 02 )ae

X—a

+ mf(%) (x— a)"“lEZﬁ',’;’c(w(x - a)*;p) /x h (; - Z) dt. (34)
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By using (2.4) on left hand side and (2.6) on right hand side, we have

(o) D) < (x = a)Co- 1u+(x,P)<f(a)+mf< )) / h(z) dz. (3.5)

Now on the other hand we address the function f on the interval [x, b]; for ¢ € [x,b] and
B > 1, one has the following inequality:

(£ = )P ELS (ot =25 p) < (b - 2P ELSE (0(b - )3 p). (3.6)
Again from (% — m)-convexity of f for ¢ € [, b], we have
t—x b-t x

Similarly multiplying (3.6) and (3.7), then integrating over [, b], we get

(Z:‘le(tib S)xp) < (b-x)Cp1- (x;P)(f b)+mf( ))/ h(z) dz. (3.8)

Adding (3.5) and (3.8), inequality (3.1) is obtained. O
If m =1 and h(z) = z in (3.1), then the following result holds for a convex function.

Corollary 1 Letf : [a,b] — R, a < b, be a real valued function. If f is positive and convex,
then, for o, B > 1, we have

(eroe o) ap) + (e, f) @)
_ (x — a)f (@) Co-1,4+ (x5 p) + (b — x)f (b)Cp_1,5- (% p)
- 2

(x — a)Co1,a+(%; p) + (b — %) Cp_1,- (%3 p)]
5 )

+f (x)[ (3.9)

Remark 2 If w = p =0in (3.9), then [14, Theorem 1] is obtained.

Theorem2 Letf:[a,b] - R,0 <a < b, beareal valued function. Iff is differentiable and
If'| is (h — m)-convex, then, for «, B > 1, we have

(€l et )@D) + (€155 f ) 5P)
— (F(@)Carar (50) + () Cr ()|
< ((x = )| (@)|Camrar (5) + (b= 2| B)|Cor (i)
()
+mlf'| —
m

Proof Let x € [a,b] and ¢ € [a,x]. Then using (4 — m)-convexity of |[f'|, we have

[f(t)|<h( )[f(a)|+mh< a»/(%)’ (3.11)

1
(& = @) Comra (:p) + (b= %) Cp1- (x;p))> f h(z)dz.  (3.10)
0
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From (3.11), one has

f’(t)§h<%> If' (@) +mh(;:2)lf(%)' (3.12)

Multiplying (3.2) and (3.12), then integrating over [a, x], we get

/ x(x - t)“‘lEZjZ’f’c(w(x —t)";p)f'(¢) dt

< (x—a)* BN (0(x - a)sp)

« |:[f/(a)|/;h<’%) dt+mp/(%> /h(;:‘;)dt] (3.13)

The left hand side is calculated thus: Put x — ¢ = z, that is, £ = x — z, also using the derivative

property (2.3) of the Mittag-Leffler function, we have
X—a Sk
- 10,K,C
/ ZE V(w2 p)f (x - 2) dz
0
k e k
=—(x-— a)“‘lEZ:i"l’c (w(x —a);p)f(a) + /0 za_ZEZ:i’_fl(a)z“;p)f(x - 2)dz,

now by putting x — z = £, in second term of the right hand side of the above equation and
by using (2.4) and (2.6), we get

X—a
- 18,k ,8,k,
/O 2T EN (w0 p)f (x — 2) dz = ~f (@) Corar () + (€057 asf ) (55 D).
Therefore, (3.13) takes the form

(€0 S ) D) = (@) Corar (35 )

4 ! x !
< (x—a)CaLu+(x;p)<[f (a)| + m‘f (Z) D /0 h(z) dz. (3.14)

Also from (3.11), one has

f’(t)Z—(h(%) ()] +mh(9t—Z)P<%)’> (3.15)

Following the same procedure as one did for (3.12), we also have

F(@Carrar (0) — (€255, 1of ) 1)

! ! X !
< (x—a)Ca_l,a+(x;p)<[f (a)’ + m}/ (Z) D /0 h(z)dz. (3.16)

From (3.14) and (3.16), we get

(€125 s )5 D) = f(@) v (x: )|

! ! X !
< (x—a)Ca_l,a+(x;p)<[f(a)| +mP <Z>D/o h(z) dz. (3.17)

Page 6 of 18
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Now let ¢ € [x, b]. Then using (h — m)-convexity of |f’|, we have

porss(ron () (2]

Along the same lines as for (3.2), (3.12) and (3.15), one can get from (3.6) and (3.18) the
following inequality:

(€18 S ) @5 2) — £ (B)Cpr- (x3)|

! ! X !
< (b—x)C,g_Lb—(x;p)([f (b)| + mp (Z) D /0 h(z)dz. (3.19)

From (3.17) and (3.19) via the triangular inequality, inequality (3.10) is obtained. a
If m =1 and h(z) = z in (3.10), then the following result holds for a convex function.

Corollary 2 Let f : [a,b] — R, a < b, be a real valued function. If f is differentiable and
If'| is convex, then, for o, B > 1, we have

{(E/)::jz,f‘lc,l,m,a"f) (x;p) + ( Zg lclcub f) (‘x;p)
— (f(@)Carrar (55 p) +f(B)Cpo1,5- (%)) |

_ = a)f"(@)|Carar (x5p) + (b = 2)If'(B)| Cp1p- (%)
= 2
@) ((x —a)Cq-1,a+ (% p) ;r (b—x)Cp_1,5- (% p) )

(3.20)

Remark 3
(i) If o =p=0and replace o by @ + 1 in (3.20), then [14, Theorem 2] is obtained.
(i) fwo=p=0,a=p=1andf passesthrough x = “—;b, then from (3.20) [13,
Theorem 2.2] is obtained.

Theorem 3 Letf :[a,b] — R, 0 <a<b, be a real valued function. If f is positive, (h — m)-
convex and f(x) :f(L:;‘x), then, for o, B > 0, we have

f(52)
(m + 1)h(3)

< (€t 1o )@ D) + (€1 i f) B3 p)

[Cﬂﬂ,b’ (%P) + Costat (b,P)]

<(b-aP[Csrp-@p) + Coctar bp)](f(a)+mf( ))/ h(z) dz. (3.21)
Proof For x € [a, b], we have
(x— @) E/58 (w(x — @) p) < (b - a)PELSS (b~ a);p), B >O0. (3.22)

As f is (h — m)-convex, for x € [a, b] we have

f(x)fmh(%)f(%) +h<Z:Z>f(a). (323)

Page 7 of 18
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Multiplying (3.22) and (3.23), then integrating over [a, b], we get
b 8k,
/ﬂ (x— a)ﬁEZ e “(ox —a); p)f (%) dx

b
m(b - aV’E5% (b - a) ,p)f(}i)f h(Z_Z)dx

b
+(b- a)ﬁEl’:,’g',’;'c(w(b —a)*;p)f(a) / h(b—_z) dx.

From this we have

b 1
(e }:gfllwb f)a;p) < (b —a)*Cg_1-(a;p) (f(a) + mf(—)) / h(z) dz.
m 0
On the other hand for x € [a, b], we have
(b x)"EL> (b - 2);p) < (b—a)*EVN (0(b - a)p), >0

0,00,1 ya,l

Similarly multiplying (3.23) and (3.25), then integrating over [a, b], we get
(o) Bip) < (b= Y Carr o (bip) <f(a) + mf< )) / h(z) d.
Adding (3.24) and (3.26), we get

y,8,k,c . y,8,k,c .
(eu,ﬂ+1,1,w,b‘f) (ﬂ,p) + (Gu,a+1,1,w,a+f) (b’p)

b 1
< (b-a)*(Cp-1p-(@p) + Ca-ra+ (b3 p)) (f (@) + mf (;)) /0 h(2) dz.

,8,k,¢

(3.24)

(3.25)

(3.26)

(3.27)

Multiplying (2.9) with (x — a)?E"’ 151 (@(x —a)"; p), then integrating over [a,b], we get

(a+b>/ (- ) ﬂEyBkc(w(x )" ,p)d
<(m+1)h< )/ (v —a) EVS (s — a)"; p)f (x) dx,
by using (2.5) and (2.7), we get

f(50) Ske
mcﬁu,k (a;p) < (Ezﬁﬂ,l@,b-f)(ﬂ;l?)

v,8,k,c
Ep.al

Similarly multiplying (2.9) with (b —x)*
using (2.4) and (2.6), one can get

f(52)

,8,k,c
G r (D) S B0 = (Cuicsoa /) B2
2

(3.28)

(w(b-x)*; p), then integrating over [a, b] and

(3.29)

Page 8 of 18
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Adding (3.28) and (3.29), we get

ﬂ [Cﬁ+1 b= (a5 p) + Cor1,a+ (h,P)]
(m + 1)h(3) ' '
k¢ ,8,k,c
= ( Z?HI lwb‘f)(ﬂ;p) + (EZ,2+1,1,w,a+f)(b;p)’ (330)
From inequalities (3.27) and (3.30), inequality (3.21) is obtained. O

If m =1 and h(z) = z in (3.21), then the following result holds for a convex function.

Corollary 3 Letf:[a,b] — R, a < b, be a real valued function. Iff is positive, convex and

symmetric about “T*b, then, for a, B > 0, we have

b
f(ﬂ ; )[Cﬂ+1,b (@p) + Cosrar (h,P)]

y,8,k,c . y,8,k,c .
= (G;L,/S+1,l,w,b‘f) (ﬂ,p) + (eu,a+1,l,w,a+f) (b’p)

f /)

< (b-a)*[Cp-rp-(@p) + Cara+ (b5DP)] [ 5 (3.31)

Remark 4
(i) If o =p =0in (3.31), then [14, Theorem 3] is obtained.
(ii) Ifa = B — 0 and w = p = 0, then from the above inequality, we get the Hadamard

inequality.

4 Inequalities for the extended generalized Mittag-Leffler functions

In this section, results of previous section are applied for the function f(x) = x2. The func-
tion f is convex and |f'(x)| = 2|x| is also convex. By virtue of this function we succeeded
to establish recurrence relations among Mittag-Leffler functions which may be useful in
the solutions of fractional boundary value problems and fractional differential equations.
Ullah et al. computed generalized fractional integral operators for the function f(x) = x%,

in [44], as follows:

(el2he of)@wp) = (x—a)[a QE,Ziffl(w(x - aw;p)
+2a(x — a) Zif;l(w “p)
+2(x— a)ZEZ’i’f;l(w(x a)*;p)], (4.1)

(€fke i) = (b= 2 [P EAS (00t - )

—2b(b - 2)EVNS (w(b — %) p)

wa+2,0

+2(b—x)2EVNS (w(b - 20" p)]. (4.2)

wo+3,0

Below, the results of Sect. 2 are applied to obtain recurrence inequalities for Mittag-Leftler

functions.
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Theorem 4 Mittag-Leffler functions satisfy the following recurrence relation:

(d2 + b2) ,8,k,c ’ ,8,k,c ’
(b _ a)z EZ,OHLZ((’O (b - a)'u;p) +E/):,a+3,l(w (b - a)ll«;p)

(2m + 1)(a? + b?) + 2ab)

1
EN (0 (b - a)"; p) / h(z) dz
0

- 2m(b - a)? poal
,8,k,
+ B (@ (b - a)sp), (4.3)
where ' = 5.

Proof By using (4.1), (4.2) and f(x) = x% in (3.1) of Theorem 1, we have

18,k ,8,k,
(x—a)” [“ZEZ,iuC,z(“’(x —a);p) + 2a(x - a)EZ,i&CJ(a)(x - a)";p)

+2(x - a)EVNS (- a)s p) ] + (b — )P [B*ELSE (b - %)% p)

w,a+3,0 wB+1,0
—2b(b - x)EZ:Z‘f;l(w(b —x)";p) +2(b - x)zEZ:g'f’;J(a)(b -%)"p)]

2
< <<a2 + Z) (x - a)“EZﬁ"’;’C(a)(x —a);p)

2 1
- (b2 + "—) (b= x)PEN (b - x); p)) f h(z) dz. (4.4)

m ” 0
Now by putting x = ”—;b and « = B in (4.4), then after simplification, inequality (4.3) is

obtained. O

Corollary 4 Ifm =1 and h(z) = z in (4.3), then we have

(@ +b%) _ ske ke
(b _ a)z EZ,:?HLZ (w/(b - ﬂ)M;P) + El)::iH&l (a)’(b — a)#;p)

(3a® +3b% + 2ab) .y s5kc, ke s
= WEZM (@' (b-a);p) + E} g (0 (b~ a)"s p). (4.5)

Theorem 5 Mittag-Leffler functions satisfy the following recurrence relation:

[} (@ (b= a)'sp) — E} it (o (0 - )"5p) |

w,a+2,0 we+1,0
1 1
< b —a) (ma +mb + (a + b))EZ:i’f‘c (a)/(b - a)”“;p) /0 h(z)dz, (4.6)
where ' = 5.

Proof By using (4.1), (4.2) and |f'(x)| = 2|x| in (3.10) of Theorem 2, we have

|(x —a)*[a®(x - u)‘lEZ:i"l;’c (w(x—a);p) + ZaEZ:Z’f'fJ(a)(x - a);p)

20— B ol 050)] + - [0 ) ELL lb93)

= 20E] 5 (b - 2'5) + 200 - NE, 5 (0(b - %) p)]

— (@P(x - a)* ELN (- @) p) + B2(b - x) L EL Y (0(b - )5 p) )|
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X
< <2 <|tl| + |m—|> (x = a)*EV 2 (s - a)"; p)

1
+ 2(|b| + m)(b —x)ﬁEZ";’];’C(w(b - x)“;p)) / h(z)dz. (4.7)

m " 0
Now by putting x = # and o = B in (4.7), then after simplification, inequality (4.6) is
obtained. O

Corollary 5 If m =1 and h(z) = z in (4.6), then we have

|EV’6’k’C (' (b-a);p) - EVoke (o' (b - a);p)|

1,0+2,1 wa+1,l

1 e
s+ DEL (o (b~ a);p). (4.8)

=
Theorem 6 Mittag-Leffler functions satisfy the following recurrence relation:

1 1
B 0b-aysp) - (14 et (oo o) [ hods
0

2(b — a)?

<@ (EV2% (b — @) p) = 2E7°%5 (w(b - a); p) ). (4.9)

o+2,0 w,o+3,0
Proof In (4.4), putting x = a and x = b, then adding for & = 8, inequality (4.9) is obtained. (]
Corollary 6 Ifm =1 and h(z) = z in (4.9), then we have

EVke (0(b - a)";p) —Ey’a’klc(“’(b —a)";p)

o+1,0 50,1
2(b - a)? . c
< ﬁ (EV2%s (b — a); p) — 2E15%5 (0(b - a)"; p)). (4.10)

Theorem 7 Mittag-Leffler functions satisfy the following recurrence relation:

ELS (0lb-a)'sp) - SEVYS (lb - a)'sp) ‘

a+2,0 2 wo+1,0
(1 + i) ,8,k,c !
= 20— a) (@+b)E) ., (ob-a);p) /0 h(z)dz. (4.11)

Proof In (4.7), putting x = a and x = b, then adding for o = 8, inequality (4.11) is ob-
tained. O

Corollary 7 Ifm =1 and h(z) = z in (4.11), then we have

Sk, 1 sk
Epavni(@b-a)sp) - EEZ,anC,z(w(b -a)";p)

=

206-a " bEN (w(b — a); p). (4.12)
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Theorem 8 Mittag-Leffler functions satisfy the following recurrence relation:

1
Sk, LY yok
Ez’iﬂc’l(a);p) - (1 + Z)Ei,i,zc(‘“?)/ h(z)dz
0

8.k, 8.k,
< 2(EVSNS (w3 p) = 210 (@3 p). (4.13)
Proof In (4.9), putting = 0 and b = 1, then inequality (4.13) is obtained. O

Corollary 8 Ifm =1 and h(z) = z in (4.13), then we have

,8,k, ,8,k,
E S (@ip)—E (w;p)
8.k, 8.k,
= 2(Ellzya+2c,l(w;p) - 2EZ.&+?>C,l(w;p))' (4'14)

Theorem 9 Mittag-Leffler functions satisfy the following recurrence relation:

[2E] 5 @ip) - gl (@ip)|

a+2,0 wa+1,l
1 5k !
< (1 + —)EZ’Q’I’C(w;p)/ h(z) dz. (4.15)
m w 0
Proof In (4.11), putting 4 = 0 and b = 1, then inequality (4.15) is obtained. O

Corollary 9 Ifm =1 and h(z) = z in (4.15), then we have

2E10%5 (w5 p) — ELo%E (s p)| < BV (w3 ). (4.16)

Ja+2,] ,a+1,l = Fua,l

By applying Theorem 3 similar relations can be established; we leave these for the reader.

5 Fractional differential equations involving extended generalized
Mittag-Leffler function
In this section, generalized fractional differential equations are solved. The Riemann-—

Liouville fractional derivative operator D!, is defined as follows:

d

(D;+f)(x) = <a>n(lg’:” )(x), veCNRw)>0 (n = [fﬁ(v)] + 1), (5.1)

where (I, f)(x) is the Riemann—-Liouville fractional integral operator defined as follows:
(N1 | w-t O dt, x>a (52)
=Ty ), ’ ' ‘
For a = 0 the operator (D!, f)(x) is represented by (Dg.f)(x) and (I'. f)(x) is represented by

(I5:/)(%).

The Laplace transform of a function f(x) is defined as follows:

L[f(x);s] = /(; e f(x)dx = F(s). (5.3)
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In [34], the Laplace transform of fractional derivative (Dy.f)(x) is found to be
L[Dy.f;s])=s"F(s) = Y s Di*f(0+)  (n—1<v <n)d%i(s)>0. (5.4)
k=1

For more information related to differential equations see Refs. [47-50].

Theorem 10 Leta € R,; u,o,l,y,v,c € C, R(u), R(a), R(J) > 0, R(c) > R(y) >0 with p >
0,§>0and 0<k <5+ NR(u). Then, for x > a, we have

Dy [(t-a)’ By (ot - a)sp) |@) = (v — a)* " ELSS (w0l - a)5p), (5.5)
L[t - a) BT (olt - a)"5p) () = (6 - a) T EL S (w(x — a)'; p). (5.6)

Proof By using the definition of Ezii';c defined in (2.2), we have

Dl (6~ a)* By (ot~ a)'5p) | @)

ol

o, {(t e B kemy) O (ole= a)ﬂ)"}(x)

Blyse—y) T(pn+a) — (Dus

n=0
By +nkic—y)  (Om "
— p = " D;+ (t _ d)ﬂnﬂ){—l (x) (57)
X:(; By,c—y) I'(un+a) (s [ ]
By using the formula D, [(£ - a)"](x) = rfﬁﬂ)n (x — )", we have

DL [(t - a)* EL (ot - a)*; p) | ()

el

By trke-y)  @Qu  (@a-a)
LRty Tmrasy 0p Y
=(x— a)“‘”_lEl’::i']fil(w(x —a)’;p). (5.8)

Proof of (5.6) is similar to the proof of (5.5) just using the definition of fractional integral
operator I, therein. O

Theorem 11 Let u,a,l,y,v,c € C, R(w), R(a), R() >0, R(c) >NR(y) >0 withp >0,5>0
and 0 < k <68 + R(w). Then the differential equation

(D5:2) @) = 2 (e e ) ) +£ () (5.9)

with the initial condition (Ié:”)(0+) = C, has its solution in the space L(0, c0)

~ xv-L i ﬁp(y +nk,c— )/) (€)nk " n+a+v
I = O M g Tl v a v D D
T ACRUAICLE (10

where C is an arbitrary constant.
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y.8.k.c

Proof Using the generalized fractional integral operator (€, ,+

1)(x; p) given in (2.6)
with a = 0 in (5.9), we have

(DY y) () = Ma®EV2NE (s p) +f (). (5.11)

wa+1,0

Applying the Laplace transform on both sides of (5.11), we have

L[(Dg.y)(x);s] = )LlL[x"Ey"S’k'c (wxt;p);s] + L[f (x);s]. (5.12)

wa+l,l

First we calculate the Laplace transform of Mittag-Leftler function as follows:

L [x“’lEV’a’k’c (wx*;p);s]

ol

o0
—sx Sk,
:/ x%eEV T (' p) dx
0

el

_ > ﬁp(y"'nk’C_J/) (C)nk " /-oo a+pun—1 =% g
; Brc-y) Tunva)Owlo © %

A Bply +nk,c—y)  (Om @ [ xoHn-l ]
= I'(un+a)l| —;s|. (5.13)
; Bly,c=y)  I'(un+a)Dus I(un +«)
Since L[ ff(;l)] = Si,, (n > 0), using it in the above, we have
1 = By(y +nk,c—y) (e [ @\
L[xLEV R (ot p);s] = — 4 " (—) . (5.14)
B (sp)is) = G ,,Z:;: Blyic=y) (D \s*

By using (5.3), (5.4) (for n = 1) and (5.14) in (5.12), we have

v _ —(a+1) > By(y +nk,c— ¥) (©)nk (g)n
s'y(s) = C + A1s ; 50— (O \sn + F(s),

which implies that

—_ (Y —(a+v+1) - ﬂp(y +nk,c—y) (C)nk (2>n -
y(s) = Cs™ + Ays 2(; ooy 0 +F(s)s™. (5.15)

Now taking the inverse Laplace transformation on both sides of (5.15), we have

v-1 o

X 1317(]/ +nk,c = y) ()nk ny—1[ ~(un+a+v+l)
=C L #
Y@= Crgy i ZO e R ]

+ L7t [F(s)s_”].

After simplification one can get (5.10). d

Theorem 12 Let u,a,l,y,v,c € C, R(w), R(a), R(J) >0, R(c) >NR(y) >0 withp >0,5>0
and 0 < k <8 + N(w). Then the differential equation

(Db+y) () = Al(ey’ﬁ’k’c ) p) + Apx® EV ke (wx*;p), (5.16)

walow,at ma+1,l
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with the initial condition (Ié:”)(0+) = C, has a solution in the space L(0, 00),

_x 2 By tnke=y)  ©Du O rem
y(x)-cr(v)+(xl+/\z)n§ B c—y) TGnrasviD (l)msx“ ., (5.17)

where C is an arbitrary constant.

y,8,k,c

Proof Using the generalized fractional integral operator (€, ,+

with a = 0 in (5.16), we have

1)(x; p) given in (2.6)

(Dbey) (%) = MaxEl o (0x'sp) + hox El o (0x's p)

= (1 + M)AELSSE (s p). (5.18)

Applying the Laplace transform on both sides of (5.18), we have

L[(Dg+y)(x);s] = (A1 + Az)L[x“Ey‘S’k‘C (wx*;p);s]. (5.19)

wo+1,0

By using (5.3), ((5.4) for n = 1) and (5.14) in (5.19), we have

v _ —(a+1) = ﬂp(V‘*”lﬂc—)’) (C)nk (g)n
A= Cr G dals ) R Y W 5t

which implies that

. . o Bp(y +nk,c—y) Qe (@ )"
(s) = Cs™ + (A + Ag)s~@#D) —. (5.20)
g e ZO Bly.c=y) (D \ 5"
Now taking the inverse Laplace transformation on both sides of (5.20), we have
x o By + 1k, c = y) ()
(x) =C—— + ()\ + A ) p wrlL—l S—(;u’l+ot+v+l) .
g ry 7 2; ey 0wt L ]
After simplification one can get (5.17). O

Theorem 13 Let u,,l,y,v,c € C, R(w), R(a), R(J) >0, N(c) >R(y) >0 withp>0,5>0
and 0 <k <& + N(w). Then the differential equation

n
(Dpy+y)(x) = A (eZi’wa ) p) + Z [ 2% EZ’]ZIEIC’,] (wx'i;p) ], (5.21)
j=1

with the initial condition (I;7")(0+) = C, has a solution in the space L(0,00),

B xv—l & :BP(V + nk,c— )/) (C)nk w—n n+a+v
Y =Crey A; Bnc—y) TunrarveD)Om

o]

- By + nks, ¢~ ) 67Dk "
" Z )‘j Z r\/j Vil ] 7/ 1Kj ] Ky , (522)
paryg R Blpci—vy)  T(wm+og+v+1) ()

where C is an arbitrary constant.
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Proof Using the generalized fractional integral operator (¢’
with a = 0 in (5.21), we have

1)(x; p) given in (2.6)

ualwa*

n

(D59)00 =R B2 ons0) + D [hs L o). 529)

we+1,0 wjej+1L,]
=1

Applying Laplace transform on both sides of (5.18), we have
L[(D59))s] = AL[x"E} 5 (s p)ss]

+L|:Z[A "‘/EZ’ v !1’1 (wjxty; p)];s]. (5.24)

j=1

By using (5.3), ((5.4) for n = 1) and (5.14) in (5.24), we have

Bly,c=vy)  (Dus

o+ ,B(y+nk,c )/)(C)nk "
+Z|:ks 11)2 p\Yj 5 € — Y (le)n8/< >:|’

B¢ —v))

s"y(s) = C+ As~@+D) i Bp(y + nk,c—y) () (2)"
n=0

which implies that

ot laevs By(y + nk, C_]/)(C)nk( )”
=C A ¢ 1) P
=G s ZO Borc-7) Du

n k, ( ‘)n4 A\ "
s Z|:)¥S a1+1)2 By + nkj, c; — ;) (21)”:/ (:)T],) :| (5.25)

P —~  BG-v)

Now taking the inverse Laplace transformation on both sides of (5.25), we have

y(x) =C a! ey i IBP()/ + nk,c - )/) ()i W"L! [S—(;m+a+v+1)]
T T Bre-y) (D
:319 Vi + nkj; ¢ — V]) (Cj)nk]- 71T (o +v+1
+ ML g (wnrarv+ ) )
Z[ / ; B s [ ]
After simplification one can get (5.22). O

6 Concluding remarks

This research computes the bounds of fractional integral operators containing an ex-
tended generalized Mittag-Leffler function in their kernel. These results provide compact
formulas for bounds of several kinds of fractional integral operators via several kinds of
convexity. By setting specific values to parameters involved in the Mittag-Lefller function
some interesting results can be obtained. For example estimations of the fractional inte-
gral operators: by Salim and Faraj defined in [39] setting p = 0, by Rahman et al. defined
in [37] by setting / = § = 1, by Shukla and Prajapati defined in [41] by setting p = 0 and
[ =6 =1 (seealso [42]), by Prabhakar defined in [36] by setting p =0and [/ =§ = k = 1. Also
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inequalities for recurrence relations of Mittag-Leffler functions are obtained via a partic-
ular convex function x2. At the end some generalized fractional differential equations are
solved.
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